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Filter theory on good hyper E()-algebras

B. GANJI SAFFAR AND R. A. BORZOOEI

ABSTRACT. A special hyper algebra has been recently introduced in [1]. Its original motivation
comes from EQ-algebra. In this paper, we continue the study of hyper EQ-algebra in special
case named good hyper FQ-algebra. We introduce different kinds of (pre)filters and investigate
some results about them and relation between them in good hyper EQ-algebra. Then we gain
conditions which lead to have a quotient hyper EQ-algebra.
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1. Introduction

EQ-algebra introduced by Vilém Novék in [5]. These algebras are intended to
become algebras of truth values for a higher-order fuzzy logic (a fuzzy type theory,
FTT). The concept of hyper structure (called also multialgebra) was introduced
by Marty [3] at first. That was 8th Congress of Scandinavian mathematician 1934.
Till now, the hyper structures are studied from the theoretical point of view, for
their applications to many subject of pure and applied mathematics. A special hyper
algebra has been recently introduced in [1], named hyper EQ-algebra. In this paper
we continue the study of hyper EQ-algebra in special case named good hyper EQ-
algebra and introduce the concept of different kinds of (pre)filters and investigate
some results about them and study relation between them. We show that can have
good hyper EQ-algebra in type godel by positive implicative filter and have hyper
LEQ-algebra by fantastic filter.

2. Preliminaries

Definition 2.1. [5] An EQ-algebra is an algebra & = (E, A\, ®,~,1) of type (2,2,2,0)
such that, for all x,y,z,t € E:

(E1) (E,A,1) is a commutative idempotent monoid (i.e. A-semilattice with top
element 1);

(E2) (E,®,1) is a commutative monoid and @ is isotone w.r.t. 7 <”

(where x < y is defined as v Ny = x);

(E3) z~xz=1; ( reflexivity aziom )

(B4 (zAhy)~2)@(t~z)<z~(tANy); ( substitution axiom )

(E5) (z~y)@((z~t)<(z~z)~(y~t); ( congruence axiom )

(E6) (zAhyhz)~ax<(zAy)~ax; ( monotonicity aziom )
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(E7T) (zAhy)~x<(zAyAz)~(xA2); ( monotonicity axiom )
(E8) z@y<x~uy. ( boundedness axiom )

The hyperstructure theory was introduced by Marty [3], at the 8th Congress of
Scandinavian Mathematicians. In his definition, a function o : A x A — P*(A), of
the set A x A into the set of all non-empty subsets of A, is called a binary hyperop-
eration, and the pair (A, o) is called a hypergroupoid. If o is associative, then A is
called a semihypergroup, and it is said to be commutative if o is commutative. Also,
an element 1 € A is called an identity element if x € 10z, for all z € A.

Note that if A, B C H, then

(i) zoB= |J (xob) , Box= {J (boux),

beB beB
(il) AoB= U (Uaobd),
acA beB

Definition 2.2. [1] A hyper EQ-algebra H = (H,A\,®,~,1) is a non-empty set H
with a binary operations N\ and two binary hyper operations ®, ~ and top element
717 satisfying the following conditions, for all z,y,z,t € H:

(HEQ1) (H,A,1) is a commutative idempotent monoid with top element 17,
(HEQ2) (H,®,1) is a commutative semihypergroup with ”1” as an identity and ®
is isotone w.r.t. <, i.e. if x <y, then 2 ® z K y ® z( where x < y if and only if
vAy=z ),

(HEQ3) ((xAy)~z)@(t~z) <z~ (tAY),

(HEQ4) (v ~y)@(z~1) < (z~z2)~(y~t1),

(HEQ5) (zhyhz)~z<L(zAy) ~z,

(HEQ6) (zAy)~z<L(xAyAz)~(zAz),

(HEQT) zy<Lx~y.

where A < B, means that, for all a € A there exists b € B such that a < b.

Proposition 2.1. [1] Let H = (H,\,®,~,1) be a hyper EQ-algebra such that x —
y = (zAy) ~z andT = x ~ 1. Then the following conditions hold, for allz,y,z,t € H
and A,B,C C H:

(1) z<2zl, A<KA®IL;

(1)) lexz~r, 1<z —candl € A~ A;
(#i1) if AL B and Bk C, then A < C;

(v) s~y —y;

(v) ifA<K B, then A C < B C;

(i) (z~y)R@y~z)<Kae~zand (z—=yY)Q(y—2) e — 2;

(vii) =@ (z~y) <y;

(viti) ife <y, thenT < g, x~y=y—zc,z2o0c<L2—>Yy,y—2<KT—2;
(iz) if AL B, thenC - A< C — B;

() yI<z—y;

(i) o y=2— (xAy);

(zii) z—oy<(z—=x) = (z—y);

(ziti) z~y<K<(@~2)~(y~z)andrz~y < (z~x) ~ (2 ~y).

Definition 2.3. [1] Let H = (H, N\, ®,~, 1) be a hyper EQ-algebra. Then H is called,
(i) separated if 1 € x ~y, then x =y, for allz,y € H, (in other words 1 € x ~ y
if and only if x =y ),

(i) good if x ~1=ax=1~uz, forallz € H.
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Proposition 2.2. [1] Every good hyper EQ-algebra is separated.

Definition 2.4. [1] Let H be a hyper EQ-algebra and F be a subset of H such that
1€ F. Then F is called a

(i) prefilter of H, if x >y C F andx € F, implyy € F and (x @ y) C F, for all
z,y € F;

(ii) filter of H, if F is a prefilter and x — y C F, imply (x ®@ z) = (y® z) C F, for
all z,y,z € H.

Definition 2.5. [1] Let H be a hyper EQ-algebra and D be a non-empty subset of H.
Then D is said to be S_,reflexive( Sureflexive) if (x — y)ND # O((x ~ y)ND # 0),
then x -y C D(x ~y C D), for all z,y € H.

Remark 2.1. [1] Let D be S reflexive and (x — y) N D # 0, for z,y € D. Then
((zAy) ~ x)ND # 0. Since D is S.reflexive, then ((xAy) ~x) C D or (x — y) C D.
Therefore, D is S_,reflexive.

Lemma 2.1. [1] Let F be an S<reflexive (pre)filter of H. Then the following con-
ditions hold, for all z,y,z € H and A,B C H:

(i) freF andx <y, theny€F, and if ACF and A< B, then BN F #0;
(1) if (x = y) CF and (y — z) CF, then (x — 2) N F £ .

For S.reflexive filter F,we define x = y if and only if z ~ y N F # (. Thus we
have:

Theorem 2.1. [1] Let F be an Sreflexive filter of H. Then % = (£, A, ~,1))
is a hyper EQ-algebra which is separated.

|

Theorem 2.2. Let F' be an Soreflexive filter of H. Then Eip = (%77\, 2, ~, [1])
is a hyper EQ-algebra which is separated. Moreover, if H is good, then %F 18 good,
too and 1)z, = F.

Proof. By Theorem 2.2, the proof is clear. O

3. (Positive) implicative Filters

In this section we introduce concept of positive implicative (pre)filter and implica-
tive (pre)filter in hyper EQ-algebras. Then we investigate some results about them
and study relations between them.

Definition 3.1. Let H be a hyper EQ-algebra and F be a subset of H such that
1€ F. Then F is called:

(i) a positive implicative prefilter of H, if z = (y > ) C F and z — y C F, imply
z—=ax CF, forallz,y,z€ H andx @y C F, for all xz,y € F.

(i1) @ positive implicative filter of H, if F is a positive implicative prefilter and
x—=yCF,imply(r®z2) = (y®z)CF, forallz,y,z € H.

(#i1) an implicative prefilter of H, if z — ((x — y) — z) C F and z € F, imply
zeF, forallz,y,z€ H andz®y C F, for all xz,y € F.

(iv) an implicative filter of H, if F' is an implicative prefilter and x — y C F, imply
(x®z) = (y®z) CF, forall x,y,z € H.
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Example 3.1. (i) Let H be a separated hyper EQ-algebra such that x — y and xRy
be singleton. Then by [[6], Lemma 15], the concept of (positive)implicative (pre)filter
in hyper EQ-algebra and EQ-algebra are coincide.

(i7) Let (H = {0,a,b,1},<) be a poset, such that 0 < a <b < 1. Define \,® and ~
on H as follows:

~ ‘ 0 a b 1

o ({1 {0y {0 {0}

a {0y {1y {b1} {al1}

b {0y {b1}y {13 {b1}

1 1{0y {a1}y {b1y {1}

1t is easy to see that H = (H, N\, ®,~,1) is a hyper EQ-algebra and F = {a,b,1} is a
(positive) implicative (pre)filter.

(iii) Let (H = {0,a,b,1}, <) be a poset, such that 0 < a < b < 1. Define A,® and ~
on H as follows:

zAy=z®y=min{z,y} ,

0 a b 1

{1} Aab 1}y a1} {01}
{a.b, 1} {a1}  {ab 1} {a1}
{0y {0.a} {b} {0} {a.1}  {ab1}  {b1}  {b1}
{oy {04 {0} {1} {o.1y A{a1y {b1} {1}

x Ay = min{z, y}.

It is easy to see that H = (H,\,®,~,1) is a hyper EQ-algebra. Then F = {b,1} is
positive implicative (pre)filter but it is not an implicative (pre)filter.
(iv) Let (H = {0,a,b,¢,1},<) be a poset, such that 0 < a < b < c¢ < 1. Define A\,®
and ~ on H as follows:

®| 0 a b 1
0| {0y {0y {0y {0}
{0y {00} {00} {0,a}

~N S
~ e o

~ 0 a b c 1
0 {1} {a, b, ¢, 1} H H H
a | {a, b, ¢ 1} {1} {a, b, ¢, 1} {a, b, ¢, 1} {a, b, ¢, 1}
b H {a, b, ¢, 1} {1} {b, ¢, 1} {b, ¢, 1}
c H {a, b, ¢, 1} {b, ¢, 1} {1} {c, 1}
1 H {a, b, ¢, 1} {b ¢, 1} {e. 1} {1}

rAy=2®y=min{z,y}.
It is easy to see that H = (H,\,®,~,1) is a hyper EQ-algebra and Fy, = {b,c,1}
is an implicative prefilter of H. Moreover, since a — (a — 0) = {1} C Fy and
a—a={1} CF buta—0 g Fy, then Fy is not a positive implicative prefilter.
Also Fy = {a, 1} is not a (positive)implicative (pre)filter.

Proposition 3.1. Let H be a good hyper EQ-algebra. Then
(i) each positive implicative (pre)filter is a (pre)filter.
(79) each Sreflexive implicative (pre)filter is a (pre)filter.

Proof. (i): Let F be a positive implicative (pre)filter, + — y C F and = € F, for
some x,y € H. Then by goodness 1 —» (z > y)=2 2y C Fand1 s a={a} CF.
Thus by Definition 3.1, 1 -y C F or y € F. Hence F is a (pre)filter.

(ii): Let F be an S.reflexive implicative (pre)filter, x — y C F and = € F,
for some z,y € H. Then by goodness © — y C « — ((y — 1) — y). Thus
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r=((y—=1)—=ynNF#Porz— ((y— 1) —y) CF. Since z € F, by Definition
3.1, y € F. Hence F is a (pre)filter. O

It is obviously converse of the Proposition 3.1 is not true.

Example 3.2. In Example 3.1(ii), F = {1} is a filter but it is not an implicative
filter and in Example 3.1(iwv), F = {a,1} is a filter but it is not a positive implicative
filter.

Theorem 3.1. Let H be a hyper EQ-algebra such that z — (y — z) < (z = y) —
(z = x), for all x,y,z € H. Then every S.reflexive (pre)filter F of H is a positive
implicative (pre)filter.

Proof. Let 2z — (y —» ) € F and z — y C F, for some z,y,z € H. Then by
assumption and Lemma 2.1(i), (z = y) = (z 2 )N F #Qor (z = y) = (z —
) CF. Hence z >z NF # @ or 2 — = C F and so F ia a positive implicative
(pre)filter. O

Definition 3.2. Let H be a hyper EQ-algebra. Then we say that H is satisfies in
(1) exchange principle condition or (EP) condition if A — (B — C) < B — (A —
C), forall A,B,C C H;

(7i) residuated condition , when A® B < C if and only if A < B — C, for all
A,B,CCH.

Example 3.3. (i) In Examples 3.1(iii) and (w), H satisfies in the (EP) condition.
(i) Let (H ={0,a,b,¢,1},<) be a poset such that 0 <a<b<1,0<a<c<1 and
b, ¢ are incomparable. Moreover, \,® and ~ are defined on H as follows:

A0 a b ¢ 1 @ 0 a b c 1
o010 0 0 0 0 0 |{0} {0} {0} {0} {0}
a|0 a a a a a | {0} {0} {0} {0y {0, a}
b0 a b a b b | {0} {0} {0} {0y {0, b}
c|0 a a ¢ ¢ c | {0y {0} {0} {0y {0, ¢}
110 a b ¢ 1 11 {0} {0,a} {0, b} {0, c} {1}

~ 0 a b c 1

0 {1} {a, b, ¢} {a, b, c} {a, b, c} {0}

a | {a, b, c} {1} {a, b, ¢} {a, b, ¢} {a}

b | {a, b, ¢} {a b c} {1} {b, ¢} {b}

¢ |{abc fabe (b {1 {d

U v R 17 R O S 1)

Then H = (H,N\,®,~,1) is a hyper EQ-algebra and satisfies in the residuated
condition.

Lemma 3.1. Let H be a good hyper EQ-algebra. Then the following conditions hold,
forall x,y,z € H and A,BC H:

() o< (@~y)~y

(1) z<(z—=y)—>y, A (A— B)— B;

(171) @ (x ~y) < y;

() z@(x =y <z Ay, r®(r— A) < A;

(v) TzRY<KxAy, especially x @1 L x ;

(vit) z— (y— 2) <Ky = (= 2);
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(vi) if <<y— 2z, thenz@y <K<z and if ALy — 2, then AQy < z;
(vii) @ (y~2) < (@~ ) ~ 2

If H contains bottom element 70", then

(viii) < .

Proof. (i): By Proposition 2.1(i), (ii), (v), (HEQ4) and goodness,
r<rl<(z~)@y~y) <@~y ~1~y) =(@~y) ~y.

(#4): By (i) and Proposition 2.1(iii), (iv) and (ix),

< (z~(xAY) ~ (zAYy) = (= y) ~ (zAYy) € (x = y) = (zAYy) € (= y) = y.

The proof of the rest is clear.

(#41): By Proposition 2.1(vii), the proof is straightforward.

(iv): By (iil), z® (z 2 y) =2z (x ~zAy) <z Avy.

(v): By (iv), Proposition 2.1(x) and (v), 2@y <2 Q (v > y) < x A y.

(vi): Let x € y — z, for some x,y, z € H. Then by Proposition 2.1(v), 2@y < (y —
2)@y=y® (y — z) <y Az <z Hence by Proposition 2.1(iii), z ® y < z.

(vii): By (HEQ4), (x ~t)® (y ~ 2) < (z ~y) ~ (t ~ z). Set t = 1, then by
goodness (vii) is hold.

(viii): By (i), z < (x ~0) ~ 0 = =z, O

Proposition 3.2. Let H be a good hyper EQ-algebra and satisfies in the residuated
condition. Then the following statements are hold, for all x,y,z € H and A, B,C C
H;
Nr—=y—=2)< @y 2 zad (2Qy) = 2 — (y— 2);

(i) r<y = (zQy);

(i) r <y — zifand only ify K x >z and A B — Cifand only if B<K A — C.

Proof. (i): By Lemma 3.1(iv), z ® (z = (y — 2)) < y — z and so by residuated
condition, we can prove that @ (z — (y — 2))Qy < zor (zQY)R(z = (y = 2)) € z
and so ¢ — (y = 2) < (r ® y) — z. The proof of other case is the same.

(79): Since z @y € z ® y, we obtain ¢ < y — (z ®@ y).

(#i1): By definition of residuated condition the proof is straightforward. O

Theorem 3.2. Let H be a good hyper EQ-algebra and satisfies in the (EP) condition.
If F is an S<reflexive filter of H, then the following statements are equivalent, for
all x,y,z € H:

(i) F is a positive implicative filter;

(i5) If y > (y —>x) CF, theny — x C F;

(t31) If (z = (y = x)) C F, then (z = y) > (z > x) C F;

() If(z—=(y—(y—z) CFand z€ F, theny -z C F;

(v) (2 A (@ > 1)) —y C P

Moreover, if H is satisfied in the residuated condition, then the above conditions are
equivalent by;

(vi) zAy 2@y CF.

Proof. (i) = (ii): Let F be a positive implicative filter and y — (y — x) C F, for
x,y € H. Since 1 € y — y and F is an S.reflezvive filter, we get y — y C F. Thus
by i),y »x C F.

(#9) = (it3): Let 2z — (y — x) C F, for x,y,z € H. Then by Proposition 2.1(xii)
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and (EP) condition, y > 2 < (z = y) = (z = 2) < z = ((z = y) — x). Thus by
Proposition 2.1(ix), z = (y — z) < z = (2 = ((z = y) — z)). Hence by Lemma
21(0),z—=>(z—=>((z—>y) —m2)NF#Pandsoz — (z = ((z > y) > x)) CF.
Then by (ii), we can see that z — ((z = y) — z) C F. By (E'P) condition, z — ((z —
y) = x) < (2 = y) = (2 = x). Then by Lemma 2.1(i), (z - y) = (z > x2)NF #0
and so (z > y) > (2 > a) CF.

(#i1) = (iv): Let z > (y = (y > x)) C F and z € F, for x,y,2 € H. Since F is a
S~reflexive filter, y — (y — x) C F and so by (iii), (y = y) = (y = ) C F. Thus
byl — (y—2z)C(y—y)— (y— x) and goodness, y — = C F.

(iv) = (i): Let z = (y > ) C Fand z — y C F, for some z,y,z € H. Then by (EP)
condition and Proposition 2.1(xii), z > (y m z) <Ky > z = 2) < (z = y) = (z —
(z—=x). Thus (z »y) > z—=>GZ—z)NF#£0or (z >y) = (22— (2 —>x)) CF.
Since z — y C F, by (iv), we can prove that z — x C F..

(1) = (v): Itisclear z A (z — y) Kz, =y, for any x,y € H. Thus 1 € (z A (v —
y)) = (z —»y)and 1 € (xA(x = y)) = x. Then (xA(x — y)) = (z = y)NF # 0 and
(zA(xz = y)) = zNF £ Por (zA(z — y)) = (x = y) C Fand (zA(z > y)) >z C F.
Hence by (i), we can prove that (z A (z — y)) = y C F.

(v) = (i): Let z > (y > z) C Fand z - y C F, for z,y,2 € H. Then by (HEQ6),
z=(y—=2)<zAy— ((y—=x)ANy). ThuszAy — (yA (y = 2)) N F # () and so
zAy = (YA (y — z)) C F. Also by Proposition 2.1(xi), z >y =2 = (2 Ay) C F.
Then by Lemma 2.1(ii), z = (yA(y > 2))NF #0or z — (y A (y = z)) C F. Now,
by (v), (y A (y = z)) — = C F. Then again by Lemma 2.1(ii), 2 - 2 N F # () or
z—>x CF.

(v) = (vi): By (v), (z A (x = (z®y))) = (r®y) C F, for any z,y € H. Since
‘H satisfies in the residuated condition, by Proposition 3.2(ii), y < z — (z ® y).
Thus s Ay < 2 A(x = (z®y)andsol € z Ay = (A (r — (x®y))). That is
zAy = (zA(xz— (zy)NF£0orzAy — (zA(z— (z®vy))) C F. Hence by
Lemma 2.1(ii), s Ay >z Q@yNF#Porx Ay — xRy C F.

(vi) = (4i): Let y — (y = z) C F. By Proposition 3.2(1), y — (y = 2) < (y @ y) —
z. Thus (y®y) > z)NF #ADandso (y®y) > C F. By (vi),y > (y®y) C F.
Then by Lemma 2.1(ii), y -« C F. O

Example 3.4. Let (H = {0,a,b,1}, <) be a poset such that 0 < a < b < 1. Define
A, ® and ~ on H as follows:

0 a b 1
{1 H{oy {0y Ao}
{oy {13 {0 a} {a}
{0y {0,a} {13 {8}
{0y {ap {0} {1}
1t is easy to see that H = (H,\,®,~,1) is a good hyper EQ-algebra and satisfies in
the (EP) condition and F = {a,b,1} is a positive implicative prefilter.

x Ay = min{z, y},

~ e 2

Proposition 3.3. Let H be a hyper EQ-algebra and satisfies in the residuated con-
dition. Then H satisfies in the (EP) condition and x — y < (y — z) = (x — 2), for
all x,y,z € H.

Proof. Let u € x — (y — z), for z,y,z,u € H. Then u < z — (y — z) and
so u K x — t, for some t € y — z. Since H satisfies in the residuated condition,
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u®x L t. Hence v < t, forallv e u®z. Byt ey — z, weget v <y — zor
1Ry <Kz Thus (uz)@y <K zoru®y < — zand so u <y — (x — z). Hence
x— (y = z) <y — (x — z). Then it is easy to see that A - (B — () < B —
(A—C).

Since y » 2z K y = z, we have (y = 2)Q@y < zor y < (y = 2) = z. Now by
Proposition 2.1(viii), and by (EP) condition, z -y <z — ((y = 2) = 2) < (y —
z) = (x = 2). O

Theorem 3.3. Let H be a good hyper EQ-algebra and satisfies in the residuated
condition. Then every S.reflexive implicative (pre)filter is a positive implicative
(pre)filter.

Proof. Let F' be an implicative (pre)filter and y — (y — ) C F', for some z,y € H.
Then by Proposition 3.3, y = (y = 2) < (y = &) = 2) = (y = z). Thus
((y—=2z2)—=2)=(y—2)NF#bor (y > x) =) = (y— x) CF and by
goodness 1 — (((y = =) = ) = (y = x)) C F. Since 1 € F, by Definition 3.1, we
can prove that y — x C F. Therefore F is a positive implicative (pre)filter. O

Example 3.5. in Example 3.1(iii), H is a good hyper EQ-algebra and satisfies in
the residuated condition. We can see that F = {b,1} is a positive implicative filter
but not implicative filter.

Theorem 3.4. Let H be a good hyper EQ-algebra and satisfies in the (EP) condition,
F be a S reflexive filter of H and F C G. If F is a positive implicative filter, then
so is G.

Proof. Let A =y - (y > z) C G. Thenl € A - (y - (y = z)) and so
A= (y—=(y—=z)NF#£0or A— (y— (y— z)) CF. By (EP) condition,
Ay y—a2)<y—(y—=(A—x). Thusy = (y > (A—=x))NF #0or
y— (y = (A — z)) C F. Thus by Theorem 3.2(ii), y - (A4 — z) C F and so by
(EP) condition, A = (y > z)NF #Qor A— (y — z) C F CG. Since G is a filter
and A C GG, we obtain y — x C G. Therefore, G is a positive implicative filter. O

Lemma 3.2. Let H be a good hyper EQ-algebra and satisfies in the residuated condi-
tion. If F' is an S~reflexive filter of H, then :—F satisfies in the residuated condition,
too.

Proof. Let [z]®[y] < [2], for some [z], [y], [2] € % Then [t] < [z], for all t € 2 ® y.
Thus t - 2z C F, forallt € x ® y and so (x ® y) — z C F. Since H satisfies in
the residuated condition, by Proposition 3.2(i), we can get ¢ — (y — z) C F or
[z] < [y]=[z]. Let [z] < [y] — [z], for some [z],[y],[7] € E—b; Then there exists
t € y — z such that [z] < [t] or z — ¢t C F. Since F is a filter, 1@y - t®y C F.
Thus [2] @ [y] < [t]®[y]. Byt €y = z, wehave t K y - z0or t @y < z, ie.
[t] @ [y] = {[u]lu € t ® y} < [2]. Hence [z] ® [y] < [z]. By Theorem 2.2 and Lemma
3.1(vi), converse is hold. Therefore, % satisfies in residuated condition. O

Theorem 3.5. Let ‘H be a good hyper EQ-algebra and satisfies in the residuated
condition and x ® x be singleton, for all x € H. If F be an S~reflexive filter of H,
then F' is a positive implicative filter if and only if % s a good hyper EQ-algebra
such that [z])®[x] = {[z]}, for all x € H. Moreover if F' is a positive implicative filter,
then each S-reflexive (pre)filter of EH—F is a positive implicative (pre)filter.
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Proof. Let F be a positive implicative filter. Then by Theorem 2.2, % is a good hyper
EQ-algebra. By Proposition 3.2(ii), r < © — (z®x). Hence 1 € (z — (z — (z®x)))
or (z—=(z— (zozx)NF#@or (x = (r = (x®z))) € F. Thus by Theorem
3.2(ii), z —» (x ® ) C F and so [z] < [t], for all t € x ® x. Since by Lemma 3.1(v),
[z]®[z] < [z] we can obtain [z]®[x] = [z].

Conversely, let © — (x — y) C F, for z,y € H. Then by Proposition 3.2(i), ((z®x) —
yYNF#Qor (x®x) =y CF. Thus [z] ® [z] < [y] and so [z] < [y] or z — y C F.
Hence F' is a positive implicative filter.

Now, let G be an S.reflexive (pre)filter and [x] — ([x] — [y]) € G. Then by Lemma
3.2 and Proposition 3.2(i), [z] = [y] NG # 0 or [z] = [y] € G. Hence G is a positive
implicative (pre)filter. O

Note. By Theorem 3.5, if we have an S.reflexive positive implicative filter of a
good hyper EQ-algebra, then we can obtain a good hyper EQ-algebra in type godel
algebra.

Remark 3.1. Let A,B,C C H and A < B. Then in general we do not have
B-C<A—=C.

But if H be a good hyper EQ-algebra and satisfies in the residuated condition this
statement is true. Because by Lemma 3.1(ii) and assumption A < B < (B — C) —
C' and so by Proposition 3.2(iii), B— C < A — C.

Theorem 3.6. Let H be a good hyper EQ-algebra and satisfies in the (EP) condi-
tion and "0 be a bottom element of H. If F be an S.reflexive filter of H, then the
following statements are equivalent;
(i) F is an implicative filter;
(i) if (x > y) 22 CF, thenx € F, for allx,y € H;
Moreover, if H is satisfied in the residuated condition, then the above conditions equiv-
alent by:
(#9t) (~x —»x) 22 CF, forallx € H;
(iv) ((x > y) = x) > CF, forallz,y € H;
Ww)ife—(-z—-y) CFandy—2zCF, thene —-2CF, forallz,y,z € H;
(vi) ife = (—~y =>y) CF, thenx -y CF.
Proof. (i) = (i1): By goodness 1 — ((z = y) = z) = (x = y) = « C F. Then by
assumption, x € F'.
(15) = (i): Let z —» ((r > y) 2 x) C Fand z € F, for z,y,z € H. Since F is a filter,
(x - y) = x C F. Hence by (ii), x € F.
(19) = (i4i): At first we note that, by -z — = < =z — =z and Proposition 3.2(iii),
-z < (—x — z) - z. Let A= (-2 — x) —» x. Then by the (EP) condition, Lemma
3.1(ii), (viii) and Proposition 2.1(viii),
(rz—=2)mr—2) < 22> (r—2)—z)<e— (-2 —z) =)

= z—=((((mx—>2)—12)—0)—0)

< (rx—=z)—=2)—=0) —(x—0)

< (rx—=2z)—=2)>0) = (z—z)—2)

= (A—-0)—A
Sincel € x » z,wegetl € (-x — z) = (z — z) andso (~x = ) = (z - z)NF #
or (~x = ) —» (¢ — x) C F. Thus we can obtain, ((A — 0) - A) C F and so by
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(ii), we can prove that A C F.

(#91) = (iv): By Proposition 2.1(viii), 7 <  — y and so by Remark 3.1, (x — y) —
r < - — z. Again by Remark 3.1, (-2 —» z) - 2 < ((z — y) = =) — z. Hence
by (iii) and assumption, (iv) is hold.

(iv) = (i1): Let (x = y) — = C F. Then by (iv) and assumption we have x € F.
(v) = (vi): Let # — (-y — y) C F. Then by 1 € y — y we obtain y — y C F and
soby (v),z -y CF.

(vi) = (v): Let + — (-2 - y) € F and y — z C F. Then by Proposition 3.2(i),
z—= (mz—=y) < (z®-2) = y. Thus (z®-2) >y C Fandso ((z®-2) = y)®(y —
z) C F. By Propositions 2.1(vi) and 3.2(i), (z® =2) 2 y) ® (y = 2) € (z @ =z) —
z <Kz — (-z— z). Hence z — (—z — 2) C F and by (vi), x > 2 C F.

(vi) = (4i7): Since 1 € (- = z) = (- — x) we get (-2 = z) > (—~x = ) C F
and so by (vi) we can prove (—z — x) — x C F.

(i) = (vi): Let ¢ — (-y — y) C F. Since by Proposition 2.1(x), y < z — y we can
have by Remark 3.1, ~(z —» y) < yorz — (-y - y) € 7y — (z = y) < (-(x —
y) = (x — y)). Thus by goodness and assumption 1 — (((z — y) — 0) = (x —
y)) = (—(zr — y) = (x = y)) C F. Now, since 1 € F, by Definition 3.1(4i7), we can
prove that x — y C F. O

Proposition 3.4. Let H be a good hyper EQ-algebra and satisfies in the residuated
condition, F' be an S.reflexive filter of H and F C G. If F' is an implicative filter,
then so is G.

Proof. Let A = ¢ — (~y — y) C G, for z,y € H. Then by (EP) condition,
Propositions 2.1(viii) and 3.2(1), A 2 A=A - (z = (~y > y)) < A= (z®-y) —
y) L (2 ®@-y) = (A —y). Sincel € A — A we obtain 1 € (x ® ~y) = (A = y)
and so (x ® 7y) — (A — y) C F. On the other hand by Remark 3.1 and Proposition
21(x), A=y 2 0<wandsoz® (—(A = y) <Kz@-wyor (z®y) = (A —
YY<L<@E@HA—=y) > A—-y <z — ((-(A—y) = (A—y)). Since F is
an S.reflerive implicative filter, then z — (A — y) C F. Hence by (EP) condition
A—(x >y CF CGandby ACG wegetz — y C G. Therefore, G is an
implicative filter. O

Proposition 3.5. Let H be a good hyper EQ-algebra and satisfies in the residuated
condition and F be a positive implicative filter of H. Then F is an implicative filter
if and only if (x — y) — y C F implies (y > ) > x CF, for allz,y € H.

Proof. Let F be an implicative filter and (z — y) — y C F, for x,y € H. Then by
Propositions 2.1(viii), (x), 3.2 and Remark 3.1, ((y = z) = o) = y < & — y. Thus
by Proposition 3.3, we have:

(z—=y)—y < (y—=2)=>(r—y -2

< (z—=2y)—=(y—=ax)—a)

< (y=2)=2)>y) = (y—=>2)—>2)

Hence (y = z) =2 z) = y) =2 (y—=z) =2 az)NnF#£Dor (y = 2) > 2) =y —

((y = x) = x) C F. Thus by Theorem 3.6(ii), we can prove that (y = x) -2 C F.

Conversely, let (x — y) — « C F. Then by Proposition 3.3, (z — y) — =z <
0 o

(r = y) = (@ = y) = y). Hence ((x = y) = ((x = y) = y) NF #
(z = y) = ((x = y) = y) C F. Since F is a positive implicative filter, we have
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(r = y) >y C Fandso (y— x) = 2 CF. On the other hand, by y < x — y and
Remark 3.1 we get (x > y) >z <y >z Hencey »xNF #Pory —x CF.
Thus by (y - 2) >« C F, y — « C F and Proposition 3.1, we get € F. Therefore,
F' is an implicative filter. O

Definition 3.3. Let F be a subset of H such that1 € F. Then F is called a deductive
system of H, ift =y C F andx € F, implyy € F, for allz,y € H.

Obviously each (pre)filter is a deductive system but not vice versa.

Definition 3.4. Let H be a hyper EQ-algebra and A be a non-empty subset of H.
Then the smallest deductive system of H containing A, i.e. the intersection of all
deductive system containing A, is said the deductive system generated by A and
denoted by (A). We write (a) instead of ({a}), for each a € H.

For all z,y € H and n € NU {0}, 2™ — y is defined as follows:
P sy=1-=y, " s y=2 = (2" =)

Theorem 3.7. Let H be a good hyper EQ-algebra and satisfies in the (EP) condition
and ) # A C H. Then

(A) C{zx e H|1€a; — (azg = (... = (an — x)...)) for some a1,as,...,a, € A and

n e NU{0}}

In particular {(a) C {z € H|1 € a™ — z, for some n € NU{0}}.

Proof. We denote the right side above by M. Since A is a non-empty subset of
H, it is clear 1 € M. Let ¢ € M and  — y C M, for some z,y € H. Then
lea; — (a2 = (. = (ap = 2)..)) and 1 € by — (b2 — (... = (b, = (x = ¥y))...)),
for some aq,as,...,an,b1,b2,....,by, € A and m,n € NU {0}. By Proposition 3.3,
by = (be = (. = (b = (. = y))) €z — (b = (b = (oo = (b — y).20))).
Thus 1 € z — (by — (b2 = (... = (b = ¥)...))) and so by goodness and Proposition
??7, 2 < by = (b = (... = (b, = y)...)). Hence by Proposition ??(ix), a; — (az —
(.. = (an = 2).) € ap = (ag = (an = (b1 = (b2 = (.. = (b = Y)..))))-0).
Then 1 € a1 — (a2 — ...(ap, = (b1 = (b2 = (... = (b, = y)...))))...) or y € M.
Hence M is a deductive system. Since 1 € x — z, for all x € A, we have A C M and
so (A) C M. The proof of the rest is clear. O

Corollary 3.1. Let F be an S.reflexive deductive system and a € H. Then
(F,a) ={z € H|a" — x C F, for somen € NU{0}}.

Proof. Set M the right side above. Let « € (F,a). Then 1 € a3 — (az — (...(am —
(a"™ = x))...)), for some ay,az,...,a,, € F and n,m € NU{0}. Thus a; — (az —
(lam = (@™ = 2)..)NF #Qora — (a2 = (..(am — (a" = 2))...)) CF
and so by assumption a” — N F #  or a — x C F. Hence (Fa) C M.
Conversely, let © € M. Then o™ — x C F, for some n € N. Set t = a" — =z,
thus 1 €t - (a" = 2) < a" = (t > 2) =a = (a = (...(t = x)...)) and so
lea— (a—(...(t = x)...)). Hence z € (F,a). Hence M C (F,a) and complete the
proof. O

Theorem 3.8. Let H be a hyper EQ-algebra and F be an S-reflexive positive
implicative (pre)filter of H. Then (F,a) = {z € Hla — x C F} ( We denote
{r € Hla—x CF} by F,).
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Proof. Let F be a positive implicative (pre)filter. Then by 1 € a — 1, we have
a—1NF #@ora—1CF,ie. 1€ F,. Now,ifz -y C F, and z € F,,
for some z,y € H, then a — (x — y) C F and a — = C F and so by assumption
a—yC ForyekF, Byleca— awecan getac F,. Sincet < a — t, for all
t € F, we obtain t € F,. Thus F, is a deductive system contains F' and a. If B is a
deductive system such that F U {a} C B and u € F,, then a - u C F C B. Hence
u € B or F, C B. Therefore, F, is a least deductive system contains F and a, i.e.
(F,a) ={z € Hla — x C F}. O

Corollary 3.2. Let F be a (pre)filter such that F, = {x € Hla — x C F} be a
deductive system, for all a € H. Then F is a positive implicative (pre)filter.

Proof. Let z = (y —» x) C Fand z —» y C F, for some z,y,z € H. Then y € F, and
z—=tCF, forallte (y — x). Thust € F,, forallt € (y = x) and so y = C F,.
Since F, is a deductive system, we get © € I, or z — x C F. Therefore, F' is a
positive implicative (pre)filter. O

Example 3.6. In Example 3.1(iii), if F = {b,1}, then F is a (pre)filter. We have:
Fo={x€ HI0 -« C F} = H, which is a deductive system;

F,={zx € Hla— 2 C F} =0, which is a deductive system;

Fy,={x € Hb -z C F} = {b,1}, which is a deductive system;

Fir={x€ H|]1 -z CF}={b,1}, which is a deductive system.

Therefore, F is a positive implicative (pre)filter.

Example 3.7. In Example 3.1(iii), F = {a,b,1} is a positive implicative filter and
Fy = {0} is not deductive system.

Corollary 3.3. Let H be a good hyper EQ-algebra and satisfies in the residuated
condition and ——x = x, for all x € H and F be an S-reflexive (pre)filter of H.
Then F is an implicative (pre)filter if and only if F is a positive implicative (pre)filter.

Proof. If F is an implicative (pre)filter, then by Theorem 3.3, F' is a positive implica-
tive (pre)filter. Now, let F' be a positive implicative (pre)filter and x — (—y — y) C F.
By Propositions 3.3 and 2.1(viii), z = (-y 2 y) < 7y = (z =2 y) € ~y = (-y —
—z) and so we can have -y — -~z C F'. Again by Proposition 3.3 and assumption we
have -y — -z < & — y. Hence we can get © — y C F. Therefore F' is an implicative
(pre)filter. O

4. Fantastic filters

In this section we introduce concept fantastic (pre)filter and investigate some re-
sults about them. Then we study the relation between fantastic (pre)filter and (posi-
tive)implicative (pre)filters. In the end we show that we can have hyper (EQ-algebra
by fantastic filter.

Definition 4.1. Let H be a hyper EQ-algebra and F be a subset of H such that
1€ F. Then F is called

(7) fantastic prefilter of H, if z — (y = ) C F and z € F, then ((x = y) = y) —
zCF, foralz,yyz€e H andz®y CF, for allz,y € F.

(ii) fantastic filter of H, if F' is a fantastic prefilter and x — y C F, imply (z ® z) —
(y@z)CF, for all z,y,z € H.
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Example 4.1. (i) Let H be a separated hyper EQ-algebra such that x — y and x vy
be singleton. Then by [[6], Lemma 15], the concept of fantastic (pre)filter in hyper
EQ-algebras and EQ-algebra are coincide.

(i1): In Ezample 3.1(ii), F = {a,b,1} is fantastic (pre)filter and in Ezample 3.4,
F ={a,b,1} is a fantastic prefilter.

(#31): In Ezample 3.1(iii), since for b € F and b — (0 — 0) C F we have ((0 — 0) —
0) > 0¢ F, then F = {1,b} is not a fantastic prefilter.

Proposition 4.1. Let H be a good hyper EQ-algebra. Then each fantastic (pre)filter
is a (pre)filter.

Proof. Let F be a fantastic filter, x — y C F and =z € F, for z,y € H. Since
= (1 »>y) CFandaze€F, wehave ((y - 1) —» 1) - y C F. By goodness
y€(y—1) = 1) > y. Hencey € F and so F is a filter. O

Proposition 4.2. Let H be a hyper EQ-algebra and satisfies in the residuated con-
dition. If F is an S.reflexive fantastic (pre)filter of H, then every (pre)filter G
containing F is a fantastic (pre)filter.

Proof. Let y — = C G, for z,y € H. Then by Proposition 3.3, we have, (y —
) > (y—=z) <y = (y—=> ) = x). Sincel € (y = 2) > (y — z) we get,
y—=>((y—=z)=z)NF#Pory— ((y—2) > xz) CF. Set A= (y — x) = . Thus
y— ACFandso ((A—y)—y) — ACF. By (EP) condition:

(A=y) =y -4 = (A=y) -y = (y—2z) 22
< (y—oa)=>(A=y) =y —a)
Thus we can prove (y —» z) = (A—y) > y) > 2z) CF CG. Sincey -z C G and
G is a (pre)filter, (((A — y) — y) — x) € G. On the other hand by Proposition 3.3:
le(y—m2)—1 C (y—oz)m(z—-a)<Ke— ((y—z) =)
< (y=x)—=2z)—>y) — (xr—>v)
< (@=y) =y = (((y = 2) =)=y =y
< (((y=2)=z) =y =y =z) = (z =y 2y =)
= (A=y) =y 22)= x>y =y 22)=B
Thus BNF # @0 or B CF CG. Since (A= vy) = y) = 2 C G, we get
(((x = y) = y) = ) C G. Therefore, G is a fantastic (pre)filter. O

Theorem 4.1. Let H be a good hyper EQ-algebra and satisfies in the residuated
condition and {1} be an S.reflexive fantastic (pre)filter of H. Then any filter is a
fantastic (pre)filter.

Proof. By Proposition 4.2, the proof is clear. O

Proposition 4.3. Let H be a good hyper EQ-algebra and satisfies in the residuated
condition. If F is an Swreflexive implicative (pre)filter of H, then F is a fantastic

(pre)filter.

Proof. Let y — x C F, for xz,y € H. Then by Proposition 2.1(x), z < ((zr = y) —
y) — x. Now, by Remark 3.1, (((z — y) > y) > 2) = y <  — y and so again by
Remark 3.1, (z = y) = (((z —w y) =2 y) > 2) < (((z = y) 2 y) > z) > y) —
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(((x = y) — y) — ). Thus by Propositions 2.1(xii), 3.3 and (EP) condition, we
have:
y—oz < (e—=y) =y - (z—y —a)

< (@—=y) = ((z=y) =y =)

< ((((z =y) =y) =) =2y) = (=2 y) 2 y) =)
Since y — x C F', then we can get

[((z = y) = y) = 2) 2y = (2 =y) =y) 22) CF

Since F is a implicative (pre)filter, then ((z — y) —» y) > 2 C F. O

In the next example we can see that the converse of the above proposition is not
true.

Example 4.2. In Ezample 3.1(iii), F = {1,a,b} is a fantastic (pre)filter but it is
not an implicative (pre)filter.

Theorem 4.2. Let H be a good hyper EQ-algebra and satisfies in the residuated
condition and F be an S~reflexive filter of H. Then F is an implicative filter if and
only if F' is both positive implicative filter and fantastic filter.

Proof. Let F be an implicative filter. Then by Theorem 3.3 and Proposition 4.3, F
is both positive implicative and fantastic filter.

Conversely, let (x — y) - = C F, for z,y € H. By Proposition 3.3, (z — y) —
z < (x = y) = ((x = y) — y). Since F is a positive implicative filter we have,
(x = y) > ynNF #Qor (x = y) —» y C F. On the other hand by Proposition
2.1(x) and Remark 3.1, (x - y) - = < y — =, i.e. we can get y — = C F and so
((x = y) = y) = x C F. Now, since F is a filter and we obtain € F. Hence F is
an implicative filter. O

Corollary 4.1. Let F be an Sreflexive fantastic filter of H. Then F' is a positive
implicative filter if and only if F' is an implicative filter.

Proof. By Theorem 4.2 and Theorem 3.3, the proof is clear. U

Corollary 4.2. Let F be an S-reflexive positive implicative filter of H. Then F is
an implicative filter if and only if F is a fantastic filter.

Proof. By Theorem 4.2, Proposition 4.3, the proof is clear. U

Remark 4.1. We note that if ~——x = z, for oll x € H, then —x is singleton. Let
u,v € ~x. Thenu - 0C (z - 0) > 0=2a. Thusu - 0=z. Sincevexr — 0=
(u—0) = 0=u, we get w =v, i.e. ~x is singleton.

Theorem 4.3. Let H be a good hyper EQ-algebra contains bottom element 70" such
that ==z be singleton and F' be an S.reflexive fantastic filter of H. Then % is a
good hyper EQ-algebra such that ——[z] = [z], for all x € H.

x € H, then (0 » 2)NF #  or 0 = z C F. Thus by Definition 4.1, ((z — 0) — 0) —
xNF # @ or -—x — 2z C F and so [-—z] < [z]. By Lemma 3.1(viii), [z] < ——[z]
and so by Remark 4.1, =—[z] = [z]. O

Proof. By Theorem 2.2, % is a good hyper EQ-algebra. Since 1 € 0 — z, for all
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Definition 4.2. Let H be a hyper EQ-algebra. Then H is called a lattice hyper EQ-
algebra( hyper ¢EQ-algebra ) if, it is a lattice and the following substitution axiom
holds, for all x,y,z,t € H.

(zVy)~2)@(t~z) < (2~ (VY))

Example 4.3. (i) In Example 3.1(iii), it is easy to see that H = (H,\,®,~,1) is a
hyper LEQ-algebra.

(ii) Let H = {0,a,b,c,1}, which 0 < a <b < 1,0 < a < ¢ < 1 such that b,c be
incomparable and N, ® and ~ are defined on H as follows:

A0 a b ¢ 1 Q| 0 a b c 1
010 0 00 0 o {0y {0y {00 {0} oy
a|0 a a a a a | {0 {0} {0} {0y {0, a}
b|0 a b a b b | {0y {0} {0} {0y {0, b}
c|0 a a ¢ ¢ c | {0} {0} {0} {0y {0, ¢}
110 a b ¢ 1 11 {0} {0,a} {0, 0} {0, c} {1}

~ 0 a b c 1

0 {1} {a, b, ¢} {a, b, c} {a, b, ¢} {0}

a | {a, b, ¢} {1} {a, b, ¢} {a, b, ¢} {a}

b | {a, b, c} {a, b, c} {1} {b, ¢} {b}

¢ | {a, b, ¢} {a, b, c} {b, c} {1} {c}

1 {0} {a} {o} {c} {1}

Then H = (H,\,®,~,1) is a hyper EQ-algebra which is not {EQ-algebra.

Theorem 4.4. Let H be a good hyper EQ-algebra contains bottom element ”0” such
that ——x be singleton and F be an S-reflexive fantastic filter of H. Then %F a
lattice good hyper EQ-algebra.

Proof. Let [z] V [y] = —(—[z] A =[y]). Since —[z] A —=[y] < =[z], 7[y] (by Remark 4.1
and Theorem 4.3, —[z] is singleton). Then [z], [y] < =(=[x] A —[y]) = [z] V [y]. Let
[], [y] < [c], for some [c] € Z£. Then =[c] < =[z] A=[y] or [2] V [y] = ~(=[z] A=[y]) <
[c]. Hence [z] V [y] is the supremum of [z] and [y]. We can prove that %F is a lattice
by some modification. O

Corollary 4.3. Let H be a good hyper EQ-algebra contains bottom element ”0” such
that —=—x be singleton and F be an S~reflerive fantastic filter of H.Then % s an
LEQ-algebra.

Proof. By Theorem 4.4, —F is a lattice. By Proposition 2.1(v), (xiii), Theorem 4.3
and (HEQ®3), we have:

(Vi) ~ D@ (]~ [2]) <

Therefore, 2 Z - isa hyper /EQ-algebra. O
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Corollary 4.4. Let ‘H be a good hyper EQ-algebra and satisfies in the residuated
condition, contains bottom element 70”7 such that ——x s singleton and F be an
S~reflexive fantastic filter of H.Then in % implicative filters and positive implica-
tive filters are equivalent.

Proof. By Theorem 4.3 and Corollary 3.3, the proof is clear. O
5. Conclusions

In this paper, we verify some results in good hyper EQ-algebra. Then we intro-
duce different kinds of (pre)filters and gain some results about them. Also we study
relations between these (pre)filters. In each kind of filter we obtain conditions that
can help us to have a quotient structure. Definition of new filters and study about
them and their quotient algebra will be my next task.
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