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Infinite order of transcendental meromorphic solutions of
some nonhomogeneous linear differential equations

NOUR EL IMANE KHADIDJA CHERIET AND KARIMA HAMANI

ABSTRACT. In this paper, we investigate the order of growth of transcendental meromorphic
solutions of the linear differential equation

k—1
F& 4 Z hj(z)epj(z)f(j) =F,
J=0

where k > 2 is an integer, Pj (z) (j =0, ...,k — 1) are nonconstant polynomials, h; (z) (j =
0,...,k — 1) and F (# 0) are meromorphic functions. Under some conditions, we prove that
every transcendental meromorphic solution of the above equation is of infinite order.
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1. Introduction and main results

In this paper, we use the fundamental results and the standard notations of the
Nevanlinna’s value distribution theory of meromorphic functions (see [8],[12]). In
addition, we use the notation o(f) to denote the order of growth of a meromorphic
function f and o2(f) to denote the hyper-order of f which is defined by (see [12])

loglogT'
oa(f) = hmsupw. 1)
r—+oo 1Og r
We define the linear measure of a set E C [0,400) by m(E) = f0+oo
X e is the characteristic function of F.
Many authors ([5], [7], [9]) have studied the second order linear differential equation

F 4 hi(2)ePEf 4 ho(2)e?@ f =0, (2)

where P(z) and Q(z) are nonconstant polynomials, hi(z) and ho(z)(# 0) are en-
tire functions satisfying o(h1) < deg P and o(hy) < deg@. Gundersen showed in
[7, p. 419] that if deg P # deg @, then every nonconstant solution of the linear differ-
ential equation (2) is of infinite order. If deg P = deg @, then equation (2) may have
nonconstant solutions of finite order. Indeed, f(z) = z satisfies f”/ — 23e* f' + 22 f =
0.

xE(t)dt, where

K. H. Kwon considered the case where deg P = deg Q and proved the following
result:
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Theorem 1.1. ([9]) Let P(z) and Q(z) be nonconstant polynomials such that
P(z) =anz" 4+ ...+ a12 + ag, (3)

Q(z) = bpz" + ... + b1z + by, (4)
where a;,b; (i = 0,1,...,n) are complex numbers, a, # 0 and b, # 0. Let h;(2)
(j = 0,1) be entire functions with o (h;) < n. Suppose that arga, # argb, or
an = cby, (0 < ¢ < 1). Then every nonconstant solution f of equation (2) is of infinite
order and satisfies oo(f) > n.

In [4], Belaidi and Abbas have studied some higher order linear differential equa-
tions with entire coefficients and have proved the following result:

Theorem 1.2. ([4]) Let k > 2 be an integer and P;(z) = > i ya; ;2" (j =0,1,....k—
1) be nonconstant polynomials with degree n > 1, where ag j,..., anj (j = 0,1,...,k—1)
are complex numbers such that a, jans #0 (j #s) (1 <s <k —1). Let h;(z)(#0)
(1 =0,1,...,k—1) be entire functions with o(h;) < n. Suppose that arg a, ; # arg an,_s
or Gnj = Cjans (0 < ¢; < 1) (j # s). Then every transcendental solution f of
equation

k—1
F 4 Zhj(z)er(Z)f(j) =0 (5)
§=0

is of infinite order and satisfies oo (f) = n. Furthermore, if max{ci,...,cs—1} < co,
then every solution f(# 0) of equation (5) is of infinite order and satisfies oo (f) = n.

In 2008, J. Tu and C. F. Yi have also considered equation (5) and obtained the
following result:

Theorem 1.3. ([10]) Let k > 2 be an integer and P;(z) = > iy a; ;2" (j =0,1,....k—
1) be polynomials with degree n > 1, where ag j, ..., an; (j =0,1,...,k—1) are complex
numbers. Let hj(z) (j =0,1,...,k — 1) be entire functions with o(h;) < n. Suppose
that there exist nonzero complex numbers a, s and a,; such that 0 <s <l <k -1,
Up s = |an,s| 61'957 ap | = |an,l| €wl7 987 9[ € [0727‘-)7 es 7é 91; hshl 5—'5 0 and fOT’j 7é Svla
an,; satisfies either an; = djan s (0<d; <1) or an; = djan; (0<d; <1). Then
every transcendental solution f of equation (5) satisfies o (f) = +oo. Furthermore,
if [ is a polynomial solution of equation (5), then deg f < s—1; if s =1, then every
nonconstant solution f of equation (5) satisfies o (f) = +oo.

In this paper, we continue the research in this type of problems. The main purpose
of this paper is to extend and improve the above results to some nonhomogeneous
higher order linear differential equations with meromorphic coefficients. We will prove
the following two results:

Theorem 1.4. Let k > 2 be an integer, Pj(z) = Y.i ja;;z' (j = 0,...,k — 1)
be polynomials with degree n > 1, where agj,...,an,; (j = 0,...,k — 1) are complex
numbers. Let hj(z) (j =0,...,k — 1) and F (# 0) be meromorphic functions having
only finitely many poles with max{c (F),o(h;):j =0,....k — 1} < n. Suppose that
there exists an integer s € {1,2,....k — 1} such that hohs # 0 and a,; = cjan.s
(0 <¢j <1) (j #s). Then every transcendental meromorphic solution of equation

k—1
F) 4 Z hj(z) el f0) = (6)
§=0
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is of infinite order. Furthermore, if max{ci,...,cs—1} < co, then every meromorphic
solution f(Z 0) of equation (6) is of infinite order.

Theorem 1.5. Let k > 2 be an integer, Pj(z) = Y i ja;;z" (j = 0,...,k — 1)
be polynomials with degree n > 1, where agj,...,an; (j = 0,...,k — 1) are complex
numbers. Let h;j(z) (j =0,....k —1) and F (% 0) be meromorphic functions having
only finitely many poles with max{c (F),o(h;):j =0,...k — 1} < n. Suppose that
there exist two integers s,d such that1 < s <d < k—1, hshg Z0 and an, s # an,q. Let
I and J be two sets satisfying I #0, J # 0, INJ =0 and TUJ = {0,...,k—1}/{s,d}
such that for j € I, anj = ajans (0<a; <1) and for j € J, an; = Bjana (0 <
B; < 1). Set an; = |an,| e, 6, €[0,27) (I =s,d) and o = max{a; : j € I}.

If (65 # 64) or (0s = 64 and |ang| < (1 — a)lans|), then every transcendental
meromorphic solution of equation (6) is of infinite order. Furthermore, if f is a
polynomial solution of (6), then deg f < s — 1.

2. Preliminary lemmas

Lemma 2.1. ([1]) Let Pj (z) (j =0,1,..., k) be polynomials with deg Py(z) =n (n >
1) and deg Pj(z) < n (j = 1,2,...,k). Let Aj(z) (j = 0,1,....,k) be meromorphic
functions with finite order and max{o(4;) :j =0,1,....k} < n such that Ay(z) # 0.
We denote

F(z) = Ap (2) e 4 A1 (2) ePe1) 1 4 A) (2) e 4 Ag (2) P (7)

If deg(Py(z) — Pj(z)) = n for all j = 1,...,k, then F is a nontrivial meromorphic
function with finite order and satisfies o(F') = n.

Lemma 2.2. ([6]) Let f (2) be a transcendental meromorphic function of finite order
o. Let T = {(k1,71), (k2,J2) » .-y (km,Jm)} denotes a set of distinct pairs of integers
satisfying ki > j; > 0 (i =1,2,...,m) and let € > 0 be a given constant. Then there
exists a set By C [0,2m) that has linear measure zero such that if 0 € [0,27) \ Eq,
then there is a constant Ry = Ry (0) > 1 such that for all z satisfying argz = 6 and
|z| > Ry and for all (k,j) € T', we have

¥ (2)

‘ f9)(2)
Lemma 2.3. ([3]) Let P () = (a4 iB) 2" +... (a, B are real numbers, |a|+|8| # 0) be
a polynomial with degree n > 1 and A (z) be a meromorphic function with o (A) < n.
Set f(2) = A(z) e, 2z =re?, §(P,0) = acos (nh) — Bsin (nb). Then for any given
e > 0, there exists a set Ey C [0,27) that has linear measure zero such that for any
0 €0,2m) \ B2 U H, where H = {0 € [0,27) : § (P,0) =0} is a finite set, there is a
constant Re > 1 such that for |z| =r > Ra, we have
(i) if 6 (P,0) > 0, then

exp{(1—¢)d(P,0)r"} < ’f (rei9)| <exp{(1+e¢)d(P,0)r"}, 9)
(ii) if 6 (P,0) < 0, then
exp{(1+¢)6(P,0)r"} < |f (rei6)| <exp{(l—¢)o(P,0)r"}. (10)

|(k—j)(0—1+€) ) (8)

<z
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Lemma 2.4. ([2]) Let p > 1 be an integer, f (z) be a meromorphic function having
only finitely many poles and suppose that

is unbounded on some ray arg z = 0 with constant p > 0. Then there exists an infinite
sequence of points z, = rme’? (m =1,2,...), where r,, — +oo such that G (z,) — o0
and

(I4+o0)|zm/”™ (j=0,....p—1) asm — +oo.  (11)

‘ 9 (z) 1
@ ()| = (p =)
Lemma 2.5. ([11]) Let f(z) be an entire function of finite order. Suppose that

there exists a set E3 C [0,27) that has linear measure zero such that for any ray

argz =60 € [0,2m) \ Es,

log* |f (rew)‘ < Mr?, (12)
where M (> 0) is a constant depending on 6 and o (> 0) is a constant independent

of 0. Theno(f) <o.

3. Proof of Theorem 1.4

Proof. First we prove that every transcendental meromorphic solution f of equation
(6) is of order o (f) > n. Assume that f is a transcendental meromorphic solution f
of equation (6) of order o (f) < n. We can write equation (6) as

k—1
Y hi(2)fPeh® =B (2), (13)
§=0

where B = —f*) + F and h;f%) (j =0,1,...,k — 1) are meromorphic functions of
finite order with o (hjf(j)) <n(j=0,1,...k—1) and o (B) < n. We have hyf(*) £ 0.
Indeed, if ks f*) = 0, it follows that f(*) = 0. Then f has to be a polynomial of degree
less than s. This is a contradiction. Since a, j = ¢jan,s (0 <c¢; < 1) (j # s), we get
that deg(Ps(z) — Pj(2)) =n (j # s). Thus by (13) and Lemma 2.1, we have o(B) =n
and this contradicts the fact that o(B) < n. Hence every transcendental meromorphic
solution f of equation (6) is of order o (f) > n.

Now Assume that f is a transcendental meromorphic solution of equation (6) with
o(f) = 0 < +00. By Lemma 2.2, there exists a set £y C [0,27) that has linear
measure zero such that if € [0,27) \ Eq, then there is a constant Ry = Ry () > 1
such that for all z satisfying arg z = 6 and |z| > Ry, we have

f(])(Z) ko . .
< < <
’f(i)(z) <|z]" (0<i<j<k). (14)
By Lemma 2.3, for any given ¢ > 0, there exists a set Ep C [0,27) that has
linear measure zero such that if z = re?, § € [0,27) \ E; U H; and r is suf-

ficiently large, then hjefi(*) (j=0,1,...,k — 1) satisfy (9) or (10), where H; =
{6 €[0,27m) : § (Ps,0) = 0}.

Set p = max{o(F),o(h;):j=0,1,..,k—1} and ¢ = max{c; : j # s}. Since F
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is a meromorphic function with only finitely many poles, then by Hadamard fac-

torization theorem, we can write F (z) = %, where @ (z) is a polynomial with

degQ(z) =p > 1 and H (z) is an entire function with o (H) = o (F).
For any given 6 € [0,27) \ E1 U Es U Hy, we have
0 (Ps,0) >0o0rd(Ps,0)<0.
Case 1. §(Ps,0) > 0. For any given ¢ (O <3e < min{1+c,n—p}) and all z

satisfying arg z = 6 and |z| = r sufficiently large, we have

ho(2)e™ O = exp{(1 — )5 (P,,0) "} (15)
and
|15 (2)e7 O < exp{(1 +2)ed (P, 0"} (G # 5). (16)
Now we prove that
ogt ) (2
G () = o8 11V G

|27*

is bounded on some ray argz = 6. If G (z) is unbounded on the ray arg z = 6, then
by Lemma 2.4, there exists an infinite sequence of points 2z, = ry,e*? (m=1,2,...),
where 7, — 400 such that G (z,,) — oo and

f(j) (2m) ‘ 1
F& (zm)| = (s =)

Since G (z,) — oo, for sufficiently large number A > 0, we have

1+o0D)|zm|*™ (j=0,...,s—1) asm— 400.  (17)

’f(s) (zm)‘ > exp {A|zm\p+€} as m — +o0. (18)
From (18) we have for m sufficiently large
SN 15 N . {C ST N
f Q (zm) [ (zm) | = Ayr8, exp {A\zm|p+5} exp{A|zm|p+€}
where A; (> 0) is a constant. Since o (H) < p, we obtain
i)(zm) ‘ < A ()l — 0 as m — +o0. (20)
1 (m) eXp{AIZm|p+E}
By (6), we get
(k) (k—1)
Pa)| < | £ P[5 )
[haz)e™ )] < O (2 + i FO )
(S“)( ) F70()
FoeF hgp ()P A |22 4 p o (2)ePe1(2)
ne REE G o)
it |h Py(z) )eFo(2) f(2) F(2) 21
o e O] | T+ e | G+ ey e

Substituting (14) — (17) and (20) mto (21), we have for the above z,

exp{(1 —£)d (Ps,0)ry,}
< Myrdtexp{(1 + €)cd (Ps,0) ™}, (22)
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where M; (> 0), dq (> 0) are constants. From (22) and 0 < ¢ < 3050 we get
c
1—
exp{( 3 C>5 (Ps,0) 7™} < Myrdr, (23)
This is a contradiction. Therefore G (z) is bounded on arg z = 6. Hence
£ ()] < exp {ar 127} (24)

on argz = 6, where M (> 0) is a constant. By (24) and (s)-fold iterated integration,
we conclude that

1 (2)] < exp {277} (25)
on argz = 0.
Case 2. ¢ (P,,0) < 0. For any given ¢ (0 < 3¢ < min{1,n — p}) and all z satisfying
arg z = 6 and |z| = r is sufficiently large , we have

’hj(z)epj(z) < exp{(1 —)d(P;,0)r"} (j=0,....k—1). (26)
By (6), we get
(k—1)
1= hkl(z)ePkl(Z)ff(’“)(z(;)
L F0(2) o(z) S (2) F(z2)
+oo + hy(2)el )f(k)(z) + oo+ ho(2)eP! )f(k')(z) + O () (27)
Now we prove that
log™ [f) ()
D(z) = |l|ﬁe|

is bounded on some ray argz = 6. If D (z) is unbounded on the ray arg z = 6, then
by Lemma 2.4, there exists an infinite sequence of points z,, = r,e® (m =1,2,...),
where 7, — +00 such that D (z,,) — oo and

f(j) (Zm) 1
T (2) ’ SH—))

From D (z,,) — oo, for sufficiently large number B > 0, we have

!(1—|—0(1))|zm|k_j (j=0,..,k—1) asm — +oo. (28)

‘f(k) (zm)‘ > exp {B |zm|p+6} as m — +00. (29)

By using the same reasoning as above, from (29), we have for m sufficiently large

Flem) | _ H (2m) \H (2)]
'f““) (zm) | 1Q () £® <zm>' = b {Blen™ ) !
Since o (H) < p, we obtain
F(zm) |H (2)] . .
‘f(k) (Zm)‘ N eXp{B‘Zm|p+s} =0 — Fo0. (31)

Substituting (14), (26), (28) and (31) into (27), we obtain as 7, — 400
1<0.
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This is a contradiction. Therefore D (z) is bounded on arg z = §. Hence
£ (2)| < exp {0 121777} (32)

on arg z = 6, where M (> 0) is a constant. By (32) and (k)-fold iterated integration,
we obtain (25) on arg z = 6.

From equation (6), we know that the poles of f can only occur at the poles of F'
and h;(z) (j =0,1,...,k —1). Since F and h;(z) (j =0,1,...,k — 1) are meromorphic
functions having only finitely many poles, then f must have only finitely many poles.
Therefore by Hadamard factorization theorem, we can write f (z) = fz(é)) , where R (z)
is a polynomial and ¢ (z) is an entire function with o (¢) = o (f) > n. From (25), we
have

l9.(2)] < Aar exp { M |27} (33)
on arg z = 6, where A2 (> 0) is a constant and ¢ = deg R > 1. Hence
l9.()] < exp { M |27} (34)

on arg z = 6. Therefore for any given 6 € [0,27)\ E1 UFEy U Hy, where E; UFE;UHy is
a set of linear measure zero, we have (34) on arg z = 6. Then by Lemma 2.5, we have
o (g) < p+ 3¢ < n and this contradicts the fact that o (g) > n. Hence o (f) = +o0.

Suppose now that max{ci,...,cs—1} < co. if f is a rational solution of (6), then
by max{cy,...,cs—1} < ¢ and

F e P hi— h :

- _ (k) L Dh=1 Pe_1(2)=Po(z) p(k=1) | 1 JPi(z)—Po(2) 35
f = iom (G fO ke FOED 4tk 1), ()
we obtain a contradiction since the left side of equation (35) is a rational function but
the right side is a transcendental meromorphic function.

Now we prove that equation (6) cannot have a nonzero polynomial solution. Set
¢ = max{ey,...,cs—1} < ¢o and let f(z) be a nonzero polynomial solution of equa-
tion (6) with deg f(2) = d. We take a ray argz = 6 € [0,27) \ H;, where H; is
defined as above such that §(Ps,0) > 0. By Lemma 2.3, for any given ¢ (0 < 3¢ <
min{ %’2, iz;g ,n—p}), there exists a set F5 having linear measure zero such that for
all z with argz = 6 € [0,27) \ E2 U Hy and |z| = r sufficiently large, we have (15) and
(16).

If d > s, by (6), (15) and (16), we obtain for all z with argz = 6 € [0,27) \ E; U Hy
and |z| = r sufficiently large

Bir®™* exp{(1-2)8 (Py, 0) 1"} < |ho(2)e™ @ fO(2)] <3 |h;(2)e" D 9 (2) |+ P (2)]

J#s
< Bor exp{(1 + €)e8 (P, 0) 1"} + (W’ (36)
where By (> 0), By (> 0) are constants. By (36), we get
e 05 L5 (2, 0)r") < Byrs expfr?), (1)

3
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where B3(> 0) and dy are constants. Hence (37) is a contradiction.

If d < s, by (6), (15) and (16), we obtain for all z with argz =6 € [0,27) \ Ep U Hy,
and |z| = r sufficiently large

Byr*~Lexp{(1—€)cod (Ps, 0) 1"} < [ho(2)eP @[ £(2 |<Z\h )P fO )| +|F ()

pte
< Bsr* 2 exp{(1 +¢)c'6 (Ps,0)r™} + %, (38)
1
where By (> 0), Bs (> 0) are constants. By (38), we get
/
— B
exp{%& (Ps,0)r"} < 76 exp{r*te}, (39)

where Bg(> 0) is a constant. This is a contradiction. Therefore, if
max{cy,...,cs—1} < ¢o, then every meromorphic solution of equation (6) is of infinite
order. 0

4. Proof of Theorem 1.5

Proof. First we prove that every transcendental meromorphic solution f of equation
(6) is of order o (f) > n. Assume that f is a transcendental meromorphic solution f
of equation (6) of order o (f) < n. We can write equation (6) in the form (13), where
B=—f® 4+ Fand hj(2)f% (j =0,1,...,k — 1) are meromorphic functions of finite
order with hyf(®) £ 0, haf@ #£0, o (h;f9) <n (j =0,1,....k — 1) and o (B) < n.

We have deg(Ps(z) — Pj(z)) =n (j # s). Thus by (13) and Lemma 2.1, we obtain
o(B) = n and this contradicts the fact that o(B) < n. Hence every transcendental
meromorphic solution f of equation (6) is of order o (f) > n.

Assume f is a transcendental solution of equation (6) with o (f) = ¢ < +00. By
Lemma 2.2, there exists a set Fy C [0,27) that has linear measure zero such that
if & € [0,27) \ Eq, then there is a constant Ry = Rj (f) > 1 such that for all z
satisfying arg z = 6 and |z| > R;, we have (14). By Lemma 2.3, for any given € > 0,
there exists a set Eo C [0,27) that has linear measure zero such that if z = re®,
0 € [0,27) \ E2 U Hy and r is sufficiently large, then hjeli(*) (j =0,1,...,k — 1)
satisfy (9) or (10), where Ho = {0 € [0,27) : § (Ps,0) =0 or ¢ (Py,0) = 0}. Set p=
max {o (F),o (h;):j=0,1,....k —1}. Since F' is a meromorphic function with only
finitely many poles, then by Hadamard factorization theorem, we can write F (z) =
Q((z) where @ (z) is a polynomial with deg@ = p > 1 and H (z) is an entire function
with o (H) = o (F).

Case 1. Suppose that 05 # 04. Set Hz = {0 € [0,27) : § (Ps,6) = 6(Py,0)}. Since 0
# 04, then Hs has linear measure zero. For any given 6 € [0,27) \ E1 U Ex U Hy U H3,
we have

5 (Py,0) #0, 6 (Py,0) #0 and & (Py,0) > 6 (Py,0) or 6 (Ps,0) < 5 (Py,0).

Set 51 = 5(Ps,0) and 62 =0 (Pd,ﬂ).
Subcase 1.1. §; > 6. Here we also divide our proof into three subcases:
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(a) 61 > 02 > 0. Set d3 = max{d(P;,0):j #s}. Then 0 < 3 < ¢1. Thus for

any given & (O < 3¢ < min { g;gg,n — p} and all z satisfying argz = 6 and |z| = r

sufficiently large, we have

‘hs(z)ePS(z) > exp{(1l —e)dr"} (40)

and

1520 < expl(1+ )5} (G #9) (41)

Now we prove that

logt £ (2)]
IE S

G (2)

is bounded on some ray arg z = 6. If G (z) is unbounded on the ray arg z = 6, then
by Lemma 2.4, there exists an infinite sequence of points z,, = r,e® (m =1,2,...),
where 7, — 400 such that G (z,) — co and (17) holds. From (18), we have (19) for
m sufficiently large. Since o (H) < p, we obtain (20). Substituting (14), (17), (20),
(40) and (41) into (21), for the above z,,, we obtain

exp{(1 — )11} < Mor® exp{(1 +¢)d3r™ }, (42)
where My (> 0), d3 (> 0) are constants. From (42) and 0 < ¢ < %, we get
5 — 0
eXp{(lgi?’)r%} < Mors, (43)

This is a contradiction. Therefore G (z) is bounded on argz = #. Hence (25) holds
on argz = 0.

1—
(b) 01 > 0 > 02. Thus for any given € (0 < 3¢ < min{l_i_a,np}) and all z
!

satisfying arg z = 6 and |z| = r sufficiently large, we have (40),

’hd(z)epd(z) <exp{(l —e)dr"} <1, (44)
hi(2)e" )| < exp{(1+ )adir™} (€ 1) (45)
and
‘hj(z)epj(z) <exp{(1—¢)é(P;,0)r"} <1 (j€J). (46)
Now we prove that
log* | £ (2)
G(2) = |z||”+8 |

is bounded on some ray argz = . If G (z) is unbounded on the ray arg z = 6, then
by Lemma 2.4, there exists an infinite sequence of points 2z, = ry,e* (m=1,2,..),
where 7, — 400 such that G (z,,) — oo and (17) holds. Substituting (14), (17),
(20), (40), (44) — (46) into (21), for the above z,,, we obtain

exp{(1 — &)d1r™ } < Mards exp{(1 + e)adyr™ }, (47)
1—
where M3 (> 0) and d4 (> 0) are constants. From (47) and 0 < &€ < ﬁ, we get
1—
exp{( a)dlr;’@} < Myrds, (48)

3
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This is a contradiction. Therefore G (z) is bounded on argz = 6. Hence (25) holds
on argz = 0.
(c) 0 > 01 > 2. For any given € (0 < 3¢ < min{l,n — p}) and all z satisfying
argz = 6 and |z| = r sufficiently large, we have (26). Using similar reasoning as in
case 2 in the proof of Theorem 1.4, (25) holds on arg z = 6.
Subcase 1.2. 0; < J2. Using the same reasoning as in subcase 1.1, we can also
obtain (25) on arg z = 6.
Case 2. Suppose that 6; = 03 and |a,q] < (1 —)|an,s|. For any given 6 €
[0,27) \ F1 U Ey U Ho, where Ey, E5 and Hs are defined above, we have

0 (Ps,0) >0o0rd(Ps,0)<0.
Subcase 2.1. § (Ps,0) > 0. For any given ¢ (0 < 3¢ < min {M n— p})

(I+a)|an,s|+]an,al?
and all z satisfying arg z = 6 and |z| = r sufficiently large, we have (15),

15(2)6P )| < exp{(1+ )ad(P. O™} (1), (49)

and
‘h;‘ (2)ei)

Now we prove that

<exp{(1+¢)B6(Fa, 0)r"}  (j € JU{d}) (50)

logt | £5)
G(e) = 2t ;f;f”

is bounded on some ray arg z = 0. If G (z) is unbounded on the ray arg z = 6, then
by Lemma 2.4, there exists an infinite sequence of points z,, = r,e (m =1,2,...),
where 7, — 400 such that G (z,,) — oo and (17) holds. Substituting (14), (15),
(17), (20), (49) and (50) into (21), for the above z,,, we obtain

exp{(1 —&)0(Ps,0)r,}

< Myr® exp{(1 + €)ad(Ps, 0)r"™ Y exp{(1 4 £)3( Py, 0)r" }, (51)
where My, ds (> 0) are constants. By (51), we have
exp{yr™} < Myrds, (52)
where

v=1-¢)d(Ps,0) — (14+¢€)6(Py,0) — (1 +e)ad(Ps,6). (53)
(1 —a)lans| — |and|
31+ a)fan,s| + |an,al]
v = {(l=a)lans| = lanal —[(1 + @) |an,s| + [an.dl]} cos(0s + nb)
(1 =) |an | = [an.al)
3
Since v > 0, then (52) is a contradiction. Therefore G (z) is bounded on argz = 6.
Hence (25) holds on arg z = 6.
Subcase 2.2 0 (Ps,0) < 0. Using the same reasoning as in case 2 in the proof of
Theorem 1.4, (25) holds on argz = 6.
From equation (6), we know that the poles of f can only occur at the poles of F'
and h;(z) (j =0,1,...,k —1). Since F and h;(z) (j = 0,1,...,k — 1) are meromorphic
functions having finitely many poles, then f must have only finitely many poles.
Therefore by Hadamard factorization theorem, using similar arguments as in the proof

Since 0 < e < , 05 = 04 and cos(fs + nf) > 0, we obtain

>

cos(fs + nd) > 0.



218 N. K. CHERIET AND K. HAMANI

of Theorem 1.4, we can write f (z) = %((ZZ)), where R (%) is a polynomial and g (z) is
an entire function with o (g9) = o (f) > n. From (25), we have (34) on argz = 6.
Then by Lemma 2.5, we have o (g) < p+ 3¢ < n and this contradicts the fact that
o (g) > n. Hence o (f) = +oc.
In the following, we show that if f(z) is a polynomial solution of (6), then deg f <

s — 1. Assume that f is a polynomial solution of (6) with deg f =b > s.
(a) Assume that 6 # 6.
(i) B s #Og+mor Oy #0s+m, set Hy={6 € [0,27) : 6(Ps,0) > 6(Py,0) > 0}.

Then m(Hy4) > 0. We can choose a curve I' = {z : arg z = 0 € Hy}.

By (6), (40) and (41), for all z € T and |z| = r sufficiently large, we obtain

B7rb75 exp{(1 —¢€)o1r"} < |h‘9(Z)BPS(Z)f(S)(Z)|

(=) £G H(z)
< hi(z)ei ) ) (4 +‘
pte
< Byr® exp{(1 + £)dgr} SR (54)
)\1Tp
where B7(> 0), Bg(> 0),dg and \; are constants.
By (54), we obtain
exp {(61 ; 53)7""} < Bgrs exp{r’T}, (55)

where By(> 0) and dg are constants. This is a contradiction.

(ii) f s =04+ mor 03 =05+ 7, set Hy = {0 € [0,27m) : §(Ps,0) > 0> §(Py,0)}.
Then m(Hs) > 0. We can choose a curve G = {z : argz = 0 € Hs}.
By (6), (40) and (44) — (46), for all z € G and |z| = r sufficiently large, we obtain

Byor?™® exp{(l —e)dr"} < Byyr® exp{(1 + &)ad;r™} exp{r**e}, (56)

where B1g(> 0), B11(> 0) and d7 are constants.
By (56), we obtain

exp { ( ; @) 51r”} < Byor® exp{rf*¢}, (57)

where Bja(> 0) and dg are constants. This is a contradiction.

(b) Assume that 05 = 04 and |a,. 4| < (1 —a)|an,s|- We can take a ray arg z = 6 such
that §(Ps,6) > 0. Thus 6(Ps,0) > 6(Py,0) > 0.
By (6), (40) and (41), for all z with argz = 6 and |z| = r sufficiently large, we
obtain (55) which is a contradiction.

Hence every polynomial solution f of (6) satisfies deg f < s — 1. O
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