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Estimation of noisy cubic spline using a natural basis
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ABSTRACT. We define a new basis of cubic splines such that the coordinates of a natural cubic
spline are sparse. We use it to analyse and to extend the classical Schoenberg and Reinsch
result and to estimate a noisy cubic spline. We also discuss the choice of the smoothing
parameter. All our results are illustrated graphically.
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1. Introduction

We consider, for n > 1, the regression model

where y1,...,Ynt1,t1 < ... < tp41 are real-valued observations, wi,...,w,4+1 are
measurement errors and f : [t1,t,4+1] — R is an unknown element of the infinite
dimensional space H? of all functions with square integrable second derivative. The
approximation of f by cubic splines considers the regression model

yi =s(t;) +w;, i=1,...,n+1, (2)

where s is an unknown element of the finite dimensional space of cubic splines. Schoen-
berg [19] introduced in 1946 the terminology spline for a certain type of piecewise
polynomial interpolant. The ideas have their roots in the aircraft and shipbuilding
industries. Since that time, splines have been shown to be applicable and effective for
a large number of tasks in interpolation and approximation. Various aspect of splines
and their applications can be found in [1], [2], [13], [17], [14] and [18]. See also the
references therein.

Let us first define properly the cubic splines approximation and introduce our
notations. A map s belongs to the set S3 of cubic splines with the knots t; < ... < t,41
if there exist (p1,...,pne1) N R™ L (g1, ... qn), (U1, ... uyn), (v1,...,v,) in R™ such
that, for i = 1,...,n and t € [t;,t;y1),

Uy
2
We are intereseted in the set S5 N C? of C?-cubic splines. A cubic spline s, having its
second derivatives s”(t1+) = s (tn+1—) = 0, is called natural. A well known result
tells us that if f € H? and s € S3NC? are such that f(t;) = s(t;) foralli = 1,...,n+1,

S()) = pi+ ailt — ) + 5 (t— )7 + Lt — )" (3)
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34 A. DERMOUNE AND C. PREDA

then ["*" [s(t) — f(t)|2dt = O(h*') with h = max((tip1 —t;)* s i=1,...,n+1). See
e.g. [1], [22]. Hence, by paying the cost O(h*) we can replace the model (1) by (2).
It is well known that any natural cubic spline of S3 N C? can be expressed using
the all the n + 3 elements of the cubic B-spline basis, see e.g. [17]. In Section 2 we
construct a new basis of S3 N C? in which any natural cubic spline needs only n + 1
elements. In Sections 3-6 we treat the problem of estimation a noisy cubic spline.

2. The natural basis for C?-Cubic splines

Usually, the B-splines are used as a basis. The aim of this section is to construct a
new basis which is more suitable for the natural cubic splines. Before going further,
we need some notations. Let for i =1,...,n, h; = t;41 — t;. The spline s, defined in
(3), is of class C? if and only if

pi+Qihi+%h?+%h?=pi+1, i=1,....n, (4)
qi-i-uihi—i—%h?:qiﬂ, i=1,...n—1, (5)
u; +hiv; =ugr, i=1,...,n. (6)
We introduce the column vectors ¢ = (q1,...,q,)%, p = (p1,-..,pns1)?, and

u = (ug,...,upr1)T, where M7 is the transpose of the matrix M. Using (4), (5),
(6), we can show that there exist three matrices Q, U,V such that

uy
a=Qf p |, (7)

Un41
U1
u=U p , (8)
Un+1

uy
v=V P . 9)
Un+1

Let us define, for each ¢ = 1,...,n, the piecewise functions,
X’L(t) = 1[ti7t7:+1)(t)7 le(t) = (t - ti)l[ti,ti+l)(t)7 X?(t) = (t - ti)Ql[ti,ti+1)(t)>
Xo(t) = (t =t ), x0=0, Xnt1=1li1, Xni2 =0.

Here 14 denotes the indicator function of the set A. Clearly, the set [y;, x¥ : i =
1,...,n+1, k =1,2,3] forms a basis of the set of cubic splines S3. The map s has
the coordinates p, g, u, v in this basis, i.e.

s= (1 xnxns] DAd-xA 303200 i .8

w
ol
e Q3
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If s is C?, then from (7), (8), (9) we have

1 1 n
s = (Doxt X Xng1 o2l + Dt xalQ+ S0 G OJU+ el oxal V)L p
Unp+1
The C? cubic spline s can be rewritten in the following new basis:
U
s=lpo.onal | P |
un+1
where, for j =0,...,n4+ 2,
1 1
i =X+ X1l s XA 0w + =[x X v g (10)

2 6

Here a.; denotes the jth column of the matrix A. Each element of the new basis is
a C? cubic spline.

From (10), we derive that the set of natural cubic splines is spanned by the basis
(pj:i=1,...,n+1).
e The spline g is the unique C? cubic spline interpolating the points (t1,0), ...,
(tn+1,0) and such that ©f (t1+) = 1, ¢§ (tn+1—) = 0. Hence, ¢y is not a natural cubic
spline.
e The spline ¢;, for j =1,...,n+ 1, is the unique natural cubic spline interpolating
the points (¢;,1), ((¢;,0),4 # 7).
e The spline ¢, is the unique C? cubic spline interpolating the points (t1,0), ...,
(tn+1,0) and such that ¢  o(ti+) = 0, ¢, o(thy1—) = 1. Hence, ¢,42 is not a
natural cubic spline.

Observe that the natural cubic spline interpolating the points (¢;,0), i = 1,...,n+1
is the null map

0

S0 = [@07"',§0n+2] 0

0
As an illustration, in Figure 1 we plot, for n =17, t; = %J =1,...,n+ 1, the basis
{©0,- .., ¢¥nt+2} and their derivatives in Figure 2 and Figure 3. We can show that our

basis has the reverse time property (see Figure 1), i.e.

@j(thrl_t):SOnJrij(t)» VJZO,,TL-l-Q, t e [tl,tn+1].

Observe that our new basis is very different of the classical cubic B-spline basis.
3. The new basis and Schoenberg-Reinsch optimization

In this section we use the new basis to review the well known results concerning
the L? penalty and the optimal property of cubic splines.

Let p;, i =1,...,n+ 1, be a set of points in R. The famous result of Schoenberg
1964 [19] and Reinsch 1967 [18] tells us that the minimizer

def tnt1 n+1
Bp) e min{ [ OPd ) = =Lt 1) =Y b
t1 j=1

is the natural C? cubic spline which interpolates the points (t;,p;),i =1,...,n+ 1.
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FIGURE 1. The graph of the 10 elements of the natural basis. Here n =7
and t; = % fori=1,...,8.
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FIGURE 2. The graph of the ﬁrst. derivative of the 10 elements of the
natural basis. Here n =7 and t; = =% fori = 1,...,8.

n

It follows, for j =1,...,n+ 1, that

tnt1 )
B(5) = arg min / PO fE) =8 =11} =g,
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FIGURE 3. The graph of the second derivative of the 10 elements of the
natural basis. Here n = 7 and t; = % fori=1,...,8.

where d; € R and has the component 0% = 1 if i = j and 0 otherwise.

The aim of this section is to interpret Schoenberg and Reinsch result using the
natural basis. As a by-product, we will show that ¢g and ¢, 42 are respectively
solution of the following optimization problems:

tn+1
min {/ If"@O)dt: f(t) =1, f(ti)=0 ,i=1,...,n+1}, (11)
f653ﬁc2 th

tnt1
. " 2 . " _ N — N
ferilgcz{ll 1F'@®)Pdt s [ (tagr) =1, f(t)=0 ,i=1,..,n+1}.  (12)

3.1. Revisiting Schoenberg and Reinsch result.

Proposition 3.1. Let us introduce, for u € R™*!, the quadratic form

Ja(u) = Z g(uf + Uil + UT ).

i=1

The minimization

tnya
min {/ |s"(O))%dt . s(t;)=p; ,i=1,..,n+1}
¢

s€C?2NS;3 .
is equivalent to

min {JQ(U(ulypaun-i-l)T)}'

UL, Un 41
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Proof. Schoenberg and Reinsch result tells us that Ir(p) = E?;l pje; is the mini-

mizer of

tnt1
min {/ S (OPdt s s(t) =pi i=1,.m+ 1}, (13)
s€C?2NS3 t

If s € C? N Ss, using (3) and (8), then

tn+1 n 1
/ |8N(t)|2dt = Z hl/ |tui + (1 - t)ui+1|2dt
4 i=1 70

Now the equality (8) achieves the proof. O

3.2. Some consequences of Schoenberg-Reinsch result. First, let us rewrite

n

h;
Jo(u) = Z g(uf + Uitit1 + U?ﬂ) (14)
i=1
U
- (u17pT7u’rL+1)C P 9 (15)
Un+1
where
h 2 — hn,
C = EIU{Ul + 3 thU?Uz + ?UF5+1UTL+1 +
i=2
1 n
G > hi[UT Ui + UL, U (16)
i=1

Now, we summarize the properties of the matrix C.

Proposition 3.2. The matrix C is symmetric, and non-negative definite. The qua-
U1
dratic form (uy, p”, U 41)C p = 0 if and only if u; = up4+1 = 0 and p belongs
Up+41
to the range R(L) of the matrix

1
L=|: : (17)
1 tn+1
It follows that, for all j =1,...,n 4 1, that ¢ j4+1 = cpysj+1 = 0, i.e. the matrix
1,1 0 Cl,n+3
C= 0 C(2,n+2) 0 ,
Cn+3,1 0 Cn+3,n+3

where C(2,n 4+ 2) = [¢;5 : 4, = 2,...n+ 2]. The sub-matrix

C1,1 C1,n+3 (18)
cn+3,1 cn+3,n+3
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is symmetric, positive definite. The null-space of the sub-matrix C(2,n + 2) is equal
to R(L). Moreover, from the decomposition s = ujpg + Z;LLI DPjP; + Unt1Pnt2, We
have

tn+1
/ \s”(t)|2dt = u%cLl + ui+1cn+3,n+3 + 2€1 43U Up+1 + pTC(Z7 n)p. (19)
t1

From (19), we derive that the second derivatives {¢} : j = 0,...,n+ 2} of the new
basis satisfy
tota
/ @i () (t)dt = ciy1 41, 4,5 =0,...,n+2.
ty

We can show numerically that ¢f (respectively ¢ ,) is orthogonal to ¢ for all
Jj =1,...,n+ 2 (respectively to ¢/ for all j = 0,...,n +1). As an example the

matrix C has the following form, for n =7, t; = Z:Ll i=1,...,n+1,

0.04 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.00551.44 —1250.64 886,54 —237.54  63.63 —16.07 T34 =071 0.00

0.00 —1250.64 3387.82 —3261.27 1425.26 —381.77 101.80 —25.45 4.24 0.00

0.00  886.54 —3261.27 4813.08 —3643.03 1527.06 —407.22 101.80 —16.97 0.00

o | 000 —237.54 1425.26 —3643.03 4914.88 —3668.49 1527.06 —381.77  63.63 0.00
= | 0.00 63.63 —381.77 1527.06 —3668.49 4914.88 —3643.03 1425.26 —237.54 0.00
0.00 —16.97 101.80 —407.22 1527.06 —3643.03 4813.08 —3261.27  886.54 0.00

0.00 4.24 —25.45 101.80 —381.77 1425.26 —3261.27 3387.82 —1250.64 0.00

0.00  —0.71 424 —16.97  63.63 —237.54 886.54 —1250.64  551.44 0.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.04

Observe that the fact that sub-matrix (18) is diagonal is not expected.
Now we derive easily the following results.

Proposition 3.3. The splines ¢ and ¢, 12 are respectively solution of the optimiza-
tions

tn41
i "WPdt: s"(t) =1, s(t;) =0 ,i=1,..,n+1 20
anin @R ) =1 s =0 =11} (@)

tnt+1
min {/ |s”(O)?dt . 8" (tns1) =1, s(t;) =0 ,i=1,...,n+1}. (21)
s€S3NC? t

Proof. The optimizations (20),(21) are equivalent to

Uy
. T . B _
min {(ulap 7un+1)C P coup =1, p_()},
U1,P;Un+1 u L
n+
U1
. T . B _
min {(Ul,p 7un+l>C p : Upt+1 = 17 p_O}7
U,P;Un+1 u 1
n

and then have respectively the solutions, (u; = 1,p = 0,u,1+1 = 0) and (u; =0,p =
O,un+1 = 1) O

More generally we have the following result.

Proposition 3.4. Let k be a positive integer, M a n + 3 by n + 3 matrix, A be a
C1

k by n 4+ 3 matrix and := ¢ € R” all are given. Suppose that the null spaces
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N(A), N(M) do not overlap, i.e. N(A)N N(M) = {0}. Then the optimization

U U
w m;lln {(Ul,pT7un+1)M p A p =c} (22)
1,P,Un+1 Unit Uni1

has a unique solution. More precisely, there exist a unique couple (I, v) such that
Mv =ATl, Av=c.

The vector v is the minimizer, and [ is the Lagrange multiplier.

4. Natural cubic spline estimate

Let s : R — R be a natural cubic spline known with imprecision on the knots
tl, N 7tn+17 i.e.

yi =s(t;) +w;, i=1,...,n+1, (23)

where w; is the noise added to the true value s(¢;) = p;. In the sequel
Y= (y1,--,Ynsr1)’. Schoenberg and Reinsch optimization, for each A > 0,

trnt1 n+1
arg min {A "(t)|2dt + ) — il ?},
i, ORS00 - )

provides an estimator of s. The parameter A > 0 is called the smoothing parameter.
Using the same arguments and notations as in Proposition 3.1 and (14) the latter
optimization problem is equivalent to

Ui
min{)‘(ul,pTaunJrl)C p + ||p - y||2 : P € Rn+17ula Un+1 € R}, (24)
Un+1
where || - || denotes the Euclidean norm.

We have easily the following result.

Proposition 4.1. The equality

U1
T 2 2
(u1,P" , un41)C p = UTC11 + Uy 1 1Cnt3n+3 T 2U1Un41C1 043 +
un+1

p'C(2,n+2)p

implies that the minimizer of (24) is u; = up4+1 = 0 and p is solution of the following
system:

(I+XC(2,n+2)p=1y.
The solution p is given by
b= H(Oy. (25)
where H()\) := (I+ AC(2,n +2))~! is called the hat matrix.

Now, we discuss the limits of (24) as A — 0 and A — +o0.
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Corollary 4.2. 1) The problem (24), when A — 0, becomes

Uy
min{(ula yT7 un+1)C Y : P =Y,u1,Un+1 € R} (26)
Unp+41
Its minimizer is 43 = up4+1 =0,p =y i.e.

lim H =1,.1.
it W) =Ins

where I,,41 is the (n + 1) x (n + 1) identity matrix.
2) The problem (24), when A — 400, becomes

Ui
min{|ly —p[*: C| p |=0} (27)
Up 41
Its minimizer is u; = u,4+1 = 0 and
p = lim H\y

A—+oo

= LILTL)"'LTy

= TRL)Y,
where L is the linear model matrix (17), and 7y is the orthogonal projection on
the range of L.
Remark 4.1. We have easily C(2,n+42)L = 0. From that we derive that H(A)L = L
and then L(LTL)"'LT[H(\) — L(LTL)~'L”] = 0. It follows that L(L”L) 'Ly and
[H(\) — L(LTL)"'LT]y are orthogonal. The component Lregy := L(LTL) 'Ly
is the linear regression i.e. Lregy is the orthogonal projection of the data y on the
linear space R(L) (the range of L). By introducing the orthogonal projections mp(r,)
and 7y, respectively on R(L) and R(L)*, the minimizator

H(\)y = argmin{Ap" C(2,n+2)p+ [p—yl3: peR"™}
is the sum of
argmin{Ap{ C(2,n + 2)p; + |p, — mrw)ryll3: P € RL)),

and

arg min{||p; — WR(L)sz : p € R(L)} = Tr)y-
Hence, the component
H\) - LEL'L) 'Ly =argmin{  Ap{ C(2,n+2)p; +|Ipy — 7r()+ yll3 :
P, € R(L)"}

is the penalized projection of y on R(L)*, i.e. [H()\) — L(LTL)"'LT]y is the nearest
vector p € R(L)* to Trw)+y under the constraint pT'C(2,n + 2)p < §. Thanks
to Lagrange multiplier, the positive constant § and the smoothing parameter A are
related by the equation y" H(\)C(2,n+2)H(\)y = 6. The penalty p? C(2,n+2)p =
|[C'/2(2,n + 2)p||? measures the deviation of the vector p with respect to the linear

space R(L). The vector C'/2(2,n + 2)p can be seen as an oblique projection on
R(L)*.
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5. Choice of the smoothing parameter A

5.1. Deterministic noise. We have, for any A > 0, the estimated model of (23)
y=HWNy+[I-HW\)y.

We proposed H(\)y as an estimator of p and therefore, [I — H(A)]y is an estimator
of the noise w = (w1, ..., wpi1)T.

The equality [I — H(A\)]y = w holds only for A =0, w = 0 and p is a straightline,
i.e. p; = a+bt; for all i. A natural way to link the smoothing parameter and the size
of the noise is to solve the equation

ly —HNy[? = [lwl]. (28)
The following result shows that the equation (28) has a solution only for ”small noise”.

Proposition 5.1. The map A € (0, +00) — ¥()\) = |ly — H(A)y||? is concave, varies
between 0 and ||y — Lreg(y)||?>. The equation (28) has a solution if and only if

ly — Lreg(y)|* > [lwl|*. (29)

The proof is a consequence of the fact that H(A) = I as A — 0 and H(\) — Lreg
as A — +o00.
Observe that (29) is equivalent to

n+1

Y yilles — Lreg(ei)|* +2) " yiy;lei — Lreg(es), e; — Lreg(ey)) > |[wl?,  (30)
i=1 i<j
and the smoothing parameter is solution of the equation
n+1
D ovilles —HWIP+2) yiyi(es — Hi(V), &5 — Hy(\) = |w|. (31)
i=1 i<j

It follows that the size of the weights ||e; — Lreg(e;)||?, (e; — Lreg(e;), e; — Lreg(e;)),
lle:—H.;(\)|?, (e; —H.;()\),e; —H.;(\)), are crucial in the existence of the smoothing
parameter (28). In Figure 4 we plot for i = 1,...,8 the graph of A — |le; — H.;(\)||?
fornz?andti:%.

Remark that for the model y = y;e; the ith column H.;(\) is an estimator of
the signal. Thanks to the equation (31), the quantity |le; — H.;(\)||? represents the

noise-to-signal ratio (NSR), i.e. the smoothing parameter is solution of

[w]*

le; — H.,(V)[* = ”

(32)

For large noise, there is no smoothing parameter solution of (32).
In Figure 5 we plot the “rainbow” H.;(\) fori=1,...,n+ 1 and A € {0.1,0.5,1}.

Concerning the weights ||e; — Lreg(e;)||?, (e; — Lreg(e;), e; — Lreg(e;)), we can
calculate them explicitly as following. We recall that the linear regression of the data
e; is given by

Lreg(e;)(t) = Bi +tBL,
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FIGURE 5. Plot of j — H;i(\). Here n =7 and t; = =2 for 4,5 =1,...,8.
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with g5 = W, Bi = 737 — P5t, and ¢ denotes the empirical mean of the
j=1\ti—

t
knots. The straightlines (¢t — Lreg(e;)(t) : i = 1,...,n + 1) have the common point
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(t, %_H) Moreover we have, for 7 # j, that

le; — Lreg(es)||* = 1 — Lreg(e;)(t:),
(e; — Lreg(e;),e; — Lreg(e;)) = —Lreg(e;)(t;),
= —Lreg(e;)(ts:).
From all that we get the following result.
Proposition 5.2. We have, for i # 7,
n (tl — E)Q
||ei - LT@g(ez‘)H2 = +1 - n+1 37
n Zj:l (tj - {)

R [T
nl S -2

I

(ei — Lreg(ei),ej — Lreg(e;)) =

It follows that the most important weights |e; — Lreg(e;)||* are when the t¢;’s are
close to t. The most important negative correlation (e; — Lreg(e;),e; — Lreg(e;))
is given by the couple of end-points (¢1,t,+1). The most important positive correla-
tions (e; — Lreg(e;),e; — Lreg(e;)) are given by the begining (¢1,t2) and the ending
(tn,tns1) of the knots. The message of these remarks is that the allowed size of the
noise depends on the values of data at the end-points (¢1,¢,41) and at center i.e. near
t.

Figure 6 shows that the straightlines (¢ — Lreg(e;)(t) : j = 1,...,n+1) turn in the
trigonometric sense around their common point. Remark that the Figure 5 illustrates
also the convergence of H.;(\) — [Lreg(e;)(t;) :j=1,...,n+1]T as A — +oc.

t— Lreg(e)(t)

0.4

Lreg(e)
0.2
1

0.1
°
N

-0.1
@
(N}

-0.2
1

0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 6. Plot of t — Lreg(e;)(t). Heren =7 and t; = &=L fori,j =1,...,8.
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What can we do if the condition (29) does not hold ? In this case for all A > 0,
lly — H(\)y||? represents only a part of the noise i.e.

ly — H(\)y|? _y = Lregy||?
[|w]|? ]|

€10,1).

5.2. Gaussian white noise. We suppose that the noise w is Gaussian and white

2
with the variance o2. In this case Z?jll =+ has the X241 probability distribution

(% : i=1,...,n+1)areiid. with the common distribution NV (0, 1), the standard
Gaussian distribution). For all € > 0, the event

]f?

(n+1)(1—¢) < <(n+1)(1+e¢)

o2
holds with the probability

2
X'n,+1
P((1—¢) < <(1 .
(-9 X2 <140y
The latter probability is close to 1 as n becomes large.
A first way to link the smoothing parameter to the noise is to choose A solution of
the following constraint

(n+1)(1 —e)o® < [ly —HWy|? < (n+ (1 +¢)o”. (33)
We denote respectively A\~ (02,e,n+ 1), AT (02,&,n+ 1) the solution of the equations
ly —HMNy|?* = (n+1)(1 —€)o?, (34)

and
ly —HMNy[? = (n +1)(1 +¢)o. (35)

The solution of (34) exists under the hypothesis

2 _ ly - Lregy|*

(1—¢)o -] (36)
The solution of (35) exists under the hypothesis
— L 2
(1+e)o? < W= Lregyll” (37)

n+1

Remark that if A\*(02,e,n +1) exists then A~ (02, &,n+ 1) also exists. But in general
the opposite is false. To understand the constraints (36) and (37), we are going to
study the quantity ||y — Lregyl|? as a function of the signal p and the noise w.

If the model is y; = a + bt; + w; with i = 1,...,n + 1, then Lregy = H(+00)y

. . 1 . —L 2
is the maximum likelihood estimator of the vector L(a,b)”. Moreover, ”yn%y“
. . . . . . —L 2
is an unbiased consistent estimator of the variance o2. More precisely, w

has the x2_,-distribution. Hence, the constraint (37) holds with the probability
P(x2_; > (n+1)(14+¢)) — 0 asn — +oo. But for e > %“rl’ the constraint (36) holds
with the probability P(x2_; > (n —1)(1 —¢)) — 1 as n — +o0.

In the general case we have the following result.
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Proposition 5.3. Let y = p + w, where w is the Gaussian white noise with the
variance o2. We have

Elly — Lregy|’] = (n — 1)o2, + |lp — Lregpl|>.

If the noise is fixed, then p — E[||y — Lregy||?] is minimal at the straightlines, i.e.
pi=a+bt; foralli=1,...,n4+ 1. The minimal value is equal to

Ellly — Lregy|*] = (n — 1)o™. (38)
Proof. From the equality y = p + w, we have
ly — Lregy||* = ||p — Lregp||* + ||w — Lregw||* 4+ 2(p — Lregp, w — Lregw).

The rest of the proof is consequence of E(w) = 0 and E[|w—Lregw|?] = (n—1)o?. O

Roughly speaking, Proposition 5.3 combined with (36) and (37) tell us that the
smoothing parameter

N (02 e,n+ 1), M (02 e,n + 1))
exists under the constraint

|p — Lregp||* ~ 20°.

5.3. Smoothing parameter, SURE and PE. A second way to choose the smooth-
ing parameter is to consider Stein’s unbiased risk estimate (SURE) and the predictive
risk error (PE).

a) Stein’s Unbiased Risk estimate (SURE) [8], [21]: The quadratic loss of the estima-
tion of the vector p by H(\)y is equal to

n+1

IH\)y - s|* = Z [HNy (i) - s(t:)],

and the residual sum of squares is defined by
RSS(N) := [ly —HMN\)y|*.
The mean square risk is equal to
R(H(\)y,p) = E[[HN)y — p|’]
Ellly — p|*] + E[RSS(N)] — 2cov(w — H(M)w, w)
E[|y — p|*] + E[RSS(A) + 202 (Trace(H(\)) — (n + 1))]
E[RSS(A) + 20*Trace(H(N\)) — (n + 1)o?].

The quantity
RSS(\) + 20 Trace(H(N)) — (n + 1)0?

is an unbiased risk estimate (called Stein’s Unbiased Risk estimate, SURE for short).
By minimizing SURE with respect to A € (0, +00) we provide a criterion for choosing
the smoothing parameter AsyrEe-



ESTIMATION NOISY SPLINES 47

b) Prediction and Training errors (PE). The prediction error is our error on a new
observations y; = s(t;) + w*(t;),i = 1,...,n + 1 independent of y. If we predict the
vector p by M(\)y, then the predictive risk PE is equal to

Ellly” = HW\)y|*] = Elllp - HO)y|*] + (n + 1)o

= RHEN\)y,p) + (n +1)o”

=E[RSS(\) + 202 Trace(H(N))].
Hence, RSS(A) 4+ 20%Trace(H()\)) is an unbiased estimate of the prediction error. It
follows that minimizing SURE is equivalent to minimize PE and then Asyrp = Apg.

In Figure 7 we plot, forn =7,i=1,...,n+ 1, t; = %, the map A € (0,400) —
Trace(H(X)).

Trace(H)
5
|

.

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

lambda

FIGURE 7. Plot of A € (0,4+00) — Trace(H(N)).

6. Cubic spline estimate: General case

In this section we propose to find suitable symmetric and non-negative definite

matrices Ppen, = [psj 14, = 1,...,n + 3] such that the minimizer
uy
(@1,P1- - Prt1, Uns1) = argmin{A(ug, p*, tny1)Ppen | P | +
Un+41
||y_p||2 : ulapla"'7pn+l7un+l} (39>

is a non natural cubic spline, i.e. (d1,0nt1) # (0,0). The following proposition
addresses the uniqueness and the capacity of the estimator (39) to rediscover a non
natural spline.
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Proposition 6.1. 1) The minimizer of (39) is unique if and only if the sub-matrix

( P11 P1,n+3

is invertible. In this case the minimizer is given by
pn+371 pn+3,n+3

Uy 0
p = (APpen +II"I)"' | y (40)
U1 0
0
= Hp,., (M) |y (41)
0
Uy
where 11 p = p for all u1,p, up41.
Un+1
2) The condition
(prj: Jj=2,...,n+2)#0, (42)
respectively
(pn+3,j: j:2,,n+2)7é0, (43)

is the necessary condition which guaranties that @1 # 0 respectively 4,11 # 0.
Now, we discuss the limits of (40) as A — 0 and A — +o0.

Corollary 6.2. 1) The limit

0 ud
Hp,, M|y | = v (44)
0 Ug-s-l

as A — 0. Here uf,u?_ ;| is a minimizer of the objective function

(5}
T
(ulv un+1) — (uh Yy 7un+1)Ppen Yy 3
Un+l
i.e. u1,Upy1 is solution of the linear system
n+1
U1P1,1 + Up+3P1,n+3 = — E YiP1,i+1
i=1
n+1
U1Pn+3,1 T Un+3Pn+3,n+3 = — E YiPn+3,i+1-
i=1

In particular, if the data y is not orthogonal to the space spanned by the vectors
(prj: j=2...n+2)7T, (puys;: 7 =2,...,n+2)7, then 4y, t,41 can’t be
both equal to zero. Namely, the estimator (44) is not a natural spline.

2) The limit

0 Uup
Hp,., (A | v | —agmin{|ly —p|>: Ppen | » | =0}, (45)
0 Un+1

as A — +oo.
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Examples. The matrix P,.,, = C given in (16) corresponds to the penalty

tnt1

(ul,pT,un+1YTcxu1,pT,un+4>T::L/’ 187 (1) 2dt

t1

where the cubic spline s = u1pq +Z?:+11 DjPi+Unt+1Pn+2. A natural way to construct
new matrices Py, is to consider the more general penalization

tnt1
/ |a28//(t) + alsl(t) + ao$(t)|2dt = (ulﬂpTa un—i-l)TPPen (u17pTa un+1)Ta
t

1

where ag, a1, as are given real numbers. Hence
Ppen = aiCoo + a3 Ci1 + a3Caz + agai[Cor + CF;] + agaz[Coz + CLy)
+a1a2[C12 + Cly], (46)
where Cyg, Cp1, Cpz2, C11, C12 are respectively defined by

tn+1
COO = [/ (pifl(t)@jfl(t)dt . Z,] = 1,...,TL+3},
t1
tnt1
C()l = [/ (pifl(t)g@;;l(t)dt : i,j = 1,...,77,—1—3}7
t1
tn+1 M o
CO2 = [/ @Z—l(t)@]—lof)dt : 1,) = 17"'7n+3]7
t1
tn+1 , ,
Cu = [ el it =13,
t1
tn41 , " o
Ciz = [/ i (Oej_(O)dt: i, 5=1,...,n+3],
ty
and the matrix Cgg = C defined in (16).
The matrix Ppep, for ap =a1 =ac=1,n="7,¢ = 1;1,2' =1,...,n+4 1, has the
following form:
2.6 —239.22  614.68 —559.93  255.91  —96.85  33.253  —9.951 1.841  —0.01
—239.22 30883.64 —89524.08 98923.05 —57634.4  23760.7 —8518.95 2611.28 —488.75  1.84
614.68 —89524.08 278142.5 —345243.9 238016.7 —113691.9 43414.47 —13742.88 2611.71 —9.94

—559.93 98923.05 —345243.9 516426.7 —459007.5 281450.3 —127439.9 43417.03 —8521.09 33.24
255.91 —57634.4 238016.7 —459007.5 559860.4 —472755.5 281452.9 —113702.2 23768.8 —96.81
—96.85 23760.7 —113691.9 281450.3 —472755.5 559863 —459017.7 238055.1 —57664.7 255.76
33.2563 —8518.95 43414.47 —127439.9 281452.9 —459017.7 516465.1 —345387.2 99036.12 —559.40
—9.951 2611.28 —13742.88 43417.03 —113702.2 238055.1 —345387.2 278677.6 —89946.04 612.72

1.841 —488.75 2611.71 —8521.09 23768.8 —57664.7 99036.12 —89946.04 31219.29 —236.99
—0.01 1.84 —9.95 33.24 —96.819 255.76  —559.40 612.722  —236.99 3.85

Observe that the conditions (42) and (43) are satisfied.

7. Bayesian Model and statistical analysis

The aim of this section is to give the Bayesian interpretation of the matrix penal-
ization Pp.,. Let us first set the noisy cubic spline estimate in the context of the
general linear model:

y=F3+Rn+w,

where § is an unknown parameters, F and R are known matrices. The random
effects n and the noise w are unknown, centred and independent random vectors.
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Their covariance matrices cov(n) := 3, cov(w) := X, are known. The term Fj is
called the fixed effects and Ry is the random effects.

Let us revisit the best linear unbiased predictors (BLUP) and the best linear unbi-
ased estimators (BLUE). There is a long history and huge literature on this subject,
see for instance [3], [4], [5], [9], [10], [11], [12], [15], [16], [20] and references herein.

BLUE of 5. The BLUE of § is the estimator B = ng, with Mﬁ (called the
hat matrix of 3) being the matrix such that MgF = I (the identity matrix) and
cov(My) — cov(M/gy) is positive semi-definite for all matrix M subject to MF = I.
BLUP of 5. The BLUP of 7 is the estimator 7 = Mny, with 1\7[,7 (called the hat
matrix of /) being the matrix such that M, F = 0 and cov(My) —cov(M,y) is positive
semi-definite for all matrix M subject to MF = 0. We call, by convention, predictors
of a random variable to distinguish them from estimators of a deterministic parameter.
Henderson et al.(1959)[11] showed that the BLUE and the BLUP are respectively

g = (FTRZ,RT+3,)'F)'F'RZ,RT +2,)7 1y, (47)
= RTESYR+3,)'RTS) -RTS)'FFT (S, +RE,RT)'F) !
F'(z, +RZ,R") . (48)

Now we are able to give a Baysian interpretation of the hat matrix Hp ., () (40).
Let Py be an n + 3 by n+ 3 — dim(N(Ppey)) matrix such that

PIPoenP1 = L3 dim(N(P,yen)) % (n+3—dim(N(Pyen)) (49)

respectively Po an n + 3 by dim(N(Pe,)) matrix such that

P,en Py =0, and its columns form a basis of N(Ppey). (50)
u1
It follows that, for all vector P , there exist a unique 8 € R¥ N (Ppen)) and
un+1

ne RnJrS*d’im(N(PPm)) such that

Uy
P =Py +Puin. (51)
Unp+1

Hence the model y = p + w becomes
= Fg+Rn+w.

We suppose that 3 is the fixed effect and 7 is independent of the noise w and drawn
from a centred distribution having the covariance matrix JfIn+3_d,»m( N(P))-
Now, we are able to give our Bayesian interpretation.

Proposition 7.1. The components (3,77) of

2
: Tw im ; n+3—dim ,
argming % [ + lly — (B8 + Ra)| ;5 € RAMOVPron)) ) @ s -dim(N(Pren)) )

S
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are respectively the BLUE of 8 and the BLUP of 1. Moreover, we have

0
2
~ . o5
o
s 0
~ 0‘2 0
Pos+Pi) = Hp,, (=5)| Y
a2”\ |

The proof is a consequence of the change of variable formula (51) and (48). See [3]
Proposition 2.2 for a similar proof.

Corollary 7.2. Let P = C be the matrix (16) and Py, Py be the corresponding
matrices defined by (50), (49). We have

0
POB = Lregy s
0
0
2
Pip = | (H(Z)- Lregly
0

Conclusion

In this work we defined a new basis of the set of C?-cubic splines. We revisited the
estimation of a natural cubic spline using Schoenberg-Reinsch result and we extended
their result to the estimation of any C?-cubic spline. We studied the choice of the
smoothing parameter when the noise is deterministic or white throughout several
criteria. We also gave a Bayesian interpretation of our estimators.
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