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On the controllability of a system of two Schrödinger
equations

Laurenţiu Emanuel Temereancă

Abstract. This article studies the controllability of a system coupling two linear Schrödinger
equations with a boundary control at the extremity of one equation only. By using Fourier

analysis we show that this system is null-controllable in any time T > 0.
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1. Introduction

For T > 0, we consider the following system consisting on two coupled Schrödinger
equations 

ut(t, x) + iuxx(t, x)− iv = 0 (t, x) ∈ (0, T )× (0, 1)
vt(t, x) + ivxx(t, x)− iu = 0 (t, x) ∈ (0, T )× (0, 1)
u(t, 0) = 0, u(t, 1) = f(t) t ∈ (0, T )
v(t, 0) = v(t, 1) = 0 t ∈ (0, T )
u(0, x) = u0(x), v(0, x) = v0(x) x ∈ (0, 1).

(1)

Equation (1) is said to be null-controllable in time T > 0 if, for every initial data(
u0

u1

)
∈ H := H−1(0, 1) × H−1(0, 1), there exists a control function f ∈ L2(0, T )

such that the corresponding solution of (1) verifies

u(T, x) = v(T, x) = 0 (x ∈ (0, 1)). (2)

The controllability problem for the linear and nonlinear Schrödinger equation has
been studied in the literature and has received a positive answer even in more general
contexts (see, for instance, [3, 4, 5]). However, the study of system of such equations
is less common.

The aim of this paper is to study the controllability of system (1). The controlla-
bility problem is reduced to an observability inequality for the adjoint system, which
is proved by using techniques based on Fourier spectral analysis.

The main ingredient is the fact that the reunion of two families of exponential
functions (eiλnt)n≥1 ∪ (eiµnt)n≥1 verifies the Ingham’s inequality, for any T > 0, in
the case in which the asymptotic gaps lim infn→∞(λn+1−λn), lim infn→∞(µn+1−µn)
are infinite, and the distance between each two exponents is bigger than d > 0.
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The rest of the paper is organized as follows. In Section 2 we present the extension
of Ingham’s Theorem. In Section 3 we prove the observability inequality correspond-
ing to the adjoint system to (1).

2. An extension of Ingham’s Theorem

In this section we prove an extension of Ingham’s theorem. Let us introduce some

notation. For f ∈ L1(R), the Fourier transform of f , denoted by f̂ , is defined by

f̂(x) =

∫
R
e−itxf(t)dt (x ∈ R),

and we recall the inversion formula

f(t) =
1

2π

∫
R
f̂(x)eitxdx (t ∈ R).

We recall that a sequence (θm)m∈Z∗ ⊂ L2 (−T, T ) is biorthogonal to the family of
exponential functions

(
eiλnt

)
n∈Z∗ in L2 (−T, T ) if∫ T

−T
θm(t)e−iλntdt = δmn (m,n ∈ Z∗) . (3)

Theorem 2.1. Let I, J ⊂ N. Let Λ1 = (λn)n∈I and Λ2 = (µm)m∈J be two increasing
sequences in R which satisfy the following properties

lim inf
n→∞

(λn+1 − λn) = +∞, (4)

lim inf
m→∞

(µm+1 − µm) = +∞, (5)

and

inf
n,∈I,m∈J

(λn − µm) = d > 0. (6)

Then for every T > 0 there exists C = C(T, d) > 0 such that

∑
n∈I
|an|2 +

∑
m∈J
|bm|2 ≤ c

∫ T

−T

∣∣∣∣∣∑
n∈I

ane
iλnt +

∑
m∈J

bme
iµmt

∣∣∣∣∣
2

dt,

for every sequences (an)n∈I ∈ `2 and (bm)m∈J ∈ `2.

For simplicity we introduce the following spaces

EΛ1 = Span(eiλnt)n∈I
‖·‖L2(−2T,2T ) and EΛ2 = Span(eiµmt)m∈J

‖·‖L2(−2T,2T ) .

As in [7, Proposition 8.4.1], we can evaluate the distance between an exponential
function and a family of exponential functions. We have the following result proved
in [6, Lemma 3.3].

Lemma 2.2. Let T > 0, I ⊂ N and Λ = (νn)n∈I ⊂ R be a sequence with the property
that there exists C1, C2 > 0 such that

C1

∑
n∈I
|an|2 ≤

∫ T

−T

∣∣∣∣∣∑
n∈I

ane
iνnt

∣∣∣∣∣
2

dt ≤ C2

∑
n∈I
|an|2, (7)
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for every sequence (an)n∈I ∈ l2. Let µ ∈ R be chosen such that

inf
n∈I
|µ− νn| = d > 0. (8)

Then, for every ε ∈ (0, T ] and for every sequence (an)n∈I ∈ l2, we have∥∥∥∥∥eiµt −∑
n∈I

ane
iνnt

∥∥∥∥∥
L2(−T−ε,T+ε)

≥
√
T + ε

σ
√
C1

2
√

2C2

, (9)

where σ =

{
d2ε2

π2 if dε ∈ (0, π2 )
1
4 if dε ≥ π

2 .

We are now in position to prove the main result.

Proof of Theorem 2.1. From (4) and (5) and Ingham’s Theorem (see [1, 2]) we de-
duce that, for every T > 0 there exists positive constants K1,K2,K3 and K4, which
depends on T , such that

K1

∑
n∈I
|an|2 ≤

∫ T

−T

∣∣∣∣∣∑
n∈I

ane
iλnt

∣∣∣∣∣
2

dt ≤ K2

∑
n∈I
|an|2, (10)

and

K3

∑
m∈J
|bm|2 ≤

∫ T

−T

∣∣∣∣∣∑
m∈J

bme
iµmt

∣∣∣∣∣
2

dt ≤ K4

∑
m∈J
|bm|2, (11)

for every sequences (an)n∈I ∈ `2 and (bm)m∈J ∈ `2.
From (9) in Lemma 2.2 it follows that, for each n ∈ I, eiλnt /∈ EΛ2 . By applying

the Projection Theorem, we deduce that there exists a unique PEΛ2
eiλnt ∈ EΛ2

with
the property (

eiλnt − PEΛ2
eiλnt, v

)
L2(−2T,2T )

= 0 (v ∈ EΛ2
). (12)

For any n ∈ I, we define

Fn(t) =


eiλnt−PEΛ2

eiλnt∥∥∥eiλnt−PEΛ2
eiλnt

∥∥∥2

L2(−2T,2T )

if t ∈ (−2T, 2T )

0 if t ∈ (−∞,−2T ] ∪ [2T,∞),

(13)

sach that suppFn ⊂ [−2T, 2T ], for every n ∈ I.
By using (12), for any n ∈ I, we have

F̂n(λn) = 1,

F̂n(µm) = 0 (m ∈ J).
(14)

By using (11) and the fact that inf
n∈I,m∈J

|λn − µm| ≥ d we can apply Lemma 2.2 on

the interval (−T, T ) and for ε = T . Hence, for each n ∈ I and x ∈ R, we have that

∣∣∣F̂n(x)
∣∣∣ =

∣∣∣∫ 2T

−2T
e−itx(eiλnt − PEΛ2

eiλnt)dt
∣∣∣∥∥eiλnt − PEΛ2

eiλnt
∥∥2

L2(−2T,2T )

≤

≤ 2
√
T∥∥eiλnt − PEΛ2

eiλnt
∥∥
L2(−2T,2T )

≤ 2
√
T

σ
√

2T
√
K3

2
√

2K4

=

√
K4

σ
√
K3

,

(15)
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where σ =

{
d2T 2

π2 if dT ∈ (0, 2π)
1
4 if dT ∈ [2π,∞)

.

From [8, Theorem 2, p151] and (10) we deduce that there exists a biorthogonal
sequence (Φn)n∈I to the family of exponential functions (eiλnt)n∈I in L2(−T, T ) with
the following property

‖Φn‖L2(−T,T ) ≤
1√
K1

(n ∈ I). (16)

For any n ∈ I we consider the function

Ĝn(x) = Φ̂n(x)F̂n(x). (17)

We remark that Ĝn is an entire function of exponential type less than 3T , since

(Φ̂n)n∈I are entire functions of exponential type less than T and F̂n is an entire
function of exponential type less than 2T .

From (14) and taking to account that the sequence (Φn)n∈I is biorthogonal to the

family (eiλnt)n∈I in L2(−T, T ), it follows that

Ĝn(λn) = 1 (n ∈ I),

Ĝn(λl) = 0 (n, l ∈ I, n 6= l),

Ĝn(µm) = 0 (n ∈ I, m ∈ J).

(18)

By using (15), (16) and (17) we obtain that, for any n ∈ I, we have

‖Ĝn‖L∞ ≤
√

2TK4

σ
√
K1K3

. (19)

Similarly we deduce that, for any m ∈ J , there exists Hm with the following properties

suppHm ⊂ [−3T, 3T ] (m ∈ J), (20)

Ĥm(µm) = 1 (m ∈ J),

Ĥm(µk) = 0 (m, k ∈ J, m 6= k),

Ĥm(λn) = 0 (n ∈ I, m ∈ J),

(21)

‖Ĥm‖L∞ ≤
√

2TK2

σ
√
K1K3

(m ∈ J). (22)

From (18) and (21) we deduce that the sequence (Gn)n∈I ∪ (Hm)m∈J is biorthogonal
to the family (eiλnt)n∈I ∪ (eiµmt)m∈J in L2(−3T, 3T ).

Let kT = 1
T 2 (χT ∗χT ), where χT represents the characteristic function χ[−T/2,T/2].

Evidently supp(kT ) ⊂ [−T, T ]. Also, we have

k̂T (x) =
1

2π

∫
R
kT (t)e−itx dt =

1

T 2
χ̂T (x)χ̂T (x) =

4

T 2

sin2(xT2 )

x2
, (23)

and

|kT (t)| ≤ |kT (0)| = 1

T
. (24)

We define

ρn(t) = eiλntkT (t) (n ∈ I),

ρm(t) = eiµmtkT (t) (m ∈ J),

so that supp ρn, supp ρm ⊂ [−T, T ] and ρ̂n(x) = k̂T (x − λn), ρ̂m(x) = k̂T (x − µm),
for every n ∈ I and m ∈ J .
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For any n ∈ I and m ∈ J , we define

θn(t) = Gn(t) ∗ ρn(t) and θm(t) = Hm(t) ∗ ρm(t), (25)

such that supp θn, supp θm ⊂ [−4T, 4T ].
Thus, we deduce that the sequence θn(t)n∈I ∪ θm(t)m∈J is biorthogonal to the

family (eiλnt)n∈I ∪ (eiµmt)m∈J in L2(−4T, 4T ). From Cauchy-Schwarz inequality we
have that ∑

n∈I
|an|2 +

∑
m∈J
|bm|2

=

∫ 4T

−4T

(∑
n∈I

ane
iλnt +

∑
m∈J

bme
iµmt

)(∑
n∈I

anθn(t) +
∑
m∈J

bmθm(t)

)
dt

≤

∥∥∥∥∥∑
n∈I

ane
iλnt +

∑
m∈J

bme
iµmt

∥∥∥∥∥
L2(−4T,4T )

∥∥∥∥∥∑
n∈I

anθn(t) +
∑
m∈J

bmθm(t)

∥∥∥∥∥
L2(−4T,4T )

,

(26)
for every sequences (an)n∈I ∈ `2 and (bm)m∈J ∈ `2.

By using (25) and Plancherel’s Theorem we obtain that∥∥∥∥∥∑
n∈I

anθn(t) +
∑
m∈J

bmθm(t)

∥∥∥∥∥
2

L2(−4T,4T )

=
1

2π

∫
R

∣∣∣∣∣∑
n∈I

anθ̂n(x) +
∑
m∈J

bmθ̂m(x)

∣∣∣∣∣
2

dx

=
1

2π

∫
R

∣∣∣∣∣∑
n∈I

anĜn(x)k̂T (x− λn) +
∑
m∈J

bmĤm(x)k̂T (x− µm)

∣∣∣∣∣
2

dx

≤ 1

2π
max

{
‖Ĝn‖2L∞ , ‖Ĥm‖2L∞

}∫
R

∣∣∣∣∣∑
n∈I

ank̂T (x− λn) +
∑
m∈J

bmk̂T (x− µm)

∣∣∣∣∣
2

dx

= max
{
‖Ĝn‖2L∞ , ‖Ĥm‖2L∞

}∫ 4T

−4T

∣∣∣∣∣∑
n∈I

ankT (t)eiλnt +
∑
m∈J

bmkT (t)eiµmt

∣∣∣∣∣
2

dt

≤ max
{
‖Ĝn‖2L∞ , ‖Ĥm‖2L∞

}
‖kT ‖2L∞

∫ 4T

−4T

∣∣∣∣∣∑
n∈I

ane
iλnt +

∑
m∈J

bme
iµmt

∣∣∣∣∣
2

dt.

From the above inequality and (26) we obtain that∑
n∈I
|an|2 +

∑
m∈J
|bm|2

≤ max
{
‖Ĝn‖L∞ , ‖Ĥm‖L∞

}
‖kT ‖L∞

∥∥∥∥∥∑
n∈I

ane
iλnt +

∑
m∈J

bme
iµmt

∥∥∥∥∥
2

L2(−4T,4T )

.

Consequently, the above inequality combined with (19), (22), and (24) implies that

∑
n∈I
|an|2 +

∑
m∈J
|bm|2 ≤

√
2max

{√
K2,
√
K4

}
σ
√
TK1K3

∫ 4T

−4T

∣∣∣∣∣∑
n∈I

ane
iλnt +

∑
m∈J

bme
iµmt

∣∣∣∣∣
2

dt,

and the proof is complete. �
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3. Controllability result

The aim of this section is to prove the observability inequality which ensures the
null-controllability property of the system (1). We recall that system (1) is null-
controllable in T > 0 if and only if there exists a positive constant C = C(T ) such
that

‖p0‖2H−1(0,1)+‖q
0‖2H−1(0,1) ≤ C

∫ T

0

|px(t, 1)|2 dt
(
(p0, q0) ∈ H−1(0, 1)×H−1(0, 1)

)
,

(27)
where (p, q) are the solution of the adjoint backward problem

pt(t, x)− ipxx(t, x) + iq(t, x) = 0 (t, x) ∈ (0, T )× (0, 1)
qt(t, x)− iqxx(t, x) + ip(t, x) = 0 (t, x) ∈ (0, T )× (0, 1)
p(t, 0) = p(t, 1) = 0 t ∈ (0, T )
q(t, 0) = q(t, 1) = 0 t ∈ (0, T )
p(T, x) = p0(x), q(T, x) = q0(x) x ∈ (0, 1).

(28)

Inequality (27) is called ”observability” inequality and, as said before is equivalent to
the controllability property of (1).

We have the following result:

Theorem 3.1. There exists C = C(T ) > 0 such that the observability inequality (27)
holds.

Proof. Let the initial data

(
p0(x)
q0(x)

)
∈ H−1(0, 1) ×H−1(0, 1) with the Fourier ex-

pansion

(
p0(x)
q0(x)

)
=


∑
n∈N∗

an
nπ

sin(nπx)∑
n∈N∗

bn
nπ

sin(nπx)

 . (29)

Then the solutions of the system (28) are given by

(
p(t, x)
q(t, x)

)
=


∑
n∈N∗

(
an + bn

2nπ
eiλ

+
n (T−t) +

an − bn
2nπ

eiλ
−
n (T−t)

)
sin(nπx)∑

n∈N∗

(
an + bn

2nπ
eiλ
−
n (T−t) − an − bn

2nπ
eiλ
−
n (T−t)

)
sin(nπx)

 , (30)

where

λ+
n = n2π2 + 1 and λ−n = n2π2 − 1 (n ∈ Z∗).

From (29), we have that

‖p0‖2H−1(0,1) + ‖q0‖2H−1(0,1) =
1

2

∑
n∈N∗

|an|2 +
1

2

∑
n∈N∗

|bn|2, (31)

Taking to account that

lim inf
n→∞

(λ+
n+1 − λ+

n ) = +∞, lim inf
n→∞

(λ−n+1 − λ−n ) = +∞ and inf
n,m≥1

(λ+
n − λ−m) = 2,
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we can apply Theorem 2.1 and we have that there exists C = C(T ) > 0 such that∫ T

0

|px(t, 1)|2 dt =

∫ T

0

∣∣∣∣∣∑
n∈N∗

(
an + bn

2
eiλ

+
n (T−t) +

an − bn
2

eiλ
−
n (T−t)

)
(−1)n

∣∣∣∣∣
2

dt

≥ 1

C

(∑
n∈N∗

∣∣∣∣an + bn
2

∣∣∣∣2 +
∑
n∈N∗

∣∣∣∣an − bn2

∣∣∣∣2
)

=
1

2C

(∑
n∈N∗

|an|2 +
∑
n∈N∗

|bn|2
)
.

(32)
From (31) and (32) we deduce that (27) holds and the proof ends. �
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