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On the controllability of a system of two Schrodinger
equations

LAURENTIU EMANUEL TEMEREANCA

ABSTRACT. This article studies the controllability of a system coupling two linear Schrédinger
equations with a boundary control at the extremity of one equation only. By using Fourier
analysis we show that this system is null-controllable in any time 7" > 0.
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1. Introduction

For T' > 0, we consider the following system consisting on two coupled Schrédinger
equations

u(t, ) + ity (t, ) —iv =0 (t,xz) € (0,T) x (0,1)
vi(t, T) + e (t, ) — tu =0 (t,z) € (0,T) x (0,1)
u(t,0) =0, u(t,1) = f(t) te(0,7) (1)
v(t,0) =v(t,1) =0 te (0,7)
u(0,7) = u’(z), v(0,z) = v° () x € (0,1).

Equation (1) is said to be null-controllable in time T > 0 if, for every initial data
Z;J > € H := H 1(0,1) x H~1(0,1), there exists a control function f € L?(0,7)

such that the corresponding solution of (1) verifies
w(T,z) =v(T,z) =0 (x € (0,1)). (2)

The controllability problem for the linear and nonlinear Schrodinger equation has
been studied in the literature and has received a positive answer even in more general
contexts (see, for instance, [3, 4, 5]). However, the study of system of such equations
is less common.

The aim of this paper is to study the controllability of system (1). The controlla-
bility problem is reduced to an observability inequality for the adjoint system, which
is proved by using techniques based on Fourier spectral analysis.

The main ingredient is the fact that the reunion of two families of exponential
functions (e™?),,>1 U (e#n?),>1 verifies the Ingham’s inequality, for any 7' > 0, in
the case in which the asymptotic gaps iminf,, oo (A1 —An), Iiminf, oo (tnt1 — fin)
are infinite, and the distance between each two exponents is bigger than d > 0.
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The rest of the paper is organized as follows. In Section 2 we present the extension

of Ingham’s Theorem. In Section 3 we prove the observability inequality correspond-
ing to the adjoint system to (1).

2. An extension of Ingham’s Theorem

In this section we prove an extension of Ingham’s theorem. Let us introduce some
notation. For f € L'(R), the Fourier transform of f, denoted by f, is defined by

o= [erma @er)
R
and we recall the inversion formula
1 - )
ft)=— / f(z)e'™dx (t € R).
27T R

We recall that a sequence (0,,)mez+ C L?(=T,T) is biorthogonal to the family of
exponential functions (ei’\"t)nez* in L? (=T,T) if

T
/ O (e Mtdt = 5,0 (mym € T7). (3)
_T

Theorem 2.1. Let I,J C N. Let A1 = (An)ner and Ao = (m)mes be two increasing
sequences in R which satisfy the following properties

lini}inf()\nﬂ —Ap) = +00, (4)
I}gglof(ﬂmﬂ = pm) = +00, (5)
and
inf — ) = .
n,GIII}mEJ(An MM) d>0 (6)

Then for every T > 0 there ezists C = C(T,d) > 0 such that

T
S+ Y bl ze [

nel meJ -

2

Z anet + Z b etmt| dt,

nel meJ

for every sequences (ay)ner € €2 and (by)mes € £2.

For simplicity we introduce the following spaces

~—”'”L2(—2T.2T) ‘—H'”LQ(—QT 2T)
Ex, = Span(e?nt), c; : and E\, = Span(ettmt), c s .

As in [7, Proposition 8.4.1], we can evaluate the distance between an exponential
function and a family of exponential functions. We have the following result proved
in [6, Lemma 3.3].

Lemma 2.2. Let T >0, I C N and A = (vn)ner C R be a sequence with the property
that there exists C1,Cy > 0 such that

Cl Z |C’3n|2 S /

T 2
nel -T

dt < Cy»  lan|, (7)

nel

E anelunt

nel
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for every sequence (a,)ner € 12. Let 1 € R be chosen such that
inf |p—vp|=d .
inf |p—wva|=d>0 (8)

Then, for every e € (0,T] and for every sequence (ay)ner € 1%, we have

pt Z aneiunt > \/7 V2C (9)
nel L2(—T—e,T+e) Va2

d?e? . s

where o = { 171'2 Zf de € (71-0’ 5)

1 if de > 5

We are now in position to prove the main result.

Proof of Theorem 2.1. From (4) and (5) and Ingham’s Theorem (see [1, 2]) we de-
duce that, for every T > 0 there exists positive constants K1, Ko, K3 and K4, which
depends on T, such that

2

5 SUMEE 1) SUES RS S 10
nel 7 Inel nel
and
K5 3 fbnf? < / S b a0 3 ()
meJ - meJ meJ

for every sequences (an)ner € €2 and (by,)mes € €2

From (9) in Lemma 2.2 it follows that, for each n € I, e*»! ¢ E,,. By applying
the Projection Theorem, we deduce that there exists a unique Pg,, et € Fy, with
the property

(eM”t — PEA2 eiAn =0 (’U € EAz)' <12)

g U)L2(72T,2T)

For any n € I, we define

EM,,Lt_PEA eirnt )
— L if t € (—2T,2T)
F’I’L(t) — etin 7PEA2 etAn L2 (Caram) (13)
0 if t € (—o0, —2T| U [2T, o0),
sach that suppF,, C [—2T,2T], for every n € I.
By using (12), for any n € I, we have

Ey(pm) =0 (m € J).
By using (11) and the fact that }nf § [An — ttm| > d we can apply Lemma 2.2 on
nel,me

s

the interval (=T, T) and for e = T. Hence, for each n € I and « € R, we have that

‘f o7 e—ztw iAnt PE ezAnt dt‘
<

Fuw)| =
||€7)\,Lt PE 262 "tHL2(_2T12T) (15)
20/T < 20/T VK

= HeMnt 7PEAzeMntHL2(—2T,2T) o7 VEs - ovVEKs'

22K,
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where o = di€2 if dT" € (0,2m)
1 if dT € [2m,00)

From [8, Theorem 2, p151] and (10) we deduce that there exists a biorthogonal
sequence (®,),,c; to the family of exponential functions (e**!),¢c; in L?(=T,T) with
the following property

1
b, <
H ||L2(7T,T) - \/71
For any n € I we consider the function
Go(z) = B, () Fp (). (17)

We remark that G‘n is an entire function of exponential type less than 37T, since

(nel). (16)

~

(Pp)ner are entire functions of exponential type less than T and F,, is an entire
function of exponential type less than 27
From (14) and taking to account that the sequence (®,,),,.; is biorthogonal to the
family (e**!),c; in L2(—T,T), it follows that
Go(On) =1 (nel),

~

Gn(M) =0 (nlel, n#l), (18)
Gn(ttm) =0 (nel, melJ).
By using (15), (16) and (17) we obtain that, for any n € I, we have

V2T'K,

é oo < I — 19
ICullzoe < 22t (19)
Similarly we deduce that, for any m € J, there exists H,, with the following properties
supp H,,, C [-3T, 3T (melJ), (20)
Hp(pm) =1 (melJ),
Hp(pe) =0 (m,ke€J, m#k), (21)
Hy,(M\) =0 (nel, melJ),
~ V2T K
[Huplle < S== (meJ). (22)
g/ K1K3

From (18) and (21) we deduce that the sequence (Gp,)ner U (Him)mes is biorthogonal
to the family (e**?),c; U (e#mt),,c in L?(—3T,3T).

Let kr = %(XT *xr), where xr represents the characteristic function x[_r /27,9
Evidently supp(kr) C [-T,T)]. Also, we have

:220zT
%@Fﬁ?@m@(mﬁ:;@mﬁﬂm:;wéf% (23)
and )
k()] < [kr(0)] = 7. (24)
We define

pu(t) = ehe(t)  (n€l),
pn(t) = ek (t)  (meJ),

s0 that supp pn, supp pm C [~1,T] and pu(z) = kr(z — M), pm(z) = kr(@ — pm),
for every n € I and m € J.
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For any n € I and m € J, we define
0,(t) = Gn(t) * pr(t) and 6, (t) = Hp(t) * pm(2), (25)

such that supp 6,,, supp 0,,, C [—4T, 4T.
Thus, we deduce that the sequence 6, (¢)ner U 0, (t)mes is biorthogonal to the
family (e?*?),c; U (e#m?),,c; in L2(—4T,4T). From Cauchy-Schwarz inequality we

have that
Z |an|? + Z b

nel meJ

/ (Za et 43" b e”*mf> (Zanen(t) + ) b (t)

meJ nel meJ
< S anert 4 3 betnt D a@nbn(t) + > bmem(t)“ ,
nel meJ L2(—ATAT) nel meJ L2(—4AT AT)
(26)
for every sequences (an)ner € €2 and (by,)mes € £2.
By using (25) and Plancherel’s Theorem we obtain that
2 2
S 0a(t) + 3 bl (1) L / S 0bn(@) + 3 blin(a)| da
nel meJ LQ(—4T,4T) nel meJ
2
k;TJ;— —I—ZbH (T — )| dx
meJ
. 2
< %maX{HGnHQLw, ||HmH%oo} A ZﬁnkT(aj — M) + Z bkt (T — pm)| dr
nel meJ
2
- maX{H@nH%w, ||Erm||§x}/ S ke (e + 3 Bukr(t)ent| di
nel meJ
2
< e { G e | ) ||kT||2Lm/ S et 3 | ar
nel meJ
From the above inequality and (26) we obtain that
D lanl’ + > fbul?
nel meJ
2
< max{anHLoc, ||Hm||Lx} kel || ane™t 4 3 ettt
nel meJ L2(—4T,AT)

Consequently, the above inequality combined with (19), (22), and (24) implies that

Vamax {VEz, VK1) ’
" 2 + bm 2 ’ iAnt + b imt
D lanl £ 3 ol < —— e ;a ne mZEJ e

nel meJ

dt,

and the proof is complete. O
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3. Controllability result

The aim of this section is to prove the observability inequality which ensures the
null-controllability property of the system (1). We recall that system (1) is null-

controllable in T > 0 if and only if there exists a positive constant C = C(T') such
that

T
2 - _
111 0,0 H4° 10,1y SC/O pa(t, DI dt (0 ¢") € H71(0,1) x H7'(0,1))

(27)
where (p, q) are the solution of the adjoint backward problem
pe(t, ) — ipee(t, ) +ig(t,x) =0 (t,z) € (0,T) x (0,1)
q1(t, ) — iqes (t, ) +ip(t,z) =0 (t,z) € (0,T) x (0,1)
(t 0) = p(t, ): te(0,T) (28)
(T,CU) Pz )7 q(T,z) = ¢°(x) z € (0,1).

Inequality (27) is called ”observability” inequality and, as said before is equivalent to
the controllability property of (1).
We have the following result:

Theorem 3.1. There exists C = C(T) > 0 such that the observability inequality (27)
holds.

0
Proof. Let the initial data ( ]«;Ogg ) € H=1(0,1) x H~1(0,1) with the Fourier ex-
pansion
An .
Z . sin(nmx)
O(x neN*
<§°Ew§> ib"'( ) | 29)
2 sin(nrz

Then the solutions of the system (28) are given by

Z (an+bn N (T—t) | an —bn eitn <Tt>> sin(nmz)

p(t, ‘T) neN* 2nm 2nm
q(t .’t) B an +b” i, (T Ap — bn i, (T ’ (30)
’ Z <2TL7TGZ "( —t) — Wel "( t)) Sin(n?m:)
neN*
where
M =n?724+1 and A, =n’12 -1 (ne€Z).
From (29), we have that
1 1
1201 0,0y + 18° I Fr-1(0,1) = > Z lan|® + B Z b, (31)

neN* neN*

Taking to account that
liminf(A,, — AF) = +o0, hm 1nf()\n+1 A) =400 and inf (A -\ ) =2,

n—oo n,m>1
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we can apply Theorem 2.1 and we have that there exists C' = C(T') > 0 such that
2

T T
n bn i — n_bn iX (T —
/ Ipx(t71)\2dt=/ > (Cb;re”m ”+aTe“n<T ”) (=1)"| at
0 0

neN*

1 an + b | T 1 2 2
(s ey ) - L (e ).
neN* neN* neN* neN*

(32)
From (31) and (32) we deduce that (27) holds and the proof ends. O
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