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ABSTRACT. Employing a very recent local minimum theorem for differentiable functionals, we
prove the existence of at least one non-trivial periodic solution for a class of damped vibration
problems.
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1. Introduction

Consider the following damped vibration problem

—ii(t) — q(t)ult) + Au(t) = \WF(Eu(t))  ae. te0,T], O
w(0) — u(T) = a(0) — a(T) = 0

where T > 0, ¢ € L'(0,T;R), Q(t) = [, q(s)ds for all t € [0,T], Q(T) = 0, A :
[0,T] — R¥*N is a continuous map from the interval [0,7] to the set of N-order
symmetric matrices, A > 0, u > 0 and F : [0,T] x RN — R is measurable with respect
to t, for all u € RY, continuously differentiable in u, for almost every t € [0,7],
satisfies the following standard summability condition
‘ZufamaX{IF(wé)l, IVF(-, &)} € L'([0,T]) 2)

for any a > 0, and F(¢,0,...,0) =0 for all ¢t € [0, T].

Assume that VF is continuous in [0,7] x RY then the condition (2) is satisfied.

Inspired by the monographs [19, 20], the existence and multiplicity of periodic solu-
tions for Hamiltonian systems, as a special case of dynamical systems which are very
important in the study of fluid mechanics, gas dynamics, nuclear physics and relativis-
tic mechanics, have been investigated in many papers (see [1, 4, 5, 11, 12, 14, 15, 22, 24]
and the references therein). For example, [11] Cordaro established a multiplicity result
to an eigenvalue problem related to second-order Hamiltonian systems, and proved
the existence of an open interval of positive eigenvalues in which the problem admits
three distinct periodic solutions. In [14] Faraci studied the multiplicity of solutions
of a second order nonautonomous system. In [4] Bonanno and Livrea ensured the
existence of infinitely many periodic solutions for a class of second-order Hamiltonian
systems under an appropriate oscillating behavior of the nonlinear term. Moreover,
they obtained the multiplicity of periodic solutions for the system with a coercive
potential and also in the noncoercive case.
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Moreover, very recently, some researchers have paid attention to the existence
and multiplicity of solutions for damped vibration problems by using the variational
method, for instance, see [8, 9, 10, 17, 23, 25, 26, 27] and references therein. For
example, the authors in [26] based on variational methods and critical point theory
studied the existence of one solution and multiple solutions for damped vibration
problems. Wu and Chen in [25] based on variational principle presented three ex-
istence theorems for periodic solutions of a class of damped vibration problems. In
[27] the authors by a symmetric mountain pass theorem and a generalized mountain
pass theorem, an existence result and a multiplicity result of homoclinic solutions of
damped vibration problems. Chen in [8, 9] studied a class of non-periodic damped
vibration systems with subquadratic terms and with asymptotically quadratic terms,
respectively, and obtained infinitely many nontrivial homoclinic orbits by a variant
fountain theorem developed recently by Zou [29]. In [17] using variational methods
and critical point theory the existence of three distinct weak solutions for a class of
perturbed damped vibration problems with nonlinear terms depending on two real
parameters was investigated.

In the present paper, motivated by [26], using a very recent local minimum theo-
rem for differentiable functionals due to Bonanno [2, Theorem 5.1](Theorem 2.1), we
establish the existence of at least one non-trivial solution for the problem (1) for any
fixed positive parameter A belonging to an exact interval.

2. Preliminaries

Our main tool is a local minimum theorem, very recently obtained by Bonanno
[2, Theorem 5.1] that we here recall in its equivalent formulation [2, Proposition 2.1
and Remark 2.1]) (see also [21] for the related result).
For a given non-empty set X, and two functionals ®,¥ : X — R, we define the
following functions

SUPyed—1(]ry,ra) \IJ(U) - \IJ(U)

H(ry,1re) = inf
( ! 2) veP—1(ry,r2]) Ty — (I)(’U)
and
V(v) = SUP,eqp-1(—oo,r ) V(1)
p(ri,re) = sup :
veEDP1(|ry,r2]) (I)(U) — T

for all 1,72 € R, 71 < ra.

Theorem 2.1. [2, Theorem 5.1] Let X be a real Banach space; ® : X — R be
a sequentially weakly lower semicontinuous, coercive and continuously Gateaux dif-
ferentiable function whose Gateaux derivative admits a continuous inverse on X*,
U : X — R be a continuously Gateaux differentiable function whose Gateauz deriva-
tive is compact. Assume that there are ri,r9 € R, r1 < 19, such that

H(r1,re) < p(ri,r2).
Then, setting I, := ® — AU, for each \ €]——1—, L[ there is ug x € ®~1(Jry,72])

p(ri,r2)? 9(r1,r2)
such that Iy(ug ) < In(u) Yu € @ 1(Jr1,m2[) and I§(uor) = 0.

For more details on Theorem 2.1, we refer the reader to [3, 6, 7, 13, 16, 18], where
it has already been applied to nonlinear second-order differential problems.
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We assume that the matrix A satisfies the following conditions:

(A1) A(t) = (aw(t)), k =1,...,N, 1 = 1,...,N, is a symmetric matrix with
ag; € L*[0,T] for any t € [0,T],

(A2) there exists § > 0 such that (A(t)£,€) > §|¢f? for any € € RY and a.e.
t € [0,T], where (-,-) denotes the inner product in RV .

Let us recall some basic concepts. Denote

E = {u:[0,T] — RY| u is absolutely continuous, u(0) = u(T), @ € L*([0,T],R™)}

with the inner product

<uv FE:/O [(a(t), 5(8)) + (u(t), v(t))]dt.

The corresponding norm is defined by

e = (i + o) v ue B

For every u,v € E, we define

T
<= [ @D () 5(0) + 2T A@u(e) o0l
0

and we observe that, by the assumptions (A1) and (A2), it defines an inner product
in E. Then F is a separable and reflexive Banach space with the norm

|ul| =< u,u =2 , Vue€E.
Obviously, E is an uniformly convex Banach space.
Clearly, the norm || - || is equivalent to the norm || - |z (see [15]).
Since (E, || -||) is compactly embedded in C([0,7],R™) (see [19]), there exists a
positive constant ¢ such that
[ulloc < e ul], 3)

where [|ul|oe = max;epo, 7y | u(t) |-
We mean by a (weak) solution of the problem (1), any function u € E such that

/ ' eQW (a(t), o(t))dt+ / ' QO (A(t)u(t), v(t))dt—\ / ' eQO(VE(t,u(t)), v(t))dt = 0

0 0 0
for every v € E.

3. Main result

Given a non-negative constant § and a nonzero point zo € R such that
N T 1
0 claol (3 laslle) [ @ at)”,
ij=1 0
put
fOT eQ®) sup|¢|<q F(t,§)dt — fUT RO E(t, z0)dt

02 — lzo2(N _ llaijlleo) fy €@t

We formulate our main result as follows.

a(0,xy) =
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Theorem 3.1. Suppose that Assumptions (A1) and (A2) hold. Assume that there
exist a non-negative constant 01, a positive constant 03 and a nonzero point ro € RN
with

91 92

— L cml <
c(d [ eQVdt)3 (SN2 llaijlloe) fiy eQWdt)?

ij=1

such that
(a1)  a(B2,70) < a(bh, o).

1 1 1
Then, for any X\ € ]

2¢2 a(b1,20) 2¢2 a(f,x0)

the problem (1) admits at least one

non-trivial solution ug € E such that — < ||uo|| < =.
c c

Proof. In order to apply Theorem 2.1 to our problem, we take X = E and we introduce
the functionals ®, ¥ : X — R defined as follows

1 2
©(u) = 5llull
and -
W(u) = / QO (F(t, u(t))dt
0

for every u € X. It is well known that W is a differentiable functional whose differential
at the point v € X is

T
() (v) = / QO (TF (1, u(t)), v(t))dt,

for every v € X. ¥/ : X — X* is a compact operator. Indeed, it is enough to show
that ¥’ is strongly continuous on X. For this end, for fixed u € X, let u,, — u weakly
in X as n — oo, then wu,, converges uniformly to « on [0,T] as n — oo; see [19]. Since
F is continuously differentiable in u for almost every ¢t € [0,7], VF is continuous in
RY for every t € [0, 7], so

VFE(t,un) — VF(t,u) as n — oo.
Hence, ¥'(u,) — ¥'(u) as n — co. Thus we proved that ¥ is strongly continuous on

X, which implies that ¥’ is a compact operator by Proposition 26.2 of [28]. Moreover,
® is continuously differentiable whose differential at the point v € X is

T T
& () (v) = / Q0 (at), b(t))dt + / Q0 (A(t)u(t), o(t))dt,

0
for every v € X. Since @' is uniformly monotone on X, coercive and hemicontinuous in

X, applying [28, Theorem 26. A] it admits a continuous inverse on X*. Furthermore,

1,6 1,0

® is sequentially weakly lower semicontinuous. Now, put r; := 5(—1)2, ry 1= 5(—2)2
c c

and w(t) 1= xo for all ¢t € [0,T]. We clearly observe that w € X and
1 T 1 al T
f\xo\%/ A0 dt < B(w) < 2lao2(Y ||aij||w)/ Q0 1.
2 0 2 ij=1 0
This together with the condition
b1
T 1
(6 [, e?¥Mdt)z

02
N T 1
(i Nlagglle) Jy eQ®dt)?

< |xo| <
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yields
ry < ®(w) < 7.
Bearing (3) in mind, we see that

O] —oo,ma) = {ueX; ®(u) <re}

2
= {ueX; 7”1;” <T2}

C {ueX; |u(t)| <0y foreach t € 0,71},
and it follows that

T T
wp W) = sup / QD F(t, u(t))dt < / e?) sup F(t,€)dt.
I o w€®—1(]—o00,r2[) 0 [£1<02
Therefore, one has
SUPueg1(—oo,ra) Y (1) — W(w)
<
B(ri,m2) < ro — ®(w)

3 foT QM® SPlel<o: F(¢, &)dt — ¥(w)

— To — (I)(w)

< Jo €99 supig <o, F(t,8)dt — [ eQOF(t,20)dt

< 1.6, 1 N T

5 ()2 = 31020y laijleo) f e@®dt

QCQ(fOT eQ(t) SUD|¢| <0, F(t,&)dt — fOT eQ(t)F(t, xo)dt)

N T
03 — CQ|$0|2(Z@]‘:1 llaijlloo) fo Q) dt
= 2c%a(0y, o).

On the other hand, arguing as before, one has

U(w) — SUP e -1 (- o0, [) U(u)

>
p(ri,ma) > d(w) — 1
T
L) = I P s, P
= P(w) —m
f QW F(t, z0)dt — fo QW sup ¢ <p, F(t,€)dt

- 1 91
S0l (S laglloo) Jo @ — ()2

202(f0T QO P(t, 20)dt — fOT e?W sup¢ g, F(t,€)dt)
Alaol* (Lo llaijlloo) fy QW dt — 63
= 2c%a(6y, xo).

Hence, from Assumption (ag), one has B(r1,r2) < p(ri,re). Therefore, employing
Theorem 2.1, for each A € } L L 1 [ the functional ® — AU admits

2¢2 a(01,70)° 2c2 a(f2,z0) |’

at least one critical point ug € X such that r < ®(u) < 7o, that is & < [Jug|| <

C

9—02. Since the solutions of the problem (1) are exactly the solutions of the equation
O’ (u) — AU'(u) = 0 (see [26, Theorem 2.2]), we have the conclusion. O
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Now, we point out an immediate consequence of Theorem 3.1.

Theorem 3.2. Suppose that Assumptions (A1) and (A2) hold. Assume that there
exist a positive constant @ and a nonzero point xo € RN with

%)
|$0‘ < T
(i imy laijllse) fo eQWdt)3

such th%t
fy e?® sup|¢|<q F(¢, €)dt 1
(a2) 92 S (N T Q)
2|z (Zi,j=1 ||aij||00)fo e®Wdt
(az)  F(t,0)=0 for a.e. t €[0,T].
N T
Jwol* (2 llaisllso) Jy €@Vt 6? [
2 fOT QW F(t, mo)dt " 2¢? fOT e@W® sup|¢ < F(t,€)dt
the problem (1) admits at least one non-trivial solution ug € E such that ||ug|lec < 6.

fOT RO F(t, z0)dt;

Then, for every \ € ]

Proof. The conclusion follows from Theorem 3.1, by taking #; = 0 and 6 = 6. Indeed,
owing to Assumptions (as) and (ag), one has

fOT eQ) sup|¢ <o F(t,§)dt — fOT RO F(t, 20)dt

a(ea $0) = N T
02 — lzol* (X5 51 llaislloc) fy €Wt
62 T
( N — —1) [, eQOF(t, z)dt
Ao (i =1 llaijllso) Jo e@Wat
N T
02 = lxol* (X5 5= laislloc) fy €90t
fOT QO F(t,z0)dt
= 5 9 N T Q) = CL(O7 J?())
Alrol* (30521 laijllee) fo €@t
Hence, taking (3) into account, the conclusion follows from Theorem 3.1. O

A consequence of Theorem 3.2 is the following existence result.

Theorem 3.3. Suppose that Assumptions (A1) and (A2) hold. Let b € L*([0,T]
such that b(t) > 0 a.e. t € [0,T] and b # 0, G € CH(RN,R) such that G(0,...,0) =

and

)
0

max G(¢
z—0t |(E|2
1 2
Then, for each A € (0, \*), where \* := su ) the
! ( ) 2¢2 foT eQWp(t)dt P0>0 maxi¢ <0 GO

problem

u(0) — w(T) = w(0) — &(T) = 0 (5)

admits at least a nontrivial periodic solution.

{ —a(t) — q(t)alt) + A@)u(t) = \WWb()G(u(t))  ae. te0,T],

Proof. For fixed A € (0, \*), there exists a positive constant ¢ such that
- 1 62
22 foT eQ(b(t)dt max|g|<g G(§)
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0

Moreover, using (4) we can choose point xq satisfying |zo| < 7
’ (2N laijll) f§ e@®at)2

such that
(s llaslloe) Jy e Vdt  Gla)
2X [ eQWb(t)dt [zof?
Hence, Theorem 3.2 leads to the conclusion. O

Now, we present the following example to illustrate the result.

Example 3.1. Let N =2 and T = 1. Let A : [0,1] — R**? be the identity matrix

and let G(€1,&) = e~ CTHE) (€6 4 & + €2 + €2) for all (&1,&) € R2, b(t) = 2t for all
t €10,1] and ¢(¢t) =2t — 1 for all t € [0,1]. It is clear that

max G(&,
i [(€1,62)|< (fl 52)
m 5 = +o00.
z—0t X

Hence, using Theorem 3.3, for each

e 0
A E (O, su )7
2e—1) 0>I()) max|(¢, ¢, <o € E1TE) (& + & + €2+ €3)

the problem (5), in this case, admits at least one nontrivial periodic solution.
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