Annals of the University of Craiova, Mathematics and Computer Science Series
Volume 44(1), 2017, Pages 137-148
ISSN: 1223-6934

Weak solutions of one-dimensional pollutant transport model

BraHIMA ROAMBA, JEAN DE DIEU ZABSONRE, AND YACOUBA ZONGO

ABsTrRACT. We consider a one-dimensional bilayer model coupling shallow water and Reynolds
lubrication equations that is a similar model derived in [European J. Applied Mathematics
24(6) (2013), 803-833|. The model considered is represented by the two superposed immiscible
fluids. Under an hypothesis about the unknowns, we show the existence of global weak solution
in time with a periodic domain.
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1. Introduction

In this paper, we study the existence of global weak solutions in time for the
following one dimensional model of transport of pollutant derived in [5] :

Othy 4 0z (hiuy) = 0,
2 1 2 @ d¢ 3
at(h1U1) + 8x(h1u1 ) + igﬁxhl — 41/1890(}118@111) + ;7(h1)@61 — ;hlawhl
1 1

+r1h1|u|2u =+ Tghlaa;hz + Tghgam(hl =+ hg) =0, (1)
1 /1 1
Ochs + 0y (hawr) + 0. (—h22 =(-+ h2)8a;p2) =0,
p2\c  3vo
with .
o
Opp2 = p290,(h1 4+ h2) and vy(hi) = (1 + 3V1h1> : (2)

Subscript 1 will correspond to the layer located below and subscript 2 to that lo-
cated on the top. In this model, we denote by hi, ho respectively, the water and the
pollutant heights, u; is the water velocity, p1 and ps the densities of each layer of

fluid (we also introduce the ratio of densities r = @), v; is the kinematic viscosity,

po the pressure of the pollutant layer and g is the constant gravity. The coeflicients
d¢, a, 1, ¢, are respectively the coefficients of the intrefaz tension, friction at the
bottom, quadratic friction and friction at the interfaz. This model is derived from
a two-dimensional Navier-Stokes bilayer equations with capillary and friction effects
at the interfaz. It is used to simulate the evolution of a thin viscous pollutant over
water (see [5]). Let us recall some results about the existence of weak solution for a
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system composed by three equations (Shallow-water and transport equations). The
case with viscosity term of the form —vAwu was investigated in [8] in which exis-
tence of weak solutions for a viscous sedimentation model is obtained by assuming
smallness of the data. In their analysis the authors considered a transport equation
with Grass model of the form ¢, = hu and used Brower fixed point theorem to get
the result. In [14], the authors studied the stability of global weak solutions for a
sediment transport model in two- dimensional case. In this model, the viscosity coef-
ficient is of the form —vdiv(hD(u)) and the sediment transport equation considered is
dyz +div(h|u|u) — ¥ Au = 0. The stability result is obtained without any restriction
on the data and by using a mathematical entropy introduced firstly in [4] namely BD
entropy . We note that it’s the BD entropy inequality which allows the authors in
[1, 3, 4, 6, 7] to get existence results of global weak solutions for Shallow-Water and
viscous compressible Navier-Stokes equations.

In [12], the authors obtained a result of existence of global weak solution of sim-
ilar model in a two dimensional case. To have this result, the authors needed of
some additional regularizing terms such as a quadratic friction term hq|u|?u, a cold
pressure h%fo‘ with @ > 1 and a capillarity term of the form h;VAh;. They used
a transport equation of the form 9,hs + div(hou) — gV - <(1 + %)V(hl + h2)> = 0.
The key point with the BD entropy is that, with the structure 0% the diffusive term,
we get an extra regularity for the water height. In our analysis, we consider in one-
dimensional, a periodic domain = (0,1) to simplify. We assume that the pollutant
layer is smaller than that of the water:

hy < hy. (3)

Notice that, to deduce the model, we make this hypothesis for the caracteristic heights
(see [5]). We will intend in the future to study the present model without this condi-
tion. We complete system (1) with initial conditions :

h1(0,2) = hiy(x), h2(0,2) = hoy(x), (hiu1)(0,2) =mg(x) in (0,1). (4)
hi, € LQ(O, 1), hi, + ho, € LQ(O, 1), 8$(h10 € LZ(O, 1),
d,mg € L'(0,1), mg=0 if hy, =0, (5)

mol” _ /s b I
hlo € (07 1)7 f( 10) € (07 1)7
where f will be defined later on ( see (16)).

The paper is organized as follows : in the Section 2, we will start by giving the
definition of global weak solutions, then we will establish a classical energy equality
and the "mathematical BD entropy", which give some regularities on the unknowns.
We will also give an existence theorem of global weak solutions. In section 3, we will
give the proof of the existence theorem.

2. Main results

Definition 2.1. We shall say that (hq, ha,u1) is a weak solution on (0,7") of (1), with
initial conditions (4) if the following conditions are satisfied :
e (4) holds in D'(2);
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o (h1, ha,uy) verified the energy inequalities (2.1) and (2.2) for a.e. non negative
t.

)

e for all smooth test function ¢ = (¢, z) with ¢(T,) = 0, we have:

hiye( / / h10vp — / / hiu105 = 0, (6)
—hgogo(O,.)—/ / hgatgo—/ / hou1 05

/ / h2 - + 37h2)azp28x90 = Oa (7)

hi,u1,9(0 / /hlulatcp / /hlul Tcpffg/ /h2 P

+4V1/ / h10,u10, <,0+f/ / (h1) u1g0+f/ / h102h10.
/ O0zh10; hup—rg/ hoOy hup—rg/ / h1ho0yp
o Jo 0

—rg/ / hl—i—hghg(p—?“g/ / h1+h28h280+7"1/ / lu1[Pur o = 0. (8)

Before giving the main theorem, we give the following two important lemmas. We
firstly give the classical energy associated with system (1) and secondly the mathe-
matical BD entropy.

Lemma 2.1. The model defined by (1) admits an entropy equality
1
1
/ [ hafual? + Sg(1 =) |ha|* + frg|h1 + hol? + 5 f =10, W}

+r1/ / hl\u1| +41/1/ / h1|0y u1| +—/ / (h1) |u1|
+rg/ /h2 +h2)<8m(h1+h2)>

1
1 1 1
:/ |:2h10u10|2+29(17’)|h102+27‘g|h10+h20|2+|a h10|2] (9)
0

Proof. Firstly, we multiply the momentum equation by u; and we integrate from 0 to
1. We use the mass conservation equation of the first layer for simplification. Then,
we obtain

d 1 1 S 1 1 1

[ [ )] - %€ [Comezh i [ gl rg [ haou
dt Jo |2 p1 Jo 0 0

1 1 1
—l—T‘g/ hg’u,laz(hl + hg) + 4V1/ h1(8$u1)2 + pg/ 'y(hl)u% =0. (10)
0 0 1Jo

Secondly, we multiply the equation for the thin film flow by p2g(h1 + h2) and integrate

to obtain
1

d 1 1 1
—rg— / hg + rg/ hlathz + ’I"g/ (hl + h2)8z(h2u1)
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2
= 'rg2/ h2( + 3h2)<8m(h1 +h2)> : (11)
0 1%
We use the mass conservation equatlon to write
1 1
d
/ ha0ihy +/ h10thy = / hihs, (12)
0 dt
and to develop the following product affecting the terms with d¢
1 1
/ Or(h1u1)02hy = / h10¢(h1)92hy = ”7/ |0ha | (13)

By adding (10) and (11) and taking into account (12) and (13), we obtain

d ! 2 h2 155 ! 2 ! 4
% o h1U1+ gh +Tgh2(h1+ 2) +§E% (axhl) +T1 ) h1|’LL1|

1 1 2 1
1 1
+41/1/ hl(amu1)2+rg2/ h2(=+=——hy) (8z(h1+h2)> +3/ y(hy)u? = 0. (14)
0 0 c 3vp p1 Jo
To end, we integrate from 0 to ¢ to have the equality (9). O

Corollary 2.1. Let (h1, ha,u1) be a solution of model (1). Then, thanks to Lemma
2.1 we have:
hy is bounded in  L>(0,T;L*(0,1
hy is bounded in  L°°(0,T; L?(0,1
dzhy  is bounded in  L*>(0,T; L*(0,1)),
Vhiuy  is bounded in  L*>(0,T; L?(0,1)),
Vh10zu; is bounded in  L2(0,T; L*(0,1)),
u;  is bounded in  L?(0,T; L*(0, 1)),

1
hiu; is bounded in  L*(0,7T;L?*(0,1)),

);
)

)

1
hay/ = P 3—/12 (agc(h1 + h2)> is bounded in  L*(0,T; L*(0,1)).
1)

Remark 2.1. (1) In the Corollary 2.1, the estimate
Vhiuy  is bounded in  L>(0,T; L?(0,1))
implies,
hiu;  is bounded in  L>(0,T; L*(0,1))
this leads us
Othy  is bounded in  L*(0,T; W~12(0,1)).
(2) We have the additional regularities thanks to Corollary 2.1:
(a) hy is bounded in L2(0,7T; H'(0,1)),
(b) hyuy is bounded in L3(0,T; L3(0,1))NL(0,T; L?(0,1))NL*(0, T; Wh1(0, 1)),
(¢) 7(h1) is bounded in L>(0,T; H'(0,1)) N L>(0,T; L>(0,1)).
Remark 2.2. We have the following additional regularities:
(1) hg is bounded in L*>(0,T; L*°(0,1)),
(2) 0, (h1 + hg) is bounded in L?(0,T; L?(0,1)).
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We will need in the following some additional regularity on h; and this will be
achieved through an additional BD entropy inequality presented in the next lemma.

Lemma 2.2. For smooth solutions (hj, ha,u1) of model (1) satisfying the classical
energy equality of the Lemma 2.1, we have the following mathematical BD entropy
inequality:

1 [t )
*/ |:h1|ul + 410, log ha|* + rglhy + ho|* + g(1 — 7)|ha|?| — 8v1 f(h1) + pi|5a:h1|1
0

2
o T 1 T 1 T 1
+7/ / ’y(hl)|u1|2—|—r1/ / hl\u1\4—|—41/17"1/ / |U1|2’U18xh1
T 1
—|—2gl/1/ / 1—|—27‘f)‘6 hl‘ +4’I“gV1/ (1—|— )8 h10:ho + 6/ / |8§h1|2
0

+7"g / / h2 + @hz) (8z(h1 +h2 ) 1/1Ck/ / h1 Ula h1

< 4w, / Flhny) + / [h10|u10|2+128u1|a il + 1—r>|h10|]
0 0

2 10 20 2 1 x 10 b
where

f(h1) = alog (34_:;_1]11) (16)
1

Proof. Let us consider the mass equation
Oth1 + Oz hiur = 0.
When we use both the transport equation and the renormalized technical, we get:
Or(0zh1) 4 Oy (h10zu1) + Ox(u10,h1) = 0.
Replacing 0,.hy by h10, log h1 and introducing the viscosity 4v1, this becomes
411 0¢(h105 log hy) + 41105 (h10,u1) + 4110, (hiu1 0, log hy) = 0.

Then, we add the momentum equation to obtain
O¢[h1 (u1 + 4110, log hy)] + O [hiug (ug + 4110, log hy )] + %g@mh% + p%’y(hl)ul

5
—hlpiaghl + r1ha|ur 2wy + rgh10yho + rghady(hy + ha) =0
1

We multiply this equation by (u; + 4110, log h1) and we integrate between 0 and 1.
Now, we transform each term of the resulting identity separately

1
/ [O¢[h1 (w1 + 4110, log hy)] + O [hiu (ug + 4110, log hy)]](uy + 4110, log hy)
0

_1d

24t
Next, we only study the terms which do not appear in (9).
The pressure terms become:

1 1 1
ig/ amh%(41/13z loghi) = 2g1/1/ \8zh1\2,
0 0

1
h1 |U1 + 41/1833 log hl |2.
0
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1
Tg/ [hlaxhz + hgam(hl + h2)](4l/181 log hl)
0

1 1
h h
= 4drgin / i|81h1|2 + 47“ng/ (1 + i)axhlawhz
0 h1 0 hl
Adding these two terms, we have:
1 1 1
29 Ouxh? (4v10, log hy + Tg/ [R10zho 4 hoOy(hy + ho)] (4110, log hy)
0 0

1 1
h h
— 2gy1/ (1+ 2r—2)\8rh1\2 + 4rgu1/ (1+ —Q)BIhlawhg.
0 hy 0 hq

For the friction term at the bottom, we have

4 13
—/ (h1)u1 (4110, log hy) = Vl/ &m@w log hy
0

P1 3v1 + ah;
_ 131/71@(@}11—1—835141)_
p1 Jo Svi+ éyhl h1
1

Considering that Lemma 2.2 gives /(1) = 51—
therefore,

nae 1 1 d ! v ! ’
4— v(h1)u10; loghy = —4** f(h ) +4— ' (h1)u10zhq. O

P1 0 dt o1 o

h
Remark 2.3. (1) The term including log (11) is bounded, see [12].
3+ az/l hi

(2) In Lemma 2.2 all the terms, except —/ / w1 [Pu1 0y

T 1
and / (1 + )8 h10;hs are controlled since they have the good sign. But

0

the control of the both terms takes inspiration in [12].
(3) If (hi, he,uy) is solution of the model (1), then, thanks to Lemma 2.2, we have

that:

9,v/hy is bounded in L>(0, T; L?(0, 1)) and §2hy is bounded in L?(0,T; L?(0,1)).
Theorem 2.1. There exists global weak solutions to system (1) with initial data (4),
(5) and satisfying energy equality (9) and energy inequality (15).
3. Convergences

This section is devoted to the proof of Theorem 2.1. Let (h¥, h%, u}) be a sequence
of weak solutions with initial data
h1|t 0= hlfoa h2|t 0= hzoa (hlfulf)\tzo = mlg

such as

h — hy, in L'(0,1), RS — ha, in L'(0,1), m§ — mg in L'(0,1),

and satisfies

1 1
1 1
wn [0+ [ gl P 1280310, TP+ 5000 =), P+ Graling + s P
0 0
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165/ ‘a h10|2<c

Such approximate solutions can be built by a regularization of capillary effect.
3.1. Strong convergence of ( h’f) . Here, we are going to establish the spaces
k

in which ( h’f) is bounded.
k

. . . . . k.
In this sense we are going to integrate the mass equation and we directly get 4/ hf

D,/ 1k
obtain:

A% is bounded in L>(0,T; H'(0,1)). (%)

in L>°(0,T; L?(0,1)), the Remark 2.3 gives us in L°°(0,T;L?(0,1)). So we

Moreover, we use the mass equation again to have the following equality:

0/ = 5o — oy i)

which gives that 9;1/h} is bounded in L?(0,7; H~1(0,1)).
Applying Aubin-Simon lemma ([9, 13]), we can extract a subsequence, still denoted
(h%)1<k, such as

( h’f) strongly converges to +/hy in L?(0,T; L*(0,1)).
k

3.2. Strong convergence of h; and hy. Let now study the subsequence (h¥);.
According to the property (%) and Sobolev embeddings, we know that, for any finite
87

() is bounded in  L>(0,T; L*(0,1)).
In the following, we will assume that 4 < s in order to simplify our expressions and
ensure that

(%) is bounded in  L°°(0,T; L?(0,1)).
The equality d,h% = 24/h¥9,+/h¥ enables us to bound the sequence d,h% in
L>(0,T; (L% (0,1))?) and consequently the sequence

(h¥)e is bounded in  L>®(0,T; Wb %2 (0, 1)).

Moreover, we have some properties on the time derivative of (h¥); actually the mass
equation can be written as: 0;h¥ = —0,(hbu¥). Splitting the product h¥u¥ into

1u1 =+h \/ ul, we get
pEub in L°°(0,T3(L72(0,1))2) and 9hF in L°°(0, T; W 1353 (0,1)).
Thanks to Aubin-Simon lemma again, we find:
R —shy in C°0,T;L2(0,1))
We have h§ € L2(0,T; H'(0,1)).
2

1 1
Moreover, we have 0;h% = —8,(hku¥) + o, | — h5™ (= + =—n5)d. (kY + h;)]
c

31/1
According to the Sobolev embeddings, we show that the first term is in W~=%%(0, 1),
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since

hk € L2(0,1) and u} € L%(0,1). By analogy we prove that the last term is in the
same space and we get 9;h% also in this space. Thanks to the Aubin-Simon lemma,
we find:

hE)e  converges strongly to hs in L2 O,T;W7175% 0,1)).
2

3.3. Strong convergence of (h¥u¥). Let us write hfuf as follow:
REuk =/ hE\/h 1u1, we have
( h’f) bounded in L>(0,T; L*(0,1))
k

and

(y/h’fu'f) bounded in L>(0,T; L*(0,1)).

k
Thus we have:

(h¥ub), bounded in L>®(0,T; L5 (0,1)).

Let’s write the gradient as follows:

Ou (Whuk) = no,ul + uko,ny = \/nk\/hEouf + ubo,

since the first term is in L2(0,7;L3(0,1)) and thanks to the Corollary 2.1, second
one belongs to L (0,T; W13 (0,1)) N L2(0,T; L*(0,1)), we have

(h¥uk);, bounded in L2(0,T; W1(0,1)).

Moreover, the momentum equation of (1) enables us to write the time derivation of
the water discharge:

2
Or(hfuf) = =0, (hfuk”™)) = 590, [(hT)?] — 411 0x (R Dy ut) — 2y (ht)uf +a(hE)hfuf [uf |
6
+p—51h’f3§h’f — rght0.hl — rgh50, (h} + hs) =

we then Study each term

o 9, (hE(uh)2) = 8, (/hE\/RE(uh)?) which is in L2(0,T; W13 (0,1)).
e as (hf)y is bounded in L°°(0 T; I/V1 '1(0,1)), it is also bounded in L*(0,T; L?(0,1))
and we can write the following relation:

(@[(h’f)Q]) is bounded in L>(0,T; W~11(0,1)).
k

o <aw(h’f81u’f)> is bounded in L?(0,T; W‘lv%(O7 1)).
k

o Let us write Afu¥ (uf)? = /hrul , which is in L2(0,T; W1(0,1)).
e The last three terms are bounded in L°°(O T W=12(0,1)).
Then, applying Aubin-Simon lemma, we obtain,

(R¥u®);, converges stongly to m in C°(0,7; W ~11(0,1)).
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3.4. Strong convergence of <\/h’fu’f) . Setting m* = h’fu’f, so, we have
k

k
m
\/h’fuk = \/hT We want to prove the strong convergence for this term. We know
1
that

m*
() is bounded in L>(0,T; (L*(0,1))?);
k

Vi

consequently Fatou lemma reads:

1 k\2 1 k2
/ lim inf (mk) < liminf/ (mk) < +o00.
0 hy o hi

In particular, m is equal to zero for almost every x where hy (¢, x) vanishes. Then, we
can define the limit velocity taking ui(t,z) = 7 t w) if hy(t, ) # 0 or else uy (¢, 2) = 0.
So we have a link between the limits m(¢,z) = hl(t x)uq(t, ) and:

1 2 1
/ (I;Ll) = / h1|u1|2 < +00.
0 1 0

Moreover, we can use Fatou lemma again to write

T 1 T T 1
/ / hofuy|* g/ / lim inf Ay |uy | gliminf/ / hofuy [
o Jo 0o J]o,1] o Jo

T 1
:hmmf/ / \ h1|u1|2\/ hl\u1|2,
0 0

which gives \/hy|ui|* in L?(0,T; L?(0,1)).

k
. m
As m* and h¥ converge almost everywhere, the sequence of \/h’fu’f = ﬁ converges
1

m
almost everywhere to \/hiuy = \/T Moreover, for all M positive \/hlfulf1|u’f\<M
1 <

converges to v/hiuy 1)y j<ar ( still assuming that h% does not vanish). If h; vanishes,
we can write / hlfulﬁu’f\SM < M+/h% and then have convergence towards zero. Then,

almost everywhere, we obtain the convergence of (4/ h’fu]fl‘u;ﬂSM)k.
Finally, let us consider the following norm:

T 1
Iy
T 1
/ / (‘\/ RS < ar — vh1u11|m<M‘ + ‘\/ AT TGV VA R Y
0 0

2

ko k
hfuy —

y

<3 +3

+3//0

Ull\uk|<M Vhiur L, 1<m ull\u"|>JVI

2

u11|ul‘ |>M




146 B. ROAMBA, J.D. ZABSONRE, AND Y. ZONGO

Since < h’f) is bounded in L%(0,T; L*(0,1)), it follows
k

(\/h’fu’flwﬂgM) is bounded in this space.
k

So, as we have seen previously, the first integral tends to zero. Let us study the other

two terms:
1
k
/0 \/h]ful]-\u’f|>JV[
2

1 1
c

Vhiul < — | hul < —

/o ULy |>M| = M2/0 11U > M2

for all M > 0. When M tends to the infinity, our two integrals tend to zero. Then

? 1 1l€ k4 c
Swfo hi (uy) SW

and

( h’fuf) converges strongly to  v/hius in  L*(0,T;(L*(]0,1]))%).
k

3.5. Convergence of (0,h%)y, (hW0.h)k,  (h50.h%)k, (02hF)k,  (hEO2hy)y
and (9,h?0%hk);,. @ We have (9,h%);, bounded in L2(0,T; H(0,1)) and (9;0.h%)y
is bounded in L>(0,T; H2(0,1)) since (9;h%);, is bounded in L*°(0,T; H~1(0,1)).
Thanks to compact injection of H'(0,1) in L?(0,1) in one dimension, we have:
(0:h%)i  converges strongly to  dyhy in L2(0,T; L?(0,1))
e The bound of 92h¥ in L%(0,T; L?(0,1)) and d,h% in L2(0,T; L?(0,1)) gives us:
(92hY)),  converges weakly to  92hy in L*(0,T;L?(0,1)),
(0.h%)x  converges weakly to  d,he in L*(0,T;L?(0,1)).

e Thanks to the strong convergence of (h¥)x, (h5)x, (0:h%)). and the weak convergence
of (02hY)x, we have:

(R¥0,h%);,  converges strongly to  hidyhi in L'(0,T; L'(0,1)),
(hE9,h%);  converges strongly to  hedyhy in L'(0,T; LY(0,1)),
(R¥02h%),  converges weakly to  h102h; in L'(0,T; L(0,1)),
(0.hY02hY),  converges weakly to  d,h102hy in L'(0,T; L'(0,1)),
(hk0,h%).  converges strongly to  hidyhe in L'(0,T;L*(0,1)),
(hk0,h%)  converges strongly to  hodyhs in LY(0,T;L*(0,1)),

((h’f)2 converges strongly to  h;? in L*(0,T; LY(0,1)),

((h’;)Z) converges strongly to  ho? in L*(0,T; L(0,1)),

(R¥hE).  converges strongly to  hyhy in L*(0,7T;LY(0,1)).
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3.6. Convergence of (h¥0,u¥)r, (y(h¥)u¥), and (hY|u¥|?ub)i. As (uf)y is bounded
in L2(0,T; L?(0,1)), then (9,u}) is bounded in L2(0,T; W ~12(0,1)).
Moreover, we have (y(h¥))x bounded in L°(0,T; H'(0,1)).

Then,
(y(h)r  converges strongly to  ~y(hy) in C°(0,T;L?(0,1)),

(u¥)r,  converges weakly to w; in L?(0,T;L?(0,1)).
So,

(y(h¥)uk)  converges weakly to  y(hi)u; in L*(0,T; L?(0,1)).
However, the function (h%,d,h%) — h¥0,hY is a continuous in L°°(0,T; H(0,1)) x
L2(0,T;W=12(0,1)) to L2(0,T; W=12(0,1)).

So,
(R¥0,uf),  converges weakly to  hid,u; in L2(0,T; H1(0,1)).

Finally, thanks to the strong convergence of (x/h’fu’f) to vhiuy in L2(0,T; L?(0,1))
k

and the weak convergence of (u¥); to u; mentioned above, we have :

(R |uk2uk),  converges weakly to  hy|uy|?u;  in LY(0,T; LY(0,1)).

1 1
3.7. Convergences of (h5u!), and ((h§)2( + 3—h§)(9m(hlf + h’g)) . We know
& 1] k

1
that (9, (h¥+h5)), converges weakly to 0, (hi+hso) in L2(0,T; L?(0,1)) and <(h’2“)2(c+
1

1 1
h’§)> converges strongly to h3(— + =—)hg in L1(0,7;L'(0,1)). So,
35 & c  3us

1 1 1 1
((h’z’“)Q( +—h5)o,(hy + h’g)) converges weakly to (hg)?(= + =—ha)0x(h1 + ha)
¢ 3vy X ¢ 3vy

in L'(0,T; L'(0,1)). To conclude, we have:
(u¥)  converges weakly to wy in L?(0,T; L*(0,1))
and the strong convergence of(h5)x to hs, both give us:

(REuk),  converges weakly to  hou;  in L*(0,7T;L(0,1)).
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