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Instantaneous shrinking of compact support of solutions of
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ABSTRACT. We prove an existence of weak solutions of semi-linear parabolic equations with
a strong singular absorption term. Moreover, we study the qualitative behavior of solutions
such as the quenching phenomenon, the finite speed of propagation and the instantaneous
shrinking of compact support.
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1. Introduction

In this paper, we are interested in nonnegative solutions of the following equation:

Oru — Au + ufﬁx{u>0} + flu)=0 in Qx(0,7),
u(z,t) =0 on 90 x (0,7T), (1)
u(z,0) = up(z) in Q,

where  is a smooth bounded domain in RY, 8 € (0,1), and X{u>0} denotes the
characteristic function of the set of points (z,t) where u(z,t) > 0, i.e:

1, ifu>0,
X{u>0} =7 0, ifu<0.

Note that the absorption term u‘ﬁx{u>0} becomes singular when w is near to 0,
and we impose tactically u_ﬁx{u>0} = 0 whenever v = 0. Through this paper,
f:[0,00) — R is a nondecreasing continuous function such that f(0) = 0.

Problem (1) can be considered as a limit of mathematical models describing en-
zymatic kinetics (see [1]), or the Langmuir-Hinshelwood model of the heterogeneous
chemical catalyst (see, e.g. [20] p. 68, [11], [18]). This problem has been studied
by the authors in [18], [14], [15], [17], [10], [7], [21], and references therein. These
authors have considered the existence and uniqueness, and the qualitative behavior
of these solutions. For example, when f = 0, D. Phillips [18] proved the existence of
solution for the Cauchy problem associating to equation (1). A partial uniqueness of
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solution of equation (1) was proved by J. Davila and M. Montenegro, [10] for a class
of solutions with initial data ug satisfying

2
’1+B

see also [9] the uniqueness in a different class of solutions. Moreover, M. Winkler,
[21] proved that the uniqueness of solution fails in general. One of the most striking
phenomenon of solutions of equation (1) is the extinction that any solution vanishes
after a finite time even beginning with a positive initial data, see [18], [14] ( see
also [7] for a quasilinear equation of this type). It is known that this phenomenon
occurs according to the presence of the nonlinear singular absorption u‘ﬂx{u>0}.

ug(x) > Cdist(z, 0", for pe (1 ),

The same situation happens for the nonlinear absorption v, for 3 € (0,1), see [2]
and references therein. Furthermore, equation (1) with source term f(u) satisfying
the sublinear condition, i.e: f(u) < C(u + 1), was considered by J. Davila and M.
Montenegro, [10]. The authors proved the existence of solution and showed that the
measure of the set {(x,t) € Q x (0,00) : u(x,t) = 0} is positive (see also a more
general statement in [12]). In other words, the solution may exhibit the quenching
behavior.

To prove the existence of solutions of equation (1), we must prove the following
gradient estimate:

|Vau(z, t)|> < Cu'=P(x,t), for (z,t) € Qx (0,T),

where the constant C' depends on the f’, f, see [10]. Thus, it requires the nonlinear
f € C1([0,00)). In this paper, we show that if f is a nondecreasing function then
constant C' above is independent of f, so we can remove the regularity f € C*([0, 00)).

Before establishing the existence of solutions of equation (1), it is necessary to
introduce a notion of weak solution.

Definition 1.1. Let ug € L>*(2). A nonnegative function u(z,t) is called a weak
solution of equation (1) if u™#x{,>0y € L' (2 x (0,T)), and u € L*(0, T; We2(€)) N
L>(Q x (0,T)) satisfies equation (1) in the sense of distributions D'(2 x (0,T)), i.e:

T
/ / (—u¢y + Vu.Vo + ufﬁx{u>o}¢ + f(u)g) dzdt =0, V¢ € CX(Qx (0,T)).
o Ja
(2)
Then, our existence result is as follows:

Theorem 1.1. Let ug € L>®(Q), and B € (0,1). Then, equation (1) has a mazimal
weak solution u satisfying

[Vu(z,t)|? < Cu' P (2, t) (7' +1),  for a.e (z,t) € Q x (0,00), (3)

where constant C = C(f, ||uollso) > 0.
1

1 1
Furthermore, if V(ui) € L>(Q), then there is a constant C' = C(f, ||uo||oc, ||V (ug )]lco) >
0 such that

|Vu(z,t)|? < Cu'=P(x,t), for a.e (z,t) € Q x (0,00). (4)
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Besides, we also study behaviors of solutions of the Cauchy problem associating to
equation (1):

Oyu — Au + u_ﬂx{u>0} + flu)=0 in RN x (0,7), (5)
u(z,0) = up(x) in RV,

In [18], Phillips showed that the quenching phenomenon, and the finite speed of
propagation hold for the solutions of the Cauchy problem. In this paper, we show
that if initial data ug satisfies a certain growth condition at infinity, then any weak
solution has the instantaneous shrinking of compact support (in short ISS), namely,
if initial data ug goes to 0 uniformly as |x| — oo, then the support of any weak
solution is bounded for any t > 0. This property was first proved in the literature in
the study of variational inequalities by Brezis and Friedman, see [5]. After that this
phenomenon has been considered for quasilinear parabolic equations, see [4], [13], and
references therein. Then, our main result of the Cauchy problem is as follows:

Theorem 1.2. Let 0 < ug € LYRY)NL>®(RY), and B € (0,1). Then, there exists a
weak bounded solution u € C([0,00); L*(RN))NL2(0,T; WL2(RY)), satisfying equation
(5) in D'(RN x (0,00)).

In addition, if ug(z) — 0 uniformly as |x| — oo, then such a weak solution of problem
(5) has ISS property.

The paper is organized as follows: In the next section, we prove some gradient
estimates for the approximating solutions. In Section 3, we shall prove Theorem 1.1.
The last section is devoted to study the Cauchy problem (5) and the instantaneous
shrinking of compact support.

Several notations which will be used through this paper are the following: we denote
by C a general positive constant, possibly varying from line to line. Furthermore, the
constants which depend on parameters will be emphasized by using parentheses. For
example, C'= C(8, f) means that C' depends on 3, f.

2. Gradient estimate for the approximate solutions

In this section, we consider a regularized equation of (1):

Opue — Aue + ge(ue) + f(ue) =0 in Q x (0, 00),
(Peyp) § ue=m on 9 x (0, 00),
UE(O)ZUO"’_’O OHQ

for any 0 < n < &, with g(s) = ¥(s)s™", ¥-(s) = ¢(£), and ¢ € C>°(R) is a non-
decreasing function on R such that ¢(s) =0 for s < 1, and ¢(s) = 1 for s > 2. Note
that g. is a globally Lipschitz function for any ¢ > 0. We will show that solution . ,
of equation (P ,) tends to a solution of equation (1) as 7,e — 0. In passing to the
limit, we need to derive some gradient estimates for solution u. ,. Then, we have the
following result:

Lemma 2.1. Let 0 < ug € C°(Q), ug # 0. There exists a classical unique solution
U,y Of (Pey) in Q x (0,00).
i) Moreover, there is a constant C > 0 only depending on B, f, ||uo|lco such that

\Vue,n(a:,r)|2 < Cu;’_nﬁ(acm) (7'_1 + 1), for any (z,7) € Q x (0, 00). (6)
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i) If V(ué) € L>®(Q), then we get
Ve, (, )2 < Cul B(m 7), for any (z,7) € Q x (0,00), (7)

with C' > 0 merely depends on 3, f, ||uo]|oos ||V (1g )|l -

Proof. We first prove i).

Fixed € € (0, ||ug||oo). For any 7 € (0,¢), there exists a unique classical solution u.
of problem (P ,) (see [16]). We denote by u = u., for short. It follows from the
comparison principle that

n <u(x,t) < |luoglloo +1, V(x,t) € Q x(0,00).

We can assume f € C1([0,00)) if not we regularize f by a standard sequence f,,. Note
that since f is nondecreasing so is f,.
Put u = ¢(v) =07, with v = 2/(1 + ). Then,

—Av= *|VU|2 - g(gs(qﬁ(v)) +[(6(v)))- (®)
For any 7 € (0,T), let us consider a cut-off function £(¢) € C1(0,00), 0 < &(t) < 1
such that

L, on [7,T],
§(t) = _
0, outside (5,7 + ),

1
and [&] < —.
T

Next, we set w = £(¢)| V|2

If max w =0, then Vu(7) = 0, so estimate (6) is trivial.
Qx[0,T]

If not, there is a point (zg,tg) € Q X (7/2,T + 7/2) such that max w = w(xg, to).

Qx[0,T)
Thus, we have at (zq, to)
wy =Vw=0, Aw<O0. (9)
This implies

0 < wy — Aw = &| Vo> + 2£(¢) (Vo. Vo, — Vo.V(Av)) — 2£(¢)| D]

o 0 < &|Vol? + 2£(H) V.V (v, — Av). (10)
A combination of (8) and (10) provides us

0< 5t|vv‘2 + 26 (1) V. V(*|VU\2 a(‘ﬁ(“));" f(qb(v)))
Since £(tg) > 0, we get

I R AL ORI "

At the moment, we estimate the terms on the right hand side of (11). First of all, we
have from (9) that V(|Vuv(zo,t9)?) =0, so

¢//

VU.V( Vo[?) = (¢”)|W|2 (v = 1)(2y = 3)v 2| Vo] (12)
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Next, we have

Vo.v (f “”) — F($)Vo? = f<¢>¢,';|w|2

(b/
— P&Vl - UT”)fw)MwF. (13)
Since f, f/ > 0, and v > 1, it follows from (13) that
70w (£ < = e (1)

After that, we have

VoV (gj?)) = (¢l )V = (¢;<¢>v-ﬂ 5+ T)wmv-“%”) VP

Since 9. > 0, and 0 < 9. < 1, we obtain

—Vou.V (g((;f’)) < (B+ VT_l)HHMVz;F. (15)

By inserting (12), (14) and (15) into (11), we obtain
_ 1. 1, _
(v = D@y = 3wVl < €I VU + (B + 1= 2)om TP

D@V (16)

Now, we multiply both sides of (16) with v? to get

1 _ 1 vy—1 _
(v = 12y = 3)[Vol* < 3¢ Héeo? Vol + (B +1 - ;)IVW + (T)f(¢)v2 7Vl
(17)
by noting that (1+ 8)y = 2.
By simplifying the term |Vv|? both sides of the last inequality, we obtain
1. _ 1 -1 _
(= D)@y = 3)|Vol* < ZEGlo? + (841 2) + (=) f(0)* 7,
Multiplying both sides of the last inequality with &(tg) yields
1 1 v—1 _
(- 1@ - BealVel < gl +ete) (541 D+ C s ). )

Note that w(zg,to) = £(to)|Vo(xo, to)]?, 0 < £(t) <1, and |&] < 771, Tt follows from
(18) that there is a constant C' = C'(f) > 0 such that

w(zo, to) < C (7% + f(P)v* 7 +1).
Since w(xg, tg) > w(x,7) = |Vou(x,7)[?, we obtain

Vou(z,7)]? < C(7 0 + f(@)v* 7 +1).
Moreover, we have

v (x,t) = u(z,t) < 2||uplleo, for any (z,t) € Q x (0,00).
Then,
Vo(z,7)[? < C (77 uol|5” + lluoll 5 My + 1),
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with My = max {|f(s)|}

0<s<|uo oo
Thus,
Vu(z, 7)[* < Crat =7 (77 uo |57 + [luol| My + 1) - (19)
This completes the proof of ).
Now, we prove i).
The proof of estimate (7) is similar to the one of estimate (6). We just make a slight

change by considering a cut-off function, still denoted by &(t) € CY(R) such that

1, ift<T,
osen<tam<omien-{ p HS0

Then, either w(z,t) attains its maximum at the initial data, i.e:

1
t) = =¢ 2< N2, f Q
Ll t) = w(r0,0) = EO)Vele0, 0 < [V, Tor some s € 0,
which implies
1
|Vu(z, 7)* < ’yQHV(ua)Hioul_’B(m, 7), for any x € Q. (20)

Thus, we get estimate (7) immediately.
Or there is a point (zg,%y) € € x (0,27) such that

t) = o
(ﬂf,t)érslli}%o,QT]w(x’) w(zo, to)

Then, we mimic the proof of ¢) to get an estimate like estimate (16).
1 1
(v = D@y = 3o Vo' < 7G| Vol + (B+1 - ;)U—OWWWUP
v—1

+(T)f(¢)v_w\vv| .

Since & (t) < 0, we get from the above inequality
1 -1
(7—1M27—3W‘ﬂvﬂ4§(ﬁ+ﬂf—;W‘“*mﬂvw2+(1;—lﬂ¢W‘WVM?
By repeating the proof of ) after this inequality, we obtain

Vu(e,7)? < Cut~P (2, 7) (luollb My +1) (21)

for some constant C' = C(8) > 0.
A combination of (20) and (21) yields estimate (7). Or we complete the proof of
Lemma 2.1. g

Remark 2.1. Note that gradient estimates (19) and (21) are independent of f’.
As a consequence of Lemma 2.1, we have the following regularity results.
Proposition 2.2. Let u be a solution of (P- ). Then, we have
fu(e,t) —u(y, ) < C (le =yl + |t =s1¥) . V(@,0),(5,5) €D x (r.00),  (22)
for any T > 0, where C > 0 depends on 8,7, ||uolloo, f-
Moreover, if V(uo%) € L>(R), then inequality (22) holds for any (z,t), (y,s) € Q x
(0,00), and C depends on B, f,]|uo|cos ||V(u§)||OO
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Proof. We refer the proof to Proposition 14, [7] (see also [18]). O

It is obvious that the estimates in Lemma 2.1 are independent of €,7. Thus, a
classical argument allows us to pass to the limit as 7 — 0 in order to obtain u. , — ue
(resp. Ve, — Vu.) uniformly on Q x (0,00), in that u is a unique classical solution
of the following equation:

Oyue — Au, +ga(u6) = f(ue) in 2 x (0700)7
(PE) ugzo on 6Q>< (0700)7
ue(0) = ug on €

Remark 2.2. The above gradient estimates also hold for ..

Next, we will pass € — 0 to obtain an existence of solution of equation (1).

3. Proof of Theorem 1.1

Let ue be a unique solution of equation (P.) in € x (0,00). Then, we show that
{ueteso is a non-decreasing sequence. Indeed, we have

Gz, (8) > gey(s), forany 0 <ep < eq.

This implies that u., is a sub-solution of the equation satisfied by u.,. Therefore, the
comparison principle yields

Uey < Ugy, 1nQx(0,00), Ve <eg,

so the conclusion follows. Consequently, there is a nonnegative function u such that
ue L uase— 0t.
Integrating equation (P;) on © x (0,7T) yields

T T T
/us(x,T)dxf/ Vue..n dads+/ /gs(us)dacder/ /f(us)d:cds
Q o Joq o Jo 0o Jo

= / ue(x,0)dz,
Q

where n is the unit outward normal vector of 0f2.
Since Vu..n < 0, we obtain

/OT/Qgs(ua)dxds+/OT/Qf(ug)dxds < /Quo(fc)dx.

This implies that ||g(ue) |21 (@x(0,1)), and || f(ue)llz1(@x (0,7)) are bounded by a con-
stant not depending on ¢.
Thanks to Fatou’s lemma, there is a function Y € L'(Q x (0, 7)) such that

liminf g.(us) =Y, in LY(Q x (0,7)). (23)
e—0
Next, the monotonicity of {uc}eso deduces
gs(ua)(xa t) > gE(UE)X{u>O}(x7t)’ V(J?,t) €Qx (O,T),
SO

liminf g2 (uz) (7,1) = T(,1) > w™ X ooy (,8),  for (,0) €% (0,T),  (24)
e—
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which implies that u‘ﬁx{u>0} is integrable on © x (0,7).
In fact, we shall prove
T =u"Xx{us0y, in LY(Q x (0,7)). (25)

On the other hand, we can use a result of gradient convergence of Boccardo et al., [3]
in order to obtain

Vu. =9 Vu, for ae (z,t) € 2 x(0,T), (26)
see the detail of its proof in [9].
As a result, Vu fulfills estimate (3) for a.e (x,t) € Q x (0,T), and then for any
T€(0,7),

e—0

Vu. — Vu, in L"(Qx (1,T)), Vre][l,o0). (27)

Now, it suffices to demonstrate that u satisfies equation (1) in the sense of distribution.
For any n > 0 fixed, we use the test function ¢, (u.)¢, for any ¢ € Ce°(Q x (0,T)), to
the equation satisfied by u.. Then, using integration by parts yields

/ ( — Wy (ue)r + Lvu Py ()6 + V. Vi (ue) + ge (e )ty (ue ) o+
Supp(¢) n n
f (ua)wn(ug)qb) dzds = 0,

with W, (u) = / * o (s)ds.

0
Note that the role of the function ,(.) is to avoid the singularity of the term
u’ﬁx{u>0} as u is near 0. Thus, there is no problem of passing to the limit as
€ — 0 in the indicated equation in order to get

1 U -

[ (ot LT ) TP )+ )60y 0)0) s =0
Supp () n n

Next, we go to the limit as n — 0 in the last equation.

By (26), (27), and the integration of u™?x >0y in © x (0,7), it is not difficult to
verify

lim U, (u)pidzds :/ upidxds,
170 J Supp() Supp(¢)
lim Vu.V o, (u)drds z/ Vu.Vodzds,
10 J Supp() Supp(¢)
(28)
lim u_’Bz/Jn (u)pdzds = / u_ﬁx{u>0}¢dmds,
170 Supp(9) Supp(¢)
lim fw)y, (u)pdads :/ fw)ddads.
170 Supp(9) Supp(¢)
(Note that the assumption f(0) = 0 is used in the final limit of (28)).
Next, we show that
1
lim Z V2 (2)¢ dads = 0. (29)
170 S Supp(9) n
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In fact, since u satisfies estimate (3), we have

1 1
n / |VU|2|¢/(E)¢|d$dS <C- uwPdrds
) Supp(@) N 1 J Supp(¢)n{n<u<2n}
<20 uPdxds,
Supp(¢)N{n<u<2n}

where Supp(¢) means the support compact of ¢, and the constant C' > 0 is indepen-
dent of n. Since u_ﬁx{u>0} is integrable on Q x (0,7, we obtain

lim wPdrds =0,
170 S Supp(¢)n{n<u<2n}

which implies the conclusion (29). A combination of (28) and (29) deduces
/ (—ugr+ Vu.Vo + u_ﬁx{u>0}¢ + f(u)¢)dzds = 0. (30)
Supp($)

In other words, u satisfies equation (1) in D'(2 x (0,T)).
As mentioned above, we prove (25) now. From equation (P:), we have

/ (= et + Vaue. Vo + ge(ue)d + f(ue)d)dads = 0,
Supp(¢)

for any ¢ € C°(Q2 x (0,7)), ¢ > 0.
Then, letting ¢ — 0 deduces

/ (—uds + Vu.V¢) deds+1im ge(ue)d dxds—l—/ fw)o dxds = 0.
Supp($)

e0 Supp(9) Supp(¢)
(31)
By (30) and (31), we get
lim ge(ue)¢ duds = / U P X (us01 ¢ dads. (32)
=20 Supp(e) Supp(¢)

According to (23), (32) and Fatou’s lemma, we obtain

/ P X (us0ypdads > / Ypdrds, Vo € CE(Q % (0,T)),¢ > 0.
Supp(¢p) Supp(¢)

The last inequality and (24) yield conclusion (25).

The conclusion u € C([0,T]; L*(£2)) is well known, so we skip its proof and refer to

the compactness result of J. Simon, [19]. Thus, u is a weak solution of equation (1).
To complete the proof of Theorem 1.1, it remains to show that u is the maximal

solution of equation (1).

Proposition 3.1. Let v be any weak solution of equation (1) on Q x (0,00). Then,
we have

v(z,t) <wu(z,t), forae (z,t) € x(0,00).
In fact, we observe that
9e(v) v Px(ys0y, Ve >0.

Thus,
v — Av+ g.(v) + f(v) <0, in D/(Q x (0,00)),



INSTANTANEOUS SHRINKING OF COMPACT SUPPORT OF SOLUTIONS ... 165

which implies that v is a sub-solution of equation (P:).
By the comparison principle, we get
v(z,t) <wue(z,t), forae (z,t) € Qx(0,00).
Letting € — 0 yields the result.
Next, it is known that the quenching phenomenon holds for any weak solution

of equation (1), see e.g., [18], [9], [7], [8]. By this fact, we show that the condition
f(0) = 0 is a necessary condition for the existence of a solution of equation (1).

Theorem 3.2. Assume that f(0) > 0. Then equation (1) has no nonnegative solu-
tion.

Proof. We assume a contradiction that there is a weak solution w of equation (1).
Then, we have the following result:

Lemma 3.3. Let 0 < ug € L*(Q), and 8 € (0,1). Then, there is a finite time Ty > 0
such that u(x,t) =0, for any (z,t) € Q x (Tp, 0).

We skip the proof of the above lemma, and refer its proof to [18], [9].
Thanks to this lemma, there is a finite time T, > 0 such that

u(z,t) =0, Y(z,t) € Qx(Tp,o0).
This implies that f(0) = 0. Then, we get the above theorem. O

4. The instantaneous shrinking of compact support of solutions of the
Cauchy problem

4.1. Existence of a weak solution.

Proof. Let u, be the maximal solution of the following equation
Ou— Au+uPx(us0y + f(u) =0 in B, x (0,00),
u =0, OBgr x (0,00), (33)
u(z,0) = up(z), in By,
see Theorem 1.1. Obviously, {u,},>o is a nondecreasing sequence. Moreover, the
strong comparison principle deduces
ur(z,t) < [Jugl| Lo @ny, for (z,t) € B x (0,00). (34)
Thus, there exists a function u such that u, T u as 7 — co. We will show that u is a
solution of problem (5).
By integrating both sides of (33), we get
llwr (-, )1,y < lluollLr@ny, for any t € (0,00),
® (35)
£ (ur)ll L1 (B, x(0,00))s s "X fu, >0 |22 (B, % (0,00)) < [0l L1 (@)
It follows immediately from the Monotone Convergence Theorem that u,(t) converges
to u(t) in L'(R), and f(u,) converges to f(u) in L'(RY x (0,00)) as r — oo, likewise
Hu(.,t)||L1(RN) < ||u0||L1(]RN), for any ¢ € (0, 00),
(36)
1 (@)l L1 (=™ % (0,00)) < [[©0ll L1 (RN)Y-
On the other hand, we have from Lemma 2.1
|V, (z, )2 < Cul=P(x,t) (fl +1), fora.e (z,t) € B, x (0,00), (37)
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for any r > 0. By using again a result of [3] (almost everywhere convergence of the
gradients), there is a subsequence of {u,},~¢ (still denoted as {u,},~o) such that

Vu, =3 Vu, for ae (z,t) € RN x (0,00).
Thus,
|Vu(z, t)|> < Cul=P(x,t) (tt+1), forae (z,t) € RY x (0,00), (38)
and

— .
Vu, =% Vu, in LI

loc

(R x (0,00)), Vg>1. (39)

Now, we show that u satisfies equation (5) in the sense of distribution. Indeed,
using the test function ¥, (u,)¢ for the equation satisfied by wu, gives us

/SLL ( ) ( <u ) tr ,(/} (U/ ) | u | w:](u ) ur BX{UT>O}’(/}77(U/1 )¢
Pp ¢ +
f( T)w’ﬂ(u ) ) Sdl. 07 VQS S Cc (RN X (07 ::))'

We first take care of the term U;5X{u,r>o}1/)n (ur-)¢ in passing r — oo and n — 0. It is
not difficult to see that u, ”x(u, >01 %y (ur) = uy P4y (u,) is bounded by n~?. Then for

any n > 0, the Dominated Convergence Theorem yields u, 1, (u,) =y hy ()
in L} (RN x (0,0)), which implies

loc

(35)
=P (W) || L1 &Y % (0,00)) < Ilwoll L1 (R

Next, using the Monotone Convergence Theorem deduces u™A1,, (u) 1 u=? X{u>0} in
LY(RY x (0,00)), as n — 0, thereby proves

™2 X 03 | 3 (&Y x (0,00)) < ol L1 - (40)

Thanks to (39), (35) and (34), there is no problem of passing to the limit as r — oo
in the indicated variational equation in order to get

/ (= 0y (06, + V605, () + [Vl ()
Supp(e)
+u Ty () + Fu)y (w)) dsdz =0, Vo € CZ(RY x (0,00)).

By (36), (38), and (40), we can proceed similarly as in the proof of Theorem 1.1 to
obtain after letting n — 0

/ (—uds + Vu.Vo +u P x =016 + f(u)¢) duds =0, V¢ € C°(RN x(0,0)).
Supp(e)

(41)
Or u satisfies equation (5) in the sense of distribution.
The conclusion u € C([0,00); L'(R)Y) is classical, so we leave it to the reader. O
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4.2. Instantaneous shrinking of compact support of solutions.
Proof. Let u be a solution of equation (1). Since f(u) > 0, we have for some ¢ € (0,1)

flu) + UfﬁX{u>o} > coul,

1

with ¢y = . This implies that u is a sub-solution of the following equation:

B+
HUOHLocq(]RN)

{ 0w — Aw + cow? =0 in RY x (0, 00),

w(z,0) = uo(z), in RV, (42)

Since equation (42) has a unique solution w, then the comparison principle yields
u(z,t) < w(z,t), in RY x (0, 00).

Thanks to the result of Evans et al. [13], w has an instantaneous shrinking of compact
support, so does u.
Thus, we obtain the conclusion. O
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