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1. Introduction

On the inequalities found by H.G. Hardy, one of them has been the subject of new
research, among which are those that generalize them. From these, we have taken as
starting point those corresponding to Iqbal S., Krulić K. and Pečarić [4, 5].

Once the fractional integral of Riemann Liouville was defined, Hardy demonstrates
that the mentioned integral is bounded in Lp ([a, b]) , (1 ≤ p ≤ ∞), as an operator
acting from Lp ([a, b]) to Lp ([a, b]) (See [3]).

Fractional calculus originally appeared in the letter between L’Hospital and Leib-
niz. Since 1695, Riemann, Liouville, Caputo, Hadamard and other famous mathe-
maticians paid attention to study such a branch of mathematical analysis. Mean-
while, fractional calculus have been widely applied to the fields of electricity, biology,
economics and signal and image processing [6, 7, 8].

In recent years research articles have been published and contain generalizations
of others that have been relevant in the area of Fractional Calculus. An example of
this are those published by R.K. Raina in [9] and R.P. Agarwal, M.J. Luo and R.K.
Raina in [1].

Motivated by the results of S. Iqbal [4] and R.P. Agarwal et.al. [1], this work shows
a generalization of those found in the aforementioned articles, regarding fractional
integral operators using the method and results found by Iqbal [4].

2. Preliminaries

Below we present some basic notions for the development of this work.
In [9], R.K. Raina introduced a class of functions defined formally by

Fσρ,λ(x) = Fσ(0),σ(1),..
ρ,λ (x) =

∞∑
k=0

σ(k)

Γ (ρk + λ)
xk (1)
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where ρ, λ > 0, |x| < R,(R is the set of real numbers) and σ = (σ(1), .., σ(k), ..) is a
bounded sequence of positive real numbers.

Making use of (1), and differentiating term-wise the right-side (which is permissible
provided the series converges uniformly in any compact set of C), we readily obtain(

d

dx

)n
xλ−1Fσρ,λ(wxρ) = xλ−n−1Fσρ,λ−n(wxρ)

where ρ, λ, w ∈ C (Re (ρ) > 0,Re (λ) > 0); n ∈ N.
Similarly, we can obtain the following result:∫ x

0

...

∫ x

0︸ ︷︷ ︸
n times

tλ−1Fσρ,λ(wtρ) (dt)
n

= xλ+n−1Fσρ,λ+n(wxρ)

where ρ, λ, w ∈ C (Re (ρ) > 0,Re (λ) > 0); n ∈ N.
Using (1), R.P. Agarwal, M.J. Luo and R.K. Raina [1] defined the following left-

sided and right-sided fractional integral operators respectively, as follows(
J σρ,λ,a+;wϕ

)
(x) =

∫ x

a

(x− t)λ−1 Fσρ,λ [w(x− t)ρ]ϕ(t)dt, (x > a) (2)

and (
J σρ,λ,b−;wϕ

)
(x) =

∫ b

x

(t− x)
λ−1 Fσρ,λ [w(t− x)ρ]ϕ(t)dt, (x < b) , (3)

where λ, ρ > 0, w ∈ R and ϕ is such that the integral on the right side exits.
The importance of these operators stems indeed from their generality. Many useful

fractional integral operators can be obtained by specializing the coefficient σ(k). Here,
we just point out that the classical Riemann-Liouville fractional integrals Iαa+ and Iαb−
de order α > 0 :(

Iαa+ϕ
)

(x) =
1

Γ(α)

∫ x

a

(x− t)α−1
ϕ(t)dt, (x > a, α > 0)

and (
Iαb−ϕ

)
(x) =

1

Γ(α)

∫ b

x

(t− x)
α−1

ϕ(t)dt, (x < b, α > 0)

follow from (2) and (3) setting λ = α, σ(0) = 1 and w = 0. These fractional integrals,
viewed as operator in Lp ([a, b]) , are bounded, i.e.∥∥Iαa+ϕ

∥∥
p
≤ K ‖ϕ‖p and

∥∥Iαb−ϕ∥∥p ≤ K ‖ϕ‖p (4)

where

K =
(b− a)

α

Γ (α+ 1)
.

Inequalities (4) , which involve the left-sided and right-sided of Riemann-Liouville
fractional integral, was proved by H.G. Hardy in one of his first papers, see [3]. He did
not write down the constant, but the calculation of the constant was hidden inside
his proof.

Let (Ω1,Σ1, µ1) and (Ω2,Σ2, µ2) be measure spaces with positive σ−finite mea-
sures, and let k : Ω1 × Ω2 → R be a non-negative function, and

K(x) =

∫
Ω2

k(x, y)dµ2, x ∈ Ω1 (5)
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Throughout this paper, we suppose that K(x) > 0 a.e. on Ω1, and by a weight
function shortly: a weight , we mean a nonnegative measurable function on the actual
set. Let U(k) denote the class of functions g : Ω1 → R with the representation

g(x) =

∫
Ω2

k(x, y)f(y)dµ2

where f : Ω2 → R is a mesurable function.
One result of interest for our work is the following, found by S. Iqbal, K. Krulić,

and J. Pečarić in [4].

Theorem 2.1. Let u be a weight function on Ω1, k a nonnegative measurable function
on Ω1 × Ω2, and K be defined on Ω1 by (5) . Assume that the function x →
u(x)k(x)/K(x) is integrable on Ω1 for each fixed y ∈ Ω2. Define v on Ω2 by

v(y) :=

∫
Ω1

u(x)
k(x, y)

K(x)
dµ1(x).

If φ : (0,∞)→ R is convex and inreasing function, then the inequality∫
Ω1

u(x)φ

(∣∣∣∣ g(x)

K(x)

∣∣∣∣) dµ1(x) ≤
∫

Ω2

v(y)φ(|f(y)|)dµ2(y)

holds for all measurable functions f : Ω2 → R and for all functions g ∈ U(k).

Next results are important for this work. The lemma is found in [2].

Lemma 2.2. For s ∈ R, let function φs : (0,∞)→ R be defined by

φs(x) =


xs

s(s−1) if s 6= 1, 0

log x if s = 0
x log x if s = 1.

(6)

Then φ′′s (x) = xs−2, that is φs is a convex function.

Theorem 2.3. [2] Let the conditions of Theorem 2.1 be satisfied and φs be defined
by ( 6). Let f be a positive function. Then the function ξ : R→ [0,∞) defined by

ξ(s) =

∫
Ω2

v(y)φs (f(y)) dµ2(y)−
∫

Ω1

u(x)φs

(
g(x)

K(x)

)
dµ1(x)

is exponentially convex.

This theorem is found in [2].

Theorem 2.4. Let (Ω1,
∑

1, µ1) , (Ω2,
∑

2, µ2) be measure spaces with σ−finite mea-
sures and u : Ω1 → R be a weight function. Let I be a compact interval of R,
h ∈ C2(I), and f : Ω2 → R a measurable function such that Imf ⊆ I. Then there
exists η ∈ I such that∫

Ω2

v(y)h(f(y))dµ2(y)−
∫

Ω1

u(x)h

(
g(x)

K(x)

)
dµ1(x)

=
h′′(η)

2

[∫
Ω2

v(y)f2(y)dµ2(y)−
∫

Ω1

u(x)

(
g(x)

K(x)

)2

dµ1(x

]
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3. Main Results

Theorem 3.1. Let u be a weight function on [a, b] , a, b ∈ R, a < b and J σρ,λ,a+;wf

denotes the fractional integral operator defined by (2). Define v on [a, b] by

v(y) :=

∫ b

y

u(x)
(x− y)

λ−1 Fσρ,λ [w(x− y)ρ]

(x− a)
λ Fσρ,λ+1 [w(x− a)ρ]

dx

Then we have∫ b

a

u(x)φ


∣∣∣(J σρ,λ,a+;wf

)
(x)
∣∣∣

(x− a)
λ Fσρ,λ+1 [w(x− a)ρ]

 dx ≤
∫ b

a

v(y)φ(|f(y)|)dy.

Proof. Applying Theorem 2.1 with Ω1 = Ω2 = (a, b) , dµ1(x) = dx, dµ2(y) = dy and
k : Ω1 × Ω2 → R be a non-negative function defined by

k(x, y) =

{
(x− y)

λ−1 Fσρ,λ [w(x− y)ρ] if a ≤ y ≤ x
0 if x < y ≤ b

,

g(x) =
(
J σρ,λ,a+;wf

)
(x), for x ∈ [a, b] ,

and

K(x) =

∫ b

a

k(x, y)dy

=

∫ x

a

(x− y)
λ−1 Fσρ,λ [w(x− y)ρ] dy

=

∞∑
k=0

σ(k)

Γ (kρ+ λ)
wk
∫ x

a

(x− y)
λ−1

(x− y)
kρ
dy

= (x− a)
λ
∞∑
k=0

σ(k)

Γ (kρ+ λ+ 1)
[w (x− a)]

kρ

= (x− a)
λ Fσρ,λ+1 [w(x− a)ρ] .

Then we have∫ b

a

u(x)φ


∣∣∣(J σρ,λ,a+;wf

)
(x)
∣∣∣

(x− a)
λ Fσρ,λ+1 [w(x− a)ρ]

 dx ≤
∫ b

a

v(y)φ(|f(y)|)dy.

The proof is complete. �

Remark 3.1. If in Theorem 3.1 we put λ = α,w = 0 and σ = (1, 0, 0, ...) then we
get ∫ b

a

u(x)φ

(
Γ(α+ 1)

∣∣(Iαa+f
)

(x)
∣∣

(x− a)
α

)
dx ≤

∫ b

a

v(y)φ(|f(y)|)dy,

making coincidence with Corollary 2.2 in [4]. Also, if u(x) = (x− a)
λ Fσρ,λ+1 [w(x− a)ρ]

and

v(y) =

∫ b

y

(x− y)
λ−1 Fσρ,λ [w(x− y)ρ] dx = (b− y)

λ Fσρ,λ+1 [w(b− y)ρ] ,
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then we can get∫ b

a

(x− a)
λ Fσρ,λ+1 [w(x− a)ρ]φ


∣∣∣(J σρ,λ,a+;wf

)
(x)
∣∣∣

(x− a)
λ Fσρ,λ+1 [w(x− a)ρ]

 dx

≤
∫ b

a

(b− y)
λ Fσρ,λ+1 [w(b− y)ρ]φ(|f(y)|)dy, (7)

therefore, if λ = α,w = 0 and σ = (1, 0, 0, ...) then we get∫ b

a

(x− a)
α
φ

(
Γ(α+ 1)

∣∣(Iαa+f
)

(x)
∣∣

(x− a)
α

)
dx ≤

∫ b

a

(b− y)
α
φ(|f(y)|)dy,

making coincidence with Remark 2.3.in [4]. If in addition α = 1, we have∫ b

a

(x− a)φ

(
1

(x− a)

∣∣∣∣∫ x

a

f(t)dt

∣∣∣∣) dx ≤ ∫ b

a

(b− y)φ(|f(y)|)dy.

for the Riemann integral.

Remark 3.2. Let q > 1 and φ(x) = xq. Using (7) we see that∫ b

a

(x− a)
λ(1−q) (Fσρ,λ+1 [w(x− a)ρ]

)1−q ∣∣(J σρ,λ,a+;wf
)

(x)
∣∣q dx

≤
∫ b

a

(b− y)
λ Fσρ,λ+1 [w(b− y)ρ] |f(y)|q dy.

Note that λ(1− q) < 0, in consequence we can write∫ b

a

(x− a)
λ(1−q) (Fσρ,λ+1 [w(x− a)ρ]

)1−q ∣∣(J σρ,λ,a+;wf
)

(x)
∣∣q dx

≥ (b− a)
λ(1−q) (Fσρ,λ+1 [w(b− a)ρ]

)1−q ∫ b

a

∣∣(J σρ,λ,a+;wf
)

(x)
∣∣q dx

and also ∫ b

a

(b− y)
λ Fσρ,λ+1 [w(b− y)ρ] |f(y)|q dy

≤ (b− a)
λ Fσρ,λ+1 [w(b− a)ρ]

∫ b

a

|f(x)|q dx

therefore∫ b

a

∣∣(J σρ,λ,a+;wf
)

(x)
∣∣q dx ≤ (b− a)

λq (Fσρ,λ+1 [w(b− a)ρ]
)q ∫ b

a

|f(x)|q dx

i.e., ∥∥(J σρ,λ,a+;wf
)∥∥
q
≤ (b− a)λFσρ,λ+1 [w(b− a)ρ] ‖f‖q .

In addition, if λ = α,w = 0 and σ = (1, 0, 0, ...) we have∥∥Iαa+f
∥∥
q
≤ (b− a)α

Γ (α+ 1)
‖f‖q .

This last expression coincides with inequality (4) proved by H.G. Hardy.
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Corollary 3.2. Let u be a weight function on [a, b] , and J σρ,λ,b−;wf defined by (3)

denotes the fractional integral operator defined in [1]. Define v on [a, b] by

v(y) :=

∫ b

y

u(x)
(x− y)

λ−1 Fσρ,λ [w(x− y)ρ]

(x− a)
λ Fσρ,λ+1 [w(x− a)ρ]

dx.

Then we have∫ b

a

u(x)φ


∣∣∣(J σρ,λ,b−;wf

)
(x)
∣∣∣

(x− a)
λ Fσρ,λ+1 [w(x− a)ρ]

 dx ≤
∫ b

a

v(y)φ(|f(y)|)dy.

Proof. Similar as the proof of Theorem 3.1, taking

k(x, y) =

{
0 if a ≤ y ≤ x
(x− y)

λ−1 Fσρ,λ [w(x− y)ρ] if x < y ≤ b

The proof is complete. �

With this result also we find similar forms, as in the previous remarks, for J σρ,λ,b−;wf.

Remark 3.3. Setting λ = α, σ = (1, 0, 0, ...) and w = 0, we can establish the following
for Riemann-Liouville fractional integral∫ b

a

u(x)φ

(
Γ(α+ 1)

∣∣(Iαa+f
)

(x)
∣∣

(x− a)
α

)
dx ≤

∫ b

a

v(y)φ (|f(y)|) dy

and ∫ b

a

u(x)φ

(
Γ(α+ 1)

∣∣(Iαb−f) (x)
∣∣

(b− x)
α

)
dx ≤

∫ b

a

v(y)φ (|f(y)|) dy,

also if we take u(x) = (x− a)
α

in Theorem 3.1 and u(x) = (b− x)
α

in Corollary 3.2,
respectively, we have∫ b

a

(x− a)λφ

(
Γ(α+ 1)

∣∣(Iαa+f
)

(x)
∣∣

(x− a)
λ

)
dx ≤

∫ b

a

(b− y)αφ (|f(y)|) dy

and ∫ b

a

(b− x)λφ

(
Γ(α+ 1)

∣∣(Iαb−f) (x)
∣∣

(b− x)
λ

)
dx ≤

∫ b

a

(y − a)αφ (|f(y)|) dy,

moreover ∥∥Iαa+f
∥∥
Lq(a,b)

≤ (b− a)λ

Γ(α+ 1)
‖f‖Lq(a,b)

and ∥∥Iαb−f∥∥Lq(a,b)
≤ (b− a)λ

Γ(α+ 1)
‖f‖Lq(a,b) .

Theorem 3.3. Let s > 1 and
(
J σρ,λ,a+;wf

)
denote the fractional integral operator

and defined by (2). Then the following inequality holds

ξ1(s) ≤ H1(s)
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where

ξ1(s) =
1

s(s− 1)

(∫ b

a

(b− y)
λ Fσρ,λ+1 [w(b− y)ρ] |f(y)|s dy

−
∫ b

a

(x− a)
λ(1−s) (Fσρ,λ+1 [w(x− a)ρ]

)1−s ∣∣(J σρ,λ,a+;wf
)

(x)
∣∣s dx)

and

H1(s) =
(b− a)

λ(1−s) Fσρ,λ+1 [w(b− a)ρ]

s(s− 1)

(
(b− a)

λs
∫ b

a

|f(y)|s dy

−
(
Fσρ,λ+1 [w(b− a)ρ]

)−s ∫ b

a

∣∣(J σρ,λ,a+;wf
)

(x)
∣∣s dx)

Proof. Let s > 1 , φs defined in Lemma 2.2. From Theorem 2.3 and Theorem 3.1,
we can get

ξ1(s) =
1

s(s− 1)

(∫ b

a

(b− y)
λ Fσρ,λ+1 [w(b− y)ρ] |f(y)|s dy

−
∫ b

a

(x− a)
λ(1−s) (Fσρ,λ+1 [w(x− a)ρ]

)1−s ∣∣(J σρ,λ,a+;wf
)

(x)
∣∣s dx)

≤
(b− a)

λ(1−s) Fσρ,λ+1 [w(b− a)ρ]

s(s− 1)

(
(b− a)

λs (Fσρ,λ+1 [w(b− a)ρ]
) ∫ b

a

|f(y)|s dy

−
(
Fσρ,λ+1 [w(b− a)ρ]

)−s ∫ b

a

∣∣(J σρ,λ,a+;wf
)

(x)
∣∣s dx) = H1(s).

�

Remark 3.4. If in Theorem we put λ = α,w = 0 and σ = (1, 0, 0, ...) we have

ξ1(s) =
1

s(s− 1)

(∫ b

a

(b− y)
α 1

Γ(α+ 1)
|f(y)|s dy

−
∫ b

a

(x− a)
α(1−s)

(
1

Γ(α+ 1)

)1−s ∣∣(Iαa+f
)

(x)
∣∣s dx)

≤ (b− a)
α(1−s)

Γ(α+ 1)s(s− 1)

(
(b− a)αs

∫ b

a

|f(y)|s dy − Γ(α+ 1)s
∫ b

a

∣∣(Iαa+f
)

(x)
∣∣s dx)H1(s)

making coincidence with Theorem 2.3 in [5].

Theorem 3.4. Let s > 1 and
(
J σρ,λ,b−;wf

)
denote the fractional integral operator

and defined by 3. Then the following inequality holds

ξ2(s) ≤ H2(s)
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where

ξ2(s) =
1

s(s− 1)

(∫ b

a

(y − a)
λ Fσρ,λ+1 [w(y − a)ρ] |f(y)|s dy

−
∫ b

a

(b− x)
λ(1−s) (Fσρ,λ+1 [w(b− x)ρ]

)1−s ∣∣(J σρ,λ,b−;wf
)

(x)
∣∣s dx)

and

H2(s) =
(b− a)

λ(1−s) Fσρ,λ+1 [w(b− a)ρ]

s(s− 1)

(
(b− a)

λs
∫ b

a

|f(y)|s dy

−
(
Fσρ,λ+1 [w(b− a)ρ]

)−s ∫ b

a

∣∣(J σρ,λ,b−;wf
)

(x)
∣∣s dx)

Proof. Similar to the proof of Theorem 3.3. �

Remark 3.5. If in Theorem we put λ = α,w = 0 and σ = (1, 0, 0, ...) we have

ξ2(s) =
1

s(s− 1)

(∫ b

a

(b− y)
α 1

Γ(α+ 1)
|f(y)|s dy

−
∫ b

a

(x− a)
α(1−s)

(
1

Γ(α+ 1)

)1−s ∣∣(Iαb−f) (x)
∣∣s dx)

≤ (b− a)
α(1−s)

Γ(α+ 1)s(s− 1)

(
(b− a)αs

∫ b

a

|f(y)|s dy − Γ(α+ 1)s
∫ b

a

∣∣(Iαb−f) (x)
∣∣s dx) = H2(s)

making coincidence with Theorem 2.4 in [5].

Theorem 3.5. Let [a, b] be an interval, u : [a, b]→ R be a weight function. Let I be
a compact interval of R, h ∈ C2(I), and f : [a, b] → R a measurable function such
that Imf ⊆ I. Then there exists η ∈ I such that∫ b

a

v(y)h(f(y))dy −
∫ b

a

u(x)h

(
g(x)

K(x)

)
dx

=
h′′(η)

2

[∫ b

a

v(y)f2(y)dµ2(y)−
∫ b

a

u(x)

(
g(x)

K(x)

)2

dx

]
Proof. Making Ω1 = Ω2 = (a, b) , dµ1(x) = dx, dµ2(y) = dy and k : Ω1 × Ω2 → R in
Theorem 2.4∫ b

a

v(y)h(f(y))dy −
∫ b

a

u(x)h


(
J σρ,λ,a+;wf

)
(x)

(x− a)
λ Fσρ,λ+1 [w(x− a)ρ]

 dx

=
h′′(η)

2

∫ b

a

v(y)f2(y)dµ2(y)−
∫ b

a

u(x)


(
J σρ,λ,a+;wf

)
(x)

(x− a)
λ Fσρ,λ+1 [w(x− a)ρ]

2

dx

 .
The proof is complete. �
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Remark 3.6. Making λ = α,w = 0 and σ = (1, 0, 0, ...) in Theorem 3.5, we have∫ b

a

v(y)h(f(y))dy −
∫ b

a

u(x)h

(
Γ(α+ 1)

(
Iαa+f

)
(x)

(x− a)
α

)
dx

=
h′′(η)

2

∫ b

a

v(y)f2(y)dµ2(y)−
∫ b

a

u(x)

(
Γ(α+ 1)

(
Iαa+f

)
(x)

(x− a)
α

)2

dx

 .
In addition if u(x) = (x− a)

λ
/Fσρ,λ+1 [w(x− a)ρ] = (x− a)

α
/Γ (α+ 1) and

v(y) =

∫ b

y

(x− y)
λ−1 Fσρ,λ [w(x− y)ρ] dx = (b− y)

α
/Γ (α+ 1) ,

we have∫ b

a

(b− y)
α

Γ(α+ 1)
h(f(y))dy −

∫ b

a

(x− a)
α

Γ(α+ 1)
h

(
Γ(α+ 1)

(
Iαa+f

)
(x)

(x− a)
α

)
dx

=
h′′(η)

2

[∫ b

a

(b− y)
α

Γ(α+ 1)
f2(y)dµ2(y)−

∫ b

a

(x− a)
α

Γ(α+ 1)

((
Iαa+f

)
(x)
)2
dx

]
.

If α = 1 the we get∫ b

a

(b− y)h(f(y))dy −
∫ b

a

(x− a)h

(
1

(x− a)
α

∫ x

0

f(t)dt

)
dx

=
h′′(η)

2

[∫ b

a

(b− y) f2(y)dy −
∫ b

a

(x− a)

(∫ x

a

f(t)dt

)2

dx

]
.

Theorem 3.6. Let p, q > 1 such that p−1 + q−1 = 1, λ ≥ 1 and
(
J σρ,λ,a+;wf

)
and(

J σρ,λ,a+;wf
)

defined by 2 and 3 respectively. Then we have∫ b

a

∣∣(J σρ,λ,a+;wf
)

(x)
∣∣p dx ≤ C ∫ b

a

|f(y)dy|

and ∫ b

a

∣∣(J σρ,λ,b−;wf
)

(x)
∣∣q dx ≤ C ∫ b

a

|f(y)dy|

where

C =

(
Fσρ,λ [w(b− a)ρ]

)q
(p(λ− 1) + 1)

q/p

(b− a)
qλ

qλ
.

Proof. Using Hölder inequality we see that∣∣(J σρ,λ,a+;wf
)

(x)
∣∣ =

∣∣∣∣∫ x

a

(x− t)λ−1 Fσρ,λ [w(x− t)ρ] f(t)dt

∣∣∣∣
≤

(∫ x

a

(
(x− t)λ−1 Fσρ,λ [w(x− t)ρ]

)p
dt

)1/p(∫ x

a

|f(t)|q dt
)1/q

≤ (x− a)
(λ−1)+1/p

(p(λ− 1) + 1)
1/p

(
Fσρ,λ [w(x− a)ρ]

)(∫ b

a

|f(t)|q dt

)1/q

,
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and similarly

∣∣(J σρ,λ,b−;wf
)

(x)
∣∣ ≤ (b− x)

(λ−1)+1/p

(p(λ− 1) + 1)
1/p

(
Fσρ,λ [w(b− x)ρ]

)(∫ b

a

|f(t)|q dt

)1/q

,

consequently∣∣(J σρ,λ,a+;wf
)

(x)
∣∣q ≤ (x− a)

q(λ−1)+q/p

(p(λ− 1) + 1)
q/p

(
Fσρ,λ [w(x− a)ρ]

)q (∫ b

a

|f(t)|q dt

)
and ∣∣(J σρ,λ,b−;wf

)
(x)
∣∣q ≤ (b− x)

q(λ−1)+q/p

(p(λ− 1) + 1)
q/p

(
Fσρ,λ [w(b− x)ρ]

)q (∫ b

a

|f(t)|q dt

)
.

Integrating over x ∈ [a, b], we have∫ b

a

∣∣(J σρ,λ,a+;wf
)

(x)
∣∣q dx

≤

(∫ b

a

(x− a)
q(λ−1)+q/p (Fσρ,λ [w(x− a)ρ]

)q
dx

)(∫ b

a

|f(t)|q dt

)

≤

(
Fσρ,λ [w(b− a)ρ]

)q
(p(λ− 1) + 1)

q/p

(b− a)
q(λ−1)+q/p+1

q(λ− 1) + q/p+ 1

(∫ b

a

|f(t)|q dt

)
and ∫ b

a

∣∣(J σρ,λ,b−;wf
)

(x)
∣∣q dx

≤

(∫ b

a

(b− x)
q(λ−1)+q/p (Fσρ,λ [w(b− x)ρ]

)q
dx

)(∫ b

a

|f(t)|q dt

)

≤

(
Fσρ,λ [w(b− a)ρ]

)q
(p(λ− 1) + 1)

q/p

(b− a)
q(λ−1)+q/p+1

(q(λ− 1) + q/p+ 1)

(∫ b

a

|f(t)|q dt

)
,

and since p−1 + q−1 = 1, we get

C =

(
Fσρ,λ [w(b− a)ρ]

)q
(p(λ− 1) + 1)

q/p

(b− a)
qλ

qλ

we get the desired inequality. �

Remark 3.7. Putting λ = α,w = 0 and σ = (1, 0, 0, ...) in Theorem 3.6, we have∫ b

a

∣∣(Iαa+f
)

(x)
∣∣q dx ≤ C ∫ b

a

|f(t)|q dt

and ∫ b

a

∣∣(Iαb−f) (x)
∣∣q dx ≤ Cintba |f(t)|q dt
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where

C =
(b− a)

qα

(Γ (α))
q
qα (p(α− 1) + 1)

q/p

making coincidence with Theorem 2.6 and Remark 2.7 in [4].

4. Conclusion

As a generalization, using the fractional integral operator
(
J σρ,λ,a+;wϕ

)
defined by

R.K. Raina in [9], this work contains some new expressions of others results, exposed in
previous investigations [4, 5], about the Hardy’s inequality and others improvements.
Also, as a contribution to the development of the theory of inequalities, this work is
expected to give a motivation to future research on this topic.
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E-mail address: mjvivas@puce.edu.ec


