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The refinements of Hilbert-type inequalities in discrete case
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ABSTRACT. In this article we obtain a refinement of Hilbert-type inequality in discrete case.
We derive a pair of equivalent inequalities, and also establish some applications in particular
settings.
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1. Introduction

Some of the recent results concerning Hilbert’s inequality include extension to
multidimensional case, equipped with conjugate exponents p;, that is, > ., 1/p; =
1, p; > 1, n > 2 (see papers [3], [5] and [7]). Here we refer to paper [1], which
provides a unified treatment of the multidimensional Hilbert-type inequality in the
setting with conjugate exponents. Suppose (9;,3;, 1;) are o-finite measure spaces
and K : [, % =R, ¢;;: Q =R, fi: Q; >R, i,j =1,2,...,n, are non-negative
measurable functions. If HZ" j=1%ij(z;) = 1, then the following inequalities hold and
are equivalent
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The abbreviations as in (3) and (4) will be used throughout the whole paper. Also
note that || - ||, denotes the usual norm in L?:(;), that is

1/pi

| psiwi fillp, = Uﬂ(cﬁiiwifi)pi(xi)dui(ﬂ?i) ,i=1,2,...,n.

Our results will be based on the mentioned results of Krni¢ and Vukovié from [6].
Here are obtained the refinements of inequalities (1) and (2). These results are given
in Theorems A and B.

Theorem A. Let >.! | i =1, p; > 1, let (Q, %, u;) be o-finite measure spaces,
and let K : Q@ =+ R, ¢;; : Q; = R, f; : Q; = R, ¢, =1,2,...,n, be non-negative
measurable functions. If H?jzl ¢ij(x;) =1 and the functions F; : @ — R are defined
by

Fi(x) = K7 (x) fu(a) [[ dislay), i=12,....m,
j=1

then

P
1-%4
Pi

()

/Q K(x) H filz)du(x) < n¥G(F, Fy, ..., Fy,) H | piicwi fi
i=1 i=1

where M = maxi<i<n pi, w; s defined by (3), ¢uw; fi € LPi (), i =1,2,...,n, and
G is defined by
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Theorem B. Suppose that the assumptions as in Theorem A are fulfilled. Then,
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Our main aim in this paper is to obtain a refinement of Hilbert-type inequality in
discrete case.

Techniques that will be used in the proofs are mainly based on the claaical real
analysis. Further, throughout this paper all the functions are assumed to be non-
negative and measurable. Also, all series and integrals are assumed to be convergent.
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2. Main results

Rewrite the inequalities (5) and (7) for the counting measure on N, with m :=

(mq,...,my) € N", and the sequences (asn)b) (l) >0, m; € N,i=1,...,n. Thus, in

the above setting we have

S e Y Y Y K [T iy, (8)

mn_l Mi41= lml 1= 1 mi= 1 J:l,j#i

F;(m) = K'/P/(m <Z>H¢” (z;), i=1,2,...,m, (9)

and

n

™M
>> [}, F;* (m)
n  F[l(m)
Zi:l | Fillpd

G E)= 3 - Z (Zm

my=1

where M = maxi<i<n pi-
Now, regarding the above notations and definitions we have the following theorems.

Theorem 1. Letp;, P, ¢i5, 4,5 = 1,...,n, be defined as in Theorem A. Let K : R} —

R be non-negative function strictly decreasing in each variable and a9 = (a%)i)mieN,

(a%)i >0),i=1,...,n. Then the following inequalitiy holds

i i Ha(z) <nMG Fl,..-, H||¢uwz ()”p ) (11)
my=1

’ITL1:1 =1

where wi(m;), Fy, i =1,2,....,n, and G(Fy,..., F,) are defined by (8), (9) and (10)
respectively.

By using Theorem B we obtain the refinement of Hardy-Hilbert’s type inequality.

Theorem 2. Suppose that the assumptions as in Theorem 1 are fulfilled. Then,

141
o] 0o 00 n—1 o
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Sn%G(FhFQ n 17 H ||¢uwz ()”p_iv (12)

where G is defined by (10) and

KL( ) 0o o] n—1 p=1 n
~ Pn (1IN .
F,im)= —— K(m a%)_ ni(1M5). 13
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If we put the parameters
pi— 1 r .,
Ay = . PR ALJ:_ 7Z7é.]7 Lj=1...,m, (14)

D; Dz
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and the kernel K (z1,...,7,) = (21 + B2x2) w1 + Boxz)~t... (1 + B2_j2,) 7Y,
Bi > 0,4 =1,...,n— 1, in inequalities (5) and (7), then we obtain the following
result.

Corollary 3. Let P, M, p; and a®) = (a ())m en, ¢ = 1,...,n, be defined as in
Theorem 1. Suppose that B; > 0,1 =1,...,n—1. Then the following inequalities hold

[l a%{
Z Z (m1 4 Bima)(my + B3ms) ... (m1+ B2_ymy)

mp=1 mi=1
n ) p
<L-G(F1,Fa,....F) [T la®p ™, (15)
and
0 plETAr
> IL on
=\l A (ot Bime)(ma + Bims) . (ma + 57 yma)
(16)
S L- G(Fl,F27... n— 17 H Ha(l s
where
2(1— pL)

=" 1H Bsm— (17)

and Fy, i=1,2,....,n, G, and F, are defined by (9), (10) and (13) respectively.

Proof. Set ¢;j(x;) = xf""j in Theorem 1, where the parameters A;;, 7,7 = 1,...,n,
are defined by (14). Since these parameters A;; are symmetric one obtains o; =
Z;L=1 A;; =0, for i =1,...,n. It is enough to calcute the functions w;(m;), i =
1,...,n. Since the kernel K (21,...,2,) = [['_y(21 + B2 ,2;) " is strictly decreasing
in each variable, we conclude that the functions w;(m;), ¢ = 1,...,n, are strictly
decreasing. Hence, we have

1

H;l 2mJ "
Z Z m1 + B%mg)(ml =+ B%mg,) - (m1 + ﬁ%_lmn)

mp=1 mo=1
1

H;L=2 x; "

= /]Ril (m1 + Bwa)(ma + B3x3) ... (M1 + Br_1wn)

dzy . ..dx,,  (18)

since the left-hand side of this inequality is obviously the lowe Darboux sum for
the integral on the right-hand side of inequality. Further, by using the substitution
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t; =x;/my,i=2,...,n, from (18) we get

1
n

1 H,_2 t.ﬁpfj
P1 < mn J== J dts ... dt,
wi' (ma) < my /R (1+ B2ta)(1+ B2t3) .. (L + B2_itn) 2

1

n—1
+
n

L t. P L9
=my’ H / ——dt; | = Lm;" (19)

e R, 1+,81271ti !

where the constant L is defined by (17). By using the same arguments as for the
function wq(m1), we also get

1

(ms) < / [Tz, drrdzs ... d (20)
wa(m r1dzs . .. dT,.
2= RY! (z1 + Bime)(x1 + Bia3) ... (x1 + B2 2n) 1

Now, let J denotes the right-hand side of the inequality (20). It is easy to see that
the transformation of variables

1 t; .
T =ma—, Tjy=TM2—, Z=3,...,TL,
to to
yields
8(5617 T3y ,.Tn) _ mg_lt;”,
8(752, t3,... ,tn)
where 2Z1:23:20) Janotes the Jacobian of the transformation. Now, by using the

B(tat5,rtn)
above change of variables, we have
1

nox Y
J:/ 1 HJ?Q Jl - dl‘ldl‘3d$n
Al (1+612%f) (1+522%j) (1+5§_1%)
L Hr}:zt‘ "
=my? == dtadts . .. dt,
? /]Rj__l (14 B2t2)(1+ B2ts) ... (L4 B2 ytn)
=-1
=Lm3*

where the constant L is defined by (17). In a similar manner we obtain

1

1
wfl(ml)Sme’ , 1=3,...,n.
The estimates for the functions w;(m;), i = 1,...,n, yields
awia® |, < Lo lla®,,, i=1,...,n.
||¢“ T pi — Di» ’ ?
Now, from Theorems 1 and 2 we get the inequalities (15) and (16). O
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