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Applications of Riesz mean and lacunary sequences to
generate Banach spaces and AK-BK spaces
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ABSTRACT. In this paper we establish some wide-ranging spaces of sequences generated by
Riesz mean associated with lacunary sequences and multiplier sequences of Orlicz function.
We have encompassed some topological and algebraic properties of these sequence spaces. We
also make an effort to prove that these spaces are Banach and AK-BK spaces. Finally, we
prove that these sequence spaces are topologically isomorphic.
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1. Introduction

Let I, c and ¢, respectively, denotes the spaces of all bounded, convergent and null
sequences. Also by l1,{(p), cs and bs we denote the space of all absolutely, p-absolutely
convergent, convergent and bounded series, respectively. Let w be the space of all
real or complex sequences. Any linear subspace of w is called a sequence space. A
sequence space X with linear topology is called a K-space provided each of map
pr : X — R defined by pi(z) = xi is continuous for all £ € N. A K-space X is called
an F'K-space provided X is a complete linear metric space. In other words, we say
that X is F'K-space, if X is Fréchet space with continuous coordinate projection, we
mean if 2™ — z (n — o0) in the metric of X, then sc,(cn) — x (n — oo) for each
k € N. That is, for each k£ € N, the linear functional py(x) = zj is such that py is
continuous on X. An F K-space whose topology is normable is called a BK-space [3].

o0 1
The space I,(1 < p < 00) is a BK-space with [|z|, = (Z \;ck|p> " and ¢p, ¢ and I
k=0
are BK-spaces with |||l = sup |zg|.
k

Let A = (Ax) be a sequence of non-zero scalars. Then for any sequence space F,
the multiplier sequence space E(A) of E, associated with the multiplier sequence A is
defined as

E(A) = {(xr) € w: (A\py) € E}.

The presented work has been conducted in the context of the GRANT-25(0288)/18/EMR-II
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The scope for the studies on sequence spaces was extended by using the notion of
associated multiplier sequences. G. Goes and S. Goes defined the differentiated se-
quence spaces dFE and integrated sequence space f FE for a given sequence space F,
using the multiplier sequence (%) and (k) in [8], respectively. A multiplier sequence
can be used to accelerate the convergence of sequences in some spaces. In some sense,
it can be viewed as a catalyst, which is used to accelerate the process of chemical re-
action. Sometimes the associated multiplier sequence delays the rate of convergence
of a sequence. Thus, it also covers a larger class of sequences for study.

An Orlicz function being continuous, non-decreasing and convex with M(0) = 0,
M(x) > 0 for > 0 and M(z) — oo as x —> oo was used by Lindenstrauss and
Tzafriri [14] to define the following sequence space. Let w be the space of all real or
complex sequences x = (zy), then

éM:{IEw:ZM<M> < 00, forsomep>0}
k=1 P

which is called as an Orlicz sequence space. The space ¢, is a Banach space with the

norm o
||z]| = inf {p >0: ZM(T) < 1}.
k=1

[14] reflects that every Orlicz sequence space fj; contains a subspace isomorphic
to £p(p > 1). For given set of values of x > 0 and L > 1, the Ay—condition is
equivalent to M (Lz) < kLM (x). An Orlicz function M can always be represented in
the following integral form

M(z) = / o

where n is known as the kernel of M, is a right differentiable for ¢ > 0, 7n(0) =
0, n(t) > 0, n is non-decreasing and 7(t) — oo as t — oo whenever Mi"” T oo as
x T oo.

Consider the kernel 7 associated with the Orlicz function M and let

((s) = sup{t: n(t) < s}

Then, ¢ possesses the same properties as the function 1. Now suppose

N = [ ¢l

Then, N is an Orlicz function. The functions M and N are called mutually comple-
mentary Orlicz functions.

Let M and N be mutually complementary Orlicz functions. Then, we have

(i) For all z,y > 0,

— <

zy < M(z) + N(y). (1)
(ii) For all z > 0,
an(z) = M(z) + N(n(z)), (Young’s inequality). (2)
(ifi) Forall z > 0 and 0 < A < 1,
M(Ow) < AM (u). (3)
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Two Orlicz functions M; and M, are said to be equivalent if there are positive con-
stants a, 8 and b such that

vMy(ax) < My(z) < My (Bz). (4)

For relevant terminology and additional knowledge on the Orlicz sequence spaces and
related topics, the reader may refer to ([1], [4], [6], [9], [10], [15], [18], [23]).

A sequence M = (Mj,) of Orlicz functions is called a Musielak-Orlicz function (see
[16], [17]). Complementary function where N' = (Nj), defined as

Ni(v) = sup{|vju — My (u) :u >0}, k=1,2,---

is derived from the Musielak-Orlicz function M.

Initially introduced by Kizmaz [11], the notion of difference sequence spaces was
conceptualized as I, (A), ¢(A) and ¢,(A). Further, the notion was generalized by Et
and Colak [5] as they introduced the spaces lo(A™), ¢(A™) and ¢,(A™).

Let m, n be non-negative integers, then for Z a given sequence space, we have

Z(Ar) ={x=(ap) €w: (Al ag) € Z}

for Z = ¢, ¢y and I, where A x = (A% zy) = (A% o, — A" gy ) and AY 2y =
for all k£ € N, which is equivalent to the following binomial representation

n
A’]ka = 2}(—1)” ( Z ) a:;H_mU.
If m =1, we get the spaces [ (A"), ¢(A™) and ¢,(A™) as studied by Et and Colak
[5]. If m = n = 1, we get the spaces I (A), ¢(A) and ¢,(A) as introduced and studied
by Kizmaz [11]. For more details about sequence spaces (see [12], [13], [19], [20], [21],
[22]) and references therein.

An increasing sequence of non-negative integers h, = (i, — i,_1) — 00 as r — o0
can be made through lacunary sequence 8 = (i,.), r = 0,1,2,---, where ig = 0. The
intervals determined by 6 are denoted by I = (i,_1,,] and the ratio i,/i,_; will
be denoted by ¢.. Freedman [7] defined the space of lacunary strongly convergent
sequences Ny as:

Ny = {x = (zk)

. 1
Tlirrgoh—rl; |z — L| = 0 for some L}.
€

L.
Let t = (tx) be a sequence of non-negative real numbers with ¢; > 0 and let us write,
n

T, = Ztk for all n € N. Then the matrix R* = (r!,) of the Riesz mean (R,t,) is
k=0
given by

;{1, if 0<k<n,

Tnk =
0 if k>n

The Riesz mean (R, t,) is regular if and only if T,, — co as n — oo (see [2]).

Let M = (My) be a Musielak-Orlicz function and §(M,z) = Z My (|zx|) where

k
x = (zr) € w. Let t = (tx) be a sequence of positive real numbers, p = (px) be a

bounded sequence of positive real numbers. Let 6 be a lacunary sequence. Then, we
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define the following new sequence spaces of lacunary convergent sequences combining
with Riesz mean:

iM(Rta Aa97pa AS) =

I?_ Nt Az
{x:(xk)ew:rlggohlEZMICUZJOTJ:J x]|)pk <oo}

"k
and
Im={z=(z) €w:6(M,z) < co.

Let M = (M},) and N' = (Ny) be mutually complementary functions. Then we define
the sequence space as:
lM (Rta Aa 97pa AS) =

k
. 1 Zj:O )\jtjASZ‘j Pk
{:U = (ap) Ew: Tlggo W kEZI (T) yr converges for all y = (yi) € ZN}.

The paper lays an emphasis upon the introduction of new sequence spaces Im (R, A0,
p, A%), I (R, A, 0,p,A%), U (R, A, 0,p,A%) and hpy(R', A, 0,p,A%). An attempt
has been made to study some algebraic and topological properties between these
sequence spaces. We also study some inclusion relations between these sequence
spaces and prove that these spaces are normed linear space, Banach space and AK-
BK space.

2. Main Results

Theorem 2.1. Let M = (M) be a Musielak-Orlicz function, t = (t;) be a sequence
of positive real numbers, p = (px) be a boundeﬁi sequence of positive real numbers and
0 be a lacunary sequence. Then the inclusion Iy (R, A, 0, p, A%) C Ipm(RE AL 0, p, A®)
holds.

Proof. Let z = (x1) € Lpm(RY, A, 0, p, A®). Then we have,

ZM (|ZJ —o Ajt;A° %|)Pk .

" kel, k

By Young’s inequality, we have

@%ﬁﬁﬂ Zwiﬁﬁﬁ)M

A
SEEN  Y Nellal)

R <!—Zﬂ T

cl, Ty

1
hr kel,.

< o0

for every y = (yx) € In-. Thus, = = (zx) € I (RE A, 0, p, A®). O
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Theorem 2.2. Let M = (M) be a Musielak-Orlicz function, t = (t;) be a sequence
of positive real numbers, p = (px) be a bounded sequence of positive real numbers and
0 be a lacunary sequence. For each x = (x1) € Ipm(RY A0, p, A®),

> (W)pkyk‘ HOW,y) <1} < . (5)

kel

s {i
up
T hr

Proof. Suppose equation (5) does not hold. Then for each n € N, there exists y"
with (N, y™) < 1 such that

1

(Z?_O Ajti A%z )pk

> 2n+1'
Ty

" kel,

ShooNitiAx,
T

With loss of generality, we can assume that ,y™ > 0. Now, we

can define a sequence z = (zx) by
1
By the convexity of N = (N}), we have
! l

1 n yk
Nk(ZWyk)

1
= [Nk(yﬁ) + Ny (yk + %4+ y—’“)]
n=0

l

1

n=0

IN

for any positive integer [. Hence, using the continuity of N = (N},), we have

1
ZNM <ZZ Qnﬂ R <) gy =1

n

But for every [ € N, it holds

AjtjA° NjtjA° !
h Z( =0 t; x])Pka > hi ( =0 t; .IJ)PkZTIJrlyZ
kel,. kel n=0
1< At Asx o
= ;TTZZ(—j : ])”ZW%
n=0kel, k n=0

>

o~

1 S0 Aty A%\ e
Hence, — Z (F—) 21, diverges and this implies that x ¢ I,(R?, A, 0,
hr keI, T

p, A®), a contradiction. This leads us to the required result. O

Theorem 2.3. Let M = (M},) be a Musielak-Orlicz function, t = (t) be a sequence
of positive real numbers, p = (px) be a bounded sequence of positive real numbers and
0 be a lacunary sequence. Then the following statements hold:
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(1) Lm(RY, A, 0, p, A®) is a normed linear spaces under the norm ||.| m (R, A, 0, p, A®)
defined by

1

H”M(Rta A70,p7 AS) = sup {7

w2 (M)pkyk’ Wy 1) (6)

T;
kel, k

(11) Im (R, A, 0,p, A®) is a Banach space under the norm defined by (6).
(i) Ipm(RY, A, 0,p, A®) is a BK-space under the norm defined by (6).

Proof. Tt is easy to verify that [y((R!, A, 0, p, A®) is a linear space with respect to the
coordinatewise addition and scalar multiplication of sequences. Now we show that
(R A,

6,p, A®) is a norm on the space [p((R?, A, 0, p, A®). If z = 0, then obviously ||.||m (RS, A,
0,p,A%) =0.

Conversely, assume ||.||p (R, A, 0,p, A%) = 0. Then using the definition of the norm
given by (6), we have

3 (W)pkyk‘ L 5N, y) < 1} —0.

kel,

{ 1
sup § —
U,
This implies that

> (Z?—o Ajti A%, )pkyk‘ o

T;
kel k

1
Dy
for all y such that 6(N,y) < 1. Now considering y = € if (1) < 1 otherwise con-
sidering y = €¥/N(1) and s = 0 so that Ayt A%z, = 0 for all k € N, where €* is a
sequence whose only non-zero terms is 1 in k" place for each k € N. Hence, we have
xp = 0 for all k € N. Since (M) is a sequence of non-zero scalars and ¢t = (t) is a se-
quence of non-negative real numbers with ¢ty > 0. Thus, = 0. It is easy to show that
||O[CEHM(Rt7 A, 0,p, AS) = ‘a|||$HM(Rt7 A,0,p, As) and Hl‘ + y”M(Rt7 A, 0,p, As) <
|zl m(RE A0, p, A%) + ||yl m(RE AL 0, p, A®) for a € C and z,y € Iy (R, A, 0, p, A®).

(ii) Let (™) be any Cauchy sequence in the space Ia((RY, A, 0, p, A%). Then for
any € > 0, there exists a positive integer ng such that ||x™ — 2™ || p (R, A, 0,p, A%) < €
for all m,n > ng. Using the definition of norm given by (6), we get

S (Z?_o Aﬂji“}” _my))p’“yk\ W) <1<

kel,

sup { 1
T h’l‘

for all m,n > ng. This implies that

k 1 AS (g™ — g
(s

1

hy
kel,

for all y such that 6(A,y) < 1 and for all m,n > ng. Now suppose y = eF if

N (1) < 1, otherwise considering y = €*/N(1) we have {\gtp A%z} is a Cauchy

sequence in C for all £ € N. Hence, it is a convergent sequence in C for all £ € N.

Let ”}i_l)noo At Azt = xy, for each k£ € N. Using the continuity of the modulas, we
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can derive for all m > ng as n — oo, that

3 (25—0 )‘jtj%j(x;n _xj))pkyk’ POV, y) < 1} <e

kel,

s {i
up
r hr

It follows that (z™—z) € Ipm(RY, A, 0, p, A®). Since (z™) is in the space Iy (RY, A, 0, p, A®)
and I (R, A, 0, p, A®) is a linear space, we have x = (xy) € [y (RY, A, 0, p, A%).

(iii) From the above proof, one can easily conclude that ||z™|| s (R, A, 0,p, A%) — 0
implies that z}* — 0 for each m € N which leads us to the desired result.
Therefore, the proof of the theorem is completed. O

Theorem 2.4. Let M = (M},) be a Musielak-Orlicz function, t = (t) be a sequence
of positive real numbers, p = (pi) be a bounded sequence of positive real numbers and

0 be a lacunary sequence. Then Ix((R, A, 0,p, A®) is a normed linear space under the
norm ||.H(M)(Rt,A,0,p, A?®) defined by

AjtjA° k
||$H(M)(Rt,1\,9,p,As) Zinf{p> 0: Z Mk(|Z] 0 o l'j‘)P < 1}. (7>

Proof. Clearly, ||z (R, A, 0,p, A®) = 0if z = 0. Now suppose that ||z (R, A, 6,
p, A®) = 0. Then, we have

k s
|2 =0 Aits A wj|)Pk - 1} o

1
oo (RE A 0,p,A%) =inf{p>0:— Y M,
Il (R, A, 0,9, %) = inf {p > Y (==

This yields the fact for a given e > 0 that there exists some p. € (0, €) such that

k
(|Ej:0 /\jtjAsfffﬂ)m 1

sup Mjy, T
T

keN

which implies that

k .
Mk(| >0 AjtjAs%‘\)m
peTk
for all £ € N. Thus,

<1

" (|z§f_o j;:jmﬂ)m o (\ > OprtkA xyl)

k ; k
|20 At A5 |20 Aiti A5 N

for all £ € N. Suppose

# 0 for some k € N. Then,

€Ty, €T,
oo as € — 0. N »
It follows that My (%#) — o0 as € — 0 for some k € N, which is
k s
| 2250 At A%

a contradiction. Therefore, = 0 for all £ € N. It follows that

ETk
At A®z, = 0 for all kK € N. Hence x = 0. Since (\g) is a sequence of non-zero scalars
and t = (f;) be a sequence of non-negative real numbers with ¢5 > 0.
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Let x = (x) and y = (yx) be two elements of Iy(R!, A, 0, p, A%). Then there exists
p1,p2 > 0 such that

hi 3 Mk<|2?_o )‘jtjAsxﬂ)P'« <1

T
TkEIT» P1lk

and

k s,
hir Z Mk<|2j:0)‘jtjA y3|)pk <

el p2Tk
Let p = p1 + p2. Then, by the convexity of M = (M},), we have

k St AS (s ) Pk
1 | Zj:o At A% (5 +y;)]
Ry 2okel, M’f( Ty,

k s
( p1 ) 1 ZM (|Zj:o)‘jtjA xj‘)”
— k
p1+ p2/ hy 1Tk

kel,

k s
( P2 )i 3 Mk(|2j=0>‘jtjA Z/j|>1’k
p1+p2/ by p2Tk .

Hence, we have

k
1 |2 50 At A% (@5 + y5) |\ e
R'A,0,p, A®) = inf 0:— Y M, 4 <1
lz+yll a0 (R A, 0, p, A®) = in {p> hrk%; k( Ty ) - }

< inf {m 50 hi Z Mk<|Z§_o )\jtjAsl'j|)pk - 1}

v P11y
k
1 D W VA TN
+inf{p2>0:—ZM,€(|ZJ_O a yj') ' gl}.
b Pyl 2Ty

Therefore,
2+ yll vy (R, A, 0,0, A%) < [l (R AL 0,9, A%) + [lyll ) (R, A, 0, p, A).
Finally, let a be any scalar and define r by » = 2. Then,

lof*

K s
| 225=0 MitiA Oéxj|>m= <1 }

1
tALG.p A% = 'f{ - M(
ozl (amy (R, A, 0,p, A%) inf{p>0 hTE k i
kel,.

k
. 1 | 225=0 At A% ]\ P
_ 1nf{r|a| >0 }TT;Q Mk( o ) < 1}

]|l ) (R, AL 6, p, A®).

This completes the proof. O

Let M = (My) be a Musielak-Orlicz function and §(M,z) = Z My (|zx|) where

k
x = (zr) € w. Let t = (tx) be a sequence of positive real numbers, p = (px) be a

bounded sequence of positive real numbers. Let 6 be a lacunary sequence. Then, we
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define the following sequence space:
l;\/l(Rta A7 07pa AS) =

{x = (ap) €Ew: lilnhiT Z Mk<
kel,

Theorem 2.5. Let M = (M) be a Musielak-Orlicz function, t = (t;) be a sequence
of positive real numbers, p = (px) be a bounded sequence of positive real numbers and
0 be a lacunary sequence. Then the following statements hold:

(i) Uy (RY, A, 0,p, A®) is a normed linear spaces under the norm ||z|| pm (R, A, 0, p, A®)
defined by (7).

(ii) U\((R', A, 0,p, A®) is a Banach space under the norm defined by (7).

(iii) Uy (R", A, 0,p,A®) is a BK- space under the norm defined by (7).

k
| Zj:() Ajti A%zl
Pk

Pk
) < oo for some p > 0}.

Proof. (i) Since the proof is similar to the proof of theorem (2.4), so we omit the detail.

(ii) Let (™) be any Cauchy sequence in the space I),(R", A, 0,p, A®%). Let § > 0
be fixed and r > 0 be given such that 0 < € < 1 and rd > 1. Then, there exists a
positive integer ng such that |[a™ — 2"[|(am) (R, A, 0, p, A®%) < 5 for all m,n > ny.
Using the definition of the norm given by (7), we get

) 1 |Z’?: Nt AS (2™ — )|\ pr
1nf{p>0:mng( ]OJJka J J )k§1}<%

for all m,n > ng. This implies that

k £ AS (g™ g ,
hiZMk< ‘Zj:O)‘JtJA (xj CCJ)| ))pkgl

T kel [z — ™| ) (R AL 0, p, A®

for all m,n > ng. It follows that

(S g e
k >
me - xn”(/\/l)(Rtv A’ evpv AS)

for all m,n > ng and for all £ € N. For r > 0 with Mk(%a) > 1, we have

| Sh o At AS (@ — 2]
me - an(M)(Rt’ Aa 05p7 As

rd
)

Mk( ))pk < My (

for all m,n > ngy and for all k¥ € N. Since M = (M},) is non-decreasing, we have

(|E?_0 /\jtjAS(a;;-n — x?)‘)Pk < Q € _ €

Ty 200 2
for all m,n > no and for all k € N. Hence, {\;t;A%z]"}; is a Cauchy sequence in
C for all £ € N which implies that it is a convergent sequence in C for all £k € N.
Let lim A;t;A®x) = xy for each k € N. Using the continuity of an Musielak-Orlicz

m—00
function and modulus, we have

k

1 Lo N AS (2T — 2

inf{p>0:—ZMk(|Z]70 JY (] ])‘)pk§1}<€
he (23 Tk
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for all m > ng as n — oo. It follows that (2™ — x) € I\, (R", A, 6, p, A®). Since 2™ is
in the space Iy, (R, A, 0,p, A®) and this space is a linear space, we have z = () €
l;\/l (Rta Aa 97pa AS)

(iii) From the above proof, we can easily conclude that [|2™ || ) (R, A, 0,p, A%) = 0
as m — oo which implies that z* — 0 as k — oo for each m € N. This completes
the proof. O

Let M = (M}) be a Musielak-Orlicz function, let ¢ = (i) be a sequence of positive
real numbers, p = (pr) be a bounded sequence of positive real numbers. Let 6 be a
lacunary sequence. Then, we define the following sequence space:
ha(RE, A0, p, A%) =

. 1
{x:(m)ew'ggomng( T

"

k
LN AT e
|Ejfo 7Y J|) k<ooforeach,0>0}-

Clearly, hag(R", A, 0, p, A®) is a subspace of I/ ((R", A, 0, p, A®). We write ||.|| instead
of ||.llay (R, A, 0,p, A®), here the topology ha (R, A, 6, p, A®) is induced by |.||.

k S P
Theorem 2.6. The inequality h% Sper. M, (I\xll‘<§j(1%t/\1\tjf)i AJJ)T,) k < 1 holds for
all x = (zx) € Uy (R, A, 0, p, A®).

Theorem 2.7. Let M = (M) be a Musielak-Orlicz function, t = (t;) be a sequence
of positive real numbers, p = (p) be a bounded sequence of positive real numbers. Let
0 be a lacunary sequence. Then, ha (R, A, 0,p, A%) is an AK-BK space.

Proof. We first show that ha(RY, A, 0,p, A®) is an AK-space. Let z = (zy) €
haa(RE, A, 0, p, A®). Then, for each € € (0,1), we can find ng such that

. ZM (|Z] OAtAm]|)pk§1

kel, Tk
k>ngo
Define the nt" section z[™ of a sequence z = (zx) by zll = Zxkek. Hence for
k=0
n > nyg, it holds
k
1 [ >0 Ajti ASw |\ e
_ Ll = L j=0 "3 j
|z — 2] = 1nf{p>0.hTZMk< o ) g1}
kel,
k}Z’rL(]
|Z§:0 /\jtjAsl’j| Pk
_ 1nf{p>0 " ZM( o ) §1}<e.
kel
k>n

Thus, we can conclude that ha(RE, A, 0, p, A®) is an AK-space.

Next, to show that ha(RY, A, 0,p,A%) is a BK-space, it is enough to show that
ham(RY A0, p, A%) is a closed subspace of Iy(R',A,0,p, A®). For this, let (z™)
be a sequence in ha(RY, A, 0,p, A%) such that || — x| — 0 as n — oo where
z = (x) € Uy (R, A, 0,p,A%). To complete the proof we need to show that z =
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(Jik) S hM(Rt A0 p,AS) ie,

| 5o At A\
E M;y, = < oo for all p > 0.
h kel ( ka )

There is | corresponding to p > 0 such that ||z' —z|| < £. Then by using the convexity
of M, we have by Theorem 2.6., that

= ZM (|ZJ OAtAx]|)pk

kel Tk

1 Z <2| Do Aty At = 2(1 T Aty A — | 0 Ayt A%y) )Pk

" kel 20T
! MwmzﬂﬁtA%)m (zzimmmwywmyk
2hy kel, PTk 2hy kel, Tk
o1 Mk(z\ S Aty At )pk (2\ SE o Nt A% (et —xj)|)m.
2he T P s 2! — || T,
< oQ.

Hence, x = (z1) € hapm(RE A, 0, p, A®) and consequently ha (RE, A, 0,p, A®) is a BK-
space. O

Theorem 2.8. Let M = (M) be a Musielak-Orlicz function. If M satisfies the
As-condition at 0, then U (R', A, 0,p, A®) is an AK-space.

Proof. We shall show that Iy, (R",A,0,p,A%) = hap(RY, A, 0,p, A%) if (My) stis-
fies the Ap—condition at 0. For this it is enough to show I\ (R' A,6,p, A%) C
ham(RY AL 0,p, A%). Let © = (z) € Uy ((R", A, 0, p, A®). Then foe some p > 0,

- ZM (|Z] ())\tA:EJ‘) < 0o,

ke, PT
This implies that
k
I |20 At A% |\ o
Bl M () =0 ®

Take an arbitrary [ > 0. If p <, then

hZMCZ”MA%W%W-

kel T

Now, let I < p and put k = £. Since M = (M},) satisfies the Ay-condition at 0, there
exists R = Ry > 0 and r = 7, > 0 with My (kz) < RMy(z) for all x € (0,7]. By (8),
there exists a positive integer n; such that

k ]
Mk(lzj:())\jtjﬁ xj\)?k <o(D)E

Ty q 5)5 for all £ > n;y.
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| 3250 MitiAay]

We claim that < r for all k¥ > ny. Otherwise, we can find d > n; with

Tk
d
|2 =0 Ajti A -,
pla
and thus
& |5k oAt A%
Mk(|2j:0)\jtjAs$j|)pk - S A0t

T, - -

T :
N
> q(i)i’

a contradiction. Hence, our claim is true. Then, we can find that

| S0 Aty Ayl ee R DN
hr ZM( = ) _th%I:Mk< ; )

eyl Ty, Tk
k>ny k>n1
k
L oA AST NP
Hence, ;= > M ('Zj_onjﬂk] jl) " < oo forall > 0. O
kel,

Theorem 2.9. Let M' = (M) and M" = (M]!) be two Musielak-Orlicz function.
If M" and M" are equivalent, then U, (R", A, 0,p, A®) = U1, (R*, A, 0, p, A®) and the
identity map I : (U (RY, A, 0,p, A%), ||| s (R, AL 0,0, A%)) — (U (RY, AL 0, p, A®),
|/l ame (RE, AL 60, p, A%)) is a topological isomorphism.

Proof. Let «, 8 and b be constants from (4). Since (M) and (M}) are equivalent, it
is obvious that (4) holds. Let z = (xx) € Uy (R', A, 0, p, A®). Then

h ZM(|Z] OAtAm]') < oo for some p > 0.

kel, PT
KNt AT\ P
Hence, for some [ > 1, (%) * <bforall ke N.
Therefore,
k s
Z (O[|Z] OAtAIj ) Z /,(|Zj:0>‘jtjA Zj|)pk
hy kel, T e kel PTk

which shows that the inclusion

Z’M,,(Rt,A,Q,p,AS) C lj\A,(Rt,A,G,p, A?®) 9)
holds. We can easily see in the same way that the inclusion

Z’M,(Rt,A,G,pAS) C( jw,(Rt,A,H,p, A?®) (10)

also holds. By combining the inclusions (9) and (10), we conclude that Iy, (R, A, 0, p,
A®%) =1y (R, A, 0,p, A®).

For simplicity in notation, let us write |||y and ||.||2 instead of ||.|| s (R, A, 0, p, A%)
and [.]| s (R, A, 0, p, A®) respectively. For z = (x1) € Uy, (RY, A, 0, p, A%), we get

k s
Z A |Zj:0 AjtjA ‘Tj|
4 )<t
2[|2T%

" kel,




162

K. RAJ, A. ESI, AND S. PANDOH

One can fixed p > 1 with

b b
5 HP2 (5) >1

where p, is the kernel associated with M”. Hence,

k
12250 /\jtjAsxﬂ) b

b
MI/( < e e
k ||$H2Tk: = 2#1)2(2)

for all £ € N. This implies that

k
| Ej:o Ajti Atz
i1

for all k£ € N. Therefore,

k
1 al M Nt Ay
Mllc( ‘ZJ,O g ]|)<1.
2 pl| ]2 T

Hence, ||z|l; < (£)]|z[|2. Similarly, we can show that [|z||2 < Bv[/z[|1 by choosing v

with 8 > 1 such that v3(5)p1(%) > 1. Thus,

«
ﬁHmlll < llllz < Byl

which establish that I is a topological isomorphism. O
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