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Applications of Riesz mean and lacunary sequences to
generate Banach spaces and AK-BK spaces
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Abstract. In this paper we establish some wide-ranging spaces of sequences generated by
Riesz mean associated with lacunary sequences and multiplier sequences of Orlicz function.

We have encompassed some topological and algebraic properties of these sequence spaces. We

also make an effort to prove that these spaces are Banach and AK-BK spaces. Finally, we
prove that these sequence spaces are topologically isomorphic.
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1. Introduction

Let l∞, c and c0, respectively, denotes the spaces of all bounded, convergent and null
sequences. Also by l1, l(p), cs and bs we denote the space of all absolutely, p-absolutely
convergent, convergent and bounded series, respectively. Let w be the space of all
real or complex sequences. Any linear subspace of w is called a sequence space. A
sequence space X with linear topology is called a K-space provided each of map
pk : X → R defined by pk(x) = xk is continuous for all k ∈ N. A K-space X is called
an FK-space provided X is a complete linear metric space. In other words, we say
that X is FK-space, if X is Fréchet space with continuous coordinate projection, we

mean if xn → x (n → ∞) in the metric of X, then x
(n)
k → xk (n → ∞) for each

k ∈ N. That is, for each k ∈ N, the linear functional pk(x) = xk is such that pk is
continuous on X. An FK-space whose topology is normable is called a BK-space [3].

The space lp(1 ≤ p <∞) is a BK-space with ‖x‖p =
( ∞∑
k=0

|xk|p
) 1
p

and c0, c and l∞

are BK-spaces with ‖x‖∞ = sup
k
|xk|.

Let Λ = (λk) be a sequence of non-zero scalars. Then for any sequence space E,
the multiplier sequence space E(Λ) of E, associated with the multiplier sequence Λ is
defined as

E(Λ) = {(xk) ∈ w : (λkxk) ∈ E}.
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The scope for the studies on sequence spaces was extended by using the notion of
associated multiplier sequences. G. Goes and S. Goes defined the differentiated se-
quence spaces dE and integrated sequence space

∫
E for a given sequence space E,

using the multiplier sequence ( 1
k ) and (k) in [8], respectively. A multiplier sequence

can be used to accelerate the convergence of sequences in some spaces. In some sense,
it can be viewed as a catalyst, which is used to accelerate the process of chemical re-
action. Sometimes the associated multiplier sequence delays the rate of convergence
of a sequence. Thus, it also covers a larger class of sequences for study.

An Orlicz function being continuous, non-decreasing and convex with M(0) = 0,
M(x) > 0 for x > 0 and M(x) −→ ∞ as x −→ ∞ was used by Lindenstrauss and
Tzafriri [14] to define the following sequence space. Let w be the space of all real or
complex sequences x = (xk), then

`M =
{
x ∈ w :

∞∑
k=1

M
( |xk|
ρ

)
<∞, for some ρ > 0

}
which is called as an Orlicz sequence space. The space `M is a Banach space with the
norm

||x|| = inf
{
ρ > 0 :

∞∑
k=1

M
( |xk|
ρ

)
≤ 1
}
.

[14] reflects that every Orlicz sequence space `M contains a subspace isomorphic
to `p(p ≥ 1). For given set of values of x ≥ 0 and L > 1, the ∆2−condition is
equivalent to M(Lx) ≤ kLM(x). An Orlicz function M can always be represented in
the following integral form

M(x) =

∫ x

0

η(t)dt,

where η is known as the kernel of M, is a right differentiable for t ≥ 0, η(0) =

0, η(t) > 0, η is non-decreasing and η(t) → ∞ as t → ∞ whenever M(x)
x ↑ ∞ as

x ↑ ∞.
Consider the kernel η associated with the Orlicz function M and let

ζ(s) = sup{t : η(t) ≤ s}

Then, ζ possesses the same properties as the function η. Now suppose

N(x) =

∫ x

0

ζ(s)ds.

Then, N is an Orlicz function. The functions M and N are called mutually comple-
mentary Orlicz functions.
Let M and N be mutually complementary Orlicz functions. Then, we have
(i) For all x, y ≥ 0,

xy ≤M(x) +N(y). (1)

(ii) For all x ≥ 0,

xη(x) = M(x) +N(η(x)), (Young’s inequality). (2)

(iii) For all x ≥ 0 and 0 < λ < 1,

M(λu) < λM(u). (3)
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Two Orlicz functions M1 and M2 are said to be equivalent if there are positive con-
stants α, β and b such that

vM1(αx) ≤M2(x) ≤M1(βx). (4)

For relevant terminology and additional knowledge on the Orlicz sequence spaces and
related topics, the reader may refer to ([1], [4], [6], [9], [10], [15], [18], [23]).

A sequence M = (Mk) of Orlicz functions is called a Musielak-Orlicz function (see
[16], [17]). Complementary function where N = (Nk), defined as

Nk(v) = sup{|v|u−Mk(u) : u ≥ 0}, k = 1, 2, · · ·
is derived from the Musielak-Orlicz function M.
Initially introduced by Kızmaz [11], the notion of difference sequence spaces was
conceptualized as l∞(∆), c(∆) and co(∆). Further, the notion was generalized by Et
and Çolak [5] as they introduced the spaces l∞(∆n), c(∆n) and co(∆

n).
Let m, n be non-negative integers, then for Z a given sequence space, we have

Z(∆n
m) = {x = (xk) ∈ w : (∆n

mxk) ∈ Z}
for Z = c, c0 and l∞ where ∆n

mx = (∆n
mxk) = (∆n−1

m xk−∆n−1
m xk+m) and ∆0

mxk = xk
for all k ∈ N, which is equivalent to the following binomial representation

∆n
mxk =

n∑
v=0

(−1)v
(
n
v

)
xk+mv.

If m = 1, we get the spaces l∞(∆n), c(∆n) and co(∆
n) as studied by Et and Çolak

[5]. If m = n = 1, we get the spaces l∞(∆), c(∆) and co(∆) as introduced and studied
by Kızmaz [11]. For more details about sequence spaces (see [12], [13], [19], [20], [21],
[22]) and references therein.
An increasing sequence of non-negative integers hr = (ir − ir−1) → ∞ as r → ∞
can be made through lacunary sequence θ = (ir), r = 0, 1, 2, · · · , where i0 = 0. The
intervals determined by θ are denoted by Ir = (ir−1, ir] and the ratio ir/ir−1 will
be denoted by qr. Freedman [7] defined the space of lacunary strongly convergent
sequences Nθ as:

Nθ =
{
x = (xk) : lim

r→∞

1

hr

∑
k∈Ir

|xk − L| = 0 for some L
}
.

Let t = (tk) be a sequence of non-negative real numbers with t0 > 0 and let us write,

Tn =

n∑
k=0

tk for all n ∈ N. Then the matrix Rt = (rtnk) of the Riesz mean (R, tn) is

given by

rtnk =


tk
Tn
, if 0 ≤ k ≤ n,

0 if k > n

The Riesz mean (R, tn) is regular if and only if Tn →∞ as n→∞ (see [2]).

Let M = (Mk) be a Musielak-Orlicz function and δ(M, x) =
∑
k

Mk(|xk|) where

x = (xk) ∈ w. Let t = (tk) be a sequence of positive real numbers, p = (pk) be a
bounded sequence of positive real numbers. Let θ be a lacunary sequence. Then, we
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define the following new sequence spaces of lacunary convergent sequences combining
with Riesz mean:
l̃M(Rt,Λ, θ, p,∆s) =

{
x = (xk) ∈ w : lim

r→∞

1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

sxj |
Tk

)pk
<∞

}
and

l̃M = {x = (xk) ∈ w : δ(M, x) <∞.

LetM = (Mk) and N = (Nk) be mutually complementary functions. Then we define
the sequence space as:
lM(Rt,Λ, θ, p,∆s) =

{
x = (xk) ∈ w : lim

r→∞

1

hr

∑
k∈Ir

(∑k
j=0 λjtj∆

sxj

Tk

)pk
yk converges for all y = (yk) ∈ l̃N

}
.

The paper lays an emphasis upon the introduction of new sequence spaces l̃M(Rt,Λ, θ,
p,∆s), lM(Rt,Λ, θ, p,∆s), l′M(Rt,Λ, θ, p,∆s) and hM(Rt,Λ, θ, p,∆s). An attempt
has been made to study some algebraic and topological properties between these
sequence spaces. We also study some inclusion relations between these sequence
spaces and prove that these spaces are normed linear space, Banach space and AK-
BK space.

2. Main Results

Theorem 2.1. Let M = (Mk) be a Musielak-Orlicz function, t = (tk) be a sequence
of positive real numbers, p = (pk) be a bounded sequence of positive real numbers and

θ be a lacunary sequence. Then the inclusion l̃M(Rt,Λ, θ, p,∆s) ⊂ lM(Rt,Λ, θ, p,∆s)
holds.

Proof. Let x = (xk) ∈ l̃M(Rt,Λ, θ, p,∆s). Then we have,

lim
r

1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

sxj |
Tk

)pk
<∞.

By Young’s inequality, we have

1

hr

∣∣∣ ∑
k∈Ir

(∑k
j=0 λjtj∆

sxj

Tk

)pk
yk

∣∣∣ ≤ 1

hr

∑
k∈Ir

∣∣∣(∑k
j=0 λjtj∆

sxj

Tk

)pk
yk

∣∣∣
≤ 1

hr

∑
k∈Ir

Mk

(∣∣∣∑k
j=0 λjtj∆

sxj

Tk

∣∣∣)pk +
1

hr

∑
k∈Ir

Nk(|yk|)

<∞

for every y = (yk) ∈ l̃N . Thus, x = (xk) ∈ lM(Rt,Λ, θ, p,∆s). �
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Theorem 2.2. Let M = (Mk) be a Musielak-Orlicz function, t = (tk) be a sequence
of positive real numbers, p = (pk) be a bounded sequence of positive real numbers and
θ be a lacunary sequence. For each x = (xk) ∈ lM(Rt,Λ, θ, p,∆s),

sup
r

{ 1

hr

∣∣∣ ∑
k∈Ir

(∑k
j=0 λjtj∆

sxj

Tk

)pk
yk

∣∣∣ : δ(N , y) ≤ 1
}
<∞. (5)

Proof. Suppose equation (5) does not hold. Then for each n ∈ N , there exists yn

with δ(N , yn) ≤ 1 such that

1

hr

∣∣∣ ∑
k∈Ir

(∑k
j=0 λjtj∆

sxj

Tk

)pk
ynk

∣∣∣ > 2n+1.

With loss of generality, we can assume that
∑k
j=0 λjtj∆

sxj

Tk
, yn ≥ 0. Now, we

can define a sequence z = (zk) by

zk =
∑
n

1

2n+1
ynk for all k ∈ N.

By the convexity of N = (Nk), we have

Nk

( l∑
n=0

1

2n+1
ynk

)
≤ 1

2

[
Nk(y0

k) +Nk

(
y1
k +

y2
k

2
+ ...+

ylk
2l−1

)]
≤

l∑
n=0

1

2n+1
Nk(ynk )

for any positive integer l. Hence, using the continuity of N = (Nk), we have

δ(N , z) =
∑
k

Nkzk ≤
∑
k

∑
n

1

2n+1
Nk(ynk ) ≤

∑
n

1

2n+1
= 1.

But for every l ∈ N, it holds

1

hr

∑
k∈Ir

(∑k
j=0 λjtj∆

sxj

Tk

)pk
zk ≥ 1

hr

∑
k∈Ir

(∑k
j=0 λjtj∆

sxj

Tk

)pk l∑
n=0

1

2n+1
ynk

=
1

hr

l∑
n=0

∑
k∈Ir

(∑k
j=0 λjtj∆

sxj

Tk

)pk l∑
n=0

1

2n+1
ynk

≥ l

Hence,
1

hr

∑
k∈Ir

(∑k
j=0 λjtj∆

sxj

Tk

)pk
zk diverges and this implies that x /∈ lM(Rt,Λ, θ,

p,∆s), a contradiction. This leads us to the required result. �

Theorem 2.3. Let M = (Mk) be a Musielak-Orlicz function, t = (tk) be a sequence
of positive real numbers, p = (pk) be a bounded sequence of positive real numbers and
θ be a lacunary sequence. Then the following statements hold:
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(i) lM(Rt,Λ, θ, p,∆s) is a normed linear spaces under the norm ‖.‖M(Rt,Λ, θ, p,∆s)
defined by

‖.‖M(Rt,Λ, θ, p,∆s) = sup
r

{ 1

hr

∣∣∣ ∑
k∈Ir

(∑k
j=0 λjtj∆

sxj

Tk

)pk
yk

∣∣∣ : δ(N , y) ≤ 1
}
. (6)

(ii) lM(Rt,Λ, θ, p,∆s) is a Banach space under the norm defined by (6).
(iii) lM(Rt,Λ, θ, p,∆s) is a BK-space under the norm defined by (6).

Proof. It is easy to verify that lM(Rt,Λ, θ, p,∆s) is a linear space with respect to the
coordinatewise addition and scalar multiplication of sequences. Now we show that
‖.‖M(Rt,Λ,
θ, p,∆s) is a norm on the space lM(Rt,Λ, θ, p,∆s). If x = 0, then obviously ‖.‖M(Rt,Λ,
θ, p,∆s) = 0.
Conversely, assume ‖.‖M(Rt,Λ, θ, p,∆s) = 0. Then using the definition of the norm
given by (6), we have

sup
r

{ 1

hr

∣∣∣ ∑
k∈Ir

(∑k
j=0 λjtj∆

sxj

Tk

)pk
yk

∣∣∣ : δ(N , y) ≤ 1
}

= 0.

This implies that

1

hr

∣∣∣ ∑
k∈Ir

(∑k
j=0 λjtj∆

sxj

Tk

)pk
yk

∣∣∣ = 0.

for all y such that δ(N , y) ≤ 1. Now considering y = ek if N (1) ≤ 1 otherwise con-
sidering y = ek/N (1) and s = 0 so that λktk∆sxk = 0 for all k ∈ N, where ek is a
sequence whose only non-zero terms is 1 in kth place for each k ∈ N. Hence, we have
xk = 0 for all k ∈ N. Since (λk) is a sequence of non-zero scalars and t = (tk) is a se-
quence of non-negative real numbers with t0 > 0. Thus, x = 0. It is easy to show that
‖αx‖M(Rt,Λ, θ, p,∆s) = |α|‖x‖M(Rt,Λ, θ, p,∆s) and ‖x + y‖M(Rt,Λ, θ, p,∆s) ≤
‖x‖M(Rt,Λ, θ, p,∆s) + ‖y‖M(Rt,Λ, θ, p,∆s) for α ∈ C and x, y ∈ lM(Rt,Λ, θ, p,∆s).

(ii) Let (xm) be any Cauchy sequence in the space lM(Rt,Λ, θ, p,∆s). Then for
any ε > 0, there exists a positive integer n0 such that ‖xm−xn‖M(Rt,Λ, θ, p,∆s) < ε
for all m,n ≥ n0. Using the definition of norm given by (6), we get

sup
r

{ 1

hr

∣∣∣ ∑
k∈Ir

(∑k
j=0 λjtj∆

s(xmj − xnj )

Tk

)pk
yk

∣∣∣ : δ(N , y) ≤ 1
}
< ε

for all m,n ≥ n0. This implies that

1

hr

∣∣∣ ∑
k∈Ir

(∑k
j=0 λjtj∆

s(xmj − xnj )

Tk

)pk
yk

∣∣∣ < ε

for all y such that δ(N , y) ≤ 1 and for all m,n ≥ n0. Now suppose y = ek if
N (1) ≤ 1, otherwise considering y = ek/N (1) we have {λktk∆sxmk }k is a Cauchy
sequence in C for all k ∈ N. Hence, it is a convergent sequence in C for all k ∈ N.
Let lim

m→∞
λktk∆sxmk = xk for each k ∈ N. Using the continuity of the modulas, we
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can derive for all m ≥ n0 as n→∞, that

sup
r

{ 1

hr

∣∣∣ ∑
k∈Ir

(∑k
j=0 λjtj∆

s(xmj − xj)
Tk

)pk
yk

∣∣∣ : δ(N , y) ≤ 1
}
≤ ε.

It follows that (xm−x) ∈ lM(Rt,Λ, θ, p,∆s). Since (xm) is in the space lM(Rt,Λ, θ, p,∆s)
and lM(Rt,Λ, θ, p,∆s) is a linear space, we have x = (xk) ∈ lM(Rt,Λ, θ, p,∆s).

(iii) From the above proof, one can easily conclude that ‖xm‖M(Rt,Λ, θ, p,∆s) → 0
implies that xmk → 0 for each m ∈ N which leads us to the desired result.
Therefore, the proof of the theorem is completed. �

Theorem 2.4. Let M = (Mk) be a Musielak-Orlicz function, t = (tk) be a sequence
of positive real numbers, p = (pk) be a bounded sequence of positive real numbers and
θ be a lacunary sequence. Then lM(Rt,Λ, θ, p,∆s) is a normed linear space under the
norm ‖.‖(M)(R

t,Λ, θ, p,∆s) defined by

‖x‖(M)(R
t,Λ, θ, p,∆s) = inf

{
ρ > 0 :

1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

sxj |
ρTk

)pk
≤ 1
}
. (7)

Proof. Clearly, ‖x‖(M)(R
t,Λ, θ, p,∆s) = 0 if x = 0. Now suppose that ‖x‖(M)(R

t,Λ, θ,
p,∆s) = 0. Then, we have

‖.‖(M)(R
t,Λ, θ, p,∆s) = inf

{
ρ > 0 :

1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

sxj |
ρTk

)pk
≤ 1
}

= 0.

This yields the fact for a given ε > 0 that there exists some ρε ∈ (0, ε) such that

sup
k∈N

Mk

( |∑k
j=0 λjtj∆

sxj |
ρεTk

)pk
≤ 1

which implies that

Mk

( |∑k
j=0 λjtj∆

sxj |
ρεTk

)pk
≤ 1

for all k ∈ N. Thus,

Mk

( |∑k
j=0 λjtj∆

sxj |
εTk

)pk
≤Mk

( |∑k
j=0 λjtj∆

sxj |
ρεTk

)pk
≤ 1

for all k ∈ N. Suppose
|
∑k
j=0 λjtj∆

sxj |
εTk

6= 0 for some k ∈ N. Then,
|
∑k
j=0 λjtj∆

sxj |
εTk

→
∞ as ε→ 0.

It follows that Mk

( |∑k
j=0 λjtj∆

sxj |
εTk

)pk
→ ∞ as ε → 0 for some k ∈ N, which is

a contradiction. Therefore,
|
∑k
j=0 λjtj∆

sxj |
εTk

= 0 for all k ∈ N. It follows that

λktk∆sxk = 0 for all k ∈ N. Hence x = 0. Since (λk) is a sequence of non-zero scalars
and t = (tk) be a sequence of non-negative real numbers with t0 > 0.
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Let x = (xk) and y = (yk) be two elements of lM(Rt,Λ, θ, p,∆s). Then there exists
ρ1, ρ2 > 0 such that

1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

sxj |
ρ1Tk

)pk
≤ 1

and

1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

syj |
ρ2Tk

)pk
≤ 1.

Let ρ = ρ1 + ρ2. Then, by the convexity of M = (Mk), we have
1
hr

∑
k∈Ir Mk

( |∑k
j=0 λjtj∆

s(xj+yj)|
ρTk

)pk
≤

( ρ1

ρ1 + ρ2

) 1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

sxj |
ρ1Tk

)pk
+

( ρ2

ρ1 + ρ2

) 1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

syj |
ρ2Tk

)pk
.

Hence, we have

‖x+y‖(M)(R
t,Λ, θ, p,∆s) = inf

{
ρ > 0 :

1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

s(xj + yj)|
ρTk

)pk
≤ 1
}

≤ inf
{
ρ1 > 0 :

1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

sxj |
ρ1Tk

)pk
≤ 1
}

+ inf
{
ρ2 > 0 :

1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

syj |
ρ2Tk

)pk
≤ 1
}
.

Therefore,

‖x+ y‖(M)(R
t,Λ, θ, p,∆s) ≤ ‖x‖(M)(R

t,Λ, θ, p,∆s) + ‖y‖(M)(R
t,Λ, θ, p,∆s).

Finally, let α be any scalar and define r by r = ρ
|α| . Then,

‖αx‖(M)(R
t,Λ, θ, p,∆s) = inf

{
ρ > 0 :

1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

sαxj |
ρTk

)pk
≤ 1

}

= inf
{
r|α| > 0 :

1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

sxj |
rTk

)pk
≤ 1
}

= |α|‖x‖(M)(R
t,Λ, θ, p,∆s).

This completes the proof. �

Let M = (Mk) be a Musielak-Orlicz function and δ(M, x) =
∑
k

Mk(|xk|) where

x = (xk) ∈ w. Let t = (tk) be a sequence of positive real numbers, p = (pk) be a
bounded sequence of positive real numbers. Let θ be a lacunary sequence. Then, we
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define the following sequence space:
l′M(Rt,Λ, θ, p,∆s) ={

x = (xk) ∈ w : lim
r

1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

sxj |
ρTk

)pk
<∞ for some ρ > 0

}
.

Theorem 2.5. Let M = (Mk) be a Musielak-Orlicz function, t = (tk) be a sequence
of positive real numbers, p = (pk) be a bounded sequence of positive real numbers and
θ be a lacunary sequence. Then the following statements hold:
(i) l′M(Rt,Λ, θ, p,∆s) is a normed linear spaces under the norm ‖x‖M(Rt,Λ, θ, p,∆s)
defined by (7).
(ii) l′M(Rt,Λ, θ, p,∆s) is a Banach space under the norm defined by (7).
(iii) l′M(Rt,Λ, θ, p,∆s) is a BK- space under the norm defined by (7).

Proof. (i) Since the proof is similar to the proof of theorem (2.4), so we omit the detail.

(ii) Let (xm) be any Cauchy sequence in the space l′M(Rt,Λ, θ, p,∆s). Let δ > 0
be fixed and r > 0 be given such that 0 < ε < 1 and rδ ≥ 1. Then, there exists a
positive integer n0 such that ‖xm − xn‖(M)(R

t,Λ, θ, p,∆s) < ε
rδ for all m,n ≥ n0.

Using the definition of the norm given by (7), we get

inf
{
ρ > 0 :

1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

s(xmj − xnj )|
ρTk

)pk
≤ 1
}
<

ε

rδ

for all m,n ≥ n0. This implies that

1

hr

∑
k∈Ir

Mk

( |
∑k
j=0 λjtj∆

s(xmj − xnj )|
‖xm − xn‖(M)(Rt,Λ, θ, p,∆s)

)pk
≤ 1

for all m,n ≥ n0. It follows that

Mk

( |
∑k
j=0 λjtj∆

s(xmj − xnj )|
‖xm − xn‖(M)(Rt,Λ, θ, p,∆s)

)pk
≤ 1

for all m,n ≥ n0 and for all k ∈ N. For r > 0 with Mk( rδ2 ) ≥ 1, we have

Mk

( |
∑k
j=0 λjtj∆

s(xmj − xnj )|
‖xm − xn‖(M)(Rt,Λ, θ, p,∆s)

)pk
≤Mk(

rδ

2
)

for all m,n ≥ n0 and for all k ∈ N. Since M = (Mk) is non-decreasing, we have( |∑k
j=0 λjtj∆

s(xmj − xnj )|
Tk

)pk
≤ rδ

2
.
ε

rδ
=
ε

2

for all m,n ≥ n0 and for all k ∈ N. Hence, {λjtj∆sxmk }k is a Cauchy sequence in
C for all k ∈ N which implies that it is a convergent sequence in C for all k ∈ N.
Let lim

m→∞
λjtj∆

sxmk = xk for each k ∈ N. Using the continuity of an Musielak-Orlicz

function and modulus, we have

inf
{
ρ > 0 :

1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

s(xmj − xj)|
ρTk

)pk
≤ 1
}
< ε
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for all m ≥ n0 as n→∞. It follows that (xm − x) ∈ l′M(Rt,Λ, θ, p,∆s). Since xm is
in the space l′M(Rt,Λ, θ, p,∆s) and this space is a linear space, we have x = (xk) ∈
l′M(Rt,Λ, θ, p,∆s).
(iii) From the above proof, we can easily conclude that ‖xm‖(M)(R

t,Λ, θ, p,∆s)→ 0
as m → ∞ which implies that xmk → 0 as k → ∞ for each m ∈ N. This completes
the proof. �

LetM = (Mk) be a Musielak-Orlicz function, let t = (tk) be a sequence of positive
real numbers, p = (pk) be a bounded sequence of positive real numbers. Let θ be a
lacunary sequence. Then, we define the following sequence space:
hM(Rt,Λ, θ, p,∆s) ={

x = (xk) ∈ w : lim
r→∞

1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

sxj |
ρTk

)pk
<∞ for each ρ > 0

}
.

Clearly, hM(Rt,Λ, θ, p,∆s) is a subspace of l′M(Rt,Λ, θ, p,∆s). We write ‖.‖ instead
of ‖.‖(M)(R

t,Λ, θ, p,∆s), here the topology hM(Rt,Λ, θ, p,∆s) is induced by ‖.‖.

Theorem 2.6. The inequality 1
hr

∑
k∈Ir Mk

( |
∑k
j=0 λjtj∆

sxj |
‖x‖(M)(Rt,Λ,θ,p,∆s)Tk

)pk
≤ 1 holds for

all x = (xk) ∈ l′M(Rt,Λ, θ, p,∆s).

Theorem 2.7. Let M = (Mk) be a Musielak-Orlicz function, t = (tk) be a sequence
of positive real numbers, p = (pk) be a bounded sequence of positive real numbers. Let
θ be a lacunary sequence. Then, hM(Rt,Λ, θ, p,∆s) is an AK-BK space.

Proof. We first show that hM(Rt,Λ, θ, p,∆s) is an AK-space. Let x = (xk) ∈
hM(Rt,Λ, θ, p,∆s). Then, for each ε ∈ (0, 1), we can find n0 such that

1

hr

∑
k∈Ir
k≥n0

Mk

( |∑k
j=0 λjtj∆

sxj |
εTk

)pk
≤ 1.

Define the nth section x[n] of a sequence x = (xk) by x[n] =

n∑
k=0

xkek. Hence for

n ≥ n0, it holds

‖x− x[n]‖ = inf
{
ρ > 0 :

1

hr

∑
k∈Ir
k≥n0

Mk

( |∑k
j=0 λjtj∆

sxj |
ρTk

)pk
≤ 1
}

= inf
{
ρ > 0 :

1

hr

∑
k∈Ir
k≥n

Mk

( |∑k
j=0 λjtj∆

sxj |
ρTk

)pk
≤ 1
}
< ε.

Thus, we can conclude that hM(Rt,Λ, θ, p,∆s) is an AK-space.
Next, to show that hM(Rt,Λ, θ, p,∆s) is a BK-space, it is enough to show that
hM(Rt,Λ, θ, p,∆s) is a closed subspace of l′M(Rt,Λ, θ, p,∆s). For this, let (xn)
be a sequence in hM(Rt,Λ, θ, p,∆s) such that ‖xn − x‖ → 0 as n → ∞ where
x = (xk) ∈ l′M(Rt,Λ, θ, p,∆s). To complete the proof we need to show that x =
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(xk) ∈ hM(Rt,Λ, θ, p,∆s) i.e,

1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

sxj |
ρTk

)pk
<∞ for all ρ > 0.

There is l corresponding to ρ > 0 such that ‖xl−x‖ ≤ ρ
2 . Then by using the convexity

of M, we have by Theorem 2.6., that

1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

sxj |
ρTk

)pk
=

1

hr

∑
k∈Ir

Mk

(2|
∑k
j=0 λjtj∆

sxlj | − 2
(
|
∑k
j=0 λjtj∆

sxlj | − |
∑k
j=0 λjtj∆

sxj |
)

2ρTk

)pk
≤ 1

2hr

∑
k∈Ir

Mk

(2|
∑k
j=0 λjtj∆

sxj |
ρTk

)pk
+

1

2hr

∑
k∈Ir

Mk

(2|
∑k
j=0 λjtj∆

s(xlj − xj)|
ρTk

)pk
≤ 1

2hr

∑
k∈Ir

Mk

(2|
∑k
j=0 λjtj∆

sxj |
ρTk

)pk
+

1

2hr

∑
k∈Ir

Mk

(2|
∑k
j=0 λjtj∆

s(xlj − xj)|
‖xl − x‖Tk

)pk
<∞.

Hence, x = (xk) ∈ hM(Rt,Λ, θ, p,∆s) and consequently hM(Rt,Λ, θ, p,∆s) is a BK-
space. �

Theorem 2.8. Let M = (Mk) be a Musielak-Orlicz function. If M satisfies the
∆2-condition at 0, then l′M(Rt,Λ, θ, p,∆s) is an AK-space.

Proof. We shall show that l′M(Rt,Λ, θ, p,∆s) = hM(Rt,Λ, θ, p,∆s) if (Mk) stis-
fies the ∆2−condition at 0. For this it is enough to show l′M(Rt,Λ, θ, p,∆s) ⊂
hM(Rt,Λ, θ, p,∆s). Let x = (xk) ∈ l′M(Rt,Λ, θ, p,∆s). Then foe some ρ > 0,

1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

sxj |
ρTk

)pk
<∞.

This implies that

1

hr
lim
k→∞

Mk

( |∑k
j=0 λjtj∆

sxj |
ρTk

)pk
= 0. (8)

Take an arbitrary l > 0. If ρ ≤ l, then

1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

sxj |
lTk

)pk
<∞.

Now, let l < ρ and put k = ρ
l . SinceM = (Mk) satisfies the ∆2-condition at 0, there

exists R ≡ Rk > 0 and r ≡ rk > 0 with Mk(kx) ≤ RMk(x) for all x ∈ (0, r]. By (8),
there exists a positive integer n1 such that

Mk

( |∑k
j=0 λjtj∆

sxj |
ρTk

)pk
< q
(r

2

)r
2

for all k ≥ n1.
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We claim that
|
∑k
j=0 λjtj∆

sxj |
ρTk

≤ r for all k ≥ n1. Otherwise, we can find d > n1 with

|
∑d
j=0 λjtj∆

sxj |
ρTd

> r

and thus

Mk

( |∑k
j=0 λjtj∆

sxj |
ρTd

)pk
≥

∫ |
∑k
j=0 λjtj∆sxj |

ρTd

r
2

q(t)dt

> q
(r

2

)r
2
,

a contradiction. Hence, our claim is true. Then, we can find that

1

hr

∑
k∈Ir
k≥n1

Mk

( |∑k
j=0 λjtj∆

sxj |
lTk

)pk
≤ R

hr

∑
k∈Ir
k≥n1

Mk

( |∑k
j=0 λjtj∆

sxj |
ρTk

)pk
.

Hence, 1
hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

sxj |
lTk

)pk
<∞ for all l > 0. �

Theorem 2.9. Let M′ = (M ′k) and M′′ = (M ′′k ) be two Musielak-Orlicz function.
If M′ and M′′ are equivalent, then l′M′(Rt,Λ, θ, p,∆s) = l′M′′(Rt,Λ, θ, p,∆s) and the
identity map I :

(
l′M′(Rt,Λ, θ, p,∆s), ‖.‖M′(Rt,Λ, θ, p,∆s)

)
→
(
l′M′′(Rt,Λ, θ, p,∆s),

‖.‖M′′(Rt,Λ, θ, p,∆s)
)

is a topological isomorphism.

Proof. Let α, β and b be constants from (4). Since (M ′k) and (M ′′k ) are equivalent, it
is obvious that (4) holds. Let x = (xk) ∈ l′M′′(Rt,Λ, θ, p,∆s). Then

1

hr

∑
k∈Ir

Mk

( |∑k
j=0 λjtj∆

sxj |
ρTk

)pk
<∞ for some ρ > 0.

Hence, for some l ≥ 1,
( |∑k

j=0 λjtj∆
sxj |

lρTk

)pk
≤ b for all k ∈ N.

Therefore,

1

hr

∑
k∈Ir

M ′k

(α|∑k
j=0 λjtj∆

sxj |
lρTk

)pk
≤ 1

hr

∑
k∈Ir

M ′′k

( |∑k
j=0 λjtj∆

sxj |
ρTk

)pk
which shows that the inclusion

l′M′′(Rt,Λ, θ, p,∆s) ⊂ l′M′(Rt,Λ, θ, p,∆s) (9)

holds. We can easily see in the same way that the inclusion

l′M′(Rt,Λ, θ, p,∆s) ⊂ (l′M′′(Rt,Λ, θ, p,∆s) (10)

also holds. By combining the inclusions (9) and (10), we conclude that l′M′(Rt,Λ, θ, p,
∆s) = l′M′′(Rt,Λ, θ, p,∆s).
For simplicity in notation, let us write ‖.‖1 and ‖.‖2 instead of ‖.‖M′(Rt,Λ, θ, p,∆s)
and ‖.‖M′′(Rt,Λ, θ, p,∆s) respectively. For x = (xk) ∈ l′M′′(Rt,Λ, θ, p,∆s), we get

1

hr

∑
k∈Ir

M ′′k

( |∑k
j=0 λjtj∆

sxj |
‖x‖2Tk

)
≤ 1.
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One can fixed µ > 1 with
b

2
µp2

( b
2

)
≥ 1

where p2 is the kernel associated with M′′. Hence,

M ′′k

( |∑k
j=0 λjtj∆

sxj |
‖x‖2Tk

)
≤ b

2
µp2

( b
2

)
for all k ∈ N. This implies that

|
∑k
j=0 λjtj∆

sxj |
µ‖x‖2Tk

≤ b

for all k ∈ N. Therefore,

1

hr

∑
k∈Ir

M ′k

(α|∑k
j=0 λjtj∆

sxj |
µ‖x‖2Tk

)
< 1.

Hence, ‖x‖1 ≤ (µα )‖x‖2. Similarly, we can show that ‖x‖2 ≤ βγ‖x‖1 by choosing γ

with γβ > 1 such that γβ( b2 )p1( b2 ) ≥ 1. Thus,

α

µ
‖x‖1 ≤ ‖x‖2 ≤ βγ‖x‖1

which establish that I is a topological isomorphism. �
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