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Strong convergence result for Meir-Keeler contractions and a
countable family of accretive operators in Banach spaces with
applications
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ABSTRACT. In this paper we introduce an iterative algorithm with Meir-Keeler contractions for
finding zeros of the sum of finite families of m-accretive operators and finite family of a-inverse
strongly accretive operators in a real smooth and uniformly convex Banach spaces. We also dis-
cuss application of this method to the approximation of solution to certain integro-differential
equation with generalized p-Laplacian operators. Our results improves and compliments many
recent and important results in the literature.
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1. Introduction

Let E be a real Banach space and C nonempty, closed and convex subset of E. The
modulus of convexity dg : [0,2] — [0,1] is defined as

. lz +
dp(€) =1nf{1 — 5zl =1=1yll lle -yl =€

E is called uniformly convex if dg(e) > 0 for any e € (0,2]; p-uniformly convex if
there is ¢, > 0 so that dg(e) > cpe? for any € € (0,2]. The modulus of smoothness
pE : [0,00) — [0,00) is defined by

Py —
pi(r) = { C1cgef =yl =1L

2

E is called uniformly smooth if lim,_, 'D%(T) = 0; g-uniformly smooth if there is ¢, >

0 so that pg(7) < ¢g7? for any 7 > 0. Hilbert spaces, L, (or [,) spaces (1 < p < 00),

and the sobolev spaces (WP, 1 < p < o), are g-uniformly smooth Banach spaces [4].

It is shown in [23] that there is no Banach space which is g-uniformly smooth with

q > 2. It is obvious that every g-uniformly smooth Banach space is uniformly smooth.
The normalized duality mapping J : E — 2 is defined by

Je={f € E": (x,f) = |=|* = | fII"}, =€E.
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It is well known that J is single-valued and norm-to-norm uniformly continuous on
each bounded subsets of F if F is a real smooth and uniformly convex Banach space
(see [19]). In the sequel, we shall denote by j the single-valued normalized duality
mapping. If E is a Hilbert space H, then j becomes the identity mapping on H.
Let T : C'— E be a mapping. Then T is said to be
(1) k-Lipschitz if there exists k > 0 such that

[Tz = Ty|| < kllz —yll, V,yeC.

In particular, if 0 < k < 1, then T is called a contraction and if k = 1, then T is
said to be a nonexpansive mapping;
(i) accretive if for all z,y € C, there exists j(z —y) € J(x — y) such that

<TI - Ty,](l’ - y)> > Oa

where J is the normalized duality mapping;
(iii) - inverse strongly accretive if for all z,y € C, there exists j(x —y) € J(z — y)
such that
(Tx =Ty, j@ —y)) > ol|Tx — Ty|*,
for some a > 0;
(iv) m-accretive if T is accretive and R(I + \T) = E, ¥V A > 0;
(v) strongly positive if F is a real Banach space and there exists 7 > 0 such that

(T, jz) > 7l|z]|*,V x € C.

We denote by JA (for 7 > 0) the resolvent of an accretive operator A; that is
JA .= (I+rA)~1 Tt is well known that J# is nonexpansive and F(J#) = A710 (see,
for example, [9]).

Let C' be a convex subset of F, let K be a nonempty subset of C' and let p be
a retraction from C onto K, i.e, Px = x for each x € K. P is said to be sunny if
P(Pz +t(z — Px)) = Px for each z € C. and ¢ > 0 with Px + ¢(x — Pz) € C. If
there is a sunny nonexpansive retraction from C onto K, K is said to be a sunny
nonexpansive retract of C.

Let A : E — E be a single-valued nonlinear mapping and B : E — 2F be a
set-valued mapping. We consider the following inclusion problem: find v € E such
that

0€ (A+ B)z. (1)

Many practical problems can be reduced to the Problem (1) and it is well known
that this problem provides a convenient framework for the unified study of optimal
solution in many optimization related areas including variational inequalities, com-
plementarity, mathematical programming, mathematical economics, optimal control,
equilibria, game theory, etc (see [11, 12] and reference therein).

The classical method for solving Problem (1) is the forward-backward splitting
algorithm, which were proposed by Lions and Mercier [8], Passty [13] and in a dual
form for convex programming, Han and Lou [6]. The classical forward-backward
splitting algorithm is given by: z; € E and

Tpp1 =T +r,B) I —rpA)z,, n>1 (2)

We see that for each step of iterate involves only with A as the forward step and B as
the Backward step, but not the sum of A+ B and the based on the iterative algorithm
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(2) much work has been done for finding z € H such that z € (A + B)~'0, where
A and B are a-inversely strong monotone mapping and maximal monotone operator
defined on the Hilbert space H, respectively.

In 2014, Qin et al., [14] introduced the iterative algorithm in g-uniformly smooth
Banach spaces zy € C' and

Tni1 = g f(2n) + Bn(l + TnB)_l[(I — 1 A)T, + en] +Ynfn, n2>0, (3)

where C is a closed convex subset of F, {e,} is the error sequence, f is a contrac-
tion, A and B are a-inversely strongly accretive operator and m-accretive opera-
tor respectively. If (A + B)~10 # 0, they proved that {z,} converges strongly to
T = Qatn)-10f(x), where Qa4 py-10 is the unique sunny nonexpansive retraction
of E onto (A + B)~10 under some conditions.

Recently, Wei and Duan [21] presented the following iterative algorithm with errors
in a real smooth and uniformly convex Banach space:

x9 € C,

Yn = Qcl(1 — an)(@n + en)],

2= (1= Bp)an + Bulaoyn + Yy a2 (yn — i Biyn)],
Tnt1 =Y f(@n) + (I = ¥0T)2n, n >0,

(4)

where C' is a nonempty, closed and convex sunny nonexpansive retract of £, Q¢ is
the sunny nonexpansive retraction of E onto C, {e,} C FE is the error sequence,
{A;}N, is finite family of m-accretive operators and {B;}}¥, is a finite family of a-
inverse strongly accretive operators. T : E — F is a strongly positive bounded linear
operator with coefficient 4 and f : E — E is a contraction with coefficient k € (0, 1).
J;ifi =(I+r,;A;) Y fori=1,2,..,N, Eij\io a; =1,0<a; <1,fori=0,1,2,..., N.
Then {z,} converges strongly to py € NY;(A; + B;)~'0, which is also a solution of
some variational inequality problem.

Motivated by the works of Song et al. [16], Wei and Duan [21] and Shehu and
Cai [18], we study and prove strong convergence results, under some mild conditions,
using generalized forward-backward method which involve viscosity approximation
method with Meir-Keeler contractions for solving the inclusion problem (1) for a finite
family of m-accretive and a- inverse strongly accretive operators in the framework
of uniformly convex and uniformly smooth Banach spaces. Finally we provide some
applications of our result to certain integro-differential equation with generalized p-
Laplacian operator. Our results is interesting and it also improves and compliments
the result of Song et al. [16] and Wei and Duan [21] (see Remark 3.1 for details).

2. Preliminaries

Theorem 2.1. (Banach contraction mapping principle [1]). Let (X, d) be a complete
metric space and let f be a contraction on X. Then f has a unique fixed point.

Theorem 2.2. (Meir and Keeler [10]). Let (X,d) be a complete metric space and let
f be a Meir-Keeler contraction (MKC, for short) on X, that is, for every e > 0, the
exists 6 > 0 such that d(x,y) < e + § implies d(f(x), f(y)) < € for all x,y € X. Then
f has a unique fixed point.
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Remark 2.1. It is well known that Theorem 2.2 is a generalization of Theorem 2.1
since contractions are proper subclass of Meir-Keeler contractions.

We now state some important lemmas that will be needed in our main results.

Lemma 2.3. (see [3]) Assume A is a strongly positive bounded operator with co-
efficient ¥ > 0 on a real smooth Banach space E and 0 < p < ||A||_1. Then
L — pAl <1 - p¥.

Lemma 2.4. (see [15] Lemma 2.8) Let f be an MKC on a convex subset of a Banach
space E. Then for each € > 0, there exists v € (0,1) such that

le—ylze = f(z) = fWI < relle —yll Va,y € C. ()
Lemma 2.5. (see [2]) Let E be a Banach space and let A be an m-accretive operator.
For A >0, u>0 and x € E, we have
7 7
Jaz = J, (Xx n (1 - X) Jw) ,
where J{ = (I + AA)™! and J;? = (I +pA)~L

Lemma 2.6. (see [17]) Let {zn}, {zn} be bounded sequences in E and {B,} be
a sequence in [0,1] which satisfied the following condition: 0 < liminf, o B, <
limsup,,_, . Bn < 1. Suppose that x,11 = (1 — Bn)xn + Pnzn for all n > 0 and
limsup,, o (1zn+1 — 2nll = |Znt1 — znl]) < 0. Then, lim, o0 ||2n — 25| = 0.

Lemma 2.7. (see [7]) Let C be a nonempty closed and convexr subset of a reflexive
Banach space E which satisfies the Opial condition, and suppose T : C — FE is
nonexpansive. Then the mapping I — T is demiclosed at zero, that is, ©, — x,
z, — Tx, — 0 implies x = Tx.
Lemma 2.8. (see [22]) Assume {a,} is a sequence of nonnegative real numbers such
that
Ap+41 S (1 - ’Vn)an + 'Yn(sn; n Z 17

where {v,} is a sequence in (0,1) and {6,} is a sequence in R such that
(1) 2o = 0,
(ii) limsupd, < 0 or >0 |6n7n| < 0.

n—oo
Then lim a, = 0.

n— oo

Lemma 2.9. (see [5] Let E be a real Banach space with Fréchet differentiable norm.
For xz € E, let p*(t) be defined for 0 <t < oo by

B*(t) = sup {

Then, lim;_,o+ 8*(t) = 0 and
[+ Al < fl2l|* + 2(h, j(2)) + R 8*(I2]])

oty = el _ 2<y,j<w>>‘ Nyl = 1} - ©)

for all h € E\ {0}.

In the result of Cholamjik and Suantai [5], the authors assumed that 5*(t) < 2¢
for ¢ > 0. In our more general setting, throughout this paper, we will assume that

B*(t) <ct, t>0 and for some c¢>1,

where 5* is the function appearing in (6).
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3. Main result

Lemma 3.1. Let E be a real smooth and uniformly convexr Banach space and C be a
nonempty, closed and convex subset of E. Let T : C — C' be a nonexpansive mapping
and f: C = C be MKC, M : E — E be a strongly positive bounded linear operator
with coefficient 4 > 0. Suppose that the duality mapping J : E — E* is weakly
sequentially continuous at zero, 0 < n < g and F(T) # 0. If for each t € (0,1), define
Si:E— FE by

Six:=tnf(x) + (I —tM)Tx, (7
then Sy has a fixed point xy, for each 0 < t < ||MH71, which converges strongly to
the fized point of T, ast — 0. That is tlir%;vt =xg € F(T). Moreover, xq satisfies the

—

following variational inequality
(M —nf)zo,j(xo—2)) <0, Vze F(T). (8)

Proof. From the definition of MKC, we can see that MKC is also a nonexpansive
mapping. Hence we obtain

1Sz — Sey| tnl[f (@) — f)Il + (1 = tM)(Tz — Ty)|

tnl[f (@) = fWI + (L= t9)llz -yl

tllz —yll + 1 —ty)]lz — yll

[L—t(y = kn)lllz -yl

which implies that S; is a contraction since 0 < 1 < Z. Then Theorem 2.1 implies
that S; has a unique fixed point, denoted by x;, which uniquely solves the fixed point
equation

ININ N IA

[N}

xy =tnf(ay) + (I —tM)Tay. (9)

Next we show that the solution to the variational inequality (8) is unique. Suppose
both zg € F(T) and & are solutions of (8), without lost of generalities, we may assume
that there is a number € such that ||z¢g — &|| > €. Then by Lemma 2.4, there exists a
number k > 0 such that || f(zo) — f(Z)|| < kel|xo — &]|. From (8) we obtain

(M =nf)zo, j(zo — 2)) <0,
(M =nf)z,j(# —20)) 0.
Adding up (10), we obtain
(M =nf)2 — (M —nf)zo,j(& — 0)) =
= (M(Z = 20),j(& — m0)) = n(f(2) = f(0), (& — x0))
>4

(10)

. 2 N 2 a N 2
& = 2ol — knllZ — zol|” = ( — kn)[|& — 2ol
> (4 — kn)e? > 0.
Therefore xg = Z and the uniqueness is proved. Hence z is a unique solution of (8).
Now we show that {z;} is bounded. Indeed, we may assume with no loss of

generality, t < |[|[M| ™", for all p € F(T), fixed ey, for each t € (0, 1).
Case 1 (||z; — p|| < €1): In this case, {z:} is bounded.
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Case 2 (||z¢ — p|| > €1): In this case, we obtain by Lemma 2.3 and 2.4 that there is
a number 7; such that

1f(ze) = fFP)I < raflze — - (11)
Hence we obtain
lze —pll = ltnf(ze) + (I —tM)Tx, —pl|
[t(nf () — Mp) + (I —tM)(Tz, — p)||

< tnf(xe) = Mp)|| + (1 = t3) ||z — pll
< tlnf(ze) = nf @I + tinf(p) — Mp|| + (1 —t3) ||z — pll
< tyrillze — pll + tnf(p) — Mp|| + (1 = t7)[lze — pl|-
Therefore
oo —pl| < A2/} = Mol (12)
YT

This implies that {z;:} is bounded. Consequently {f(z:)} and {Tz;} are bounded.
Since {f(z¢)} and {T'z;} are bounded, we obtain from (9) that

lwy — Tay|| = tlnf(xr) — MTxe]| — 0, as t— 0. (13)

To prove that x; — x¢ (xo € F(T)) as t — 0.

Since {z;} is bounded and F uniformly convex by Milman Pettis Theorem we have
E is reflexive. Hence there exists a subsequence {z;, } of {z;} such that z;, — z*.
By (12) we have that x;, — Txy, — 0, as t,, — 0. Since FE satisfies Opial’s condition,
it follows from Lemma 2.6 that z* € F(T"). Claim

|ze, —x*|| — 0. (14)

Suppose by contradiction, there is a number ¢y and a subsequence {x;, } of {z;,}
such that ||z;,, — z*|| > €p. From Lemma 2.4, there is a number r., > 0 such that
1f (@) = F@)| < reglle,, —2*[], we have

t

e, = 2" |” = twm(nf(@s,,) = Ma*, (@, —a*) + (1= tw) (T, — ), j(22, — "))

< t{nf(20,) = Ax”, j(@r,, — 2)) + (1 =ty |2, — 2.

Hence, we obtain

lze,, — 2" <

(nf(xe,) — Mx*, j(z,, — 7))

< Z[f(e,) —nf@), iz, —2%)) + f(@") = Ma™, (e, —27))]

= 21 = 2] =

< shrellze, = 2|7+ (nf (%) = Ma”, j(@,, —a*))).

Therefore

(nf(z*) — Ma*, j(x1,, —x7))
¥ - Neq .

Using the fact the duality map j is single valued and weakly sequentially continuous

at zero by (15), we get that x; , — z*. It is a contradiction. Hence, we have z;, — x*.

(15)

m
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Finally, we show that z* solves the variational inequality (8). Since
xe =tnf(xy) + (I —tM)Txy,
we obtain
(M — ), = (I~ tM)(1 = T, (16)
Notice

(I =Tz, = (I =T)z,j(x — 2)) e = 2|* = | T; — Tz |l — 2|

(AVANIYS

lze = 2]* = [l — 21|
0.

It follows that, for z € F(T),

(M = nf)ee, e = 2)) = = (L = EM)(T = T)zo, (o — 2))

%«I =Ty — (I = 1)z, j(ze — 2)) + (M = Ty, j(zr — 2))
<A(M(I —T)ay, j(zy — 2)). (17)

Now, replacing ¢t in (17) with ¢, and letting n — oo, noticing that (I — T)x;, —
(I —T)xz* = 0 for 2 € F(T), we obtain (M — nf)xs,j(x: — 2)) < 0. That is
x* € F(T) is a solution of (8). Hence zp = z* by uniqueness. Hence, we have show
that each cluster point of {z;} as t — 0 equals Z, therefore, z; — & as t — 0. (]

Lemma 3.2. Let E be a real smooth and uniformly convex Banach space. Let C
be a nonempty convexr and closed subset of E. Let A; : E — 2F (i = 1,2,...,N)
be m-accretive operators such that D(A;) C C and let B; : C — E be «a;-inverse
strongly accretive operators such that ﬁﬁil(Ai + B;)70 # 0. Let ag,a,...,an be real
numbers in (0,1) such that Zilio a; = 1 and P, = agl + vazl a,;J;‘}?ii(I — n:Bi),
where J;“l = +7r,;4)"  and 0 < r,,; < % Vi=12,..,N and n > 1. Then
P, : C — C is nonezxpansive and F(P,) = NN, (A; + B;)710, for alln > 1.

Proof. First, we show that P, is nonexpansive for all n > 1. Let =,y € C. Then for
i=1,2,...,N, it follows that
(T = rniBi)x — (I =13 Bi)yll* = | — y — ri(Biz — Biy)||”
< |lw = ylI> = 2rn,i(Bix — By, j(z — y)) + cry || Bix — Biy|?
<& —y|* = 20| Bix — Byyl* + ey | Bix — Byl
= |lz = y[I* = (2a = erpi)rnil| Bix — Byl*

2
< [lz —ylI".

Thus (I — r,;B;) is nonexpansive for all i = 1,2,..., N.
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Since J;‘}ji and (1 —r, ;B;) are nonexpansive for all ¢ = 1,2, ..., N, we get that

N
|Paz — Pyl < aollz —yl| + Zaz-

J,::f’l(]. — rn,iBi)x — J,;ill(]. — ’I’nlel)yH

IN

a0||x - y” + Z Q; ” —Tn, z)x - (1 - rn,iBi)y”

< aollz -yl + Zaillz =yl
i=1
= |z -yl
Thus P, is nonexpansive for all n > 1.
Next we show that F(P,) = N¥,(A4; + B;)710, for all n > 1. It is obvious that
NN, (A; + B;)~0 C F(P,). So, we are left to show that F(P,) C NX,(A4; + B;)~!0.
Let u € F(P,). Then P,u = u and for all v € N, (A; + B;)~ 1OCF( ), we have

lu=ol < aollu =l +a

J;ilyl(l —rp1B1)u — ’UH + ...

— o, NBN)u — ’UH

< (ag+ar+ ... +an—1)|lu—v| + aN||Jé{VN (I —rpnBn)u —||
A
< (1 —GN) Jrn]’VN(I_Tn,NBN)U_U ‘ .
Therefore
hu=oll = (1 = aw)lu— ol +an [ 2, (I = oy Br)u—v

which implies that

(I =7y NBNn)u — ’UH .

Similarly,
||lu—v| = ’ J;:ll( —rp1B1)u — vH =.. ‘ J;iNN (I —raN—1BN_1)u — 'UH .
Then
as
lu—vll = =51 (Jr, . (T = rn1Br)u =) | + =5 (Jr,o (T = rn2B2)u —v) |
i= 1 @i i=1 i
a
+ ...+ NiNH (Jrn,N(I —rp NBn)u — v) II.
i1 Gi
By strict convexity of E, we have that
u—v=Jp, (I=rp1Bi)u—v=1J., ,(I=rp2B)u—v=..=J., (I—rnNnBy)u—
Therefore, J,, ,(I —rn;Bi)u=u, for i =1,2,...,N. Then u € N, (4; + B;)~!
Thus F(P,) C NY,(A; + B;)~10. O

Theorem 3.3. Let E be a real smooth and uniformly convex Banach space and C
be a nonempty, closed and convex subset of E, and let f: C — C be a MKC. Let
M : C — C be a strong positive bounded linear operator, ¥ > 0 such that 0 < n < g
Suppose that the duality mapping j : E — E* is weakly sequentially continuous at
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zero. Let A; : C — 2F be m-accretive operators and B; : C — E be a;-inverse
strongly accretive operators, for i = 1,2,..., N such that NY_;(A; + B;)~10 # (. Let
{z,} be generated by x1 € F,

Yn = BnTn + (1 - Bn) |:a0xn + Zivzl alJvéil (I - Tn,iBi>xn:| ,
Tnt1 = @ f(Tn) + YuZn + (1 = )] — @ M)yp, n > 1,

for all n > 1, where J;‘:ii = (I +r,;A)7 fori=1,2,..,N, and 0 < a; < 1,
for i = 0,1,2,...N, {an}, {Bn} and {y.} are real number sequence in (0,1) and
{rn.i} C (0,00). Suppose that the above sequence satisfy the following conditions:
(1) lmy oo an =0, D00 | @y = o0;
(i) 0 <rp; < 27“ and >0 |rnt1,i — Tl < oo formn>1 andi=1,2,..N, where ¢
is a constant;

(iv) 0 <liminf, oo yn < limsup,, . vn < 1.

Then {x,,} converges strongly to a point xo € NN, (A; + B;)~10, which is the unique
solution of the variational inequality: ¥z € NX_,(A; + B;)~10.

Yy <0

(M —nf)zo,J(x0 — 2)) <

where o = Qny (4, +B,)-10f(20), and Qny (4, 4B,)-10 is the unique sunny nonex-
pansive retraction of E onto NI, (A; + B;)~10.

(18)

(19)

Proof. Put P, = aol + Zi\; aiJéfi(I —1niB;) and uy, , = (I — rpBy)x, for i =
1,2,3,...,N and n > 1. Then we obtain from (18) and Lemma 3.2 that

1Bnn + (1 = Bn) Pazn — pl|

[1Bn(zn —p) + (1 = Bn) (Przn — p)||

Bullen — pll + (1 = Bp)llen — pll

[z — pl|. (20)
From the definition of MKC and Lemma 2.4, for each ¢ > 0 there is a number

€ (0,1), if ||zn, — 2| < € then || f(xn) — f(2)|| < rel|lzn — 2]|. it follows from (18) and
(20) that

lyn = pll

IN A IA

lZns1 — pll =llannf(2n) + Yn2n + (1 = y) I — M)y, — p|

=llan(nf(zn) — Mp) + yn(zn —p) + (1 =) — anM)(yn —p)||

San|nf(n) — Mp|| + vnllzn —pll + (1 =70 — an¥)[|2n — ||

<apnmax{re||z, —pll, e} + anlnf(p) — Mp| + (1 — an?)llzn — p|

=max{(1 — an¥)l|lzn — pll + annrellzn — pl| + anllnf(p) — Mpl|,
(1 = an¥)|zn — pll + anne + an|nf(p) — Mpll}

=max{(l — any + annre)||zn — pll + anlnf(p) — Mp|. (1 — an¥) ||z — |
+ anne + an|nf(p) — Mpll}

=max{[1 — (¥ — annre)]l|zn — pll + cwllnf(p) — Mpl|, (1 — cp¥)||zn — p||
+ anne + an|nf(p) — Mp||}.
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Inductively, we obtain

o (21)

Inf(p) — Mpl| ~e+ [lnf(p) — Mp]| } 0> 1
Y — NTe ’7 ’ a

o — pll < max{|xo _p, Inft ,

which implies that the sequence {z,} is bounded.

Next we show that ||z,+1 — 2,|| = 0, as n — oco.

First we consider HJéf}l Ungli — J;iiiun,iH, if 7, s < rpq1, then it follows from
Lemma 2.5 that ’ 7

JA

T PR 7 .
rn+1‘iun+1’l ']Tn,,i Un,i

A; rn,i rnvi A; A
= ‘ JT‘n i < Unt1,i+ (1 - ) JT71+1.iun+17i> - JTn JUn,i
’ Tn+1,i Tn+1,i ’ ’

Tn,i Tn,i A;

< Upy1,4 + (1 — ) ety Ung 1 — Ungi

Tn+1,i Tn+1,i !

Tn,i "n,i Aq
< ———[tns1,i — ungll + (1 - > ‘ Jpia iUt = Un,i

Tn+1,i Tn+1,i
Tn+1,i — Tnyi

< Ntna1,i — Uni| + ———=2M;. (22)

b

If rpt1,i < 7p, using similar proof as in (22), we obtain

Combining (22) and (23), we have, for n > 1,

| 4 [ned = T *br"“' oM. (23)

A; A;
J""n,l+1,iu"+1vi —Ju) Un,i S ||un+1,i — Un,i

Tn,i

2|Tn,i - Tn+,1'

M
b 1

Jrn+1yiun+1,z - Jrn)iun,z

< unt1,i = Ungill +

2\Th41, — Ty
|7l+7;) nﬂ|M1

M;. (24)

SN = Tng1,iBi) (@na1 — @) | + [Pns1i — ol Bizn || +

2|rn+1,i - Tn,i|

<@ny1 — oall + |rn+1,i - Tn,i|||Bixn|| + b

Set My = (2 + M;) and using (24), we obtain

||Pn+1xn+1 - ann” S aOHxn+1 - xn”

N
+Z’
i=1

a; (J:}:_Hl (I — Tn+177;Bi)£L'n — J;i’l (I — rn,iBi)xn>

N
< lznr = @all + Mo Y I = rusrl- (25)

i=1
Next, from (18), we get that
Tnt1 = annf(@Tn) + YoZn + [(1 — V) — an M]Qpzp. (26)
Now, define

o xn+l - "Ynxn
1- Tn
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Hence, we obtain

Zn+1 — Bn =
_ A 1N f (Tna1) + Vs 1Tns1 + (1= Y1)l — a1 M] Qi1 Tnt — Yng1Tnt1
1 — Yn+1
_ anf(mn) + YnTn + [(1 - 'Yn)l - anM] QnTrn — YnTn
1—v,
o, T —MQn112n o, Tp) — MQ,xn,
_ g1 [0 (@ns1) Qn+1Znt1]  an[nf(zn) Qny] Qi — O,
1-— Tn+1 1-— Tn
(28)
which implies that
ol < Gl nen) = MQuiraia] | aulnf (o) = MQura
" " B 1-— Yn+1 1-— Tn
HNQn+1Zn+1 — Quanl- (29)
Now, we estimate ||Qnit12ne1 — Qnnl-
||Qn+1xn+1 - annH = H [5n+1$n+1 +(1- 5n+1)Pn+1xn+1] - [ﬁnmn +(1 - Bn)ann] [

S (1 - BnJrl)HPnJrlanrl - PnJrlwnH + |Bn+l - 5n|||ann||

+ Bt illTnt1 — Tull + [ Brr1 — Bulllzn |l
N

S (]- - BnJrl)Hanrl - an + MZ(]- - 5n+1) Z |7nn,i - rn+1,i| + |5n+1 - ﬂnH'PnﬁrnH
i=1

—+ ﬁn+1||xn+1 - xn” + |ﬁn+1 - 5n|||37n||
N

< ||xn+1 - xn” + MZ(I - 6n+1) Z |T7L,i — Tn41,i
1=1

+ Bnt1 = Bulllznll- (30)
From (29) and (30), we obtain

+ |6n+1 - 57L|||Pn$n||

Ant1||nf(Tng1) = MQui1Tny1 || + anl[nf(zn) — MQnzy, ||

]-_'VnJrl ]-_’Vn
N

+ | Tns1 — 2znl| + M2a(1 = Bng1) Z |7"n,i - 7“n—&-l,i| + |Bnt1 — Bull| Prxn|

i=1

zn41 — 2all <

+|Bns1 — Bulllzall-

Hence, we have

ns1|nf (Tns1) = MQni1Tni1]|

Hzn-&-l - Zn” - ||xn+l - xn” < 1— Yrt1
N
« Ty) — MQ,x
+ LA 1n)_ 5 Qutul + Ma(L = Bus1) Y Irni = rr
n =1

+ Bnr1 = Bulll Paznl + [Bns1 — Bulllznl- (31)
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Since {z,}, {f(xn)} and {P,z,} and {Q,z,} are bounded by conditions (4), (i) and
(#i1), we have that

limsup{[|zp1 = 2n| = [[€nt1 = zn|[} <O. (32)
n—oo

Thus by Lemma 2.6, we obtain
lim ||z, — 2,] = 0. (33)

n—oo
Hence we obtain from (28) and (33) that
Tim_ [z — ] = 0. (34)
Also from (18), we obtain
1Qnzn —znll < [|#n — Tnga || + |Zn+1 — Qnanl|

= |zn — zpgall + [lannf(@n) + (@0 — Qnrn) — an MQpay||

< zn — 2l + an(lInf (@) + 1M Quznll) + Ynllzn — Quanll,
which implies that

1
[Qnen —an| < 11—~ (lzn = 2ngall + an(lnf(@n)l| + [|MQuanl).  (35)
n
Hence from condition (i), (34) and (35), we get that
nhﬁrgo 1Qrnxn — x| = 0. (36)

Next, we estimate || Pz, — 2y ||

<z = Quanll + Bullrn — Pozall,
which implies that
1
| Pry, — xn|| < ﬁHxn —Qntn|l| — 0, n— oo. (37)
Also we have
= Bullzn — Pazy| + | Pan — 2n|| = 0, n— oo. (38)

Also we can obtain that

lyn = Pranll < llyn — 2nll + lzn — Pozn| = 0, 7 — oo
In similar way, we obtain

[Znt1 = ynll < [l2nt1 = ol + |20 = ynll =0, n — occ.

From (13) and Lemma 7, we know that there exists z; such that z; = tnf(x)+(1—
tM)P, Tz, for t € (0,1). Moreover, z; — z9 € F(P,) = NY_,(A; + B;)710, as t — 0,
and x( is the unique solution of the variational inequality (3.2).

Next we show that

HmSUp(Uf(??) - M.f;,](.%‘n - 'fj)> < 07 (39>

n—oo
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where & = lim;_,¢ x; with x; being the fixed point of the contraction
x—tnf(x)+ (1 —tM)P,Tx. (40)
Now, we take a subsequence {z,, } of {z,} such that
i sup(3(2) — M. — ) = i (1](2) = Moo, —2). (41

We may also assume that z,, — ¢. Note that ¢ € F(P,) by Lemma 2.7 and (39).

Since j is weakly sequentially continuous duality mapping, we obtain from Lemma 7
that

1ifln_>801ip<77f(f) - M‘i’j(l‘n - $)> = klgrolon(i%) - M‘f;7]<xnk - i))

= <77f(j7) - Mi‘vj(xnk - i‘)> <0. (42)

Hence, we obtain
limsup(nf (&) — M, j(z, — &) < 0.

n—oo
Finally, we show that ||z, — Z|| — 0, n — co. To do this, we divide the rest of the
proof into two cases.
By contradiction, there is number ¢y such that
limsup ||z, — Z|| > €. (43)
n—oo

Case 1. Fixed ¢; (€1 < €p), if for some n > N € N such that ||z, — Z| > eg — €1, and
for the other n > N € N such that ||z, — Z| < €9 — €;1. Let

o 20 (@) = M (g = 2)
n (60 _ 61)2 .
From (39), we know that limsup,,_,.. M,, < 0. Hence, there is a number N, when

n > N, we have M,, <7 —n. There exists ng > N such that ||z,, —Z| < €y — €1, then
we have

(44)

[EE
= [|ng f(Tne) + VYno@no + [(1 = Yoo ) T — tng My, — j”2

= (1 = Yng)T = o M] Yy = 2) + g (0 (@5) = ME) + Vg (@ny — 2)]”

= ([ = Yno ) I = angMlyn, — &) + ng(Nf (Tny) — MZ) + Yng (Tng — 2), j(Tng+1 — £))
= ([(1 = Yo )T — ang M|(Yny — ), j(Tng41 — 2)) + {ang (nf (Tny) — M2), j(Tng41 — 7))
+ (Vo (Tno — 2), (Tng+1 — 2))

= ([(1 = Yo — g M](Yny = ), § (@no+1 = 2)) + ng{f (¥ne) = f(2), §(@ne+1 — £))
+ ong (f (&) = MZ, j(#no 1 = L)) + (Vg (Tng — 2), J(Tng+1 — 2))

< (1= me = e NTne = ElllTng+1 = El + cngnll f(@ng) = f(@)[[|2ne+1 — 2]

+ ang (nf(2) — M2, j(2ng+1 — ) + Yo [Tne — Elll2ne+1 — 2|

<[ =ang (¥ =m0 — €))lzny 11 — 2l + any (nf (2) = M %, j(@no41 — 2))

< 501 (3 = Mo — 1) + S mg 1 = £ + g (1) = M, j(ngs1 = 3),
(45)
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which implies from (45) that

|Zng+1 — 27 < [1 = ane (7 — )% (€0 — €1)? + 20, (nf (&) — M, j(2ng1 — 7))
< 1= an (¥ = m)(eo = €1)* + 2, (nf () = M2, j(2ng1 — 7))
= [L—an,(—n— My))(co —e1)”
< (e0—e1)? (46)

Hence, we have
[Tnot1 — 2| < €0 —e1, foreg > e
In similar manner, we obtain
||£Cn —i’” < €g — €1, Vn > no,

which contradicts the fact that limsup,,_, . ||zn — &|| > €o-
Case 2. Fixed € (61 < €), if ||z, — &]| > €9 — €1 for all n > N € N, from Lemma
2.4, there is a number 7., (0 < r. < 1) such that

1f(en) = F@) < rllen — 2], n=N. (47)
From (18) and (47), we obtain

g1 — 21" =
=llannf(@n) + man + [(1 =) — anMly, — 2|
=1 = v)I — o M(yn — &) + an(nf(zn) — MZ) + yn(zy — A)||2
=([(1 = )] — anM|(yn — &) + an(nf(zn) — M2) + yn(zn — 2), j(@ne+1 — ))
=1 =) = anM](yn — 2), j(zns1 — 2)) + (an(nf (2n) — MI), j(Tni1 — 1))
+ (Y (Tn — 2),§(Tns1 — )
(A=) = anM](yn — ), j(@ns1 — ) + (on(nf (2n) — £(2)),(2n41 — 2))
+ (ann f (& = M%), j(zni1 — 2)) + (yn(@n — 2), j(Tn1 — 1))
S =y —any)zn = 2l[[2ns1 — 2] + annrlzn — 2([|2n 4 — 2|
+ (annf (2 = M2), j(zn1 — 2)) + Ynllzn — 2([[2n11 — 2]
<A —an(¥ - W‘)]Hl‘n - $n+1||||1‘n+1 — 2| + (annf(& — M2), j(zni1 — 1))

2

<[l -y - W)]*Hxn — )"+ *llxnﬂ — &%+ (Qunf(& — M#), j(zn1 — ),
which implies that
st — 212 < [1— an(5 = 10)]ll2n — & + 200 (11 (2 — M), j(@nss — ). (48)

Hence from Lemma 2.8 and (48), we conclude that x,, — & as n — oo, which contra-
dict the fact that ||z, — &|| > €o — €1. This complete the proof. O

Remark 3.1. We make the following comments which highlight our contribution in
this paper.
(i) We know that the Meir-Keeler contraction is a generalization of the contraction
mapping and also the condition

(Bx — By, j(( - rB)a — (I - rB)y) >0
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for all z,y € E and for all r > 0 assumed in the result of Wei and Duan [21] is
dispensed in our result. Hence, our results improves the results of Wei and Duan
[21].

(ii) It is well known that real smooth and uniformly convex Banach space are more
general than Hilbert space or g-uniformly smooth Banach space and also our
normalized duality mapping j is weakly sequentially continuous in most of the
existing related work is weaken to j weakly sequentially continuous at zero.
Hence our result extends the results of Song et al. [16].

If i =1 and f is a contraction, then from Theorem 3.3 we obtain the following:

Corollary 3.4. Let E be a real smooth and uniformly conver Banach space and C
be a nonempty, closed and conver subset of E, and let f : C — C be a contraction
mapping with k € (0,1). Let M : C — C be a strong positive bounded linear operator
F > 0 such that 0 < n < 2% Suppose that the duality mapping j : E — E* is
weakly sequentially continuous at zero. Let A : C — 2F be m-accretive operator and
B : C — E be a-inversely strongly accretive operator, such that (A+ B)~10 # (). Let
{z,} be generated by the following algorithm:
Yn = BnTn + (]- - Bn)J{i (I - TnB)xna (49)
Tnt1 = annf(xn) + InTn + ((1 - 'Yn)I - anM)yna n=>1,
for all n > 1, where J2* = (I +r,A)7" , {an}, {Ba} and {v,} are real number
sequence in (0,1) and {r,} C (0,00). Suppose that the above sequence satisfy the
following conditions:
(i) limy, 00 oy =0, Zzozl Oy = O0]
(i) 0 <rp <22 and 307 |rn41 — ra| < 00 forn > 1 and c is a constant;
(iv) 0 < liminf, o0 v, < limsup,_, .o 7 < L.
Then {z,,} converges strongly to a point xo € (A+B)~10, which is the unique solution
of the variational inequality: Vz € (A + B)~10.

(M —nf)zo, J(xo — 2)) < 0. (50)
where o = Qat+p)-1(0)f(T0), and Qaypy-1(0) is the unique sunny nonewpansive
retraction of E onto (A + B)~1(0).

4. Applications

In this section, we give an application of our Corollary 3.4 to approximation of
solution of certain nonlinear integro-differential equation involving the generalized p-

Laplacian. Throughout this section, we shall assume N > 1, ]\2,—]11 <r <min{p,p'} <
eI At Mt

Let V = LP(0, T; WP(Q)) and V* be the dual space of V. The norm in V will be
denoted by ||.||, which is defined by

T b
[u(z, )]s = (/0 U(xvt)ivl,pm)dt) » ufz,t) eV

Also, let W = Lmax{pr'} (o, T; Lmaxivr’}(Q)).
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Now, using the result obtained in Corollary 3.4, we shall study the existence and
uniqueness of the solution and iterative approximation of the unique solution of the
following nonlinear integro-differential equation.

ou s [Vul? p—2 q—2 r—2
5 — div {a(m) (1 + Wp) |Vul Vu] + b(2)|ul?*u + c(z)|u]"u

+9(z,u, Vu) + a1 2 [ udr = f(z,t) ae. inQx (0,7)

- <19,a(x) <1 + \/l'fl"T'”) |vu|p2vu> € Bu(u(z)) a.eonT x (0,T)
u(z,0) = u(z, T),

(51)

where € is a bounded conical domain of the Euclidean space RY, T is the boundary
Q) with ' € C! and ¥ denotes the exterior normal derivatives to I'. Also f(x,t) € W,
a,b and c are strictly positive bounded and continuous functions on €2 such that

0<a- = infa(z)<a® =supa(r) < oo
€ zEQ

0<b” = infbx) <b" =supb(x) < 0
xeQ 2EQ

0<c = infe(x)<ch =supe(r) < co.
€N z€Q

Moreover, a; is a positive constant and [, is the subdifferential of ¥, where 9, =
Hzx,.):R—>Riforxz el and ¢¥: T x R — R is the given function.

Lemma 4.1. [20] The mapping A : W — 2V is m-accretive.

Lemma 4.2. [20] Define B : D(B) = L™axwr'}(, 7; Whmax{tp2'}(Q)) ¢ W — W
by
(BU)(I’,t) = g(ﬂj,u, VU) - f(I,t),

for u(x,t) € D(B). Then B is inversely strongly accretive.
Recently, Y. Shehu and G. Cai [18] proved the following theorem

Theorem 4.3. [18] u(x,t) € W is the unique solution of the nonlinear boundary
value problem (51) if and only if u(xz,t) € (A + B)~1(0).

Now, using Theorem 4.3, Lemma 4.1 and 4.2 we obtain the following result.

Theorem 4.4. Let 2 < p < co. Suppose A and B are the same as those in Lemma
4.1 and 4.2 respectively. Let

£ W = e’ 1y preder’t(Q)) - praxter’t o, 7, praxtee’t Q)

be a fized contraction with coefficient k € (0,1). Let M : L™} (0, T; Lmax{pr'} () —
Lmax{pp'} (0, T @max{p’p/}(ﬂ)) be a strong positive bounded linear operator ¥ > 0 such
that 0 < n < 2% Suppose that the duality mapping jmaxippy @ £ — E* is weakly
sequentially continuous at zero such that the following conditions are satisfied:

(1) limy, oo n =0, Y07 | = 005

(i) 0 <rp < 2% and 307 |rny1 — | < 00 for n > 1 and c is a constant;
(111) hmn—)oo(/@n—i-l - ﬁn) = 0;
(iv) 0 < liminf, oo yn < limsup,, . v < L.
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Let the sequence {u,(x,t)}72, be generated by uq(z,t) € W,

Yn = Bnun(ajat) + (]- - ﬂn)Jqf}, (I - rnB)un(x,t),

52

1 2.0) = 00t (.0) 3t (.1) + (1= 3] = 0, Mg =1 )
Then {un(x,t)}52, converges strongly to u(z,t) € (A+ B)~1(0), which is the unique
solution of the variational inequality: Vz(x,t) € (A + B)~10.

(M —nflu(x,t), fmax{p,py (w(z, t) — 2(z,1))) <O0. (53)

where u(x,t) = Qarpy-10)f(u(x,t)), and Qatp)-1(0) is the unique sunny none-
pansive retraction of E onto (A + B)~1(0).

Acknowledgement: The first and second author acknowledge with thanks the bur-
sary and financial support from Department of Science and Technology and National
Research Foundation, Republic of South Africa Center of Excellence in Mathemat-
ical and Statistical Sciences (DST-NRF COE-MaSS) Doctoral Bursary. Opinions
expressed and conclusions arrived are those of the authors and are not necessarily to
be attributed to the CoE-MaSS.

References

[1] S. Banach, Surles ope’rations dans les ensembles abstraits et leur application aux e’quations
inte’grales, Fund. Math. 3 (1922), 133-181.

[2] V. Barbu, Nonlinear convergence semigroups and differential equations in Banach spaces,
Noordhoff, Groningen, (1991).

[3] G. Cai, C.S. Hu, Strong convergence theorems of a general iterative process for a finite family
of \;-strict pseudo-contractions in g-uniformly smooth Banach spaces, Comput. Math. Appl.
59 (2010), no. 1, 149-160.

[4] C. Chidume, Geometric Properties of Banach Spaces and Nonlinear Iterations, vol. 1965 of
Lectures Notes in Mathematics, Springer, London, UK, 2009.

[5] P. Cholamijiak, S. Suantai, Weak convergence theorems for a countable family of strictly
pseudocontractions in Banach spaces, Fized Point Theory Appl. 2010 (2010), Art. ID 632137.

[6] S.P. Han, G. Lou, A parallel for a class of convex programs, SIAM J. Control Optim. 26
(1988), 345-355.

[7] J.S. Jung, Iterative approaches to common fixed fixed points of nonexpansive mappings in
Banach spaces, J. Math. Anal. Appl. 302 (2005), no. 2, 509-520.

[8] P. L. Lions, B. Mercier, Splitting algorithm for the sum of two nonlinear operators, SIAM J.
Numer. Anal. 16 (1979), 964-979.

[9] B. Lemaire, Which fixed point does the iteration method select?: In Recent Advances in
optimization, Springer, Berlin, Germany, 452 (1997), 154-157.

[10] A. Meir, E. Keeler, A theorem on contraction mappings, J. Math. Anal. and Appl. 28 (1969),
326-329.

[11] F. U. Ogbuisi, O. T. Mewomo, Iterative solution of split variational inclusion problem in real
Banach space, Afr. Mat. 28 (2017), no. 1-2, 295-309.

[12] C.C. Okeke, A.U. Bello, C. Izuchukwu, O.T. Mewomo, Split equality for monotone inclusion
problem and fixed point problem in real Banach spaces, Aust. J. Math. Anal. Appl. 14 (2017),
no. 2, Art. 13.

[13] G.B. Passty, Ergodic convergence to a zero of the sum of monotone operators in Hilbert spaces,
J. Math. Anal. Appl. 72 (1979), 383-390.

[14] X.L. Qin, S.Y. Cho, L. Wang, Convergence of a splitting algorithm for sum of two accretive
operators with applications, Fized point Theory Appl. 2014 (2014), 166.

[15] T. Suziki, Moudafi’s viscosity approximations with Meir-Keeler contractions, J. Math. Anal.
Appl. 325 (2007), no. 1, 342-352.



STRONG CONVERGENCE RESULT 253

[16] Y. Song, C. Hu, Strong convergence theorems of a new general iterative process with Meir-
Keeler contractions for a countable family of \;-strictly pseudocontractions in g-uniformly
smooth Banach spaces, Fized Point Theory Appl. 2010 (2010), Art. ID 354202, 19 pages.

[17] T. Suzuki, Strong convergence of Krasnoselskii and Mann’s type sequences for one-parameter
nonexpansive semigroups without Bochner integrals, J. Math. Anal. Appl. 305 (2005), no. 1,
227-239.

[18] Y. Shehu, G. Cai, Strong convergence result for forward-backward splitting methods for ac-
cretive operators in Banach spaces with applications, Rev. R. Acad. Cienc. Ezxactas Fis. Nat.
Ser. A. Mat. RASCAM 112 (2018), no. 1, 71-87.

[19] W. Takahashi, Nonlinear functional analysis-fized point theory and applications, Yokohama
Publisher Inc., Yokohama (2000).

[20] L. Wei, R.P. Agrawal, P.J.Y. Wong, Discussion on the existence and uniqueness of solution to
nonlinear integro-differential systems, Comput. Math. Appl. 69, (2015), no. 5, 374-389.

[21] L. Wei, L. Duan, A new iterative algorithm for the sum of two different types of finitely many
accretive operators in Banach spaces and its connection with capillarity equation, Fized Point
Theory Appl. 2015 (2015), 25.

[22] H.K. Xu, Iterative algorithms for nonlinear operators, J. Lond. Math. Soc. 66, (2002), 1-17.

[23] Z.B. Xu, G.F. Roach, Characteristic inequalities of uniformly smooth Banach spaces, J. Math.
Anal. Appl. 157, (1991), 189-210.

(C.C. Okeke) SCHOOL OF MATHEMATICS, STATISTICS AND COMPUTER SCIENCE, UNIVERSITY OF
KwAzZULU-NATAL, DURBAN, SOUTH AFRICA

DST-NRF CENTER OF EXCELLENCE IN MATHEMATICAL AND STATISTICAL SCIENCES (COE-MASS)
E-mail address: 215082178@stu.ukzn.ac.za

(F.U. Ogbuisi) SCHOOL OF MATHEMATICS, STATISTICS AND COMPUTER SCIENCE, UNIVERSITY OF
KwAZULU-NATAL, DURBAN, SOUTH AFRICA

DST-NRF CENTER OF EXCELLENCE IN MATHEMATICAL AND STATISTICAL SCIENCES (COE-MASS)
E-mail address: 215082189@stu.ukzn.ac.za

(O.T. Mewomo) SCHOOL OF MATHEMATICS, STATISTICS AND COMPUTER SCIENCE, UNIVERSITY OF
KwAZULU-NATAL, DURBAN, SOUTH AFRICA
E-mail address:  mewomoo@ukzn.ac.za



