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1. Introduction

Let (H, 〈·, ·〉) be an inner product space over the real or complex numbers field K.
The following inequality is well known in literature as the Schwarz inequality

‖x‖ ‖y‖ ≥ |〈x, y〉| for any x, y ∈ H. (1)

The equality case holds in (1) if and only if there exists a constant λ ∈ K such that
x = λy.

In 1985 the author [4] (see also [19]) established the following refinement of (1):

‖x‖ ‖y‖ ≥ |〈x, y〉 − 〈x, e〉 〈e, y〉|+ |〈x, e〉 〈e, y〉| ≥ |〈x, y〉| (2)

for any x, y, e ∈ H with ‖e‖ = 1.
Using the triangle inequality for modulus we have

|〈x, y〉 − 〈x, e〉 〈e, y〉| ≥ |〈x, e〉 〈e, y〉| − |〈x, y〉|

and by (2) we get

‖x‖ ‖y‖ ≥ |〈x, y〉 − 〈x, e〉 〈e, y〉|+ |〈x, e〉 〈e, y〉|
≥ 2 |〈x, e〉 〈e, y〉| − |〈x, y〉| ,

which implies the Buzano inequality [2]

1

2
[‖x‖ ‖y‖+ |〈x, y〉|] ≥ |〈x, e〉 〈e, y〉| (3)

that holds for any x, y, e ∈ H with ‖e‖ = 1.
In [5], the author has proved the following Grüss’ type inequality in real or complex

inner product spaces.
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Theorem 1.1. Let (H, 〈·, ·〉) be an inner product space over K and e ∈ H, ‖e‖ = 1.
If ϕ, γ,Φ,Γ are real or complex numbers and x, y are vectors in H such that the
conditions

Re 〈Φe− x, x− ϕe〉 ≥ 0 and Re 〈Γe− y, y − γe〉 ≥ 0 (4)

hold, then we have the inequality

|〈x, y〉 − 〈x, e〉 〈e, y〉| ≤ 1

4
|Φ− ϕ| |Γ− γ| . (5)

The constant 1
4 is best possible in the sense that it cannot be replaced by a smaller

quantity.

For other Schwarz, Buzano and Grüss related inequalities in inner product spaces,
see [1]-[3], [4]-[13], [17]-[20], [22]-[29], and the monographs [14], [15] and [16].

2. Main Results

The following results hold:

Theorem 2.1. Let (H, 〈·, ·〉) be an inner product space over the real or complex
numbers field K. If x, y, e, f ∈ H with ‖e‖ = ‖f‖ = 1, then

‖x‖ ‖y‖ − |〈x, e〉 〈f, y〉| ≥ |〈x, y〉 − 〈x, e〉 〈e, y〉 − 〈x, f〉 〈f, y〉+ 〈x, e〉 〈f, y〉 〈e, f〉| . (6)

Proof. Using Schwarz inequality we have

‖x− 〈x, e〉 e‖2 ‖y − 〈y, f〉 f‖2 ≥ |〈x− 〈x, e〉 e, y − 〈y, f〉 f〉|2 (7)

for any x, y, e, f ∈ H with ‖e‖ = ‖f‖ = 1.
Since

‖x− 〈x, e〉 e‖2 = ‖x‖2 − |〈x, e〉|2 , ‖y − 〈y, f〉 f‖2 = ‖y‖2 − |〈y, f〉|2

and

〈x− 〈x, e〉 e, y − 〈y, f〉 f〉 = 〈x, y〉 − 〈x, e〉 〈e, y〉 − 〈x, f〉 〈f, y〉+ 〈x, e〉 〈f, y〉 〈e, f〉 ,
then by (7) we get(

‖x‖2 − |〈x, e〉|2
)(
‖y‖2 − |〈y, f〉|2

)
(8)

≥ |〈x, y〉 − 〈x, e〉 〈e, y〉 − 〈x, f〉 〈f, y〉+ 〈x, e〉 〈f, y〉 〈e, f〉|2

for any x, y, e, f ∈ H with ‖e‖ = ‖f‖ = 1.
Using the elementary inequality

(ac− bd)
2 ≥

(
a2 − b2

) (
c2 − d2

)
that holds for any real numbers a, b, c, d ∈ R, we have

(‖x‖ ‖y‖ − |〈x, e〉| |〈y, f〉|)2 ≥
(
‖x‖2 − |〈x, e〉|2

)(
‖y‖2 − |〈y, f〉|2

)
(9)

for any x, y, e, f ∈ H with ‖e‖ = ‖f‖ = 1.
By Schwarz inequality for the pairs (x, e) and (y, f) we have

‖x‖ ≥ |〈x, e〉| and ‖y‖ ≥ |〈y, f〉| ,
which shows that

‖x‖ ‖y‖ − |〈x, e〉| |〈y, f〉| ≥ 0,
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for any x, y, e, f ∈ H with ‖e‖ = ‖f‖ = 1.
Making use of (8) and (9) we get

(‖x‖ ‖y‖ − |〈x, e〉| |〈y, f〉|)2 (10)

≥ |〈x, y〉 − 〈x, e〉 〈e, y〉 − 〈x, f〉 〈f, y〉+ 〈x, e〉 〈f, y〉 〈e, f〉|2

and by taking the square root in (10) we get the desired result. �

Corollary 2.2. With the assumptions of Theorem 2.1 and if e ⊥ f, i.e. 〈e, f〉 = 0,
then we have the inequality

‖x‖ ‖y‖ − |〈x, e〉 〈f, y〉| ≥ |〈x, y〉 − 〈x, e〉 〈e, y〉 − 〈x, f〉 〈f, y〉| . (11)

Remark 2.1. From the inequality (11) we have

‖x‖ ‖y‖ ≥ |〈x, y〉 − 〈x, e〉 〈e, y〉 − 〈x, f〉 〈f, y〉|+ |〈x, e〉 〈f, y〉| (12)

≥ |〈x, y〉 − 〈x, e〉 〈e, y〉 − 〈x, f〉 〈f, y〉 ± 〈x, e〉 〈f, y〉| .
By the triangle inequality we also have

|〈x, y〉 − 〈x, e〉 〈e, y〉 − 〈x, f〉 〈f, y〉| ≥ |〈x, e〉 〈e, y〉+ 〈x, f〉 〈f, y〉| − |〈x, y〉|
and by the first inequality in (14) we get

‖x‖ ‖y‖ ≥ |〈x, e〉 〈e, y〉+ 〈x, f〉 〈f, y〉| − |〈x, y〉|+ |〈x, e〉 〈f, y〉| ,
which implies

‖x‖ ‖y‖+ |〈x, y〉| ≥ |〈x, e〉 〈e, y〉+ 〈x, f〉 〈f, y〉|+ |〈x, e〉 〈f, y〉| (13)

≥ |〈x, e〉 〈e, y〉+ 〈x, f〉 〈f, y〉+ 〈x, e〉 〈f, y〉|
for any x, y, e, f ∈ H with ‖e‖ = ‖f‖ = 1 and e ⊥ f.

Corollary 2.3. With the assumptions of Theorem 2.1 we have

‖x‖ ‖y‖ − |〈x, e〉 〈f, y〉| (1− |〈e, f〉|) ≥ |〈x, y〉 − 〈x, e〉 〈e, y〉 − 〈x, f〉 〈f, y〉| (14)

and

‖x‖ ‖y‖+ |〈x, y〉 − 〈x, e〉 〈e, y〉 − 〈x, f〉 〈f, y〉| ≥ |〈x, e〉 〈f, y〉| (|〈e, f〉|+ 1) . (15)

Indeed, by the triangle inequality we have

|〈x, y〉 − 〈x, e〉 〈e, y〉 − 〈x, f〉 〈f, y〉+ 〈x, e〉 〈f, y〉 〈e, f〉|
≥ |〈x, y〉 − 〈x, e〉 〈e, y〉 − 〈x, f〉 〈f, y〉| − |〈x, e〉 〈f, y〉 〈e, f〉|

and by (6) we get (14).
By the triangle inequality we also have

|〈x, y〉 − 〈x, e〉 〈e, y〉 − 〈x, f〉 〈f, y〉+ 〈x, e〉 〈f, y〉 〈e, f〉|
≥ |〈x, e〉 〈f, y〉 〈e, f〉| − |〈x, y〉 − 〈x, e〉 〈e, y〉 − 〈x, f〉 〈f, y〉|

and by (6) we get (15).

Remark 2.2. With the assumptions of Theorem 2.1 and if |〈e, f〉| = 1, then we have

‖x‖ ‖y‖ ≥ |〈x, y〉 − 〈x, e〉 〈e, y〉 − 〈x, f〉 〈f, y〉| (16)

and
1

2
[‖x‖ ‖y‖+ |〈x, y〉 − 〈x, e〉 〈e, y〉 − 〈x, f〉 〈f, y〉|] ≥ |〈x, e〉 〈f, y〉| . (17)
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If we take f = e in (16) and (17), then we get the inequalities

‖x‖ ‖y‖ ≥ |〈x, y〉 − 2 〈x, e〉 〈e, y〉| (18)

and
1

2
[‖x‖ ‖y‖+ |〈x, y〉 − 2 〈x, e〉 〈e, y〉|] ≥ |〈x, e〉 〈e, y〉| (19)

for any x, y, e ∈ H with ‖e‖ = 1.
Using the triangle inequality we have

|〈x, y〉 − 2 〈x, e〉 〈e, y〉| ≥ 2 |〈x, e〉 〈e, y〉| − |〈x, y〉|
and by (18) we get

‖x‖ ‖y‖ ≥ |〈x, y〉 − 2 〈x, e〉 〈e, y〉| ≥ 2 |〈x, e〉 〈e, y〉| − |〈x, y〉| . (20)

The inequality between the first and last term in (20) is equivalent to Buzano’s in-
equality (3).

The following lemma holds, see [6]:

Lemma 2.4. Let a, x,A be vectors in the inner product space (H, 〈·, ·〉) over K with
a 6= A. Then

Re 〈A− x, x− a〉 ≥ 0 (21)

if and only if ∥∥∥∥x− a+A

2

∥∥∥∥ ≤ 1

2
‖A− a‖ . (22)

Proof. Define

I1 := Re 〈A− x, x− a〉 and I2 :=
1

4
‖A− a‖2 −

∥∥∥∥x− a+A

2

∥∥∥∥2 .
A simple calculation shows that

I1 = I2 = Re [〈x, a〉+ 〈A, x〉]− Re 〈A, a〉 − ‖x‖2

and thus, obviously, I1 ≥ 0 iff I2 ≥ 0 showing the required equivalence. �

The following corollary is obvious:

Corollary 2.5. Let x, e ∈ H with ‖e‖ = 1 and δ,∆ ∈ K with δ 6= ∆. Then

Re 〈∆e− x, x− δe〉 ≥ 0 (23)

iff ∥∥∥∥x− δ + ∆

2
· e
∥∥∥∥ ≤ 1

2
|∆− δ| . (24)

Remark 2.3. If H = C, then Re [(A− x) (x̄− ā)] ≥ 0 if and only if
∣∣x− a+A

2

∣∣ ≤
1
2 |A− a| , where a, x,A ∈ C. If H = R, and A > a then a ≤ x ≤ A if and only if∣∣x− a+A

2

∣∣ ≤ 1
2 (A− a) .

The following lemma is of interest [6].

Lemma 2.6. Let x, e ∈ H with ‖e‖ = 1. Then one has the following representation

‖x‖2 − |〈x, e〉|2 = inf
λ∈K
‖x− λe‖2 ≥ 0. (25)
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Proof. Observe, for any λ ∈ K, that

〈x− λe, x− 〈x, e〉 e〉 = ‖x‖2 − |〈x, e〉|2 − λ
[
〈e, x〉 − 〈e, x〉 ‖e‖2

]
= ‖x‖2 − |〈x, e〉|2 .

Using Schwarz’s inequality, we have[
‖x‖2 − |〈x, e〉|2

]2
= |〈x− λe, x− 〈x, e〉 e〉|2 ≤ ‖x− λe‖2 ‖x− 〈x, e〉 e‖2

= ‖x− λe‖2
[
‖x‖2 − |〈x, e〉|2

]
,

giving the bound

‖x‖2 − |〈x, e〉|2 ≤ ‖x− λe‖2 , λ ∈ K. (26)

Taking the infimum in (26) over λ ∈ K, we deduce

‖x‖2 − |〈x, e〉|2 ≤ inf
λ∈K
‖x− λe‖2 .

Since, for λ0 = 〈x, e〉 , we get ‖x− λ0e‖2 = ‖x‖2 − |〈x, e〉|2 , then the representation
(25) is proved. �

The following result also holds:

Theorem 2.7. Let (H, 〈·, ·〉) be an inner product space over K and e, f ∈ H, ‖e‖ =
‖f‖ = 1. If ϕ, γ,Φ,Γ are real or complex numbers and x, y are vectors in H such that
the conditions

Re 〈Φe− x, x− ϕe〉 ≥ 0, Re 〈Γf − y, y − γf〉 ≥ 0 (27)

hold, or, equivalently, the following assumptions∥∥∥∥x− ϕ+ Φ

2
e

∥∥∥∥ ≤ 1

2
|Φ− ϕ| ,

∥∥∥∥y − γ + Γ

2
f

∥∥∥∥ ≤ 1

2
|Γ− γ| (28)

are valid, then one has the inequality

|〈x, y〉 − 〈x, e〉 〈e, y〉 − 〈x, f〉 〈f, y〉+ 〈x, e〉 〈f, y〉 〈e, f〉| ≤ 1

4
|Φ− ϕ| |Γ− γ| . (29)

Proof. Using the inequality (8) and Lemma 2.6 we have

|〈x, y〉 − 〈x, e〉 〈e, y〉 − 〈x, f〉 〈f, y〉+ 〈x, e〉 〈f, y〉 〈e, f〉|2 (30)

≤
(
‖x‖2 − |〈x, e〉|2

)(
‖y‖2 − |〈y, f〉|2

)
= inf
λ∈K
‖x− λe‖2 inf

η∈K
‖y − ηf‖2

≤
∥∥∥∥x− ϕ+ Φ

2
e

∥∥∥∥2 ∥∥∥∥y − γ + Γ

2
f

∥∥∥∥2 ≤ 1

4
|Φ− ϕ|2 1

4
|Γ− γ|2 ,

which is equivalent to the desired inequality (29). �

Corollary 2.8. With the assumptions of Theorem 2.7 and if e ⊥ f, then we have the
simpler inequality

|〈x, y〉 − 〈x, e〉 〈e, y〉 − 〈x, f〉 〈f, y〉| ≤ 1

4
|Φ− ϕ| |Γ− γ| . (31)

Remark 2.4. If we take f = e in Theorem 2.7, then we get the result from Theorem
1.1.



272 S.S. DRAGOMIR

3. Applications

Consider the Hilbert space Cn endowed with the inner product 〈·, ·〉p : Cn×Cn → C
defined by

〈x,y〉p :=

n∑
j=1

pjxjyj ,

where p = (p1, ..., pn) is a probability distribution, i.e. pj ≥ 0, j ∈ {1, ..., n} with∑n
j=1 pj = 1 and

x = (x1, ..., xn) , y = (y1, ..., yn) ∈ Cn.
Assume that e = (e1, ..., en) , f = (f1, ..., fn) ∈ Cn with

n∑
j=1

pj |ej |2 =

n∑
j=1

pj |fj |2 = 1. (32)

Then for any x = (x1, ..., xn) , y = (y1, ..., yn) ∈ Cn we have the inequality n∑
j=1

pj |xj |2
1/2 n∑

j=1

pj |yj |2
1/2

−

∣∣∣∣∣∣
n∑
j=1

pjxjej

n∑
j=1

pjfjyj

∣∣∣∣∣∣ (33)

≥

∣∣∣∣∣∣
n∑
j=1

pjxjyj −
n∑
j=1

pjxjej

n∑
j=1

pjejyj

−
n∑
j=1

pjxjf j

n∑
j=1

pjfjyj +

n∑
j=1

pjxjej

n∑
j=1

pjfjyj

n∑
j=1

pjejf j

∣∣∣∣∣∣ .
Moreover, if e = (e1, ..., en) , f = (f1, ..., fn) ∈ Cn satisfy the additional condition

n∑
j=1

pjejf j = 0, (34)

then from (33) we get n∑
j=1

pj |xj |2
1/2 n∑

j=1

pj |yj |2
1/2

−

∣∣∣∣∣∣
n∑
j=1

pjxjej

n∑
j=1

pjfjyj

∣∣∣∣∣∣ (35)

≥

∣∣∣∣∣∣
n∑
j=1

pjxjyj −
n∑
j=1

pjxjej

n∑
j=1

pjejyj −
n∑
j=1

pjxjf j

n∑
j=1

pjfjyj

∣∣∣∣∣∣ .
If we denote by C(0, 1) the unit circle of radius 1 in C, namely C(0, 1) = {z ∈ C||z| = 1} ,
then for e = (e1, ..., en) , f = (f1, ..., fn) ∈ Cn with ej , fj ∈ C (0, 1) for any j ∈ {1, ..., n}
we have that the condition (32) holds true and therefore the inequality (33) is valid.

If we consider the nonnegative weights wj ≥ 0, j ∈ {1, ..., n} with Wn =
∑n
k=1 wk >

0 and if we assume that

1

Wn

n∑
j=1

wj |ej |2 =
1

Wn

n∑
j=1

wj |fj |2 = 1 (36)



SOME INEQUALITIES IN INNER PRODUCT SPACES 273

then by (33) we get

 1

Wn

n∑
j=1

wj |xj |2
1/2 1

Wn

n∑
j=1

wj |yj |2
1/2

−

∣∣∣∣∣∣ 1

Wn

n∑
j=1

wjxjej
1

Wn

n∑
j=1

wjfjyj

∣∣∣∣∣∣ (37)

≥

∣∣∣∣∣∣ 1

Wn

n∑
j=1

wjxjyj −
1

Wn

n∑
j=1

wjxjej
1

Wn

n∑
j=1

wjejyj

− 1

Wn

n∑
j=1

wjxjf j
1

Wn

n∑
j=1

wjfjyj +
1

Wn

n∑
j=1

wjxjej
1

Wn

n∑
j=1

wjfjyj
1

Wn

n∑
j=1

wjejf j

∣∣∣∣∣∣ .
Let f (z) =

∑∞
n=0 anz

n be a power series with nonnegative coefficients and conver-
gent on the open disk D (0, R) with R > 0 or R =∞.

The most important power series with nonnegative coefficients that can be used to
illustrate the above results are:

exp (z) =

∞∑
n=0

1

n!
zn, z ∈ C,

1

1− z
=

∞∑
n=0

zn, z ∈ D (0, 1) , (38)

ln
1

1− z
=

∞∑
n=1

1

n
zn, z ∈ D (0, 1) , cosh z =

∞∑
n=0

1

(2n)!
z2n, z ∈ C,

sinh z =

∞∑
n=0

1

(2n+ 1)!
z2n+1, z ∈ C.

Other important examples of functions as power series representations with nonneg-
ative coefficients are:

1

2
ln

(
1 + z

1− z

)
=

∞∑
n=1

1

2n− 1
z2n−1, z ∈ D (0, 1) , (39)

sin−1 (z) =

∞∑
n=0

Γ
(
n+ 1

2

)
√
π (2n+ 1)n!

z2n+1, z ∈ D (0, 1) ,

tanh−1 (z) =

∞∑
n=1

1

2n− 1
z2n−1, z ∈ D (0, 1) ,

2F1 (α, β, γ, z) :=

∞∑
n=0

Γ (n+ α) Γ (n+ β) Γ (γ)

n!Γ (α) Γ (β) Γ (n+ γ)
zn, α, β, γ > 0, z ∈ D (0, 1) ,

where Γ is Gamma function.

Proposition 3.1. Let f (z) =
∑∞
n=0 anz

n be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0, R) with R > 0 or R =∞. If 0 < p < R,
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u, v ∈ C (0, 1) and x, y ∈ C with p |x|2 , p |y|2 < R then we have the inequalityf
(
p |x|2

)
f (p)

1/2f
(
p |y|2

)
f (p)

1/2

−
∣∣∣∣f (pxu)

f (p)

f (pvy)

f (p)

∣∣∣∣
≥
∣∣∣∣f (pxy)

f (p)
− f (pxu)

f (p)

f (puy)

f (p)
− f (pxv)

f (p)

f (pvy)

f (p)
+
f (pxu)

f (p)

f (pvy)

f (p)

f (puv)

f (p)

∣∣∣∣ . (40)

Proof. If u, v ∈ C (0, 1) then for any n ≥ 0 we have un, vn ∈ C (0, 1). Observe that for
any m ≥ 1 we have that∑m

n=0 anp
n |un|2∑m

n=0 anp
n

=

∑m
n=0 anp

n |vn|2∑m
n=0 anp

n
=

∑m
n=0 anp

n∑m
n=0 anp

n
= 1.

Using the inequality (37) we have(∑m
n=0 anp

n |x|2n∑m
n=0 anp

n

)1/2(∑m
n=0 anp

n |y|2n∑m
n=0 anp

n

)1/2

−
∣∣∣∣∑m

n=0 anp
n (xu)

n∑m
n=0 anp

n

∑m
n=0 anp

n (vy)
n∑m

n=0 anp
n

∣∣∣∣
(41)

≥
∣∣∣∣∑m

n=0 anp
n (xy)

n∑m
n=0 anp

n
−
∑m
n=0 anp

n (xu)
n∑m

n=0 anp
n

∑m
n=0 anp

n (uy)
n∑m

n=0 anp
n

+

(
−
∑m
n=0 anp

n (xv)
n∑m

n=0 anp
n

+

∑m
n=0 anp

n (xu)
n∑m

n=0 anp
n

∑m
n=0 anp

n (uv)
n∑m

n=0 anp
n

) ∑m
n=0 anp

n (vy)
n∑m

n=0 anp
n

∣∣∣∣ .
Since all the series whose partial sums are involved in inequality (41) are convergent,
then by letting m→∞ in (41) we get the desired result (40). �

Remark 3.1. The inequality (40) can provide some particular inequalities of interest.
For instance, if we take f (z) = exp (z) , z ∈ C, then we get

exp

[
p

(
|x|2 + |y|2

2
− 1

)]
− |exp [p (xu+ vy − 2)]| (42)

≥ |exp [p (xy − 1)]− exp [p (xu+ uy − 2)]− exp [p (xv + vy − 2)]

+ exp [p (xu+ vy + uv − 3)]|

for any p > 0, u, v ∈ C (0, 1) and x, y ∈ C.
If we take u = v = 1, then from (42) we get

exp

[
p

(
|x|2 + |y|2

2
− 1

)]
− |exp [p (x+ y − 2)]| (43)

≥ |exp [p (xy − 1)]− exp [p (x+ y − 2)]|

for any p > 0 and x, y ∈ C.
Moreover, if we take in (43) x = y = z ∈ C, then we get

exp
[
p
(
|z|2 − 1

)]
− |exp [2p (z − 1)]| ≥

∣∣exp
[
p
(
z2 − 1

)]
− exp [2p (z − 1)]

∣∣ (44)

for any p > 0 and z ∈ C.
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Consider L2 [a, b] the Hilbert space of all complex valued functions f with∫ b
a
|f (t)|2 dt <∞. The inner product is given by

〈f, g〉2 :=

∫ b

a

f (t) g (t)dt.

Assume that h, k ∈ L2 [a, b] with∫ b

a

|h (t)|2 dt =

∫ b

a

|k (t)|2 dt = 1. (45)

For instance, if h (t) = 1√
b−aρ (t) , k (t) = 1√

b−aϕ (t) with ρ (t) , ϕ (t) ∈ C (0, 1) for

almost any t ∈ [a, b] , then h, k ∈ L2 [a, b] and the condition (45) is satisfied.

Proposition 3.2. Assume that h, k ∈ L2 [a, b] with the property (45). Then for any
f, g ∈ L2 [a, b] we have the inequality(∫ b

a

|f (t)|2 dt

)1/2(∫ b

a

|g (t)|2 dt

)1/2

−

∣∣∣∣∣
∫ b

a

f (t)h (t)dt

∫ b

a

k (t) g (t)dt

∣∣∣∣∣ (46)

≥

∣∣∣∣∣
∫ b

a

f (t) g (t)dt−
∫ b

a

f (t)h (t)dt

∫ b

a

h (t) g (t)dt

−
∫ b

a

f (t) k (t)dt

∫ b

a

k (t) g (t)dt +

∫ b

a

f (t)h (t)dt

∫ b

a

k (t) g (t)dt

∫ b

a

h (t) k (t)dt

∣∣∣∣∣ .
The proof follows by Theorem 2.1 for the inner product 〈·, ·〉2 .

Remark 3.2. If ρ (t) , ϕ (t) ∈ C (0, 1) for almost any t ∈ [a, b] , then we have the
following inequalities for integral means(

1

b− a

∫ b

a

|f (t)|2 dt

)1/2(
1

b− a

∫ b

a

|g (t)|2 dt

)1/2

(47)

−

∣∣∣∣∣ 1

b− a

∫ b

a

f (t) ρ (t)dt
1

b− a

∫ b

a

ϕ (t) g (t)dt

∣∣∣∣∣
≥

∣∣∣∣∣ 1

b− a

∫ b

a

f (t) g (t)dt− 1

b− a

∫ b

a

f (t) ρ (t)dt
1

b− a

∫ b

a

ρ (t) g (t)dt

− 1

b− a

∫ b

a

f (t)ϕ (t)dt
1

b− a

∫ b

a

ϕ (t) g (t)dt

+
1

b− a

∫ b

a

f (t) ρ (t)dt
1

b− a

∫ b

a

ϕ (t) g (t)dt
1

b− a

∫ b

a

ρ (t)ϕ (t)dt

∣∣∣∣∣ ,
for any f, g ∈ L2 [a, b] .

If we take ρ (t) = 1, ϕ (t) = sgn
(
t− a+b

2

)
, t ∈ [a, b] , then ρ (t) , ϕ (t) ∈ C (0, 1) for

almost any t ∈ [a, b] and since∫ b

a

ρ (t)ϕ (t) =

∫ b

a

sgn

(
t− a+ b

2

)
dt = 0,
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then we get from (47)(
1

b− a

∫ b

a

|f (t)|2 dt

)1/2(
1

b− a

∫ b

a

|g (t)|2 dt

)1/2

(48)

−

∣∣∣∣∣ 1

b− a

∫ b

a

f (t) dt
1

b− a

∫ b

a

sgn

(
t− a+ b

2

)
g (t)dt

∣∣∣∣∣
≥

∣∣∣∣∣ 1

b− a

∫ b

a

f (t) g (t)dt− 1

b− a

∫ b

a

f (t) dt
1

b− a

∫ b

a

g (t)dt

− 1

b− a

∫ b

a

sgn

(
t− a+ b

2

)
f (t) dt

1

b− a

∫ b

a

sgn

(
t− a+ b

2

)
g (t)dt

∣∣∣∣∣
for any f, g ∈ L2 [a, b] .

On making use of Theorem 2.7 one can state similar discrete and integral inequal-
ities. However the details are not presented here.
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Math. 32 (1987), no. 1, 71–78.
[20] H. Gunawan, On n-inner products, n-norms, and the Cauchy-Schwarz inequality, Sci. Math.

Jpn. 55 (2002), no. 1, 53–60.

[21] K.E. Gustafson, D.K.M. Rao, Numerical Range, Springer-Verlag Inc., New York, 1997.
[22] E.R. Lorch, The Cauchy-Schwarz inequality and self-adjoint spaces, Ann. of Math. 46 (1945),

no. 2, 468–473.
[23] C. Lupu, D. Schwarz, Another look at some new Cauchy-Schwarz type inner product inequalities,

Appl. Math. Comput. 231 (2014), 463–477.

[24] M. Marcus, The Cauchy-Schwarz inequality in the exterior algebra, Quart. J. Math. Oxford
Ser. 17 (1966), no. 2, 61–63.

[25] P.R. Mercer, A refined Cauchy-Schwarz inequality, Internat. J. Math. Ed. Sci. Tech. 38 (2007),

no. 6, 839–842.
[26] F.T. Metcalf, A Bessel-Schwarz inequality for Gramians and related bounds for determinants,

Ann. Mat. Pura Appl. (4) 68 1965 201–232.

[27] T. Precupanu, On a generalization of Cauchy-Buniakowski-Schwarz inequality, An. Şti. Univ.
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