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ABSTRACT. We consider a Dirichlet elliptic equation driven by a weighted
(p, q)-Laplace differential operator. The weights are in general different. When
the reaction is “superlinear”, using the fountain theorem, we show the exis-
tence of a sequence of distinct smooth solutions with energies diverging to +oo.
When the reaction is “sublinear” (possibly resonant), we establish the existence
of a sequence of nodal solutions converging to zero in C& (Q) (in particular, the
energies converge to zero).

1. Introduction. Let @ C RY be a bounded domain with a C2-boundary Of2.
In this paper, we study the following Dirichlet problem driven by the weighted
(p, q)-Laplacian
—ASu(z) - Au(z) = f(zu(z)) in 2, "
ulon =0,1 < g < p.
Given a € C%1(Q) with 0 < € < a(z) for all z € Q and r € (1,00), by A% we
denote the weighted r-Laplace differential operator defined by

A%y = div(a(z)|Du|"~2Du) for all u € W, (Q).

In problem (1) we have the sum of two such operators with different exponents
1 < ¢ < p and also different weight functions a;(-) and as(+). So, in problem (1), the
differential operator is not homogeneous and this of course leads to difficulties in the
analysis of (1). Moreover, the fact that the weights a1 () and as(-) are in general
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different, does not permit the use of the nonlinear maximum principle of Pucci-
Serrin [22, pp.111, 120]. Instead we employ a strengthened version of a result due
to Papageorgiou-Vetro-Vetro [20, Proposition 2.4], exploiting the stronger regularity
theory available for our problem.

Our aim is to prove the existence of a whole sequence of distinct solutions of
(1) with energy levels which tend to 400 and to zero. Such multiplicity results
were obtained by Kajikiya [9], Pan-Tang [14], Papageorgiou-Radulescu [15] (semi-
linear equations), Zhao-Zhao [28] (equations driven by the p-Laplacian), Gasinski-
Papageorgiou [7], Leonardi-Papageorgiou [11] (parametric Robin problems driven
by a nonhomgeneous differential operator) and Papageorgiou-Radulescu-Repovs [17]
(parametric double phase equations). They impose more restrictive conditions on
the reaction and with the exception of Zhao-Zhao [28], produce only sequences of
low energy solutions. For related existence and properties of ground state solutions
for the case p = g = 2, we also refer the readers to the recent paper [26, 27].

2. Mathematical background and auxiliary results. The main spaces in the
analysis of problem (1) are the Sobolev space W, ?(Q) and the Banach space

CHQY) = {u e Q) : ulpn = 0}.

On account of the Poincaré inequality, on WO1 P(Q) we can use the equivalent
norm

|u|| = || Dul|, for all u € Wy P ().

The Banach space C3(Q) is ordered with positive cone
Cy={ueCi(Q):u(z) >0 forall z€ Q}.

This cone has a nonempty interior given by
0
intCy ={ue Cy:u(z) >0forall z € Q, ajkm < 0},
n

where g—z = (Du,n)r~y with n(-) being the outward unit normal on J§2.
By C’O’i( () we denote the space of all Lipschitz continuous functions on Q. Let
a € C%1(Q) and assume that 0 < ¢ < a(z) for all z € Q. For r € (1,00), let

/ 1 1
AT WT(Q) = WTHTH(@Q) = W () (C+ 5 =1)
be the nonlinear operator defined by
(A (u), h) = / o(2)|Dul"2(Du, Dh)g~dz.
Q

This operator has the following properties (see Gasinski-Papageorgiou [6, Prob-
lem 2.192]).

Proposition 2.1. The operator A%(-) is bounded (that is, maps bounded sets to
bounded sets), continuous, strictly monotone (thus, maximal monotone too) and of
type (S)+, that is,

“Up 2w in Wy (), imsup(A® (uy,), tn — u) <0 = u, — u in Wy (Q).
n—oo
Consider the following nonlinear eigenvalue problem
—A%u(z) = Aa(2)|u(z)]""2u(z) in Q, (2)
u=0 on 0f).
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We say that A € R is an eigenvalue of (2), if the problem admits a nontrivial solution
@ € Wy () known as an eigenfunction corresponding to A. Problem (2) has a
smallest eigenvalue A{(r) > 0 which has the following variational characterization

. Dul"d

Ae(r) = inf{f“a(z)l ufdz
fQ a(z)|u|"dz

This eigenvalue is isolated and simple (that is, if @, ¢ are two eigenfunctions

corresponding to A%(r), then @ = 9o for some ¥ € R\ {0}). The infimum in
(3) is realized on the corresponding one dimensional eigenspace. It is easy to see

:ueW&’T(Q),u;«éO}. (3)

from (3) that the eigenfunctions corresponding to ;\‘f(r) have constant sign. The
nonlinear regularity theory (see Lieberman [12]) implies that all eigenfunctions of
(2) belong in C¢(€). By 44 (r) we denote the positive eigenfunction corresponding
to A¢(r) > 0 such that Joa(2)|iy(r)["dz = 1. The nonlinear maximum principle
implies that @y (r) € int Cy. We mention that in addition to A¢(r) > 0 the minimax
scheme of Ljusternik-Schnirelmann (see Gasinski-Papageorgiou [5]) gives a whole
strictly increasing unbounded sequence of eigenvalues {A%(r)},en. We do not know
if this sequence exhausts the spectrum of (2).

From the aforementioned properties of 5\’11, we infer the following simple lemma
(see Mugnai-Papageorgiou [13, Lemma 4.11]).

Proposition 2.2. If 9 € L®(Q), 9(z) < X¢(r)a(z) for a.a. z € Q and 9 # X¢(r)a,
then there exists co > 0 such that

Co||DU||:S/a(Z)|DU|Td2’7/19(Z)|U|TdZ
Q Q

for all u € Wy (Q).

For our problem there is a strong regularity theory (see Lieberman [12]) and so we
can have a stronger version of the maximum principle of Papageorgiou-Vetro-Vetro
[20, Proposition 2.4].

So, let a1, ag € CO1(Q) with 0 < € < ay(2), az(z) for all z € Q and &, h € L>=(Q),
&(z) > 0 for a.a. z € . We consider the following Dirichlet problem

{ —AB (=) — Au(z) + €(2)|u(z)P2u(z) = h(z) in Q,
U\GQ=07l<q<p<oo.

(4)
Proposition 2.3. If u € C}(Q) is a solution of (4), u(z) >0 for all z € Q, u # 0,
then u € intCy.
Proof. First we show that

u(z) > 0 for all z € Q.

We argue by contradiction. So, suppose that the strict positivity of u(-) on Q is
not true. Then we can find z;,z2 € Q and p > 0 such that

Bg,,(Zg) CQ, 21 € 0Bay(22), u(z1) =0, u|32p(Z2) > 0.

Here, Ba,(22) = {z € RN : |z — 23| < 2p}. Clearly, by fixing z; and varying 22, we
can always have p > 0 small. Let m = mingp,(.,) u > 0. We have

Du(z1) = 0,m — 0" and ™0t as p — 0T (L’Hospital’s rule). (5)
p
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Consider the annulus
A={z€Q:p<|z— 2| <2}
and let

7 = max {sup |Day |, sup |D<12|} > 0.
Q Q

Since a1, ag are by hypothesis Lipschitz continuous, by Rademacher’s theorem (see
Papageorgiou and Winkert [21, p.476]) they are almost everywhere differentiable.
We define
m N-—1
p=—In—+— 42y
p p
and consider the function

For p > 0 small we have

0<y(t),y'(t) < 1foralltel0,p] (see (5)), (6)

y'(t) = qﬁily'(t) for all t € [0, pl. (7)
To simplify the presentation, without any loss of generality we assume that zo =
0. Let r = |2|(= |z — 22|), t =2p —r. For t € [0, p], 7 € [p, 2p] we define

v(r) =y(2p — 1) =y(t) = v'(t) = =/ (1),0" () = y"(#).
We set 9(2) = v(r) for z € Q, |2| = r. We have & € C?(A). Then
div [a1(2)|D6[P~2Do + az(2)| Do >Dd] — £(2)[0[P~%0 + h(2)

=(p — "H)P~2 (1) — N—1 -1 ple%Zl
== D=y O () () Ly 0 -/ Y O
k=1
N -1 > das 2k

+ (g = Daz(2)y ()7 2y" (t) — ax(2)

OIEETOGEDY
k=1

— Oz, T

— &)y + h(z)

22 - 2] 0 = e 1 = el + Dl 2 0)
>¢(—1n %)y/(t)p*1 — ¢ (see (6) and recall ¢ < p).
So, for p > 0 small we have

— AL — A5+ £(2)0P7" < h(2) in Q.

Then the weak comparison principle (see [22, p.61]) implies that v(z) < u(z) for all
z € A. Hence we have

lim u(z1 + s(z2 — 21)) > lim 0(z1 + s(z2 — 21)) — 0(21) —(0) > 0.

s—0t S s—0t S

Hence Du(z1) # 0, a contradiction. So, u(z) > 0 for all z € Q.
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Now let z; € 9Q and for p > 0 small let z0 = 21 — 2pn(z1). Let 0 < d <
inf{u(z) : 2 € 9B,(22)}. From the first part of the proof, we know that there exists
9 € C1(A) N C?(A) such that

o0

~ < A A~ _ s
0(z) < wu(z) for all z € A,9(z) =0, o

= u € int C,.

(Zl) < 0,

The proof is now complete. O

Let X be a Banach space and ¢ € C'(X). We say that o(-) satisfies that “C-
condition”, if the following property holds:

If {un}neny C X is a sequence such that
{¢(tn)}nen C R is bounded,
and (1 + ||un||x)¢ (un) — 0 in X* as n — oo,

then it has a strongly convergent subsequence.

This is a compactness-type condition on the functional () which compensates
for the fact that the ambient space X is not, in general, locally compact (being
infinite dimensional). It leads to a deformation theorem from which one deduces the
minimax theorems characterizing the critical points of ¢(-) (see [5]). We also refer
to Tang and Cheng [24] who proposed a new approach to restore the compactness
of Palais-Smale sequences and to Tang and Chen [23] who introduced an original
method to recover the compactness of minimizing sequences. A related approach
has been developed by Chen and Tang [3] in the framework of Cerami sequences.

If u: Q — R is a measurable function, then we define

u® (z) = max{=+u(z),0} for all z € Q.

We know that u = ut —u~, |u| = ut +u~ and if u € WP (Q), then u* € W, *().
If u,v : & — R are measurable functions and u(z) < v(z) for all z € Q, then

[u,v] = {h € Wy () : u(z) < h(z) < v(z) for a.a. z € Q.
Finally, for ¢ € C*(X), we set
K, ={ue€ X : ¢ (u) =0} (the critical set of ).

3. High energy solutions. In this section we produce a sequence of smooth solu-
tions with energy levels diverging to +0o. The hypotheses on the data of problem
(1) are the following:
Hy: aj,as € CPH(Q) and 0 < € < a1(2), az(z) for all z € Q.
Hy: f: QxR — Risa Carathéodory function such that for a.a. z € Q, f(2,0) =0,
f(z,-) is odd and
() |f(z,2)] < a(2)[1 + |z|"71] for a.a. 2z € Q, all x € R with a € L>(Q) and

p<T<p*,Wherep*:NN—f;)ifp<Nandp*=+ooifN§p;
i) if F(z,2) = [¥ f(z,s)ds, then limy_, 10 Fleo) = 4o uniformly for a.a.
0 |[P

z € Q
(iil) there exists p € ((r — p) max{%, 1}, p*) such that

_pF
0 <3 < liminf L&) —PF(2,7)
r—+oo |£C|“

uniformly for a.a. z € Q.
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Remark 1. We mention that no restriction on the behavior of f(z,-) near zero
is imposed. Hypotheses H;-(ii) and H;-(iii) imply that for a.a. z € Q, f(z,-)
is (p — 1)-superlinear as x — +oo. However, this superlinearity of f(z,-) is not
expressed via the usual for superlinear problems Ambrosetti-Rabinowitz condition
(the AR-condition for short, see Willem [25, p.46]). The condition in hypothesis
H;-(iii) is less restrictive and incorporates superlinear nonlinearities with “slower”
growth. For example, the function |x[P~2x In |x| satisfies hypotheses H; but fails to
satisfy the AR-condition.

We introduce the energy functional ¢ : W, (Q) — R for problem (1) defined by

1 p 1 9dz — z,u)dz
@(u):];/gzal(z)|Du| derg/Qag(zﬂDu\ d /QF( ,u)d

for all u € Wy(Q). Evidently, ¢ € C (W, ().

Proposition 3.1. If hypotheses Hy and Hy hold, then the functional p(-) satisfies
the C'-condition.

Proof. Consider a sequence {ty, }nen € Wy " () such that
|o(un)| < ¢ for some ¢; > 0, alln € N, (8)

(14 [|unl)¢ (un) = 0 in WP () as n — . (9)

From (9) we have

‘<Agl(“n)vh>+<A22(un),h>—/Qf(z’un)hdz < _&nllhll

T 1 funl

(10)

for all h € Wy*(Q), with &,, — 0*.
In (10) we use the test function h = u,, € W, ?(Q) and obtain

- / a1(z)|Duy|Pdz — / as(z)| Duy|?dz —I—/ f(z,up)updz < e, (11)

Q Q Q

for all n € N. From (8) we have

/al(z)\DunP’dz—&— 2/ az(2)|Duy|?dz — / pF(z,un)dz < pcy. (12)

Q qJa Q

We add (11) and (12). Recalling that ¢ < p, we obtain
/[f(z,un)un — pF(z,uy)]dz < ¢ for some c3 > 0, all n € N. (13)

Q

From hypotheses H;-(i) and H;-(ii), we see that we can find ¢; € (0,¢) and
c3 > 0 such that

¢zt —es < f(z,2)x — pF(z,z) for a.a. z € Q, all z € R. (14)
We use (14) in (13) and infer that
{un}neN - LH(Q) is bounded. (15)

From hypothesis H;-(iii), it is clear that we may assume that u < r < p*. First
we assume that p # N and choose t € (0, 1) such that
1 1-—-t¢ t
r o p
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Invoking the interpolation inequality (see Papageorgiou-Winkert [21, p.116]), we
have

lunllr < ||un||;1;t||un

t
o
= |lun||h < ealun||"" for some ¢y >0, all n € N. (17)

(see (15) and use the Sobolev embedding theorem)
From (10) with h = u,, € Wy(€), we have
[un[” <es[1 + [lunl7]
for some ¢ > 0, all n € N (see hypothesis H;-(i))
<cg[1+ [[unl|"] (18)
for some ¢g > 0, all n € N (see (13)).

If p < N, the from (12) and since p* = NN—_’; we have

(P Y _r—p
p* ro
p'(r—p)  (r—p)Np

p*—p  Np—Np+pp
(see hypothesis H;-(iii)).

= tr =

<p

If p > N, then p* = +00 and so (16) becomes
1 1-t

ron
= r(t) =r — u < p, (see hypothesis Hy-(iii)).

3

So, when p # N, we have that tr < p and then from (18), it follows that
{tn}nen C Wol’p(Q) is bounded. (19)

If N = p, then by definition p* = 400, but the Sobolev embedding theorem says
that W, *(Q) < L*(Q) continuously (in fact, compactly) for all s € [1,00). So, in
the previous argument we need to replace p* with s > r big so that tr = g(s%_:) <p
(see hypothesis H;-(iii)). Then again we infer that (15) holds.

On account of (19), we may assume that

Up % w in Wy P(Q) and u,, — u in L7(9). (20)

In (10) we choose h = u — u,, € Wy P(), pass to the limit as n — oo and use (20),
we obtain

nh_{lgo [(Agl (tn), un — u) + (AG2 (Un), Up — u)] =0,
= limsup [(A2 (un), un — u) + (A2* (u), up —u)] <0
n— oo
(since Ag?(-) is monotone),
= limsup(A}' (un), un —u) <0 (see (20)),
n— oo
= u, — u in Wy (Q) (see Proposition 1).

This proves that o(-) satisfies the C-condition. O
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The Sobolev space VVO1 "P(Q) is a separable and reflexive Banach space. So, we
can find two sequences

{en}nen C Wol’p(ﬂ) and {e’ }en C w1 (Q)

such that
W, P(Q) = span{en bnew, W17 (Q) = span{e}, }nen,
" (21)
(ef,,en) = Oy for all m,n € N.
(see Bogachev-Smolyanov [2, p.245]). Here, d,,, denotes the Kronecker symbol
defined by
5o = 1, ifm=n,
0, if m#£n.
We set

Er=Rep,keN, Y, = EBZ:lEk and V,, = @;@nHEk,n e N.

Let
O = sup{|ull, : v € V,,, |Ju|| = 1}. (22)

Lemma 3.2. 9, — 0 as n — oc.
Proof. Clearly, the sequence {1, }nen C (0,00) is decreasing. So
Y, =9 >0asn— oo.

Choose u,, € V,, such that
I — % < [l ]l = 1 for all n € N, (23)
From (23) we see that we may assume that
Uy~ w in WyP(Q) and u,, — u in L'(Q) as n — co. (24)
We have

(e, un) — (e, u) asn — oo, for all k € N,
= (e}, un) — 0 as n — oo, for all k € N (see (21)).

Therefore we have

(ef,u) =0 for all k € N,
= u =0 (see (21)),
= ¥ =0 (see (23) and (24)).

The proof is now complete. O
We set

ay, = max{p(u) : u € Yo, [|ull = pn},
by =inf{p(u) :u € Vy,|ul| =1,},n e N.

Proposition 3.3. If hypotheses Hy and Hy hold, then there exist p, > 1, > 0 for
all n € N such that a), <0 for alln € N, b}, — +00 as n — oo.
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Proof. Hypotheses H;-(i) and H;-(ii) imply that given n > 0, we can find ¢; > 0
such that

F(z,z) > Q|x|p —cy foraa. z€Q, allz e R. (25)
p
Let w € Y,, with |lul| > 1. We have
1 1 n
p(u) < = [ a1(2)|DulPdz + = [ a2(2)[Du|?dz + cg — —~|[lullb
bJa qJo p

for some cg > 0 (see (25)).
Since Y, is finite dimensional, all norms are equivalent (see Papageorgiou-Winkert
[21, p.183]). We have

o(u) < (cg — nero)||ul|P for some cg, c19 > 0 (recall g < p). (26)
Since n > 0 is arbitrary, from (26) we infer that
p(u) = —oo as ||ul] = oo.
Therefore, we can find p, > 0, n € N with p,, — 400 such that
a; <0 forallneN.
Hypothesis H;-(i) implies that
|F(z,2)| < c11(|z] + |z|") for a.a. z € Q, all z € R, some ¢11 > 0.
Let w € V,, with |lu]| > 1. We know that
l[ullr < Onllull (see (22)). (27)

So, we have

[all” = exallull + 05 [[u]|"]

o)

plu) 2
for some c12 > 0, all n € N (see hypotheses Hy and (27)).

Let I, = 1/9;,7?, n € N. Then [,, - +00 as n — oo (see Lemma 3.2 and recall
that p < r). Clearly we can always choose p,, > 0 such that p, > [, for all n € N.
We have

o(u) > =18 — cialy, — c129%,

o~

C
= b;kL > *lﬁ — c1aly, — Clgﬂfm
p

o)

= b — 400 (recall p > 1 and see Lemma 3.2).

The proof is now complete.
Now we can produce a sequence of high energy solutions with the energies di-
verging to +o0.

Theorem 3.4. If hypotheses Hy and Hy hold, then problem (1) has a sequence of
distinct solutions {un }nen C CF(Q) such that p(u,) — +00 as n — oo.
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Proof. Since ¢(+) is even, on account of Propositions 3.1 and 3.3, we can apply
the Fountain Theorem (see Willem [25, p.58]) and generate a sequence {up fnen C
WP (€2) such that

u, € K, for all n € N and ¢(u,) — +00.

Then each u,, is a weak solution of problem (1). From [10, Theorem 7.1, p.286]
of Ladyzhenskaya and Uraltseva, we have u,, € L>(Q2) for all n € N and then the
regularity theory of Lieberman [12], implies that {u, }nen € CH(Q). O

4. Low energy solutions. In this section, we have a (p — 1)-sublinear reaction
and we generate a whole sequence of distinct smooth nodal (sign-changing) solutions
with low energies which converge to zero.

In this case the hypotheses on the reaction f(z,x) are the following:

Hy: f: QxR — Risa Carathéodory function such that for a.a. z € Q, f(2,0) =0
and
(i) |f(z,2)] < d( )[1 + |x\p’1] for a.a. z € Q, all x € R with a € L*°(Q);
(ii) limsup < A% (p) uniformly for a.a. z €
r—+oo

(iii) if F(z,x) = [y f(z,s)ds, then

ai (Z)Ifr\” 2z

lim [f(z,x)x — pF(z,2)] = 400 uniformly for a.a. z € Q;

r—Foo
(iv) there exists a function n € L*(2) such that
A2 (@)az(2) < (2) for aa. z € Q. # A (¢)az,

qF(z,z)
az(z)]z[

n(z) < hm mf uniformly for a.a. z € ;

(v) for every p > 0, there exists ép > 0 such that for a.a. z € Q the function
z = f(z,2)+ ép|x|p72:17
is nondecreasing on [—p, p].

Remark 2. Hypothesis H>-(ii) implies that we can have resonance with respect to
the principal eigenvalue of (—Ag!, WP (). Hypothesis Ho-(iii) implies that the
resonance occurs from the left of A% (p) in the sense that

A (par(2)|2l? = pF(z,2) = +oo

uniformly for a.a. z € Q, as ¢ — Foo. This makes the energy functional ¢(-) and
its positive and negative truncations coercive (see Proposition 4.1 below).

The positive and negative truncations of the energy functional ¢(-), are the
functionals @ : W, ?(Q) — R defined by

1 1
ox(u) = —/ a1(2)|DU‘de+*/GQ(Z)‘Du|qu—/F<Z, +ut)dz
pJa qJa Q

for all u € Wy*(€2). We have that o € C' (W, ().

Proposition 4.1. If hypotheses Hy and Hs hold, then the functionals p+(-) and
©(-) are coercive.
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Proof. We have

d [F(z,z)]  f(z,o)]z|? —plaP 22 F (2, x)
d [ || } ER
_ =P~z [f (2, @)z — pF (2, 2))]
||
f(z,x)x — pF(z,x)
[P '

On account of hypothesis Ho-(iii) given v > 0, we can find M, > 0 such that
f(z,x)x — pF(z,x) >~ for a.a. z € Q, all |z| > M,. (29)
We use (29) in (28) and obtain
d [F(z,x)] B { > e, ifz> M,
de | Jzlp | ] < if v < —M,,

0l
< @l
F F 11
(z2)  Flzy) o o [ - } for a.a. z € Q, all 2| > |y| > M,. (30)
p Ly |z

[P lylP

In (30) we let |x| — oco. Using hypothesis Hs-(ii), we obtain

A (pai(z)  Flzy) v 1

P P = plyl
= A (p)ar (2)|y|P — pF(z,y) >~ for a.a. z € Q, all |y| > M,

Since v > 0 is arbitrary, we conclude that
A (p)ay (2)|y[P — pF(z,y) = +oo uniformly for a.a. z € Q, as |y| — co.  (31)

We will show that (31) implies the coercivity of three functionals. We will do
the proof for ¢ (), the proofs for ¢_(-) and ¢(-) being similar.

Arguing by contradiction, suppose that ¢ (-) is not coercive. Then we can find
{tn}nen C Wol’P(Q) such that

{ o (up) < c13 for some ¢13 > 0, all n € N, (32)

lun]| — o0 as n — occ.

From the inequality in (32), we see that if {u; },en € WoP(€) is bounded, then so
is {u;, }nen and we infer that {u, }nen € WyP(Q) is bounded, a contradiction (see
(32)). Therefore, we must have

[t || = oo (33)
Let y, = |\Z£\| for all n € N. Then ||y,|| = 1, yn > 0 for all n € N. So, we may
assume that
Yo~y in WyP(Q) and y, — y in LP(Q),y > 0. (34)
From the inequality in (32), we have
.
— [ a1(2)|Dy,|Pdz + 7/ a2(2)| Dy, |%dz
P Ja gllut I~ Jq | | (35)
Ci3 F(z,ul)

dz for all n € N.

Tkl Jo (lud P
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Hypothesis Ho-(i) implies that

+ ’
{F(“)} C 17 (Q) is bounded.
neN

i lP B

Hence, by passing to a subsequence if necessary and using hypothesis Hp-(ii), we
obtain

’'n

Flun) w %ﬁ(-)yp in L (Q), (36)

[

with 9 € L>®(Q), 9(z) < A% (p)ai(2) for a.a. z € Q (see Aizicovici-Papageorgiou-
Staicu [1] (proof of Proposition 16)). Passing to the limit as n — oo in (35) and
using (33), (34) and (36) we obtain

/Qal(z)|Dy|pdz§/Qﬂ(z)ypdzg)\‘fl (p)/Qal(z)ypdz, (37)
= /Qal(z)|Dy|pdz = }‘fl(p)/ﬂal(z)y”dz (see (3)),

= y=0ory=1d4(p) €intCy.
If y = 0, then from (35) we see that
Yyn — 0 in Wy (),
which contradicts the fact that [[yn| =1 for all n € N. If y = @y (p) € int C'y and
¥ # A{*(p)ai, then from (37) and Proposition 2.2 we have
o [ a(=)iDyPaz <o,
~y=o,

which as above leads to a contradiction. R
Finally we consider the case y = 41(p) € int Cy and ¥ = A{* (p)a;. From (31) we
have

A (p (z)u+( ) —pF(z,u} (2)) = +oo for a.a. z € Q,
= / )\’“ Yai (2)u,, — pF(z,u )} dz — +o0 (by Fatou’s lemma, see (31)). (38)

From (35) and (3), we have

[ B o -] as+ oL [ a)iDma:

ut||P—a
Q|I|7 13” (39)
< for all n € N.
[Juk [P

Comparing (38) and (39), we have a contradiction. Therefore we infer that
{uf }nen C Wol’p(Q) is bounded,
= {tn }nen C Wy P(Q) is bounded

and this contradicts (32). This proves that ¢ (-) is coercive. Similarly, we show
that p_(-) and ¢(-) are coercive. O

Remark 3. In the process of the above proof we saw that the resonance occurs
from the left of A{*(p) (see (31)).
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The coercivity of ¢4 (-) permits the use of the direct method of calculus of vari-
ations in order to generate constant sign solutions for problem (1).

Proposition 4.2. If hypotheses Hy and Ho hold, then problem (1) has at least two
constant sign solutions ug € intCy, vy € -intCy, both with negative energy.

Proof. From Proposition 4.1 we know ¢ () is coercive. Also using the Sobolev
embedding theorem, we see that ¢, (+) is sequentially weakly lower semicontinuous.
So, by the Weierstrass-Tonelli theorem, we can find ug € W, *(2) such that

o1 (uo) = inf{py (u) : u € Wy P(Q)}. (40)

On account of hypothesis Ha-(iv), we see that given € > 0 we can find § = §(¢g) >
0 such that

1
;[n(z) —¢]| < Fy(z,z) for aa. z€Q, all 0 <z < 4. (41)

Consider the eigenfunction s (g) € int Cy. We choose t € (0,1) small such that
0 < td1(q)(z) < 4 for all z € Q. We have

{ & { P ﬁ as(z I 9d~
¢+<tu1<q>>s;/{zamz)wul(qn dz + q/ﬂ 2(2)|Diis (g)|*d

t4 . g € .4
= — [ n(2)|ai(g)]?dz + =t
q Jo q

(see (41) and recall that ||41(g)|lq = 1)

<eutr+ 2 [ [ 08:@ = nax(a)lin(@ s +

(for some c14 > 0)
<cat? — cq5t? for some ¢15 > 0

(choosing & > 0 small; see hypothesis Ha-(iv)).
Since g < p, choosing t € (0, 1) small, we have
e+ (taa(g)) <0,
S (o) < 0 = 4 (0) see (10)
= U 7é 0.
From (40) we have
90:,- (Uo) =0,
= (AT (up), h) + (A% (uo), h) = / F(zud)hdz (42)
Q
for all b € W, P(Q). In (42) we use the test function h = —uy € Wy P(Q). We
obtain
¢[IIDug |5 + [ Dug [|Z] <0, (see hypotheses Hy),
= ug > 0, ug 7é 0.

From (42), it follows that ug is a positive solution of (1). [10, Theorem 7.1,
p-286] of Ladyzhenskaya-Uraltseva implies that ug € L*°(€2). Then the nonlinear
regularity theory of Lieberman [12] implies that ug € C \ {0}. Using Proposition
2.3 (see also hypothesis Hy-(v)), we conclude that ug € int C';.
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Similarly working this time with the functional ¢_(-), we produce a negative

solution vy € -int Cy with ¢(vg) < 0. O

On account of hypotheses Ha-(i) and Hs-(iv), given € > 0 and r € (p,p*), we
can find ¢14 = c16(g, ) > 0 such that

f(z,x)x > [n(2) — elag(2)|z|? — c16]x|” for a.a. z € Q, all z € R. (43)

This unilateral growth condition on f(z, -), leads to the following auxiliary Dirich-

let problem
a a _ -2 r—2 :
—Aftu — Ag2u = [n(2) — elfulT"*u — crp|ul""*u in Q, (44)
u=20 on 0fL.

Proposition 4.3. If hypotheses Hy and Hsy hold, then for all € > 0 small problem
(44) has a unique positive solution @ € mtCy, and since problem (44) is odd v =
—u € -intCy is the unique negative solution of (44).

Proof. We consider the C'-functional ¢, : Wy (Q) — R defined by

= - a1(2)|DulPdz 1 as(z u|4dz C15
vet) =3 [ @@Duras [ a@iDuras + 2
- / In(=) — elas(=)(ut)1dz

q

for all u € VVO1 P(Q). Evidently, 14 () is coercive and sequentially weakly lower
semicontinuous. So, we can find @ € Wy () such that

by (@) = inf {vy (u) su e WP (@)} (45)
As in the proof of Proposition 4.2, we show that for £ > 0 small, we have

Yo (u) <0=14(0),
= u#0.

17

From (45), we have
Ul (@) =0,
= (¢, (@), h) = 0 for all h € Wy*(Q).
Choosing h = —i~ € WyP(Q), we infer that
u>0,u#0.
The nonlinear regularity theory and Proposition 2.3 imply that
w € int Cy.
Note that for a.a. z € 2, the function
1

xrpP—a

P

x— [n(z) — €] —cipz’

is strictly decreasing on (0,+00). So, [4, Theorem 3.5] of Fragnelli-Mugnai
-Papageorgiou, implies that @ € int C is the unique positive solution of (44). Since
the problem is odd, v = —u € -int C'; is the unique negative solution of problem
(44). O

Let Sy (resp. S_) be the set of positive (resp. negative) solutions of problem
(1). From Proposition 4.2, we know that

0#S, CintCy and @ # S_ C-int Cy.



HIGH AND LOW ENERGY SOLUTIONS FOR WEIGHTED (p, ¢)-EQUATIONS 15
Proposition 4.4. If hypotheses Hy and Hs hold, then @ < u for all u € S; and
v < forallveS_.

Proof. Let u € S; C intCy and let € > 0 be small as postulated by Proposition
4.3. We introduce the Carathéodory function k. (z,z) defined by

_ [[n(z) —elaz(2)(a)?! —cr(a®) ! if @ < u(z),
Fi(z,2) = { n(2) — elaz(2)u(2)?Tt — creu(z)"t  if u(z) < a. (46)

We set Ky (z,z) = foz ky(z,s)ds and consider the C''-functional &, : Wy (Q) —
R defined by

5+(u):l/gal(z)|Du|pdz+é/ﬂag(z)|Du|qdz—/QK+(z,u)dz

p

for all u € W, P(Q). Tt is clear from (46) that & (-) is coercive. Also it is sequentially
weakly lower semicontinuous. So, we can find @ € VVO1 P(Q) such that

64(2) = inf {6, (a) : w € WP(Q)} < 0=6,(0), (47)
(see the proof of Proposition 4.2)
= u #0.
From (47), we have
o' (@) = 0,
= (&' (@), h) = 0 for all b € W, (). (48)

In (48) first we use the test function h = —a~ € W, *(Q) and obtain that @ > 0.
Next in (48) we choose h = [@ — u]T € Wy (). We have

(Agr(@), (@ —u)") + (A2 (a), (@ —u)*)
B /Q ([n(2) = elag(z)u®" — creu” ™) (@ — u)*dz

< / F(zvu) (i —u)dz (see (43))

= (A7 (u), (@ —u) ") + (Ag> (u), (@ —u)") (since u € Sy),
= 4 < wu (see Proposition 2.1).

So, we have proved that

€ [0,u], u#O0. (49)
Then (46), (48), (49) and Proposition 4.3, implies that
U = u,
= u <w for all u € S} (see (49)).
Similarly we show that
v<pforallvedsS_.
The proof is now complete. O

Using these bounds, we can show the existence of external constant sign solutions,
that is, we show the existence of a smallest positive solution and of a biggest negative
solution.
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Proposition 4.5. If hypotheses Hy and Hy hold, then there exist u* € Sy C intCy
and v* € S_ C -intCy such that

uw* <wu forallue Sy, v<uv* forallveS_.

Proof. From Proposition 7 of Papageorgiou-Radulescu-Repovs [18] we know that
S, is downward directed (that is, if uq,us € Sy, then we can find v € S such that
u < uy, u < ug). Hence, invoking Lemma 3.10 of Hu-Papageorgiou [8], we can find
a decreasing sequence {u, }nen € S+ such that

inf Sy = inf wu,.
neN

We have
(AG (un), h) + (AG? (un), / f(z,up)hdz (50)
for all h € Wol’p(Q)7 alln € N,
@ <u, <wu for all n € N (see Proposition 4.4). (51)

In (50) we use the test function h = u, € WyP(Q). Using (51) and hypothesis
Hs-(i), we infer that
{tn}nen € Wy (Q) is bounded.
So, we may assume that
Uy, = uw* in WP(Q) and u,, — u* in LP(Q).

In (50) we choose h = u, —u* € Wy (Q), pass to the limit as n — oo and use
Proposition 2.1 (as in the proof of Proposition 3.1). We obtain that

U, — u* in WyP(Q). (52)
Passing to the limit as n — oo in (50) and using (52) we obtain
(AZ (u™), h) + (A2 (u / f(z,u")hdz (53)
for all h € Wy?(€). From (51) we have
u<u’. (54)

Then (53) and (54) imply that
u* €S, ut <uforaluesS,.
Similarly, we produce
vieS_,v<v*forallveS_.

We mention that in this case, the set S_ is upward directed (that is, if v1, v € S_,
then there exists v € S_ such that v; < v, vy <w). O

Since our aim is to produce a whole sequence of distinct nodal solutions with
vanishing energy levels, we need to strengthen the conditions on the reaction. So,
we introduce a symmetry condition on f(z,-) and also strengthen the condition on
f(z,-) near zero. The new conditions on the reaction f(z,z) are the following:
H): f: QxR — Risa Carathéodory function such that for a.a. z € Q, f(2,0) =0,

f(z,-) is odd, hypotheses Hj-(i),(ii),(iii), (v) are the same as the corresponding
hypotheses Hy-(i),(ii),(iii),(v) and

(iv) lin%] F‘(;l’f) = +o0 uniformly for a.a. z € .
T—r
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Remark 4. The new condition at zero, reflects the presence of a “concave” term
near zero.

Let V C Wy ?(Q) be a finite dimensional subspace.

Proposition 4.6. If hypotheses Hy and H) hold, then there exists py > 0 such
that

sup {p(u) : u € Vi Jul = pyv} < 0.

Proof. On account of hypothesis Hj-(iv), given 7 > 0, we can find § = §(n) > 0
such that
F(z,x) > n|x|? for a.a. z € Q, all |z] < 4. (55)
Let w € V. Since V is finite dimensional, all norms are equivalent (see
Papageorgiou-Winkert [21, p.183]). Therefore, we can find py € (0,1) such that

lu]l < pv = |u(z)] < 6 for a.a. z € Q. (56)
Hence if u € V with ||ul] < py, then

1
p(u) < 5||u|\p + lerr — neas] [|ull?
for some c17, c15 > 0 (see (55) and (56)). Choosing n > ¢II, we obtain
1
p(u) < —JullP = c19]|ul|? for some c19 > 0.
p

Since ¢ < p, choosing py € (0,1) even smaller if necessary, we have
p(u) < —c* <0 for all w € V with ||jul|,, .
This completes the proof. O

Now we can generate a sequence of low energy nodal solutions. In fact our
conclusion is stronger since we have that the nodal solutions themselves converge
to zero in C(Q).

Theorem 4.7. If hypotheses Hy and Hy hold, then problem (1) has a sequence
{un}nen € C(Q) of nodal solutions such that u, — 0 in CE(Q) (hence p(uy,) — 0).

Proof. Clearly, (-) is even. Also from Proposition 4.1 we know that ¢(-) is coercive.
Therefore, ¢(+) is bounded below and satisfies the C-condition (see Proposition 5.1,
p.369, of Papageorgiou-Radulescu-Repovs [19]). Then these facts and Proposition
4.6, permit the use of Theorem 1 of Kajikiya [9]. So, we can find u, € W,"*(),
n € N such that

un € Ky,n € N and ||uy,|| — 0 as n — oc. (57)

From Ladyzhenskaya-Uraltseva [10, p.286] (see also Papageorgiou-Radulescu [16,
Proposition 2.10]), we have that

{tun tnen € L(£2) is bounded.

Then the nonlinear regularity theory of Lieberman [12] implies that there exist
a € (0,1) and cgp > 0 such that

u, € Cy*(Q), [t | gy < €20 for all m € N, (58)
The compact embedding of C;'*(€2) into C§(€2) and (57), imply that

u, — 0 in C3(Q) as n — oo. (59)
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Since u* € int Cy, v* € -int C;, we see that
it (o [v*, w'] # 0.
So, we can find ng € N such that
Un, € intgy (g [v*, u’] for all n > ng (see (59)).
The extremity of v* and of v* imply that
{tn}n>n, are nodal solutions of (1)

and we have u,, — 0 in C3(Q). O
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