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ABSTRACT

This paper is concerned with the initial boundary value problem for viscoelastic Kirchhoff-like plate equations with rotational inertia, memory,
p-Laplacian restoring force, weak damping, strong damping, and nonlinear source terms. We establish the local existence and uniqueness of
the solution by linearization and the contraction mapping principle. Then, we obtain the global existence of solutions with subcritical and
critical initial energy by applying potential well theory. Then, we prove the asymptotic behavior of the global solution with positive initial
energy strictly below the depth of the potential well. Finally, we conduct a comprehensive study on the finite time blow-up of solutions with
negative initial energy, null initial energy, and positive initial energy strictly below the depth of the potential well and arbitrary positive initial
energy, respectively.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0149240

I. INTRODUCTION

In this paper, we study the following viscoelastic Kirchhoff-like plate equation with rotational inertia, memory, p-Laplacian restoring
force, weak damping, strong damping, and nonlinear source terms:

t
e — Auy + Nu - f g(t—1)A*u(r) dr
0
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(1.1)
- Apu+u— Ay = |u\q_2u, xeQ, t>0,
with initial conditions
u(x,0) = uo(x), ur(x,0) =u(x), x€Q, (1.2)
and simply supported boundary conditions
u(x,t) = Au(x,t) =0, x€9Q, t>0, (1.3)
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where Apu = div(|Vuf >Vu) and Q is a bounded domain in RN with a smooth boundary dQ. Moreover, the memory kernel g and the growth
exponents p, g satisfy the following assumptions:

(A1) geC'(RT)NL'(R"), g(t) 20, g'(t) <0, te[0,00),

and
K:zl—foog(t)dwo, (1.4)
0
(A;) 2<p<oo if N<2, 2<p< 25__22 if N> 2,
(A3) p<g<oo if N<p, p<qup2;\727f\]2;2p if N>p.

Viscoelastic materials possess the properties between those of elastic solids and viscous fluids that can be modeled by partial differential
equations. In recent years, different kinds of second-order viscoelastic equations have received considerable attention; see, e.g., Refs. 1-8 and
the references therein. Equation (1.1) is a fourth-order nonlinear hyperbolic equation and can be used to describe small-deflection vibra-
tions of viscoelastic thin homogeneous and isotropic plates.”'’ The unknown function u(x, t) represents the deflection (namely, the normal
component of the displacement vector) at time ¢ of a filament having position x in a given reference configuration.”'” In order to better
understand t)hle) physical background of Eq. (1.1), we sketch the derivation of Eq. (1.1), which can be derived from the Mindlin-Timoshenko
plate model,”"

phuy — Kdiv(Vu+ %) = f,
3
%‘I’n ~DS+K(Vu+V¥)=H,

kYh YE i d 1. . > . .
(1) S0 s the flexural rigidity, 0 < r < 5 is Poisson’s ratio, Y is

Young’s modulus, and k is the shear correction coefficient. Unlike the Kirchhoff plate model, the Mindlin-Timoshenko plate model takes into
account transverse shear effects. In the two-dimensional case, ¥ = (v, ¢), where ¥ = y(x1,x2,t) and ¢ = ¢(x1,x2,t) correspond to rotation
angles of the filament. According to the theory of elasticity, the stress tensor S = AY, where

is the shear modulus, D =

where p is the density, % is the thickness, K =

1-r 1+r
A 8x1x1 + Taxzxz ?8961752
= 1+r 1-r :
Taxlxz Taxlxl + axzxz

For viscoelastic thin plates, S can be expressed in the form'’

S=AY - /(;tg(s)A\I—’(t -s)ds.
Thus, in nonconservative systems, we can arrive at the following viscoelastic Mindlin-Timoshenko plate model:
phuy — Kdiv(Vu +¥) = f(u) — pour,
%\Pn - D(A‘I’ - fotg(s)A‘{/(t— s) ds) (1.5)
+K(Vu+¥)=H(-Y) - us ¥,

where y,, p; > 0 are the damping coefficients. Substitution of (1.5); into (1.5); gives

ey
phuy + B div¥y — Ddiv( AY A g(s)AY(t-s)ds (1.6)
—divH(-Y) + pous + p3div¥; = f(u).

Taking the Kirchhoff limit k - oo, we have ¥ = —Vu. Under a normalization of coefficients, (1.6) becomes
t
Uy — P Ay + Al - f g(t- T)AZM(T) dr
0
— divH(Vu) + pouy — p3Aug = f(u),

2
where y; = % Since the qualitative properties of solutions in this paper are independent of the coefficients in the equation, we take

W, =, = yy = 1 for the sake of convenience. Thus, by H(Vu) = |[Vul’ >Vu and f(u) = [u|?*u, Eq. (1.1) is derived. The above derivation
is still valid for the higher-dimensional case. As for the one-dimensional case, Eq. (1.1) can be obtained from the Timoshenko beam model.'”
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From above discussions, the terms —Auy, — fotg(t - 7)A*u(7) dr, ~Apu, and |u|?*u in Eq. (1.1) stand for the rotational inertia, viscoelas-
ticity, restoring force, and external force, respectively. In the absence of the restoring force —A,u, (1.1) reduces to a viscoelastic Kirchhoff plate
equation, and various versions of such a model equation have been extensively investigated (see, e.g., Refs. 13-20 and the references therein,
and some of them will be introduced later).

Murioz Rivera et al.'” estimated the decay rates for the viscoelastic Kirchhoff plate equation,

t
u,,—ylAun+A2u—/g(t—T)AZu(T)dT:O, xeQ, t>0,
0

where O c R? is a bounded open set with a smooth boundary. Under certain assumptions on the memory kernel g, they proved that the
total energy function of the solution decays to zero with the same rate of decay of g, which means that the memory effect produces strong
dissipation capable of making uniform rate of decay for the energy. In the case y; = 0 (namely, the rotational inertia is neglected), Mufioz
Rivera and Fatori'® considered the viscoelastic Kirchhoff plate equation with a strong damping term,

t
un+A2u—/(;g(t—T)AZu(T)dT—ygAut=O.

Under some assumptions on g, they established the global existence, uniqueness, and exponential decay of solutions with sufficiently small
initial data. Cavalcanti et al.'® studied the viscoelastic Kirchhoff plate equation with a weak damping term,

t
uﬁ+A2u—fg(t—T)A2u(T) dT—M(/‘|Vu\2dx)ut:O,
0 Q

where M € C'([0,00)) and @ ¢ RY (N > 1) is an open set. On the basis of certain assumptions on g, they obtained the global existence and
uniqueness of solutions and the exponential decay of the energy by density arguments.

Alabau-Boussouira ef al.'* investigated the following abstract equation, including the viscoelastic Kirchhoff plate equation as a concrete
model:

uu+Au—f0tg(t—T)Au(r)d‘r:VF(u), t>0, (1.7)

under appropriate assumptions on the linear operator A, the memory kernel g, and the Gateaux differentiable functional F. Their main
results showed that the energy of any mild solution to (1.7), with sufficiently small initial data, decays at infinity with the same expo-
nential or polynomial rate as the memory kernel function g does. Subsequently, Alabau-Boussouira and Cannarsa'’ considered (1.7) with
F =0 and presented a general method, which gives energy decay rates in terms of the asymptotic behavior of g at infinity. Lasiecka
and Wang'’ also studied (1.7) under the assumptions different from those in Ref. 14 and derived a general result on the decay of non-
negative energy. Moreover, they provided the estimates on the decay rates with a general nonlinearity. Priiss’’ studied the following model
equation:

utt+Au—f0tg(t—r)Au(T) dr=f,

where g can be singular at ¢ = 0 in contrast to Ref. 14 to obtain the exponential or polynomial decay of mild solutions with the same rate of
g by using the frequency domain method. Furthermore, this work also extended these results to the model

t
Uy + Au — f g(t—1)Au(r)dr = f(u,us),
0
where the initial data are required to be sufficiently small. Combining the models in Refs. 14 and 20, Cannarsa and Sforza'® investigated the
model equation

Uy + Au— fotg(t— 1)Au(t)dr = VF(u) + f,

where g is weaker than that in Ref. 14. They obtained the existence and uniqueness of mild and strong solutions and derived the exponential
decay of the energy with sufficient small initial data and linear external force by using the multiplier method.
Concerning viscoelastic Kirchhoff-like plate equations, Jorge Silva and Ma’! investigated

u + oA u— [t g(t = T)AN’u(r) dr — Apu — Aug + f(u) = h(x).

For non-negative energy, they obtained the global well-posedness and regularity of solutions and proved the exponential decay of
the energy.

The works mentioned above well established the corresponding theories of global well-posedness, regularity, and asymptotic behavior of
solutions to such a viscoelastic model equation. In order to achieve these, some restrictions on the initial energy reflected by nonlinear source
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terms and the initial data are natural and necessary. The above restrictions on the energy positive definitely and the initial data small enough
motivate the present paper to consider the cases without positive definitely energy and focus on describing the effects of the initial data on
the dynamical behavior of solutions. The main purpose of the present paper is to discuss the relationship between the initial data and the
qualitative dynamical properties of solutions in order to establish some sufficient conditions for the local and global existence, uniqueness,
asymptotic behavior, and finite time blow-up of solutions to problems (1.1)-(1.3). Generally speaking, the source term and the initial data
have a strong influence on the dynamical properties of solutions to the nonlinear evolution equations. As mentioned above, the results of
Refs. 17 and 21 require the source term to satisfy certain conditions to ensure that the total energy function is always non-negative. Although
the results of Refs. 14, 15, and 20 do not need the total energy function to be non-negative, the initial data are strictly restricted to the
sufficiently small ones. This paper aims to provide a rigorous mathematical description for the initial data. To this end, the potential well
theory (see, e.g., Refs. 22-31) is employed, which plays an essential role in the proofs of the main results. Since the total energy function
associated with problems (1.1)—(1.3) is not always non-negative, we have to overcome the additional technical difficulties in energy estimates.

The rest of this paper is organized as follows. In Sec. II, we state some notations and definitions related to problems (1.1)-(1.3) and
present the main results of this paper. In Sec. 111, we are engaged in the Proof of Theorem 2.3, namely, the local existence and uniqueness of
solutions. In Sec. I'V, we finish the Proof of Theorem 2.4, namely, the global existence of solutions with subcritical and critical initial energy.
In Sec. V, we complete the Proof of Theorem 2.5, namely, the asymptotic behavior of solutions with positive initial energy strictly below the
depth of the potential well. In Sec. VI, we perform the Proofs of Theorems 2.6-2.8, namely, the finite time blow-up of solutions with negative
initial energy, null initial energy, and positive initial energy strictly below the depth of the potential well and arbitrary positive initial energy,
respectively.

Il. NOTATIONS AND MAIN RESULTS

Throughout this paper, in order to simplify the notations, we denote

Il = 1Dy 1-15= 1l ()= [ uws,
() i= (ww) + (Y Vw), Juls = Jul + [Vul?,
d t
a“ (g0 au)(1) = [ g(t=m)]au(r) - du(r) | dr.

Moreover, C denotes a generic constant that may vary even in the same formula, and €; (i = 1,2, 3,4) represent the best Sobolev constants of
the embeddings H*(Q) n Hy (Q) = W,7(Q), W,”(Q) = L1(Q), H(Q) n Hy(Q) = L*(Q), and H*(Q) n H)(Q) - Hy (Q), respectively.

Definition 2.1 (weak solution). A function ue C([0,T); H*(Q) nHy(Q)) with uy € C([0,T); Hy(Q)) is called a weak solution to
problems (1.1)-(1.3), provided that for u(0) = ug in H*(Q) n Hy (Q) and u:(0) = uy in Hy (Q), there holds

t t s
(ue(t),w) s + / (Au(7), Aw) dr - f / g(s—1)(Au(r), Aw) drds
0 o Jo
t )
+f0 (IVu(r)F*vu(r), vw) dr + (u(t), w).
t
= (u,w)« + (o, w) s + / (|u(0)"*u(r),w) dr
0
for any w e H*(Q) n Hy(Q) and t € (0, T). Here, T is the maximum existence time of solutions.

Remark 2.2. Definition 2.1 implies that

(e (£), ) = ([u(8)|T2u(t), w) — (Au(t), Aw) + fotg(tf‘r)(Au(T),Aw)dT
~ (Ivu(t) P2 vu(t), Vw) - (u(t), w)«

fora.e. t € (0,T), where (-,-)+ denotes the duality pairing between H*(Q) n Hy (Q) and its dual space.
We define the total energy function associated with problems (1.1)-(1.3),
1 , 1 t , 1
B =5 lu(@)2+ 5 (1 [ a0 dr)1au()] + 3 (g du)(n)

1 1
+ =|vu@®)|f = = |u(®)]4,
pH QI q” 0l

6S:10:20 €202 4290100 1
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() = (1= e dr)iu + Jeo )+ Ivu(Ol] L JuCrlf

and the Nehari functional

1u(0) = (1= [ g0 dr)iau(] + (go du)(0) + [Tu() - Ju(t)

Thus, all nontrivial stationary solutions belong to the Nehari manifold, defined by

N = {u e H(Q) n Hy(Q)\{0}I(u) = 0}.

We introduce the potential well

W= {ue H (Q) n Ho(Q)|J(u) < d,I(u) >0} u {0},

its outside set

Vi={ue H(Q) n Hy(Q)|J(u) < d,I(u) <0},

and the depth of the potential well
d:= »}?{ J(u).

We also define _
d := max {dl,dz,d3}
and .
d = max{d4,d5},
where
_ _2 _2
dy = T2
2q
-2 I
dy = q—x(flzﬁz )
2q
d3 = L_pq;%,
Pq
_ _2
dii=dy + qp Piise e, ",
q
and

ds = dz + d3.

The relationships between d and d and between d and d will be discussed later. Moreover, we introduce

H3(Q) = {u e H*(Q) n Hy(Q)[Au e Hy(Q)},

which is a Hilbert space equipped with an inner product and norm (see Ref. 21),

(W) (0) = (VAU VAW), |ulm 0y = | VAu|.

The main results of this paper are stated as follows.

(2.1)

(2.2)

(2.3)

Theorem 2.3 (local existence and uniqueness). Let (A;)-(A3) be fulfilled. Assume that uy € H*(Q) n Hy(Q) and u; € Hy(Q). Then,

there exists a time T > 0 such that problems (1.1)-(1.3) admit a unique weak solution u, which satisfies

B0+ [l ()1 - (g0 8u)(0) + Sg(x)|au(n))*) dr = E(0) )
forallt € [0, T). Moreover, if T = oo, the solution exists globally in time. If T < oo, the solution blows up in finite time, i.e.,
lim |u(1)], = o0 (25)
forall r > 1 such that r > N(‘;_p).
J. Math. Phys. 64, 051511 (2023); doi: 10.1063/5.0149240 64, 051511-5
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Theorem 2.4 (global existence for subcritical and critical initial energy). Let (A;)-(As3) be fulfilled. Assume that uy € H*(Q) N
Hy (Q), ur € Hy(Q). Then, we have the following:

(i) If E(0) <dandI(uo) > 0or |Aug| = 0, then the solution u to problems (1.1)-(1.3) is global, and u(t) € W for all t € [0, c0).
(i) If E(0) = d and I(uo) > 0, then problems (1.1)-(1.3) admit a unique global solution u(t) € W for all t € [0, c0).

The following theorem shows the asyn}ptotic behavior of the sollition u to problems (1.1)-(1.3) with positive initial energy strictly below
the depth of the potential well, i.e., E(0) < d. Later, we shall illustrate d < d in Proposition 4.2.
Theorem 2.5 (asymptotic behavior for the positive initial energy strictly below the depth of the potential well). In addition to the

assumptions of Theorem 2.4, suppose that there exists a constant p > 0 such that g'(t) < —pg(t) for all t € [0, 00). If E(0) < d and I(uo) > 0 or
[Auo| = 0, then the solution u to problems (1.1)-(1.3) possesses the following property:

Jau(e) | + ()]s < ae™ (2.6)
forallt € [0, 00) and some constants a, § > 0.

Theorem 2.6 (blow-up for non-positive initial energy). Let (A1)-(A3) be fulfilled, and

> q(q-2)
_/0 g(r)dr< W (2.7)

Assume that ug € H*(Q) n Hy(Q), u; € Hy(Q), and either one of the following cases occurs:

(i) E(0)<0;
(ii) E(0) = 0and (uo,u1)+ > 0.
Then, the solution to problems (1.1)-(1.3) blows up in finite time.

The following theorem shows the finite time blow-up of the solution u to problems (1.1)-(1.3) with positive initial energy strictly below

the depth of the potential well, i.e., 0 < E(0) < 6d. Here, d < d will be discussed in Proposition 4.2. In addition, as 6 < IZJ((Z%IZ’;(S 1) will be

required in the following theorem, we also need to figure out that 6d < d.
Theorem 2.7 (blow-up for the positive initial energy strictly below the depth of the potential well). Let (A1)-(A3) be fulfilled, and

> (q-2)(1-6)(q-0(q-2))
b s G o S -1 e

where 0 < 0 < ;ég%‘;;. Assume that uy € H*(Q) n Ho(Q), u1 € Hy(Q), 0 < E(0) < 0d, and I(uo) < 0. Then, the solution to problems (1.1)-(1.3)

blows up in finite time.

Theorem 2.8 (blow-up for arbitrary positive initial energy). Let (A1)-(As) be fulfilled,

/Otg(s)/ose%g(s - 1)¢(1) drds > 0, ¢eC'([0,00)), >0, (2.9)
and ( )
> nla-2 4a(q-2

fo g(r)dr< mln{T,W}. (2.10)

Assume that ug € HZ(Q) n Hé(Q), Uy € Hé(Q), E(0) >0, (uo,u1)« > 0, w(uo) <0, and

2q(G5 + 63)

Juols > ===t
min {xq - 2,0}

E(0), (2.11)

where
y(u(t)) = [Au(®)|® + [ vu(t) [ - Jut)| (212)

and

1
0'*‘1—2—(q—2+5)(1_’<)-

Then, the solution to problems (1.1)-(1.3) blows up in finite time.
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Remark 2.9 (remark on the memory kernel in the blow-up theorems). In fact, (2.7), (2.8), and (2.10) reveal the essential relationship
between the viscoelasticity of thin plates, the restoring force, and the external force, which leads to the finite time blow-up of solution. According to
Ref. 19, (1.4) is the premise that the viscoelastic term produces strong dissipation effect. Consequently, once the memory kernel satisfies either one
of (2.7), (2.8), and (2.10), strong dissipation effect of the viscoelastic term brings obstacles to the finite time blow-up. Thus, by means of the growth
exponents of the restoring force and the external force, (2.7), (2.8), and (2.10) show that how strong is the dissipation effect at most to guarantee
the finite time blow-up.

Remark 2.10 (unsolved problems). Our results on the global existence and asymptotic behavior of solutions to problems (1.1)-(1.3) are

restricted to the cases E(0) < d and E(0) < d, respectively. For the case of higher initial energy, since the invariance of W is inaccessible, whether
the solution still exists globally and decays is now unsolved. Moreover, because the initial data and the initial energy are not accurate enough to
make the expected energy estimates difficult to obtain, the estimates on the blow-up time of solutions are also unsolved.

lll. LOCAL EXISTENCE AND UNIQUENESS (PROOF OF THEOREM 2.3)

In order to prove the local existence and uniqueness of solutions to problems (1.1)-(1.3), we shall first handle the existence, uniqueness,
and regularity of solutions to the initial boundary problem for the corresponding linear equation by Galerkin approximations and study the
continuity of solutions in time by density arguments. Thus, by the contraction mapping principle, we prove the local existence and uniqueness
of solutions to the original nonlinear problems (1.1)-(1.3) in the sense of Definition 2.1. To deal with the nonlinearity in the problem, we need
the following lemma.

Lemma 3.1. For any u(x,t) and v(x,t) with (x,t) € Q x [0, T), if u # v and p > 2, then
[0 = ol o] < (p = 1) (Jul + o)~ ]

Proof. Set f(u) :=|ufPuand it := u — v. Then, by the property of the Gateaux derivative, we see that

f) = (@) = fw ) - f@) = [ dfwsisi) s

forall s € (0,1). From

f(v+sii+ tit)

>

df (v + sits i) = limf(v+s£¢+n”¢)—f(v+sﬂ) _d
’ 7—0 =0

T dr

we further deduce that

ds

=0

Fu) - fv) = fol %(|v+s£¢+rz}\p_2(v+si4+rﬂ))
= fol(p—1)|u+s11+1£¢|P‘2£4|T:0d5
=fol(p—1)|5u+(1—s)v\”*2(u—v)ds
< (p=1)(Jul + )P u-vl.

O

In order to handle the nonlinear model in the present paper, we first consider the initial boundary value problem for the linear version
of (1.1),

t
v — Avg + Ao — /0 g(t - 1)Av(7) dr

- Apv +vp — Avy = |u|q_2u, xeQ, t>0,

6S:10:20 €202 4290100 1

G.1)
v(x,0) = up(x), ve(x,0) = ui(x), x€Q, (3.2)
v(xt) = Av(x,t) =0, x€dQ, t>0. (3.3)
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Later, in Lemma 3.3, we shall show the existence of solutions to the linear problem, i.e., problems (3.1)-(3.3). In the Proof of Lemma 3.3,
the estimates only support v € (0, T; H*(Q) n Hy(Q)) with v € L (0, T; Hy (©2) ), which is not enough to give the solution with
higher regularity demonstrated by (3.6). Hence, we need Lemma 3.2 to ensure that the expected (3.6) can be achieved, provided
vi(t) € Hy(Q).

Lemma 3.2. Let (A1)-(A3) be fulfilled. Suppose that v € LZ(O, T; H*(Q) n Hy(Q)) with v, € Lz(O, T;Hy(Q)) is a solution to problems
(3.1)~(3.3) with ug € H*(Q) n Hy (Q), uy € Hy(Q), and u € C([O, T); H*(Q) n H(I)(Q)) Then, there holds

(vn(t) ~ Avn(t) + Ao (t) - /Otg(t— 2)A%u(7) dr,u,(t))
(1 (1= [l dr) s + go ) G4
~ (& 0 80)(1) + Jg()Bu(0)

Proof. Extend v to be zero outside (0, T'). Let ¥ := (v, where the truncation function

0 if t € R\(0, T),
1
=t if t € (0,0),
_ls
¢« 1 if t € [8,T - 0), G-2)

~

—%Hf ifte[T-96,T).

(=7

Set the mollification of v to be
Ve 1= e * D,

where the mollifier 7:(t) := 2(%), e > 0, and 7(¢) is a non-negative even C**-function on the real line with compact support and [, r(t)
dt = 1. According to the regularization theory, we have 7, € C*° (R; H*(Q) n Hy(Q)) [but @ € C*(IR; H* () n Hy (2) ) is enough here], and

ase— 0,
e - 0 in L*(R; H*(Q) n Hy(Q)),

et — 0 in L*(R; Hp(Q)).

Since .
(ij(t) - 80a(t) + A%(0) ~ [ gt - DA (r) dr, @gt(t))
0
t
=2 L (1a( I + a0 P) - [ (e~ (82e(x), (1) dr
and
t
fg(t—T)(Af)g(T),Aﬁgt(t))dT
0
t t
- f ot - T)(Aﬂg(‘r) — AB(£), Ade(£)) dr + / ot - T)(Ai)g(t),ATJgt(t)) dr
1
g(t - T) H1A0:(7) — A (1) |>dr+ - f g(t- T) HAvs(f)H dr
d ] ]
-5 5@ a0 - ['a@drlan ) + (& 0 40)(0) - Jelann)l’,
we get
t
(200(0) - 80(0) + 8%0(0) = [0 - 0)0%0u(x) d (1))
0
t
=2 (1@ + (1= ['a@ a1 + g0 20)(0)
;o 1 )
-2 (¢ 0850 + g8
Taking ¢ — 0 first, the above formula still holds for ©. Finally, by taking § — 0 in (3.5) and restriction to (0, T'), we obtain (3.4). O
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Lemma 3.3 (existence and uniqueness of solutions to linear equations). Let (A1)-(As) be fulfilled. Assume that uy € H*(Q) n Hy (Q),
w € Hy(Q), and ueC([0,T);H*(Q) nHy(Q)). Then, the linear problems (3.1)-(3.3) admit a unique solution

vE L°°(0, T;H*(Q) n Hé(Q)) with vy € L°°(0, T; Hé(Q)) which satisfies

@ 3(1- [Cear)iavl + g an)(0) + 1T
o [ (1@l - 3¢ 0 80)(7) + Sl av(r) ) de (36)

1 1 1 ¢ _
=l S 1wl 1vw i+ [ () (o), ve() dr

forallt€[0,T).
Proof. According to the spectral theory of a compact operator (see Ref. 32, Theorem 6.3) and the Hilbert-Schmidt theory (see Ref. 32,

Theorem 6.6), we can choose {w;}72; given by eigenfunctions of A* with a simply supported boundary condition as an orthogonal basis of
H*(Q) N Hy(Q), which is also an orthonormal basis of L*(Q) with the corresponding eigenvalues {1;}. Denote W, := {@1, @2, . . ., @4 }. Set

n

uon =y (uo, j)wj

=1
and n
win = 3 (41, 0))0;
=1
such that
Uon — tp in H*(Q) N Hy(Q) (3.7)
d
an Uiy — U in Hé(Q) (3.8)

as n — oo. For all n > 1, we seek n functions &,,,,&,,,. . ., £, € C*[0, T) to construct the approximate solutions to problems (3.1)~(3.3),
un(t) := zn:l En(Hwj, n=1,2,..., (3.9)
p=
which satisfy
(vmt(t) — Ao (£) + A2un () - fotg(t ~1)A20,(1) d - Ayon (D)
T o (t) - Avm(t),w) = (Ju(®)"2u(t)w), t>0, (3.10)

Up(0) = tion, Vne(0) = urp, (3.11)

for any w € W Let &,(t) := (&14(£), E2n(t), . . ., Em(t))T. Then, by taking w = w; (i = 1,2,. .., 1) in (3.10), the vector function £, solves

Ay (1) + A&y (1) + La(t,E(2)) = Fu(t), t>0, (3.12)
£,(0) = ((uo, 1), (th0, @25 - ., (tioy 0 )) " (3.13)
£(0) = ((u1,@1), (u1, @2), ..., (ur, )", (3.14)

where A, := diag(l +)L1%,1 +)L2%,.. 1 +/\é),/$n :[0,T) x R" - R" is the map defined by
La(tE(8)) = (L1a(tEa(0))s L2n(BE()), -, Lan(t,E(D))T,
Lan(t,En(1)) o= (Z fjn(t)Azwj,wi) - ftg(t— T)(fj fjn(T)Aij,wi) dr
j=1 0 j=1

l

-2,
Z fjn(l‘)ij,Vwi), i=1,2,...,n,
=1

> En()Va,
j=1
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and F, : [0,T) — R" is defined by
- _ - T
Fau(t) = ((ju(t)? zu(t),wl),(|u(t)|q Zu(t),wz),...,(|u(t)|q 2u(t), wn))
By the standard theory for ODEs, the Cauchy problem (3.12)—(3.14) admits a solution £, € C*[0, T,,) with T, < T. In turn, this gives a solution
u,(t) defined by (3.9) and satisfying (3.10) and (3.11).
Taking w = vy (t) in (3.10), we obtain
1d t
5&(\\%(0”1 + |Ava (D)) - fo 8(t = 1) (Avn(7), Avw (1)) dv
1d
+ 2l VOl o ()1 (3.15)
= ([u(O)1"u(t), vur).
Note that

_[Otg(t—T)(AU,,(T),AUm(t))dT
- /Otg(t—r)(Avn(T)—Avn(t),Avm(t))dT+[Otg(t—T)(Avn(t),Avm(t))dT

6S:10:20 €202 4290100 1

t t
=5 [at -0 S 1@ - don P a3 [g(e-m) S lav 0P ar
1d t 2
-3 ai(@e s - [(e arjau(r?)
0
(3.16)
1,, 1 2
+ 2 o dun) (1)~ () |aun(n)
Substituting (3.16) into (3.15) and integrating with respect to ¢, we deduce that
t
S+ 3 (1= [e@ar)ian Ol + Jeo n) ¢ 1Tul}
¢ 1 1
o [ (@) = 5 (0 A0} (2) + Je@ A0 ) e G.17)
1 1 1 ¢ _
=Sl + S0+ 27O+ [ (0l u(r), (1) do
forallt € [0,T). By (1.4) in (A1), we have
t
1- f g(r)dr>x>0. (3.18)
0
By the assumption g(t) > 0in (A;), we discover
(goAu)(t) 20 (3.19)
for any u € L*(0, T; H* () n Hy (Q) ). By the assumptions g'(t) < 0 and g(¢) > 0 in (A,), we have
~(g" o pu)(t) +g(®)|Au(t)|* >0 (3.20)
foranyu e LZ(O, T; H*(Q) n H} (Q)) From (A,) and (A3) and the inequalities of Hélder, Sobolev, and Cauchy, it follows that
t t _
[ @I on(@) dr < [ (o) dr
q2 1 [ 2
<Csup |Au(t)|¥2+ = f Jowe(2)|? dr. (3.21)
te[0,T) 2Jo
Hence, by virtue of (3.17)-(3.21), (3.7), and (3.8), we get
1 2 K 2 1 P
S lom @)+ ZlAva ()] + [ Von(£)], < € (3.22)
p
forall t € [0, T'), where C is independent of #.
J. Math. Phys. 64, 051511 (2023); doi: 10.1063/5.0149240 64, 051511-10
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Therefore, there exist a subsequence of {v, } (always relabeled as the same, and we shall not repeat) and a function v such that as n — oo,
vn—v weaklystarin L™ (0, T; H* (Q) n Hy (Q))

and
vn—~v; weaklystarin L™ (O, T; Hé(Q))

According to the Aubin-Lions lemma, we have
vn = v in L*(0, T; Hy (Q)). (3.23)

We claim that for all ¢ € [0, T),
[ (v v, vy de~ [ (vo@Pvo(), vu) dr
as n — oo. Indeed, by Lemma 3.1 and the inequalities of Holder and Minkowski, we get
[(IVon()F 2 Vuu(t) = [To(8) P2 00(t), Vw))|
< Cfn(lvvn(t)\f”z + Vo)) [Vou(t) - Vo(b)]|Vw| dx
< C(Ivun(0)15,2, + [9u(8)5,2 ) [9w ap-2] Vou(£) = Vo (B)]|
We further deduce from (A;) and the Sobolev inequality that
[(I7on (D)2 Va(t) = [Vo() > Vo (L), Vo)
< C(Iavn(t) 77 + |av(0) [P72) [Awl[| Vou (£) = Vo(£)].

Accordingly, the assertion follows from (3.23).
Integrating (3.10) with respect to t, we get

(o (£), W) + A'(Avn(r),Aw)dT— /O'fosg(s—r)(Avn(r),Aw)drds
+ fot(an(T)V’_szn(T),Vw)dT+ (on(£)s )
= (1, W) s + (thon, W) + fot(|u(r)|q72u(r),w) dr.

Taking n — oo, we obtain

(vt(t),w)*+f0r(Av(T),Aw)dr—_/Ot_/osg(s—r)(Av(T),Aw)drds
; fot(|Vv(T)|P_2Vv(T),Vw)dT+ (v(£), w)-
= (u, w)« + (o, w)« + fot(\u(r)ﬁju(r),w) dr.

By virtue of (3.7) and (3.8), we have v(0) = up in H*(Q) n Hy (Q) and v¢(0) = u; in Hy (). Therefore, v is a solution to problems (3.1)-(3.3).
In addition, thanks to Lemma 3.2 and

(v,,(t) — Ao (t) + A2 (t) - fotg(t — 1)A%(r) dr
~ Apu(t) + we(t) - Av,(t),vt(t)) = (ju(®) " u(t), 0i(1)),

we get

(O (- [soa)inor s Jeeano - 1m0
+ ”'Ut(t)”i - %(g’ o A’U)(t) + %g(t)”A’U(t) HZ
= (lu(O)"*u(t), v (t))-

Integrating this equality with respect to t, we obtain (3.6).
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Next, we prove the uniqueness of solutions. Suppose that v and v are two solutions to problems (3.1)-(3.3). Set © := © — v. Then,
(ﬁtt(t) — Abu(t) + A% (1) - /Otg(t —1)A%(7) dr - A0(E) + Apo(1)
() - Af}t(t),w) — 0.
By the arguments similar to Lemma 3.2, we have
(o) - 200ty + 2%0(0) - [g(t- D800 dr (1))

= o+ (- [ a)isam + goae)0)

- 28 0 20) (1) + Sg () |as )
Hence,
SO+ (1- [ dr)ian P + S goa0)0)
+ (Vo) P2 vo(t) - [Vo(t) P2 vo(t), Vi(t)) (3.24)
a0 - 5(g 0 80) (1) + Sa®)|Av(O]* 0.
Taking into account (3.20), we deduce from (3.24) that
SO (1= [s@ dr)lanw i+ S goa0)0)
<|([va()P?vo(t) - [vo(t) > vo(t), vo(t))|
From Lemma 3.1, (A;), and the inequalities of Holder, Minkowski, Sobolev, and Cauchy, it follows that
(Vo) 2 va(t) - [Vu(t)P*Vo(t), V()|
<C(Ivo(15,2, + 1V 15,2 ) 195(8) lzp-2 [ 701 (1))
< Clas)* + S va (o)
We can deduce from (1.4) in (A;) that
1>1- fotg(r) dr>o. (3.25)

Hence,

G105 (1- [smar)iseml + S gos0))

de\2
1 - 2 1 t ~ 2 1 ~
<c(5l 3 (1- [a@dr)aa@ + S (go )0,
which combined with Gronwall’s inequality, ©(0) = 0, ©¢(0) = 0, (3.18), and (3.19) tells us that
L. 2 Ky 2
ol + Slav(n)]" <o (3.26)
forall t € [0, T), which implies that © = 0, i.e., v = v for all ¢ € [0, T). The Proof of Lemma 3.3 is completed. ]

In order to show that under the conditions of Lemma 3.3, problems (3.1)-(3.3) can have a wunique solution
v e C([0, T); H*(Q) n Hy(Q)) with v, € C([0, T); Hy(€2) ), we discuss the regularity of solutions to problems (3.1)-(3.3) with u € H3(()
and u; € H*(Q) n Hy (Q) in the following lemma.

Lemma 3.4 (regularity of solutions to linear equations). Let (A1)-(Asz) be fulfilled. Assume that uo € H3(Q), u; € H*(Q) n Hy(Q), and
ue C([0,T); H(Q) n Hy(Q)). Then, problems (3.1)(3.3) admit a unique solution v € L (0, T; H3(Q) ) with v, € L (0, T; H* (Q) n Hy(Q))
and vy € LZ(O, T; Hé(Q)), which satisfies (3.6) for all t € [0, T).

6S:10:20 €202 4290100 1
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Proof. As in the Proof of Lemma 3.3, we construct the approximate solutions v, (t) to problems (3.1)-(3.3), where
upn — up in Hz(Q)
and

Uy — up in H*(Q) n Hy(Q).

We see from the Proof of Lemma 3.3 that estimate (3.22) holds. Taking w = w; in (3.10), multiplying by A} &;,(t), and summing for i, we
obtain

1m0 + 780 (0)1)
- [ 8- (a0 (1), Tau(1)) dr 6.27)
= (IVon(O)F 7 ou(), VAvu(6)) + [ Tom () + [ Av (1)
= = (WO 2u(e). Ao ().

By the arguments similar to the proof of (3.16), we have

fo 'o(t = 1) (VAva(7), VA (1)) dr

- 5o vau 0 - [s@arivanor)

2dt
1,, 1
+ (870 vau)(1) - Sg(B)|Vau (D).

Substituting this equality into (3.27), we get

6S:10:20 €202 4290100 1

(190 P+ a0a P+ (1= ['g@ ae)ivan P
+(go VAu)(1)) = (IVoa () > Vou(t), VAvk()) + | Vou (1) | (3.28)
A (1) = 5 (& 0 Tau)(8) + J¢(0)VAw (1)
= = (Ju(®)"?u(t), Avu(1)).
In (3.28), we have
(VoD Tun(8), VAve(1)) = -%(wvn(t)v’*zwn(t),muﬂ(t))
—(p = D)(IVun ()P Vuu(t), VAv(1)).
Recalling (A1), we observe
(& 0 VAu) (1) + SO |VAu (D] 20
Hence, (3.28) turns into
(31 + S+ 3 (1- [ g ar)ivauno
+ (g0 VAB)(E) - (IVou(D) P2V un(t), VAvn(t))) (329)
<L+ D,
where
L= = ([u(t)|"u(t), Avu (1))
and
L= (p = 1)(|Von(0) Vo (t), VAva(1)).
From (A;) and (A3) and the inequalities of Holder, Sobolev, and Cauchy, it follows that
J. Math. Phys. 64, 051511 (2023); doi: 10.1063/5.0149240 64,051511-13
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I < Ju(D) 3,5, | Avwe (1))
< Clau(®) |7 | Avu (1) |
< LA + 2 Avn () (3.30)

Moreover, from (A;) and the inequalities of H6lder and Sobolev, we deduce that
L < (p = 1)[Vou(t) 5,21 Vou () [2p-2 | VAva (1) |
< ClAva () [P~ | Avw (£) [ | 7 Ava(2)].

Thus, there exists a constant €; > 0 to be determined such that

C -2 1
h< (Wmn(t)n" ||Avm(r>u)(<2el)z [vawa ()] )

We further deduce from Cauchy’s inequality that

c? _
L< EllAvn(t)llz” N Avu (8)[* + €1 |V Ava (1) |
1

Taking e; = %, we obtain
2p—4 2 K 2
L < Cl|Ava (1) || [ Avae (2) ] + ZHVAUn(t) | (3.31)

Due to the fact that (A;) implies (g o VAv,)(t) > 0, we deduce from (3.29)-(3.31), (3.22), and (3.18) that
1 1
LIV + 1 Iavm (I + X |vava(o)
~ (|Voa ()P Va(t), VAvA(t)) (3.32)
i1 1
<C [ (F19o®1 + J180a(@)1 + 519800 ) dr+ .

For the fourth term on the left-hand side of (3.32), we deduce from (A;) and the inequalities of Holder, Sobolev, and Cauchy that there exists
a constant €; > 0 to be determined such that

=V on(8) P Vou(t), VA (8))] < [ Vou(0) 15,251 VAva(1) |
< Clava(D)]” VA (1)

C . !
(S Ian ) (Ge? van()
((262)2 ( )
< C(&2) [ Ava(t) P72 + &2 | VAwA (1) [
Taking e; = g, we deduce from (3.22) that
C+ ZHvAvn(t)Hz ~ (|Voa(O) > Vuu(t), VAv (1)) > 0. (3.33)

Thus, (3.32) turns into

1 1

EHva(t)II2 + EIIAvm(t)H2 + gllmvn(t)ll2

— (IVua()P > Vua(t), VAvA(1))
t1 1
< [1(G19on(I + 3 180u(D)] + 5[V
0o \2 2 2
= (IVua (D) P> Vu(2), VAvs(7)) ) dr + C.

Using Gronwall’s inequality, we have

1 1 K _
EHva(t)II2 + EIIA'vm(t)II2 + EHVAvn(t)II2 = (IVoa()F 7 Vou (1), VAU (1)) < C,

6S:10:20 €202 4290100 1
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which together with (3.33) gives
1 1
§||ant(f)H2 + EHAvm(t) 1+ ZHVAW(t)HZ <G (3.34)

where C is independent of .
Taking w = vu(t) in (3.10), we obtain

1d

3@ Jvae (113 = (Ju(E)1T>u(t) vue(£)) + (V AV, VVuir)

annHi +

- [ st =) (9802, V(1)) dx
- (|V’Un(t)|P_2V’U,,(t), antt(f)).

From (A;)-(As3) and the inequalities of Holder, Sobolev, and Cauchy, it follows that there exist constants €; > 0 (i = 3,4, 5, 6) to be determined
such that

(20000 (0)) < (O Lo (0]
(L 15 ) (o) o)

(2e5)

1 _
< —[Au()*T + esvun ()],
46‘3

(VAU(1), Vune(t)) < VA (6) || Vonee (8]

S( 21) HvAW(t)H)((zq)%||V’Untt(t)H)

(2€1)

1
< VA ()] + e Vou (1),
464

_ Atg(t — T)(VA’Un(T), VUntf(t)) dr

< [a(t-vaun (] drlgun ()]

1 t 1
< (o [ 5 w8 ) (29 7m0
< e ([ ste-nIvavar) +es1vual

2

1

< —(1-x)*esssup [ VAva ()| | +e5]|Voan(D)]?
4es te[0,T)

and
~(IVon( P V0a(8), Vo (£)) < [V0a () 15,2, [ V0ue () |
< Clava ()P | Voua ()

< ( (2:)% ||Avn(t)||P’1)((2€6)% vantt(t)”)

< Ces) | Ava(t) |7 + es | Toune (1) |

Taking ¢; = é (i=3,4,5,6), we further deduce from (3.22) and (3.34) that

1 rt 2 1 2
: fo Jomee (D)% dr -+ Jom (1) < C. (3.35)

where C is independent of n.
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From (3.34) and (3.35), we conclude that there exist a subsequence of {v, } and a function v such that as n — oo,

va—v weaklystarin L™ (0, T; H3(Q)), (3.36)
Une—v; weakly starin L™ (0, T; HZ(Q) N HS(Q)), (3.37)

and
Unit—vye weaklyin L*(0, T; Hp (). (3.38)

Therefore, v is a solution to problems (3.1)-(3.3). In addition, by testing (3.1) with v;(t), we see that there holds (3.6) for all ¢ € [0, T'). Suppose
that v and © are two solutions to problems (3.1)-(3.3). Set ¥ := © — v. Then, (3.24) holds again for this proof. By the same arguments as in the
proof of (3.26), we have v = ¢ for all £ € [0, T). Thus, the Proof of Lemma 3.4 is finished. O

Lemma 3.3 tells us that if upe H*(Q)nHy(Q) and u; € Hy(Q), then problems (3.1)-(3.3) admit a unique solution
vel”(0,T; H*(Q) n Hy(Q)) with v, € L (0, T; Hy(Q) ). Making use of Lemma 3.4, we now in Lemma 3.5 employ the density argu-
ments to show that under the conditions of Lemma 3.3, problems (3.1)-(3.3) can have a unique solution v € C([0, T); H*(Q) n Hy(Q2))
with v; € C ([0, T);Hé(Q)). Although Lemma 3.4 itself can also achieve this conclusion, it requires higher regularity of the initial data, i.e.,
up € H3(Q) and u; € H2(Q) n Hy (Q).

Lemma 3.5 (continuity of solutions to linear equations). Under the conditions of Lemma 3.3, problems (3.1)-(3.3) admit a unique solution
vE C( [0, T); H*(Q) n Hy(Q)) with v, C([O, T); Hy (Q)) which satisfies (3.6) for all t € [0, T).

Proof. For up € H*(Q) n Hy(Q) and u; € Hy(Q), there exist {vgn} € H3(Q) and {v1,} ¢ H*(Q) n Hy(Q) such that
Vo — 1o in H*(Q) N Hy(Q) (3.39)

and
V1 — 4y in Hy(Q). (3.40)

According to Lemma 3.4, for each n € N¥, problems (3.1)—(3.3) admit a unique solution v, € L*°(0, T; H3(Q)) with v, € L*°(0, T; HZ(Q)
N Hy(Q)) and vy € L*(0, T; Hy (), where v,,(x,0) = vo,(x) and v, (x,0) = v1,(x). Thus,

(Um(t) — At (£) + A2ua(£) - fo "ot = 1) A0 (1) dr - Ayun (D)
(3.41)

o (t) = Avw () \u(t)|‘f*2u(t),w) -0

Taking w = v, (t) in (3.41) and using the same arguments as in the Proof of Lemma 3.3, we retrieve (3.22) here. Taking w = —Av(t)
in (3.41), we conclude from the arguments similar to Lemma 3.2 that

(un,,(t) — Ao (£) + A2 (£) - fo "ot = 1)A v (7) dr - Apun(E), —Avm(t))

_d(1 N 211 [etnar) z
- S (GIve@ P+ Sl P+ 5 (1= [Cg@ de)van (o]

+(go VAv) (1) = (IVun () Vua(t), VAv(1)))

- (& 0 VALY (1) + 2e (VAL - (= (VoD Ven(1), VA, (1))

Hence, by going back to the Proof of Lemma 3.4, we retrieve (3.34). Taking w = v () in (3.41) and using same arguments as in the Proof
of Lemma 3.4, we have (3.35) again. Hence, (3.36)-(3.38) hold again for this proof. We infer from Ref. 33 (Theorem 4 in Sec. 5.9) that
v e C([0,T); H*(Q) n Hy(Q)) and v; € C([0, T); Hy (€2) ). Observing (3.39) and (3.40), we know that v is a solution to problems (3.1)~(3.3).
The remainder of the proof is same as that of the Proof of Lemma 3.3. O

Based on the above preparations, we employ the contraction mapping principle to prove the local existence and uniqueness of solutions
to problems (1.1)-(1.3).

Proof of Theorem 2.3. The proof of this theorem is divided into two steps.
Step 1. The local existence and uniqueness of solutions to problems (1.1)-(1.3).
Define
St={ueX||u|x <Ru(0) = uo,u:(0) =1 }
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with
X = C([0, T); H*(Q) n Ho(Q)) n C'([0, T); Ho (),

luli = sup (11 + Sauto)l’)

and

2
= w3 + [ Auo|* + };Ilvuol\ﬁ-

By Lemma 3.5, for any u € St, we can define a map @ such that v := O (u).
We claim that @ is a contractive map from St into itself. To confirm this, we observe that a combination of (3.6) and (3.18)-(3.20) gives

1 K t
Sl I+ S1av + [Cle ()l ar

2

1

1 L1 , . - (3.42)
S*HulHﬁgllAuoll +1;HWollp+f0 (Ju(D) " u(1), ve (7)) dr

2

forall t € [0, T). Applying the inequalities of Holder and Cauchy, we deduce that there exists a constant € > 0 to be determined such that
[ (@I um.em) drs [lu@lgk le @) dr

<[ (( SIS 2)(<2e>5 Jor(0)]) dr
t
2q-2 2
<o [ @i dree [P ar
Taking € = 1, we deduce from (A;) and (As) and the Sobolev inequality that
t 4-2 t 242 ! 2
fo (lu()["?u(r), ve(r)) dr < C/o |Au(r) |47 dr + fo Jve() | dr.
Inserting this inequality into (3.42) and considering u € St, we can obtain
1 K
EHvr(t)lli + EllAv(t)ll2
<l + S 1wl + 5 |vuol}+ € [ Jau(o) [ dr
T2 2 p P 0
2

< R? + CR¥T.

Hence, there exists a time T > 0 sufficiently small such that |[v||% < R®. Thus, ®(Sr) € Sr. Next, we prove that such a map is contractive.
Define © := ®(i1), u, it € St. Set ¥ := © — v. Then, by repeating analogous arguments in Lemma 3.2, we have

(@t,(t) ~ ABu(t) + A% (t) - /Otg(t— A% (7) dr,f),(t))
= (1O (1 [Cem ar)ian@ + o an)()
- (& 0 80) (1) + J8Aa(0)

Substituting this equality into
t
(fm(t) - 80u(1) + A%0(1) - [ gt - 1)8%0(x) di - A0 (1) + Ao (1)
0

+ () - Mr(t)i)r(t)) = (la()"a(t) = [u()"*u(t), 5:(1)),
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we derive
SGI@E 3 (1- [emar)isaw +gos))
+ (Vo) vo(t) - (Vo) vo(t), vou(t))
a0 - 5(g 0 80) (1) + Sa ) |as(r)]’
= (Ja(0) ) = ()20, (1),

From (3.20), we further have

%(%Hf;t(t)\\i N %(1 - [s0) dr) |AB(E) | + %(gOA'D)(t)) <I+I, (3.43)

where

L = (Ja(t)["a(r) — |u()l"u (1), 0(1))

and
L= (Vo) 2 va(t) - [Vo() P2 vu(t), Var(t))).

From Lemma 3.1, (A;) and (As), and the inequalities of H6lder, Minkowski, Sobolev, and Cauchy, it follows that

I< Cfﬂ(\u(t)l‘r2 +[a(D)]"? ) a(r) - u(®)[oe(1)] dx

< C(Hu(f)HZ;fz + ||ﬂ(t)||§;fz)\|ﬂ(f) = u(t) [2g-2]0e(t)
< C(|Au(t) |72 + |Aa(t) [172) | Aie(t) - Au(t) | [o:(2) |
< Clair) - du(r)|? + %”f;[(t)”z. (3.44)
Likewise, we have
I < C(HW(f) 15,2, + ||V17(t)||§;fz) V0 (t) |22 VO (1)
< Clas + Va0 (3.45)

Hence, on account of (3.25), we easily see that (3.43) becomes

S G+ 3(1- [l o))

2
<c(SInOE + (1~ [ e dr)lanw i+ g a0)0)
+ Clai() - du()

By Gronwall’s inequality, ©(0) = 0, 9:(0) = 0, (3.18), and (3.19), we arrive at

1,. K, . b
S o) I + > 180(1) I < Cfo |Ai(r) - Au(z) | dr

forall t € [0, T). Therefore,
|9]% < CTlit - u%
which shows that there exists a constant 0 < § < 1 such that
|© (i) — D(u) % < 8]t — ul3,

provided that T is sufficiently small. This proves the assertion.
According to the contraction mapping principle, problems (1.1)-(1.3) admit a unique solution satisfying (2.4) on [0, T).
Step 2. Finite time blow-up, i.e., the local solution blows up if the existence time is finite.
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We claim that if T = oo, then u exists globally in time; if T' < oo, then
lim ([[Au(t)[* + Ju(1)]%) = oo. (3.46)

Arguing by contradiction, we suppose that T < co and lin%(HAu(t)H2 + |ur(t)||%) < oo. Then, there exists a sequence {t,}2; such that
t—
lim ¢, = T and |Au(ty)|* + |u:(£)||% < C for n € N*. Note that, for each #, problems (1.1)~(1.3) with the initial data u(t,) and u:(¢,) admit

a unique solution on [£,,t, + T), where T > 0 depends on C only. Thus, T < t, + T for large enough #. This contradicts the definition of the
maximum existence time T.
Finally, we prove (2.5). From (2.4) and (3.18)—-(3.20), we can get

1 K 1 1
EHuz(f)Hi + EHAu(t)H2 + I;HW(f)Hg <E(0) + aHu(f)Hq, te[0, 1),

which together with (3.46) gives
lim (1) = o
By the Sobolev inequality and (A;) and (A3), we further have
lim | 7u()] = o (347)

In view of . )
;HW(f)Hﬁ < E(0) + gHu(t)H‘t te[0,T),

we reach
Clvu®ly - C < Ju(®)lg (3.48)
By the Gagliardo-Nirenberg interpolation inequality, we have
9 -9
Jue) 5 < CIVa( I u(e) 7, (3.49)

where 1 <7 < gand
. Nr(q-r)
g(Np +rp — Nr)’

Owing to r > W, we have 0 < 9 < %. It follows from (3.48) and (3.49) that

—q9 —q9 -9
Clvu() 5 - clvu(0)],* < Ju(t)| 1,

which together with (3.47) implies that there holds (2.5). |

IV. GLOBAL EXISTENCE (PROOF OF THEOREM 2.4)

First of all, in the case 0 < E(0) < d, we show the invariance of W and V, which will be used to classify the initial data for the global
existence and finite time blow-up of solutions.

Lemma 4.1. Let (A1)-(As) be fulfilled. Assume that uy € H>(Q) n Hy (Q), uy € Hy(Q), and 0 < E(0) < d. Then, for the solution u(t) to
problems (1.1)-(1.3), there holds

(i) u(t) e W forallte[0,T), provided that I(ug) > 0 or | Aug| = 0;
(ii) u(t) €V forallte[0,T), provided that I(uy) < 0.

Proof. Suppose that u(t) ¢ W for some 0 < t < T. Then, by the continuity of u(¢) in ¢, we see that there exists a time 0 < to < T such
that u(to) € N or J(u(to)) = d. From (2.4) and (3.20), it is obvious that J(u(#y)) = d is impossible. On the other hand, if u(#y) € N, then by
recalling the definition of d, we get J(u(to)) > d, which contradicts E(0) < d due to (2.4) and (3.20). Hence, u(t) ¢ Wforall t € [0, T).

The proof of part (ii) is similar to that of part (i). |

We now discuss the relationship between d and d and that between d and d.

Proposition 4.2. Let (A1)-(As) be fulfilled. Then, d > d and d > d.
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Proof. By the definitions of J(u) and I(u), we get
q-2 ! 2 q9-p p 1
]u)=—((1—[ TdT)Au + OAu)+—Vu + =I(u).
( 2 , §(0)drf[dul”+ (g0 Au) I IVull, p (u)
Let u € N. Then, from (3.18) and (3.19) and (A;), we obtain
_2 K —
1) > G2 o+ L

. (a- Z)K
2462

|vul?+ % |vulf. 4.1)

Since u € N implies

(1- [ s ar)ioul® + (g o duy(e) + [vulf = fulf

it follows from (A;) and (A3) that

t
(1= [ (o de)jaug® + jvuf < €ty vulf
On the other hand, from (3.18), we get
(1= [ sy ae)loul? + [9ulf > el sul? + | 9ul]

2
2 @HWHP + [ vuls.
1

Hence,
& vl + [Vulf < €vull,
which gives , -2 _a  _.4
[Vul, > max{;ci2 O O N } (4.2)
From (4.1), we have
(g-2)x 2
J(u) > = ¢ [Vulp 43)
and 4-p
J(u) > == Vulp. (4.4)
pq ?

- -
Substituting HVuH p > KT I €, ™€, ™ into (4.3) and (4.4), respectively, we deduce from the deﬁnition of d that d>dyandd > d,. Substituting

[Vul, > (i v into (4.4), we get d > d. Consequently, d > d. Moreover, substituting | Vu, > - I L = (U E and |Vull, > L v into (4.1),
respectlvely, we obtaind > dy and d > ds, i.e.,d > d. O

The following lemma shows a property of the fibering map J(Au), which will facilitate the proof of the global existence of solutions with
critical initial energy.

Lemma 4.3. Let (A1)-(As) be fulfilled, A > 0, u € H*(Q) n Hy(Q), and |Au| # 0. Then, there exists a unique constant Ay > 0, depending
on u, such that J(Au) is strictly increasing for all A € (0, Ao), strictly decreasing for all A € (Ao, 00), and takes the maximum at A = Ao.

Proof. From

t
10w) = (1= [e(x) dr P Laul® + (g o ) (o) + ¥ | vl - A7}l

we know that there exists a unique constant Ag > 0, depending on u, such that I(Au) > 0 for all A € (0,A¢), I(Au) < 0 for all A € (A9, 0), and
I(Aou) = 0. Because of

d 1
a](/\u) = XI(/W)’

the conclusions of this lemma follow immediately. O
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Next, we prove the global existence of solutions to problems (1.1)-(1.3).

Proof of Theorem 2.4. (i) For the local solution u to problems (1.1)-(1.3), it is easy to see from (i) in Lemma 4.1 that u(t) € W for all
t € [0, T). Hence, it follows from (3.18) and (3.19) that for all ¢ € [0, T),

) t
i) =T ((1- [ e ar)iau@ + go s )
+ L PIgu(olf + 1)
> D oy,
which together with (2.4), E(0) < d, and (3.20) gives
Sl + 2 (o) <

Consequently, by the continuation principle, we have T = co.
(ii) We divide the proof of (ii) into two cases.
Case 1. | Auo| # 0.
Set ug, := Anyug, where A, := 1 — %, n=2,3,.... We consider problems (1.1) and (1.3) with the following initial conditions:

u(x,0) = uon(x), ur(x,0) = u(x). (4.5)

From I(uo) > 0 and the Proof of Lemma 4.3, it is easy to see that 19 > 1. Thus, we conclude from Lemma 4.3 that J(Au) is strictly increasing
forall A € [A4, 1]. Hence, J(uon) < J(t4o) and I(uo,) > 0. Moreover,

q9-2 2, 4-p p, L
J(uon) = Auon|” + 5| Vuon|b + =1(uon) > 0.
(100 = L2 sl + L2+ 1)

We further obtain .
En(0) = EHulHi +J(tion) > 0

and )
En(0) < Jur][% + ] (uo) = E(0) = d. (4.6)

Hence, we infer from (i) in this theorem that, for each n, problems (1.1), (1.3), and (4.5) admit a unique solution
un € C([0, 00); H* () n Hy(Q)) with un € C([0, 00); Hy(Q)), which satisfies u, (£) € W,

(1t (£), ) + /Ot(Aun(‘r),Aw)d‘r— fotfosg(s—T)(Aun(‘r),Aw)des
+fot(\vun(r)|f’—zvun(r),vw)dT+(u,,(t),w)*
= (1, w0)x + (om w)e + /Ot(|un(r)“1‘2u,,(1),w)dr

and

En(t) + fot(uum(f)ui - %(g' o Auy) (1) + %g(T)HAun(T)”Z) dr = Ex(0). “.7)

Next, we will conclude the existence of solutions by the energy estimates and the compactness arguments. From (i) in Lemma 4.1, it is
readily seen that u, (¢) € Wforall t € [0, c0). Hence, from (3.18) and (3.19), we can get

E(e) = 51+ 2 ((1- [ e de) w0l + (g a0

- 1
+ T2 g0, ()10 + ~1(ua(1))
Pq q

1 2 (q-2)x 2, 4-p »
2 Sl (£ + 2 [Aun(2)[" + o [V un (£) 15
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which together with (4.7), (4.6), and (3.20) yields
1 -2)x -
O = L2 80,0 + Ly ()1 < 8)

forall t € [0, c0). By virtue of (4.8), we get

a1 = )1 < Clauno)) < 0 2 a)

forall t € [0, 00), where y = -1

q-1° -
Therefore, there exist a subsequence {u, }, u € W, and y such that as n — oo,

un—u weakly star in C([O, 00); H*(Q) mHé(Q)),
Unt—~ur weakly star in C([O,oo);Hé(Q)),

and
|tn]T*tn ) weakly starin L™ (0, 003 LV(Q)).

In light of Ref. 34 (Lemma 1.3 in Chap. 1), we get y = [u|?">u. Therefore, by the analogous arguments in the Proof of Lemma 3.3, u is a global
solution to problems (1.1)—(1.3).
Suppose that u and i are two solutions to problems (1.1)-(1.3). Set i := it — u. Then, by the arguments similar to Lemma 3.2, we have

(a,,(t) ~ A (£) + A%ii(t) - fotg(t — 1)A%i(r) dr, a,(t))
(12 + (1= [ e dr) s + go s

T2dt
-2/ o 8@)(0) + Se(0Aa(n)]
Substituting this equality into
(im(t) ~ Adu(t) + A%ii(t) - [0 gt - )A%(r) dr - Ayi(t) + Apu(t)
i(6) = 8 (), (e) ) = () a0) - (O (0,70 (0) ),

we obtain
G103 (1- [ e dr)laan i+ S go i)
+ (V)P va(t) - [vu(t)P > vu(t), Vin(t))
# ()1} - 5(&' 0 2a)(1) + () |Aa(o)
(ORI OO A

By the arguments similar to the proofs of (3.43)-(3.45), we have
d(1,. 1 £ . 1 .
SG1m@E 3 (1- [ e dr)iaanP + S0 a0)0) <15+ 1o

I 5= () 2a(0) = (D)0 (1))
< clai(O[ + 3 Ja) P,
and
Is == |(|Va(t) P2 va(t) - |vu(t) P2 vu(t), Vin(t)))|

. 1.
< Claa(t)|* + EHVur(f)H2~
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Consequently, on account of (3.25), we can obtain

d/1,. 2 1 t . , 1 -

(= 24— (1- A ~(go Ain)(t

GG1aor 3 (1= [ ar)isuor o ano)

1,. , 1 f . , 1 .
<c(3lmm+5(1- [ g dr)iaa P + (g0 80(0)),
which combined with Gronwall’s inequality, #(0) = 0, #:(0) = 0, (3.18), and (3.19) tells us that
Sl + Sjaa(n) <o

forall £ € [0, 00). Accordingly, u = @ for all ¢ € [0, 00).
Case 2. |Auo| = 0.
In this case, J(uo) = 0. Thus,

B(0) = 5 .
Set U1, := Ayup, where A, := 1 — %, n=2,3,...,and consider problems (1.1) and (1.3) with the following initial conditions:
u(x,0) = up(x), ur(x,0) = urn(x). (4.9)
Note that

1
0 < E,(0) = EHuln”i < E(0).

We conclude from (i) that, for each n, problems (1.1), (1.3), and (4.9) admit a unique global solution u,(¢) € W. The remainder of the proof
is similar to that of the proof of case 1.
Thus, the Proof of Theorem 2.4 is completed. O

V. ASYMPTOTIC BEHAVIOR (PROOF OF THEOREM 2.5)

Proof of Theorem 2.5. First of all, Theorem 2.4 and Proposition 4.2 ensure that problems (1.1)-(1.3) have a unique global solution
u(t) e Wiorall f € [0,00). We construct a Lyapunov function by performing a suitable modification of the total energy function as follows:

L(t) = E(t) + e¥(t), te[0,00), (5.1)

where () := (u(t), u(t))+ and € > 0 is a constant to be determined later.
We now claim that there exist two constants y, > 0 (i = 1,2), depending on ¢, such that

nE() < L(t) < y2E(2) (52)

forall t € [0, c0). Indeed, by virtue of the inequalities of Schwarz and Cauchy, we know that

1 , 1 5
[P (t)] < Ellu(t)ll* + EHur(f)Hm

and so .,
(O < S (O ¢ e 53)
From (3.18) and (3.19), we have
1 2, 9-2((, ' 2 o
B0 = hu i+ (1 [ e ar)iauo) + g0 auyo)

v %nwmnﬁ v gf(u(t»

> ol + U2 a0+ T vuo (5.4
> S = D auo (55)

From (5.3) and (5.5), we know that there exists a constant Q > 0 such that |¥(#)| < QE(t), which together with (5.1) yields

J. Math. Phys. 64, 051511 (2023); doi: 10.1063/5.0149240 64,051511-23
Published under an exclusive license by AIP Publishing

6S:10:20 €202 4290100 1


https://scitation.org/journal/jmp

Journal of

Mathematical Physics ARTICLE scitation.org/journal/jmp

(1-eQ)E(r) < L(t) < (1 +eQ)E(2).
Thus, in order to guarantee y, > 0 (i = 1,2) in (5.2), we need to find a proper ¢ later such that
1-¢Q>0. (5.6)

Hence, assertion (5.2) holds.
By the arguments similar to Lemma 3.2, we have

(un(t) ~ Au(£) + A2u(t) - /Otg(t — 1)A%u(r) dr, ut(t))

= (o (1= [ s ar)isu P + goauo)
-5 (& o) (1) + S8 |Au()

Inserting this equality into
t
(u,,(t) - (1) + &%u(t) — [ gt - )% () dr - Bpu(t)
0

u(0) = A1) (1)) = (O] (), (6))
we obtain
%(%nut(t)ni w5 (1- [emar)iauor + e an o + 1ol

- o) ||z) #lu(0)]2 - 5(8 0 8u) (1) + Sg()|au()* =,

ie.,

E(1) = 3(& 0 du) (1) - 28 8u(t) = Ju (1) -

Hence, from

V(1) = (un(t), u(t))s + (1)
and Remark 2.2, we further obtain
1 1
L(1) = 180 M) (1) ~ Le(au(t)* - Lue(t) | + elu(t)

—elau| +e [ gt~ 1) (Bu(0), Au(t)) dr - Tu (o) "
= e(u(t), ur(0))« + elu(0)]]

For the sixth term on the right-hand side of (5.7), it follows from the inequalities of Schwarz and Cauchy and (3.18) that there exists a constant
€1 > 0 to be determined later such that

a0 @u(o), au(y) de

- [lste= ) lau() P dr+ [ gte-)(@u() - du(e). du()) de
<Jau)® [g(x) dr

+ [ete=m (et

1

(21):
<|su())” [ g(nydr+alsu®)’ [ g0 dr o (godu)(@)

< (1= R Jau() ] + (1= R8O + 5 (g o b))

|Au(r) - Au(t)H) dr
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For the eighth term on the right-hand side of (5.7), it follows from the inequalities of Schwarz and Cauchy that there exists a constant e; > 0
to be determined later such that

() < ()] [ ()]
1 1
<t2ex)2 ||u(t) ||« )| —— ue(t) ]+
< (e uo)] )((262)2” o
<alu®)l} + om0

1
< 23 +€3) [ Au(t)|” + 2, Jue(£)|5-

Hence, on account of g’ (t) < —pg(t), we deduce from (5.7) that

L'(t) < 7(1 -&e- %)H“t(t)Hi —g(k-er(1-x) - ez(€§ + (Si))”Au(t)”z
€2
_(P_ & _ P q
(5~ 55 ) go a0 = el vue) I + o) 1§
and so
10
L'(t) < -enE(t) - Y. Li+ 1, (5.8)
i=7
where
N R | 2
b= (1-e- 5o - T )lml,

Iy = s(K— e(1-x) - ez(@§ + (Ei) - g)”Au(t)”z)

b= (8- - T igotme),

. n p
Lio:=¢l1—-—=)|Vu(t)|s;,
10 ( p)H ®]
In = ellu(t)[g

and 7 > 0 is a constant to be determined later.
Next, we claim that
L'(t) < —enE(t) (5.9)

for sufficiently small # and e. To confirm this, we need to show that I;; can be controlled by Is or I;o on the right-hand side of (5.8), i.e.,
—Ig—TLo+1I; <0. (5.10)

To achieve this, we shall well deal with the energy identity (2.4), and thus, E(0) will appear in the energy estimates. Taking into account the
restriction E(0) < d and the definition of d, we shall prove (5.10) by discussing the following three cases.

Casel.d=d,.
From (5.4), (2.4), and (3.20), it follows that

D8 )+ L |yu(o), < EC0). (s.11)

which implies

a1 = (225 20))

Hence,
Ju(6) 4 < €T€3 | Au(e) [T = 1€ Au(r)| " |Au(t)|* < i Au(t) |,

6S:10:20 €202 4290100 1
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where

=2
2q 2
o= cs:q(zq( E(O)) .
2\ (g-2)x
Note that

92
2

S

2q
0<é& < @‘f(ig( e 2)xd1)

Substituting the expression of dy, i.e., (2.1) into the right-hand side of the above inequality, we get

a-2
2q 2
[OT 05 d =K
1 2(<q—z)x ) -

which means k > 8. Thus, we can choose sufficiently small ¢; (i = 1,2) and # such that

xfel(lfx)f€2(¢§+(ii) n 5 >0

-5
and
1-Tso
p
These two foimulas imply —Is + I11 < 0 and —I1o < 0; hence, (5.10) is proved.
Case2.d = d,.
It is easy to see from (5.11) that
246} :
[vu(®)[, < CifAu(t)| < ( E(0)] .
! (q-2)x
Hence,
lu()[§ < E|vu(®)|; = EIvu) 7 P Ivu®)]}; < &[vu()]p,
where
2¢6} 7
8 = Gg( 1 E(O))
(g-2)x
Observing
?

2
0< 52 < Q:g 2q(§1 dz 5
(q-2)«

we discover that the substitution of the expression of d;, namely, (2.2), into the right-hand side of this inequality gives

2 E
] I
\(g-2)x

Thus, §, < 1, and we can choose sufficiently small ¢; (i = 1,2) and # such that

K—el(l—x)—ez(¢§+¢i)—g>o (5.12)

and
1-1_4,50.
p

We further get —Is < 0 and —I1o + I11 < 0. Thus, (5.10) is derived here.

Case 3.d = ds.

Using (5.11) again, we have
1

(e, < (%E(O))P.

6S:10:20 €202 4290100 1
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Hence,

lu()]§ < GIvu(®)l; = GIvu®) 3 [vu(t)|; < & Vu(®)l;,

where

q-p
8 = GZ(%E(O)) "

Taking into account the expression of d3, namely, (2.3), and

q-

0< 83 < @Z(piqdj),)
qa-p

we get 83 < 1. Thus, we readily choose sufficiently small ¢; (i = 1,2) and # such that we have (5.12) and

1-T_s,>0.
p

~f
ut

>

They again show that —Ig < 0 and —I1o + I11 < 0. Hence, (5.10) is demonstrated again.
Having proved (5.10), we now turn to deal with I7 and Io. For fixed ¢; (i = 1,2) and # in the above three cases, in order to make sure the

nonnegativity of I;, we need

ie.,
4€2

In addition, to ensure Iy > 0, we require

E_ = sy,
2 4e 2
ie.,
2peq
1+275e
Hence, by recalling (5.6), we choose
X 1 4e, 2per
&< min{ —, )
Q 46 +1+2ne; 1+ 2n€;

Thus, assertion (5.9) is verified.
By virtue of assertions (5.9) and (5.2), we obtain

! &
L'(t) < yzL(t)'

Solving this differential inequality, we get

L(t) < Ce »', te[0,00).

Again, by assertion (5.2), we see that

C _=a
E(t)< —e n', te[0,00),
Y1

which combined with (5.5) gives (2.6), where a = ygl and f§ = ‘;—’27

}
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VI. FINITE TIME BLOW-UP (PROOFS OF THEOREMS 2.6-2.8)

This section is devoted to the proofs of the finite time blow-up of solutions to problems (1.1)-(1.3) with negative initial energy, null
initial energy, and positive initial energy strictly below the depth of the potential well and arbitrary positive initial energy. For the convenience
of readers, we first give the following lemma, which plays a key role in the Proofs of Theorems 2.6-2.8.

Lemma 6.1 (Refs. 28 and 35). If a function ¢(t) > 0 is twice differentiable, which satisfies ¢ (0) > 0 and for all t > 0,
P04 (1)~ (1+)(¢'(1)" 2 0 (6.1)
with some constant A > 0, then there exists a time 0 < Ty < % such that zlinTl(, ¢(t) = oo.
Now, we prove the finite time blow-up of solutions to problems (1.1)-(1.3) with non-positive initial energy, i.e., Theorem 2.6.

Proof of Theorem 2.6. Let u be the solution to problems (1.1)-(1.3). Next, we prove T < oo. Arguing by contradiction, we suppose that
T = oo. Then, we consider an auxiliary function ¢ : [0, T1] — R defined by

t
$(t) = |u(t)] + fo lu(o)])% dr+ (T1 = t) Juo % + o(t + T2)%,
where 0 < T} < co dueto T = oo and ¢ and T are two constants to be determined later.
Case (i). E(0) < 0.

We perform the proof along three steps.
Step 1. We first claim that

$8" (1) - T2 (1) 2 6(9(0) (62)

fora.e. t € [0, T1], where

t
0(0)=¢"(0) = (a+ Dl 2+ [ ()] drvo). (63)
To see this, we first deal with the term (¢’(t))2. Since

¢'(£) = 2(u(t), ue(£))« + |u(t) |5 = [uo]s +20(t + T2)

= 2(u(t) ur () +2/0t(u(1),uf(r))*dT+2cf(t+Tz),
we get
(600 = 0% + [ w009 )
+Z(u(t),ut(t))*_/ot(u(r),uT(T))*dT+20(t+T2)(u(t),u,(t))*
+20(t+ Tz)_/ot(u(r),uf(r))*dr+02(t+ Tz)z).

By the inequalities of Schwarz and Cauchy, we see that

(0o (0))% < L) ) 2
([ @@ un@)ear) < [(u@iar [

20, 1()) [ (x)ote (1)) b

<20l [ 1o ) ([ (o2 )
<@L [ @ de+ @1 [l ds

6S:10:20 €202 4290100 1
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20(t+ T2) (u(t), (1))« < 2(0* u(®) |+ ) (o (£ ) ()] )

<ofu(®)]i +o(t+ T2)*|u (1) |3,
and
20(t + Tz)[;t(u(r),ur(r))*drs /OtZ(a%Hu(T)H*)(U%(t+ T2)||uT(T)H*)dT
So/otHu(T)HidT+a(t+ Tz)zfotnuf(r)nidr.

Consequently,
(¢ @) <a(lu@l+ [Tl dr ot 1)) (@ + [ (o) dr+ o)
<4l + [ (0lf dr+a)

Thus, assertion (6.2) follows from (6.4).
Step 2. We show that ¢(t) > 0. Indeed, a direct calculation yields

8 (1) = 20t (£, u(e) o + 2 (1) |2+ 20(6), (1)) + 20,
Owing to Remark 2.2, we discover
t
¢ (1) = 2[u (D)% — 2] Au() | + 2f0 8g(t = 1) (Au(7), Au(t)) dz
=2[vu(®)[} +2]u(t) |G + 20
fora.e. t € [0, T1]. Applying the inequalities of Schwarz and Cauchy, the third term on the right-hand side of (6.5) becomes
t
zf ¢(t - ) (Bu(r), Au(t)) dr
0
t t
- 2/ g(t =) Au(r)|? dr + zf g(t - 1) (Au() - Au(t), Au()) dr
0 0
t
>2 [ g(r) arfau(t)
¢ 1 1
= g(t—r)(@e)z\\Au(r)—Au(t)ﬂ)(—gmu(t)n)dr
0 (25)2

1

> 2f0tg(r) drAu(t)|” - 2e(g o du)(t) - - fotg(f) dr|Au(t)|®

for some constant € > 0 to be determined later. Substituting this inequality into (6.5), we get
t
¢ (1) 2 20w (D)3 - 20 8u(D)]* - 2| Vu(r) [} + 2f0 g(r) drfdu(n)|*

—2e(goAu)(t) - %g/otg(r) dTHAu(t)H2 + ZHu(t)HZ +20
= 2]u ()% - 21(u(t)) + (2 - 2€) (g 0 Au)(t)

t
“ 5 o g(7) dr|Au(t)|? + 20.

Combining (6.3) with (6.6), for ¢ € [0, T ], we obtain
1 t
(1) 2 2[u(£)[% - 21(u(t)) + (2 - 2€)(g 0 Au)(t) - %fo g(7) dr|Au(t)[?

+20-(q+ 2)(Hut(t) I3+ f0r||u1(r) |2 dr+ 0).

(6.4)

(6.5)

(6.6)

(6.7)
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Next, we move on to deal with I(u(t)). Recalling (2.4) and (3.20), we have
t 2 1 2 1
E(0) > fo luz (D) dr +  ue(D)[ + gl(u(t))
) t —
+ L2 ((1- [Temar)isul + gosn o)) + LLucr 1,
2q 0 rq

which leads to
~2(u(1)) 2 ~24E(0) + 24 [ T (DI dr + glu(n)
~a=2)((1- [ st ar)lauo) + (g o an0)) + XL wucoy
for t € [0, T1]. Substituting the above inequality into (6.7), we arrive at
00> (a-2) [lu@)idrs (q-2- (a-2+ ) [ g de)auc
~208(0) = 0+ (a-26) g 2w (6)+ XL uo

> (q -2- (q—Z + i)fotg(f) df) |au(t)|* - 2qE(0) - go

2e (6.8)
2a— .
+(a-26) (g2 80) () + XL puo),
By choosing € = 4 and 0 < o < —2E(0), we see from (2.7) that
1 t
q—2—(q—2+2—€)fg(r)d120. (6.9)
0
We also see from (Az) and (A3) that
Ha-p) (6.10)
p
To sum up, we obtain ¢(t) > 0.
Step 3. We claim that there exists a finite time T such that
tlir%) o(t) = oo. (6.11)

Indeed, a combination of steps 1 and 2 shows that (6.1) holds for a.e. f € [0, T; ], where A = '74;2. In order to ensure ¢’ (0) = 2(ug, u1)« + 207>
> 0, due to the assumption T = oo, we can choose
T, > max {—M, 0}.

o

Consequently, by Lemma 6.1, there exists

2(Jluol3 + Ti|uol +0T3
0< Ty (luolx + Tifluo|% +0T3)
(g -2)((uo, 1)+ + 0T)

such that assertion (6.11) holds, which contradicts T = co. This completes the Proof of Theorem 2.6 for case (i).

Case (ii). E(0) = 0 and (ug,u1)+ > 0.

Similar to case (i), arguing by contradiction, we also suppose that T = co. For this case, (6.2) and (6.8) still hold. Taking e = g and 0 =0,
we conclude from (6.9) and (6.10) that ¢(¢) > 0. Hence, we verify (6.1) again. By Lemma 6.1 and ¢'(0) = 2(uo, u1)+ > 0, there exists a finite
time T such that (6.11) holds again, where
2([luoll% + T1f[uo )

(q—2)(uo» t1)+

Thus, the Proof of Theorem 2.6 for case (ii) is finished by the contradiction between (6.11) and T = oo. m]

0<Ty<
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Next, we prove the finite time blow-up of solutions to problems (1.1)-(1.3) with positive initial energy strictly below the depth of the
potential well, i.e., Theorem 2.7.

Proof of Theorem 2.7. We adopt the contradictory argument, a similar structure to the Proof of Theorem 2.6 for case (i), to finish the
proof of this theorem. Considering that many estimates and analyses in the Proof of Theorem 2.6 are not related to the initial condition, by
quickly checking steps 1 and 2 there, we find that (6.2) and (6.8) are still available in this proof here. In addition, next, similar to step 2 in the
Proof of Theorem 2.6, we shall prove ¢(t) > 0.

In (6.8), choosing o = 2(8d — E(0)), we deduce that

(P(t) > I + 113,

where
ho=(a-2-(q-2+ ) [Caar-e(a-2)(1- [ g(or))jaute)’
+ (g-2¢-0(q-2)) (g o Au)(1)
(P g2 )i vutol
and

t ~
hai=0(g-2)((1- [ g(0)dr)lau(I + (g du)(e) + |vu(t) f) - 2464
For I}, taking € = %, we deduce from g(#) > 0in (A;) that

q727(q72+%e)fotg(r)drfe(qfﬂ(lf/Otg(r)dr)

> (q-2)(1-9)- 4720 ;?)G(fq__ez(f_ 2)+1 fomg(r) dr,

which together with (2.8) yields
t t
q-2- (q—2+ L)/ g(T)dT—Q(q—Z)(l — f g(‘r)d‘r) > 0.
2e ) Jo 0

Recalling the condition 0 < 8 < ;EZ:‘;’; , we see that
M — Q(q — 2) > 0.
p
Hence, I, > 0.
For I;3, we note that if
t 29 -
(1= [ s ar)isute) + (g0 s o) + [Vu(rlf > 5 (6.12)

then I15 > 0 holds for all ¢ € [0, T;]. Therefore, it remains to prove (6.12). In fact, from I(u) < 0, 0 < E(0) < 6d, and Proposition 4.2, and (ii)
in Lemma 4.1, we have u(¢) € Vforall t € [0, Ty ]. This implies I(u(¢#)) < 0, which combined with the Sobolev inequality gives

t
(1= [ s dr)iaul + (go ) + [ 7o) < S vue) I
Recalling (3.18) and (3.19), the above inequality becomes

K
@HW(t)H; + [vu(®)l; < Gvu®)lj,
1

which makes (4.2) hold again. On account of the definition of d, we shall proceed to prove (6.12) by considering the following two cases.

Case 1. d = dj.

J. Math. Phys. 64, 051511 (2023); doi: 10.1063/5.0149240 64, 051511-31
Published under an exclusive license by AIP Publishing

6S:10:20 €202 4290100 1


https://scitation.org/journal/jmp

Journal of ARTICLE . _ _
Mathematical Physics CL scitation.org/journal/jmp
. -2 _ 4
In view of (4.2), i.e., | Vul, > k2 €, "€, ", we obtain
K
| Au()|* + | Vu(t) [} > @Hw(t) s+ [ Vu()l5 (6.13)
1
. _2 20 b 2
>z @ TC, 7 4 k2 E TE, T
2
> g,
q-2

which together with (3.18) and (3.19) gives (6.12).

Case2.d =ds.
41
In such a case, from (6.13) and | Vull, > €, *" indicated by (4.2), we derive

_ M

_2q pin
Kl du(t)|” + [ Vu(®) [§ > k€6, ™7 + €, "7

2
> 4 ds,
q-2
which together with (3.18) and (3.19) still gives (6.12).
Therefore, ¢(t) > 0.
The remainder of the Proof of Theorem 2.7 can be finished by a repetition of step 3 in the Proof of Theorem 2.6 for case (i). O

To prove Theorem 2.8, we need Lemma 6.2 to construct an increasing auxiliary function. Its proof is similar to that in Ref. 36, Lemma 2.1.

Lemma 6.2. Let (A1)-(Asz) and (2.9) be fulfilled. If a function M(t) is twice continuously differentiable and also satisfies M(0) > 0,
M'(0) >0, and

t
M (1) + M(t) > f o(t - ) (Au(r), Au(t)) dr
0
forallt € [0,T), then M(t) is strictly increasing on [0, T), where u is the solution to problems (1.1)-(1.3).

Set M(t) := |u(t)|, where u is the solution to problems (1.1)—(1.3). Then, making use of Lemma 6.2, we can derive the monotonicity of
M(t) stated in Lemma 6.3.

Lemma6.3. Let (A)-(A3) and (2.9) be fulfilled. Assume that uy € H*(Q) n Hy (Q), us € Hy(Q), and (o, u1) « > 0. Then, M(t) is strictly
increasing on [0, T'), provided y(u(t)) < 0, where y(u(t)) is the functional defined by (2.12).

Proof. Since

M'(t) = 2(u(t), u(t))«

and
M () = 2] (£) |5+ 2(un (1), u(t))
= 2w ()% - 2y (u(t)) + 2/0tg(t— ) (Au(7), Au(t)) dr = 2(u(t), ue(t))
we get
M7 (8) + M (1) = 2| ue(6) % - 2y(u(t)) + Zfotg(t = 7)(Au(r), Au(t)) dr.
By M’(0) = 2(uo, u1)« > 0 and Lemma 6.2, we have M'(t) > 0 on [0, T). o

For the functional y(u(t)) defined by (2.12), we have the following conclusion.

Lemma 6.4. Let (A1)-(As), (2.9), and (2.10) be fulfilled. Assume that ug € H*(Q) n Hy(Q), w1 € Hy(Q), E(0) >0, (uo, 1)« >0,
w(uo) < 0, and there holds (2.11). Then, w(u(t)) <0 forall t € [0, T).

Proof. Arguing by contradiction, from y(u) < 0 and the continuity of u(t) in ¢, we suppose that there exists the first time 0 < fo < T
such that y(u(ty)) = 0. Then, by Lemma 6.3 and (2.11), we get

2q(€3 +€3)

M(t M(0) = 127
() > M(0) = ol > ZFe 2t

E(0). (6.14)
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On the other hand, by using (3.18) and (3.19) again, we have
K 2 1 3 1 q
E(to) > —|Au(to) " + —[Vu(to) [, — = [u(to)[g
2 P q

kg —2 2, q9-p p, L
= Au(t + —— || Vu(t + —w(u(ty)),
24 lAu(to) | o Ivu(to)l, qw( (t))

which together with y(u(ty)) =0, (2.4), and (3.20) allows us to derive
92 nut0) | < E(0).
2q

Hence,
2q(€3 +€F)

M(to) = u(to)]% < (& + &) Au(to)]* < g2

E(0),

which contradicts (6.14). Thus, the Proof of Lemma 6.4 is completed. m]
In the end, we prove the finite time blow-up of solutions to problems (1.1)-(1.3) with arbitrary positive initial energy, i.e., Theorem 2.8.

Proof of Theorem 2.8. Again, by the arguments, by contradiction similar to the Proof of Theorem 2.6 for case (i), we see that (6.2) and
(6.8) hold here. Taking € = % and o = 0 in (6.8), we have

o(t) > (q— 2 (q— 24 ;)u - x))nAu(tW ~24E(0),

which together with (2.11) gives

» min{kg-2,0} 2
> - .
(1) > olau(r) - G20 o
According to Lemmas 6.4 and 6.3, we obtain
o 2 0 2
Aut22 u(t)|s > >——=uols-
(O > G W1 > 5 ol
Hence, ¢(t) > 0. The remainder of the proof is same as that of the Proof of Theorem 2.6 for case (ii). O

ACKNOWLEDGMENTS

Yang Liu was supported by the Fundamental Research Funds for the Central Universities (Grant No. 31920220062), the Science and
Technology Plan Project of Gansu Province in China (Grant No. 21JR1RA200), the Talent Introduction Research Project of Northwest Minzu
University (Grant No. xbmuyjrc2021008), and the Key Laboratory of China’s Ethnic Languages and Information Technology of Ministry of
Education at Northwest Minzu University. Byungsoo Moon was supported by the National Research Foundation of Korea (NRF) grant funded
by the Korea government (MSIT) (Grant No. 2020R1F1A1A01048468). Vicentiu D. Radulescu was supported by a grant of the Romanian
Ministry of Research, Innovation and Digitization, CNCS/CCCDIUEFISCDI, Project No. PCE 137/2021, within PNCDI III. Runzhang Xu
was supported by the National Natural Science Foundation of China (Grant Nos. 11871017 and 12271122) and the China Postdoctoral Science
Foundation (Grant No. 2013M540270), the Fundamental Research Funds for the Central Universities. Chao Yang was supported by the Ph.D.
Student Research and Innovation Fund of the Fundamental Research Funds for the Central Universities (Grant No. 3072022GIP2403). In the
process of this work, Runzhang Xu visited Mathematical Institute, University of Oxford, and The Institute of Mathematical Sciences, The
Chinese University of Hong Kong.

AUTHOR DECLARATIONS
Conflict of Interest

The authors have no conflicts to disclose.

Author Contributions

Yang Liu: Investigation (equal); Methodology (equal); Writing - original draft (equal); Writing - review & editing (equal). Byungsoo Moon:
Investigation (equal); Methodology (equal); Writing - review & editing (equal). Vicentiu D. Riadulescu: Investigation (equal); Methodology

6S:10:20 €202 4290100 1

J. Math. Phys. 64, 051511 (2023); doi: 10.1063/5.0149240 64, 051511-33
Published under an exclusive license by AIP Publishing


https://scitation.org/journal/jmp

Journal of
ARTICLE scitation.org/journal/jmp

Mathematical Physics

(equal); Writing — review & editing (equal). Runzhang Xu: Investigation (equal); Methodology (equal); Writing — original draft (equal);
Writing - review & editing (equal). Chao Yang: Investigation (equal); Methodology (equal); Writing - original draft (equal); Writing -
review & editing (equal).

DATA AVAILABILITY

Data sharing is not applicable to this article as no new data were created or analyzed in this study.

REFERENCES

TR. de Oliveira Araujo, T. F. Ma, and Y. Qin, “Long-time behavior of a quasilinear viscoelastic equation with past history,” J. Differ. Equations 254(10), 4066-4087 (2013).
2M. M. Cavalcanti and H. P. Oquendo, “Frictional versus viscoelastic damping in a semilinear wave equation,” SIAM J. Control Optim. 42(4), 1310-1324 (2003).

3V. V. Chepyzhov and A. Miranville, “Trajectory and global attractors of dissipative hyperbolic equations with memory,” Commun. Pure Appl. Anal. 4(1), 115-142
(2005).

“M. Conti, V. Danese, C. Giorgi, and V. Pata, “A model of viscoelasticity with time-dependent memory kernels,” Am. J. Math. 140(2), 349-389 (2018).

M. Conti, T. F. Ma, E. M. Marchini, and P. N. Seminario Huertas, “Asymptotics of viscoelastic materials with nonlinear density and memory effects,” J. Differ. Equations
264(7), 4235-4259 (2018).

6. Deseri, M. Fabrizio, and M. Golden, “The concept of a minimal state in viscoelasticity: New free energies and applications to PDEs,” Arch. Ration. Mech. Anal. 181,
43-96 (2006).

7M. Fabrizio, C. Giorgi, and V. Pata, “A new approach to equations with memory,” Arch. Ration. Mech. Anal. 198(1), 189-232 (2010).

8H. Yassine, “Convergence to equilibrium of solutions to a nonautonomous semilinear viscoelastic equation with finite or infinite memory,” J. Differ. Equations 263(11),
7322-7351 (2017).

°]. E. Lagnese, Boundary Stabilization of Thin Plates, SIAM Studies in Applied Mathematics Vol. 10 (SIAM, Philadelphia, PA, 1989).

19]. E. Lagnese and J. L. Lions, Modelling, Analysis and Control of Thin Plates, Recherches en Mathématiques Appliquées Vol. 6 (Masson, Paris, 1988).

e Giorgi and M. G. Naso, “Mathematical models of Reissner—Mindlin thermoviscoelastic plates,” J. Therm. Stresses 29(7), 699-716 (2006).

'2W. Weaver, S. P. Timoshenko, and D. H. Young, Vibration Problems in Engineering (John Wiley & Sons, New York, 1990).

'3E. Alabau-Boussouira and P. Cannarsa, “A general method for proving sharp energy decay rates for memory-dissipative evolution equations,” C. R. Math. 347(15-16),
867-872 (2009).

T4F, Alabau-Boussouira, P. Cannarsa, and D. Sforza, “Decay estimates for second order evolution equations with memory,” J. Funct. Anal. 254(5), 1342-1372 (2008).
5P, Cannarsa and D. Sforza, “Integro-differential equations of hyperbolic type with positive definite kernels,” J. Differ. Equations 250(12), 4289-4335 (2011).

"6M. M. Cavalcanti, V. N. Domingos Cavalcanti, and T. F. Ma, “Exponential decay of the viscoelastic Euler-Bernoulli equation with a nonlocal dissipation in general
domains,” Differ. Integr. Equations 17(5-6), 495-510 (2004).

'71. Lasiecka and X. Wang, “Intrinsic decay rate estimates for semilinear abstract second order equations with memory,” in New Prospects in Direct, Inverse and Control
Problems for Evolution Equations (Springer, Cham, 2014), pp. 271-303.

18], E. Mufioz Rivera and L. H. Fatori, “Smoothing effect and propagations of singularities for viscoelastic plates,” J. Math. Anal. Appl. 206(2), 397-427 (1997).

19], E. Muioz Rivera, E. C. Lapa, and R. Barreto, “Decay rates for viscoelastic plates with memory,” J. Elasticity 44(1), 61-87 (1996).

20]. Priiss, “Decay properties for the solutions of a partial differential equation with memory,” Arch. Math. 92(2), 158-173 (2009).

Z'M. A. Jorge Silva and T. F. Ma, “On a viscoelastic plate equation with history setting and perturbation of p-Laplacian type,” IMA J. Appl. Math. 78(6), 1130-1146 (2013).
22M. M. Cavalcanti, V. N. Domingos Cavalcanti, and P. Martinez, “Existence and decay rate estimates for the wave equation with nonlinear boundary damping and source
term,” J. Differ. Equations 203(1), 119-158 (2004).

23]. Chen and B. Guo, “Strong instability of standing waves for a nonlocal Schrodinger equation,” Physica D 227(2), 142-148 (2007).

24F, Gazzola and M. Squassina, “Global solutions and finite time blow up for damped semilinear wave equations,” Ann. Inst. Henri Poincare C 23, 185-207 (2006).

25W. Lian and R. Xu, “Global well-posedness of nonlinear wave equation with weak and strong damping terms and logarithmic source term,” Adv. Nonlinear Anal. 9(1),
613-632 (2020).

28Y. Luo, R. Xu, and C. Yang, “Global well-posedness for a class of semilinear hyperbolic equations with singular potentials on manifolds with conical singularities,”
Calculus Var. Partial Differ. Equations 61(6), 210 (2022).

27E, Vitillaro, “Global nonexistence theorems for a class of evolution equations with dissipation,” Arch. Ration. Mech. Anal. 149(2), 155-182 (1999).

28X, Wang and R. Xu, “Global existence and finite time blowup for a nonlocal semilinear pseudo-parabolic equation,” Adv. Nonlinear Anal. 10(1), 261-288 (2021).

29H. Xu, “Existence and blow-up of solutions for finitely degenerate semilinear parabolic equations with singular potentials,” Commun. Anal. Mech. 15(2), 132-161
(2023).

30R. Xu and J. Su, “Global existence and finite time blow-up for a class of semilinear pseudo-parabolic equations,” J. Funct. Anal. 264(12), 2732-2763 (2013).

3TR. Xu, M. Zhang, S. Chen, Y. Yang, and J. Shen, “The initial-boundary value problems for a class of sixth order nonlinear wave equation,” Discrete Contin. Dyn. Syst.
37(11), 5631-5649 (2017).

52 A. Bressan, Lecture Notes on Functional Analysis with Applications to Linear Partial Differential Equations (American Mathematical Society, Providence, RI, 2013).
331 C. Evans, Partial Differential Equations, 2nd ed., Graduate Studies in Mathematics Vol. 19 (American Mathematical Society, Providence, RI, 2010).

341 L. Lions, Quelques Méthodes de Résolution des Problémes aux Limites Non Linéaires (Dunod, Paris, 1969).

35V. K. Kalantarov and O. A. Ladyzhenskaya, “The occurrence of collapse for quasilinear equations of parabolic and hyperbolic types,” J. Sov. Math. 10(1), 53-70 (1978).
36Y. Wang, “A global nonexistence theorem for viscoelastic equations with arbitrary positive initial energy,” Appl. Math. Lett. 22(9), 1394-1400 (2009).

6S:10:20 €202 4290100 1

J. Math. Phys. 64, 051511 (2023); doi: 10.1063/5.0149240 64, 051511-34
Published under an exclusive license by AIP Publishing


https://scitation.org/journal/jmp
https://doi.org/10.1016/j.jde.2013.02.010
https://doi.org/10.1137/s0363012902408010
https://doi.org/10.3934/cpaa.2005.4.115
https://doi.org/10.1353/ajm.2018.0008
https://doi.org/10.1016/j.jde.2017.12.010
https://doi.org/10.1007/s00205-005-0406-1
https://doi.org/10.1007/s00205-010-0300-3
https://doi.org/10.1016/j.jde.2017.08.015
https://doi.org/10.1080/01495730500499183
https://doi.org/10.1016/j.crma.2009.05.011
https://doi.org/10.1016/j.jfa.2007.09.012
https://doi.org/10.1016/j.jde.2011.03.005
https://doi.org/10.57262/die/1356060344
https://doi.org/10.1006/jmaa.1997.5223
https://doi.org/10.1007/bf00042192
https://doi.org/10.1007/s00013-008-2936-x
https://doi.org/10.1093/imamat/hxs011
https://doi.org/10.1016/j.jde.2004.04.011
https://doi.org/10.1016/j.physd.2007.01.004
https://doi.org/10.1016/j.anihpc.2005.02.007
https://doi.org/10.1515/anona-2020-0016
https://doi.org/10.1007/s00526-022-02316-2
https://doi.org/10.1007/s002050050171
https://doi.org/10.1515/anona-2020-0141
https://doi.org/10.3934/cam.2023008
https://doi.org/10.1016/j.jfa.2013.03.010
https://doi.org/10.3934/dcds.2017244
https://doi.org/10.1007/bf01109723
https://doi.org/10.1016/j.aml.2009.01.052

