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1 | INTRODUCTION

Let Q be a bounded domain in RN(N > 3) with smooth boundary. In this paper, we consider the problem

—Agpu = Af(x,u) + ug(x,u) in Q,
u>0 in Q, P)
u=0 on 9Q,

where 4 > 0 and ¢ € R are parameters, f,g : QX R — R are Carathéodory functions, and A4 denotes the ®-Laplacian
operator, which is defined by

Apw := div(¢(|Vw|)Vw), (1.1)
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with
[t]
d(t) := ¢(s)s ds, (1.2)

0

where ¢ : [0, +00) — [0, +00) belongs to C'([0, +o0), R) and satisfies the following properties:

o), (1)) >0, forallt >0, (¢1)
[E% tp(t) =0, [Ligrnw tp(t) = +oo, (¢2)

and
t—1< (¢q§2§) <m-—1, forallt > 0, (¢%)

for some ¢,m € (1, N),such that¢ <m < ¢* := N¢/(N —¢).
Note that (¢3)’ is a particular case of the more general condition

()t
0

<m, forallt > 0. (¢3)

Regarding the nonlinearities f and g, it will be considered that g maps bounded sets in bounded sets and that there are
constants C;, C, > 0 such that

0< f(x,t) <Ct971 +C,, forall t >0, ae.in Q, (f0)
for some 1 < g < ¢ and
f(x, ) > Cs, forall t >ty a.e.in Q, (f2)

for constants Cs, t, > 0.
A weak solution of (P) is a strictly positive function u € Wé’@(Q) satisfying

/ #(|Vu)VuVu = /(/lf(x, u) + ug(x,u)v, forallv € Wé’qb(Q).
Q Q
According to the hypotheses (¢1)—(¢3), a wide class of operators can be incorporated in the problem (P), for instance:

(1) @(¢t) = |t|P, p > 1. The operator A4 is the p-Laplacian operator.

(2) ®(t) = |t|P~2 +]t|972,1 < p < q. The operator Ay is the (p, q)-Laplacian operator, which arises in applications in
quantum physics, see, for intance, [7].

(3) ®(t) = (1 +t*)* —1,a € (1, N/(N — 2)). The associated operator A4 is considered in nonlinear elasticity problems as
pointed in [17, 19].

(4) o) = [¢|PIn(1 +]¢]),1 < (-1 + y/14+4N)/2<p <N —1,N > 3. The operator Ag is used to model plasticity
problems, see [16, 18].

(5) ®(t) = ]oltl sl (sinh_ls)ﬁds, 0 <a <1,8> 0. As quoted in [18], the operator Ay, arises in the study of generalized
Newtonian fluids.

Related problems to (P) were considered previously in the literature. For example, in [10], existence, multiplicity, and
nonexistence of solutions was obtained, by means of subsupersolutions, for the problem

—Au = Af(u) + ug(u) in Q,
u>0 in Q,
u=20 on 9Q,
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where 4,u > 0 are constants and f and g are functions, which behave with a sublinear and superlinear growth,
respectively, g(0) > 0, f(0) < 0, with f eventually strictly positive.

Perera and Shivaji [26], by means of subsupersolutions and the Mountain Pass Theorem, obtained existence and
multiplicity of solutions for the problem

—Ayu = Af(x,u) + ugx,u) in Q,
u>0 in Q,
u=0 on 0Q,

where A u 1= div(qulP‘ZVu), p > 1,isthe p-Laplacian operator, A > 0 and u € R are parameters, and f and g are func-
tions satisfying some conditions that allow the inequality 1f(x,0) + ug(x,0) < 0 in a set of positive measures. By using
classical arguments, the authors considered a subcritical problem, and using the abstract tools of [29], they considered a
case with critical behavior. An important point to quote is that the homogeneity of the p-Laplacian operator played an
important role in the construction of the subsupersolutions.

On the other hand, there is by now an increasing interest in problems involving the operator (1.1), see, for instance, [2,
4, 8,12, 14, 15, 18, 19, 24, 25, 27, 28, 31] and the references therein. In [2], which was motivated by Castro, de Figueiredo,
and Lopera [11], the existence results for the semipositone problem were obtained, given by

—Apu = f(u)—a in Q,
u>0 in Q,
u=0 on 0Q,

where f : [0,4+00) — [0, +00) is a continuous function with subcritical growth and a > 0 is a parameter. By using vari-
ational methods, the existence of a solution for the above problem for a small enough was obtained. In the best of our
knowledge, the paper [2] was the first one to consider semipositone problems in Orlicz-Sobolev spaces.

Motivated by the classical paper by Ambrosetti, Brezis, and Cerami [5], the authors of [12] used the Nehari method to
consider a concave-convex problem with a critical superlinear term of the form

—Apu = da(x)f(u) + b(x)g(u) in Q,
u>0 in Q, P)
u=0 on 9Q,

where ® is an N-function satisfying certain conditions, 1 > 0 is a parameter, f,g : [0,+0c0) — [0, +00) are continu-
ous functions, and a,b : Q — R are functions that can change sign. We also quote [15, Theorem 2] where, by means
of subsupersolution arguments, a class of problems that include a critical concave-convex problem related to (1_3)
was considered.

In [23], the problem with critical growth is considered:

—Apu = Aul” "2u+ f(x,u) in Q,
u=20 on 0Q,

where f satisfy a symmetry condition. By an application of the Symmetric Mountain Pass Theorem and a concentration-
compactness principle, it is proved that there is 4; > 0 such that the problem admits i pairs of nontrivial weak solutions
for 1 € (0,4;).

Motivated by the papers [2, 12, 26, 27], we propose to obtain, by using sub-supersolutions and the Mountain Pass
Theorem, existence and multiplicity results for (P). In what follows, we describe the results obtained.

In the first result, we combine subsupersolutions with a minimization argument in convex sets to prove the existence
of a weak solution for (P). We quote that no growth restrictions are imposed on g.

Theorem 1.1. Consider (f1)-(f,) and that g maps bounded sets in bounded sets. There exists Ay > 0 such that for each
A = Ay, there is po(4) > 0 for which (P) has a C'* (Q) solution for u € R with |u| < uo(2).

Consider @, (t) = foltl ¢, (s)s the Sobolev conjugate N-function of (1.2) (see Section 2).
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By using a truncation of the nonlinearities, the subsolution obtained in the proof of Theorem 1.1, and the Mountain
Pass Theorem [6, Theorem 2.1], we obtain the multiplicity result below.

Theorem 1.2. Counsider the conditions of Theorem 1.1. Let Ay be as in Theorem 1.1. Then, for each 1 > A, there is u €
(0, uo(1)) for which (P) has two solutions whenever 0 < u < p(A) under one the following assumptions:

(g1) (Subcritical case) Thereare1 <r < £*,0 > mand t; > 0 such that |g(x,t)| < C4t"' + Cs, forallt > 0, a.e. in Q and
0 < 0G(x,t) <tg(x,t),t > ty, a.e. in Q, where G(x,t) := fot g(x,s);
(g2) (Critical case) g(x,t) = ¢, (|t)t and q < (€* /m*)¢, where q is provided in (f).

Note that in the case u > 0, we have that Theorem 1.1 and the first part of Theorem 1.2 contain, for example, the
semipositone case f(x,t) = |¢|97%t,1 < q < [, and g(x,t) = |t|"~2t — 1,m < r < ¢*. Observe also that the second part of
Theorem 1.2 allows to consider a problem with critical growth.

Remark 1.3. We point out that our arguments can be adapted to prove the result of the second part of Theorem 1.2 in the
case g(x, 1) = [t]7" 2t

Regarding the above results, we highlight the following points.

(1) The lack of homogeneity of (1.1) implies additional difficulties when one intends to consider a subsupersolution
approach. Thus, the arguments of [26] are not applicable to (P). There are few papers that consider subsupersolution
arguments for problems involving Orlicz—Sobolev spaces, see, for instance, [15].

(2) The content of Theorems 1.1 and 1.2 completes the existence and multiplicity results contained in [26, Theorem 1.1]
and [26, Theorem 1.2], respectively. The multiplicity result pointed in Remark 1.3 completes the study of [23] due to
the fact that no symmetry condition is required in nonlinearity f in (P).

(3) Theresults obtained allow to obtain existence and multiplicity of solutions for (P) for a class of semipositone problems
that was not considered in [2].

(4) The proof of the second part of Theorem 1.2 is based on the ideas of the proof of [26, Theorem 1.2] that depends on
several results of [29], which are not available in the case considered. In order to overcome such difficulties, we used
some ideas of [27, 29].

(5) In the best of our knowledge, only the papers [12, 15] consider critical concave-convex problems in the Orlicz-Sobolev
spaces setting. In the mentioned papers, it was needed to consider a small positive parameter in the sublinear term to
obtain the existence of solutions, which does not occur in Theorem 1 and Remark 1. Consequently, we complete the
classical results by Ambrosetti, Brezis, and Cerammi [5].

The remainder of this paper is organized as follows: In Section 2, we present the needed properties in Orlicz and Orlicz—
Sobolev spaces. Section 3 contains the proofs of Theorems 1.1 and 1.2. We also quote that C;, C,, ... will denote (possibly
different) strictly positive constants.

2 | PRELIMINARIES

In this section, we present some basic facts regarding Orlicz and Orlicz-Sobolev spaces and results that will be used in
this work.

We say that @ : R — [0,+00) is an N-function if it is continuous, convex, even, ®(t) = 0, if and only if ¢t =0,
lim;_,o @(t)/t = 0 and lim,_, , o, ®(¢)/t = +oc0.

An N-function ® verifies the A,-condition, if ®(2t) < K®(t) for all ¢t > ¢, for some constants K, > 0, which can be
rewritten as: for each s > 0, there are numbers M, and ¢ > 0 such that ®(st) < M®(t),for all t > t.

Consider an open set Q C RN and an N-function ®. Unless otherwise stated, it will be considered that dQ is smooth.
The Orlicz space L®(Q) is defined as

L2(Q) := {u Q- Rmeasurable;/ @(g) < 4o for some 6 > O}.
Q
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The space L?(Q) equipped with the Luxemburg norm

o . u
lullo ._1nf{6>0,/0<1>(6) < 1}

is a Banach space. In addition, if ® satisfies the A,-condition, then
L2(Q) = {u Q- R measurable;/ d(u) < +co0 }
Q

The complement function of ®, denoted by ®, is given by the Legendre transformation, that is,
®(s) :=supist — d(t)}.
120
We have the Young inequality given by
st < B(s) + B(t), s,t > 0.

By using the previous inequality, it is possible to prove a Holder-type inequality

/uv
Q

If @ is an N-function of the form (1.2) where ¢ satisfies (¢;)-(¢3), then @ and ® verify the A,-condition, see [17].
If @ is an N-function satisfying the A, condition, it holds that

< 2llull o) llull o), u € L*(Q)and v € L*(Q). (R))

u, - uin L%(Q) = / ®(u, —u) — 0.

Q

For an N-function ®, the corresponding Orlicz-Sobolev space is defined as the Banach space
Lo @ . Ou @ ;
whe(Q) =3 uel®Q) : EEL Q),i=1,..,N ¢,
i
endowed with the norm
llullio = IVullre + llullre.

We denote by Wé’q>(9) the completion of C;°(Q) with respect to the norm defined above, and so, it is a Banach with this

norm. It is important to point out that if ® and ® satisfy the A,-condition, then L?(Q), W'®(Q), Wé"D(Q) are reflexive. If
® is an N-function that satisfies the A, condition, then it holds the Poincaré-type inequality given by

[ow<af eqvup. vew @, 22)
Q Q
for some A > 0, see [21]. Thus, the norms |[u|| := |||Vul|l eq) and |[ull; o on Wé’q)(Q) are equivalent.
As quoted in [1], if @ is an N-function such that
1 -1 400 -1
o (s) D (s) _
/0< W < 400 and [ W = +00, (23)
then the Sobolev conjugate N-function @, of ® is defined by
L -1
D(s)
—1p) —
@ (1) _/o VDN for t>0 (2.4)

and @, (—t) = &, (¢). Note that if an N-function of the form (1.2) satisfies (¢;)-(¢3), then (2.3) holds.
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The following inequality holds:
lullor < SnllIVulllze, u € Wy (Q), (2.5)

see [13]. In [13], it is also proved that if Q@ ¢ RY is an open set and admissible, that is, it holds the continuous embedding
wbhl(Q) < L(Q) and ¥ is an N-function such that

im Y(kt) _
t=+oo @ (1)

0, forallk >0,

then the embedding Wé’q)(Q) < L¥(Q) is compact.
Below we point out some results that will be often used in this work and which can be found in [1, 2, 17, 27, 31]

Lemma 2.1. Let ® be an N-function satisfying (¢1), (¢,), and (¢3). Then, @, given by (2.4) is a well-defined N-function and
there exists a right continuous function ¢, : [0,+00) — [0, +00) such that ®,(t) = /Oltl b4 (s)s and

o* < P (D1?

< <m*, forallt >0,
@,(1)

where ¢* := NI/(N — ) and m* := Nm/(N — m).

Lemma 2.2. Let ® be an N-function satisfying (¢1), (¢,), and (¢5) and @, given by Lemma 2.1. The N-functions ®, ®, and
@, satisfy

(p(1)r) < D(21) and D, ($, (D) < D, (21), t >0,
where ® and @, are the Legendre transforms of ® and @, respectively.
Lemma 2.3. Let ® be an N-function satisfying (¢,), (¢,), and (¢3). Define
$o(t) = min{t?,t™} and ¢ (t) = max{t’,t™}, ¢ > 0.
Then, ® satisfies

$o(H)P(p) < D(pt) < $1(HP(P), p,t >0,

and

¢ollulle) < / ®(u) < & (lulle), u € L),
Q

Lemma 2.4. Let @, be the N-function given in Lemma 2.1. Define
&) = min{tf*,t’"*} and &5(t) = max{tf*,tm*}, t>0,
where ¢* := N¢ /(N — ¢) and m* := Nm/(N — m). Then ®, satisfies

$(O)P4(p) < Dy (pt) < $(DP4(p), p,t >0,

and

EAllullo,) < /Q ®, () < &(llullo, ). u € LO(Q).

The following Simon-type inequality, which can be found in [3], will be needed.
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Lemma 2.5. Let ® be an N-function satisfying (¢,)-(¢3). Then there is a constant T > 0 such that

_ I \n? o an! |77_77/| <|77_77,|>
(¢Unhn —¢Un" ' n n>zrl+ln|+ln’|¢ — )

foralln,n’ € RN, where (-,-) denotes the usual scalar product.

Consider u,v € Wé’q)(Q). We say that —Agpu < —Agv in Q if
[ otvunvave < [ 9qvepvove,
Q Q

forallp € Wé’q)(Q) with ¢ > 0.
The results below can be found in [31].

Lemma 2.6. Letu,v € Wé’qD(Q) with —Agpu < —Agpv in Qand u < vindQ (i.e., u-v)te Wé’q)(ﬂ)), then u(x) < v(x)
a.e. in Q.

Lemma 2.7. Let Q C RN be a bounded domain and admissible. Let 1 > 0 be a constant. Then, the unique solution u of the
problem

—Apu =1 inQ,
u=0 onoQ,

belongs to L™ (Q) with
llull Loy < € max{AL/¢=D, 31/0m=D}

where C is a constant that does not depend on u and A.

3 | PROOF OF THEOREM 1.1

In order to prove Theorem 1.1, we will combine subsupersolutions and a minimization argument.
We say that u,u € Wé’cp(Q) N L*°(Q) are a subsolution and a supersolution, respectively, for (P) if

1) 0 <u(x) <u(x)a.e.in Q,
(2) foreachv € Wé"D(Q) with v(x) > 0 a.e. in Q, the following inequalities hold:
[ #vupvuvo < [ Arcew + perae
Q Q
and

[ eavapvave > [ Greem + ugtxm.
Q Q
The next result will be needed.
Lemma 3.1. Suppose that (f;)-(f,) hold and that g is bounded in bounded sets. Then, there exists A, > 0 with the following
property: There exists U > 0 such that for each A > Ay and |u| < o, the problem (P) has a subsolution and a supersolution

w,m) € (WyP(Q) nL2(Q)) x (W T(Q) N Le(Q)).

Proof. The proof will begin by considering a subsolution u. Since dQ is C?, there is a constant § > 0 such thatd € C? (0_35)
with |Vd| = 1in Q, where d(x) := dist(x,0Q) andQ_35 = {x eqQ; d(x) < 35} (see [20, Lemma 14.16] and its proof). Let
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o € (0,6). As pointed in [15, p. 4156], the function defined by

-

ekd) _ 1 if d(x) <o,

L \m/(=-1)
7 14 [ keto(ZL)T Tar, if o <d(v) <25,

7n(x) =3 o 26—0

ko _ 26, ko 26—t /=0 i
7 -1 [Pket(Z2) T T, if 26 <d(),

L

belongs to Cé (5), where k > 0 is an arbitrary number and satisfies

—kzekd@%(¢(t)t)|t:kekd(x) — ¢(kekd®))kekdDad if d(x) <o,
m/(1-1)—1
e () (522)™ T (5 ) o

-1 26—0 26—0

ket (1522) (3.1)

_ m/(1-1) _ m/(1-1)
(et (1) Yreko () ad it 0 <) <25

0 if 26 <d(x).

—Ap7 =

Consider n € N such thate + n — 1 > ¢, where ¢, is given in (f,) and define o := [In(e + n)]/k,k > 0.
We will estimate —Ag7 in the case d(x) < o for x € Q. There exist C5 > 0 and k; > 1 such that k(I — 1) + Ad(x) > C;
if d(x) < &§ and for all k > k. Note that by (¢3), (¢3)’ and Lemma 2.3, there exists Cg > 0 such that

—Agn = —kzekd(x)%(qb(t)t) — $(kekd)) kekdad

t=kekd(x)

< _k2ekd(x)(l _ 1)¢(kekd(x)) _ qb(kekd(x))kekd(x)Ad
= ke g(kekd)) (—k(¢ — 1) — Ad)

{kekd() (2)
< W(_C6)

é«o (k ekd(x) )

= —C7kl_1

for a larger kq and k > k,, where C; > 0 is a constant that does not depend on k. Consider 4 > 0. From (f;) and (3.2), we
obtain in the case d(x) < o that

—Apn < —C7k < -1 <Af(x,m) — 1, (3.3)

for all 4 > 0 and for k > k, with k, large enough, which does not depend on 4 > 0.
Now suppose that o < d(x) < 28. A similar argument with respect to [15, p. 4157] implies

_A<b77 < CSkm_11 (34)
for o < d(x) < 28, where Cg > 0 is a constant that does not depend on k > kj > 1.
Consider 4, > 0, depending only on the fixed k > 0, such that Cgk~! < 1C; — 1forall 1 > 4, where Cs is the constant
given in (f5). If o < d(x) < 28, we have (x) > ek — 1 = e + n — 1 > t,,. Thus, it follows from () that

—Apn < Cgk™ 1 <AC; —1 < Af(x,m) — 1, (3.5)

forall4 > 4y and 0 < d(x) < 26.
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Consider 28 < d(x). In this case, we have 7(x) > ek — 1 > t,,. Then, by using (3.1), we have
—Aen =0<AC3 -1 < Af(x,np) -1, (3.6)
for 26 < d(x). Then, it follows from (3.3), (3.5), and (3.6) that
—Agpn < Af(x,m) —1in Q 3.7
for all 1 > A,.
By using the fact that g is bounded in bounded sets, we have that there exists yy > 0 small enough such that

HollgCs Mz < 1/2. Thus, by (3.7) we obtain in Q that

—Apn < Af(x,m) = 1 < Af(x,m) + ug(x,n), (3.8)
for all u € R with |u| < up.

Now, the supersolution will be considered. Fix 1 > 4 satisfying (3.8). Let 6 > 0 be a constant to be chosen before and
consider zg € Wé’q’(Q) the solution of the problem

—A(I)Ze =06 in Q,
Zg =0 ondQ.

Since g < I, it is possible to choose 8 > 0 large enough such that
max{Cy, C,, CI71}A(1 + 6@-D/1-D) < g, (3.9)

where C;,C, > 0 and C > 0 are the constants given in (f;) and Lemma 2.7, respectively.
Consider a smaller y, > 0, which depends only on 4, such that

max{Cy, Cy, CI7A(1 + 6@-D/U=D) 4 1] 1g(x, zg)ll 1o < 6. (3.10)
Then by (3.9), (3.10), and Lemma 2.7, we have
Af(x,zg) + pug(x, zg) < —Apzg in Q (3.11)

for all u € R with |u| < u,. Since —Ag7 is bounded, it is possible to choose 6 > 0 such that (3.11) occurs and —Agn <
—AgpZg in Q. From Lemma 2.6, we have 7(x) < zg(x) a.e. in Q. O

Proof of Theorem 1.1. Consider the function

Af(x,u(x)) + uglx, u(x)), t>u(x),
w(x,t) = Af(x,t) + ug(x,t), u(x) <t <u(x), (3.12)
Af (e, u(x)) + uglx, u(x)), t<u(x),

for (x,t) € QX R, where u,u € W(l)’CD(Q) are the functions given in Lemma 3.1. Define the energy functional
) i= [ ovud~ [ wexw, ue wyt@),
Q Q
where W(x,t) 1= /0[ w(x, ). From the hypothesis on f and g, we have J € C! (Wé"b(Q), R) with

J (v = / ¢(|Vu|)VuVu — / w(x,u)v, U,v € Wé’CD(Q).
Q Q
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We claim that J is coercive. In fact, we have from Lemma 2.3 and the continuous embeddings Wé"b(ﬂ) < L®(Q) and
L®(Q) < LY(Q) that

J(u)z/fb(IVuI)—Cg/ ul
Q Q

> $o(IIVulle) = Croll Vuull o
Thus, J(u) - +oo as ||u|| = +o0. Since w is bounded, we have that J is a weak lower semicontinuous functional. The set
. LO, . — .
K= {v € W, (Q); u(x) < v(x) <u(x)ae. in Q}

is convex and closed in Wé’CD(Q), thus by the reflexivity of Wé’(b(Q) and [30, Theorem 1.2], we obtain that J |  attains its
infimum at a point u in K. Repeating the arguments of [30, Theorem 2.4], we see that u weakly solves the problem

—ApV = w(x,v) in Q,
v=0 on 0Q.

Thus, since u € K, from the definition of w given in (3.12), we have that u solves (P). Since the function w is bounded, it
follows from the C1* estimates up to the boundary (see [24]) thatu € C1*(Q). O

4 | PROOF OF THEOREM 1.2

Before proving Theorem 1.2, some facts will be needed.
Let u be as in Lemma 3.1. Consider the functions

f(x, 1= {f(x, t), t > u(x), and  3(x,) = {g(x,t), t > u(x),
flux), t<u(x), g, u(x), t<ux),

where g satisfies (g1) or (g,). Consider the problem

{—Aq)u = Af(x, u)+ uglx,u) in Q, @D

u=0 on 9Q,

whose solutions coincide with the critical points of the C! functional
16 = [ evup-2 [ Frw-u [ G, ue i@,
Q Q Q

where F(x,t) = fot f(x,s)and G(x,t) = /0[ g(x, s).

4.1 | Subcritical case

In order to prove the first part of Theorem 1.2, the result below will be needed.

Lemma 4.1. Suppose that (g1) holds. Then, the functional L satisfies the Palais—Smale condition at any level c € R.
Proof. Consider (x,t) € Q X R with t < u(x). Note that

glx, )t — Bé(x, t) = g(x, u(x))t — Gé(x, t)
(4.2)
> —Cp|t| — Cpp.
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On the other hand, if t > u(x) with t > ¢, or t < t;, we have from (g;) and the fact that g is bounded on bounded sets
that

u(x) t
g(x, )t —0G(x,t) = g(x, )t — 6</ g(x,s)ds + /( )g~(x,s) ds>
0 u(x

(4.3)
= g(x, Dt — 0G(x, 1) — Bu(x)g(x, u(x)) + 6G(x, u(x))

2 _C13’

where C;;3 := SUD(x heax(or,] |g(x, )t —OG(x, 1)| + sup, . | — Ou(x)g(x, u(x)) + 6G(x, u(x))|.
Consider ¢ € R and let (u,) be a sequence in Wé’q)(Q) such that L(u,) — ¢ and L' (u,,) — 0. By using (1), (4.2), (4.3),
and (¢3), we have

1 m
L) = 2wty > (1= 2) [ @9 = Cua( [l 1) = €15 (4.9
] 8/ /g Q
Let € > 0 be an arbitrary number. Note that
t+t9 < Cig +ed(t) (4.5)

for all ¢ > 0, where Cy4 > 0 is a constant that depends on ¢ > 0. In fact, we have from Lemma 2.3 that

t+1t4 t+1t

0< < —,
T () T o)t

t+t9

© = 0. Then, we conclude that given ¢ > 0, there ist > 1 such that

forallt > 1. Since 1 < g < ¢, we have lim,_, | ,
t+t9 <ed(t),

for all t > t. By continuity, the function A(t) :=t +t9,t € [Oﬂ is bounded. Therefore, we have the estimate (4.5).
Thus, by using (2.2), (4.4), and (4.5), for a suitable choice of € > 0 we obtain

1
c+1+ ”un” > L(un) - 5L,(un)un > C17/ (I)(lvunl) - C18' (4-6)
Q

By using (4.6) and Lemma 2.3, we obtain that (u,,) is bounded in Wé"b(Q).
From the fact that Wé’q’(Q) is reflexive and the compact embedding Wé"D(Q) o LE(Q),1 < & <I*, we have up to a
subsequence, still denoted by (u,,), that

u, >~ u in Wé’q’(Q),
u, > u inLf(Q),1<&< 1%, (4.7)

u,(x) - u(x)a.e inQ,

for some u € Wé’CD(Q). Note that
[ @0V Vi, = V)V, Vi~ 1)
Q

— ) uty — 1) + /

Q

AT, )t — ) + / WG )ty — 1) — / (VU VuV(u, - u).
Q

Q

The weak convergence in (4.7) implies that

/ o(|Vu))VuV(u, —u) — 0. (4.8)

Q
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By using the Lebesgue Dominated Convergence Theorem, we obtain
/lf(x,un)(un —u) — 0and / ug(x, u,)(u, —u) — 0. (4.9
Q Q

From (4.8), (4.9), the boundness of (u,,) in W(l)’q)(Q), and the fact that L'(u,,) — 0, we obtain
[ @Vt = 6V, Ve, = ) = 0.
Q

Then, it follows from [2, Lemma 2.2] that u,, — u in Wé’cp(Q). O

Proof of Theorem 1.2 (first part). Note that (g;) imply that L satisfy the Palais-Smale condition at any level. From (f;),
(g1), Lemma 2.3 and the embeddings Wé’cp(Q) S L9(Q) and Wé’q)(Q) S L'(Q), we have

L(u) = So(llull) = Cro(llull? + 1) — Coou(llull” + 1),
where Cy9, Cyg > 0 are constants with C,, not depending on u > 0. Then, it follows that

inf L >0, (4.10)
BBR

where By = {u € Wé’(D(Q); [|ul < R}, for R > 0large enough and u > 0 small. Since L(0) = 0, it follows from the Ekeland

variational principle that L attains its minimum on Bg. Then, by (4.10), we conclude that the minimum is attained at a
critical point u € Bz. We claim that u(x) > u(x) a.e. in Q. In fact, by considering the test function function (u — u)* €

Wé’q)(Q), we obtain

/ (I Vul)VuV (u — )+ = / (AT e ) + Hg0c w)u — u)*
Q

{u<u}

- / (AT Ce ) + e, ) — w)*
{u<u}

> [ $vunvav@- "
Q
Thus, by using Lemma 2.5, we have

02 / (p(IVu)Vu — ¢(|Vu|)Vu, Vu — Vu)
{u>u}

IV(u—u)*| IV(u—u)*|
>T — O — )
/§21+|Vg|+|Vu| ( 4 )

which imply that V(u — u)*(x) = 0 a.e. in Q. From (2.5), we obtain u(x) < u(x) a.e. in Q. From the definition of fand g,
it follows that u is a solution for (P).
Now, the existence of a second solution for (P) will be proved. From (g;), we have

G(X, t) > C21t6 - C22,t >0, a.e.in Q. (411)

Let ¢ € C;°(Q) \ {0} be a nonnegative function. Then, by (4.11) we have L(tg) < 0 for t > 0 large enough. Consider also
that t > R/||¢||. The Mountain Pass Theorem provides a critical point & € Wé’q)(Q) for L at the level

c=inf max L(u)>infL >0,
y€Tl uemax y([0,1]) dBg

where T = {y € C([0,1], Wé’@(Q)); 7(0) = 0,y(1) = te}. As before, we have 7i(x) > u(x) a.e. in Q. Since L(u) < 0 < L(%),
the result is proved. O
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4.2 | Critical case

In the next results, the behavior of the Palais—Smale sequences for the functional L it will be considered. By adapting the
ideas of Lemma 4.1, we have the result below.

Lemma 4.2. Suppose that (g,) holds and consider A > A, as in Lemma 3.1. If (u,) C Wé’q)(Q) is a Palais-Smale sequence at

the level c, then (u,,) is bounded in Wé’q)(Q). FixM € Rand i > 0. If c < M, then there exists a constant Cy; > 0, depending
onlyon M, it, and ¢, such that ||u,|| < Cp forall0 < u < 1.

The next result will play an important role for proving that the functional L satisfies the Palais—Smale condition at
certain levels.

Lemma 4.3. Consider the conditions of Lemma 4.2. Fix M € R and i > 0 and let (u,) C Wé"b(Q) be a Palais—Smale
sequence at the level c with ¢ < M.Then

q/t*
1 -
M+ Cy > L(u,) — EL’(un)un > #C36/ @, (u,) — C37 — Csg </ q)*(un)> — Csold, (4.12)
Q

Q

foralln € Nand0 < u < i, where Csz6, C39 > 0 are constants depending on M, the constants Czg, C37, Csg, C39 do not depend
on u, and C), is given in Lemma 4.2.

Proof. From (f), we have

Ot~ .
% —F(x,t) > —Cy9 — Cy|t|4, forall t € R, a.e.in Q. (4.13)

From (¢3) we have

L) = ety = [ @) = gD 42 | [%f(x,un)un - F(x,un>] vuf [%"g‘(x,un)un - Gx,uy)

> /1/Q [%f(x,un)un - F(x,un)] + ,M/Q [%ig‘(x, wu, — G(x, un)]'

(4.14)
If u,(x) < u(x), then
1 _ G’ 1 Up(x) _ 4
S ECn = Oe) = ( onou,— [ g ds
(4.15)
uy (X)
= e, — [ g ds > =2 sup(@, (GG
0 xeQ
Suppose that u, (x) > u(x). From Lemma 2.4, we have
l§(x uu, —G(x,u,) = i¢> (u,)uz — /”n(x) g(x,s)ds
m s ¥n n »¥'n m * n n 0 >
1 u(x) u,(x)
= —¢, (uuy — </ g(x,s)ds +/ g(x,s) dS)
m 0 u(x)
1 u(x) u,(X)
= L, w2 - < [ tawudss [ g ds>
m 0 u(x)
= 4, () — (B (W + B, (1) — (W)
> <% - 1>CI>*(un) + (1 —m*)®,(w). (4.16)
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By using (4.13), (4.14), (4.15), (4.16), Lemma 2.4, the continuous embeddings Wé’cp(ﬂ) o LY(Q), Wé’q)(Q) o LP%(Q),
and the fact that ||u, || < Cy, n € N, where C), is given in Lemma 4.2, we have

L(u,) — %L’(un)un > 1 /

Q

> #(% - 1) /{ RO /Q [%f(x, ), — Fx, un)] Ty /{ » [%:g'(x, )y = GOx, )

(1 - m*) / ®, (u)
Q

> #<% - 1) </Q @, (u,) - { }‘D*(un)> +/1<—C29|Q| - C30/Q |un|q>

—#C31/ [u,| + @ — m*)/ D, (w)
Q Q

> (5 =1) (] @)= aislo,)) + (sl = o [ i)

uCy, / ] + (1 — m*) / ®, (W)
Q Q

7 _
>ul —-1 D, (u,) + A —=CxlQ| = C3p [ |u,l? ) —HCs,, (4.17)
m Q Q

where C3, > 0 is a constant not depending on n € N and . Note that

| T, = Fe)| + 4 / | s, = G|

[t]E" < Ca3(1 + @,(1), t €R. (4.18)

In fact, we have from Lemma 2.4 that @, (s) > Sf*q)*(l) for all s > 1. By continuity, the function A, := ®,(s) — st
s € [0,1] is bounded. Thus, there is a constant C33 > 0 such that

77 < Cas(1 4+ @y (s))

for all s > 0. Considering s = |¢|,t € R, in the last inequality and since ®,(t) = ®,(|¢|) for all t € R, (4.18) follows.
By using the continuous embedding Wé"b(Q) < L®+(Q) and the inequality (4.18), it follows that u, € L(Q) for all

n € N. By using the Holder inequality, (4.18), and the fact that (a + b)4/?" < a9/t" 4+ b9/t” for all a,b > 0 (see, for
instance, [22, Lemma 2.5]), we obtain

q/t*
—C29|Q|—C3o/|“n|qZ—C29|Q|—C34</ funl? )
Q Q

(4.19)
q/t*
2 —CylQ| - C35</ q)*(un)> — Cyu(CylQD/?.
Q
By using (4.17) and (4.19), we have
1 q/t*
L(u,) - EL,(un)un 2 uCsq / D, (uy) —C37 — C3g </ q)*(un)> — Cyolt,
Q Q
where Cs¢, C39 > 0 are constants depending on M and the constants Cs4, C37, C3g, C39 do not depend on u. O

As a consequence of Lemma 4.2, if (u,) is a Palais—Smale sequence at some level, then there is a subsequence, still
denoted by (u,),and u € Wé’q)(Q), such that
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1) u, =~ uin Wé’q)(Q);
(2) u, = uin L®*(Q);

(3) u, = uin L*(Q);

4) u,(x) » u(x)a.e. in Q.

By using the Concentration Compactness Lemma by Lions for Orlicz-Sobolev spaces found in [17], it follows that there

are two nonnegative measures (,v € M (IRN ) (the space of the Radon measures in RM), a countable set 7, points (x j )je 7

in 5, and sequences C (0, +00), such that

(‘j)jej’ (Vj)jej

(| Vuy|) = 1> (| Vul) + Y (8, weakly in M(RN), (4.20)
j€7
D, (uy) = v =D, () + Y v, weakly in M(RV), (4.21)
j€T
Vj < max{Slf]*tf*/f,SI'V”*tT*/f,S]‘:,*tj*/m,S]'V”*t;"*/m}, (4.22)

where Sy is the constant provided in (2.5) and ij is the Dirac mass at x;.

In what follows, an important estimate for (v j)je 7 is proved.

Lemma 4.4. Suppose that (g,) holds. If (u,) is a Palais-Smale sequence for L with > 0 and (v j)
then for each j € J, it holds that

is given as above,
jer B8 ’

¢ B/(B-1)
v > < > SN_“/(ﬁ_l) orv; =0,
pum*

forsomea € {€*,m*}and B € {¢* /€, m* [€,€* /m,m* [m}.
Proof. Let € C°(RN) be a function satisfying
% =1inBy,, suppp C Byand 0 < P(x) < 1,x € RV,

For each j € J and ¢ > 0, define

() =¢(x Exj>, x €RV.

The sequence (P, u,),cy is bounded in Wé’q)(Q). Since L'(u,)) — 0, we obtain
L' (u,)(@eutn) = 0,(1).

From the fact that g(x,t) > 0 for all t € R, a.e. in Q and the definition of g, we obtain

/ (Vi VUV (e ,) = 0n(1) + 4 / o unh, + / 2%, W + i / 806, e
Q Q {un<ﬂ}

{“nZZ}

<o,(1)+1 / Tt ununthe + uCao / e + 1 /{ ety (4.23)
Q Q Up2U

<o,(1)+1 / et ununte + uCao / Ul + pm* / ®, ()Y,
Q Q Q
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Since the embeddings Wé’CD(Q) < LY(Q) and LY(Q) < LI(Q) are compact and continuous, respectively, it follows from
the Lebesgue Dominated Convergence Theorem that

tim [ Feeuunp. = [ Foxwue
n—+oo Q Q
On the other hand, we have from Lemma 2.3 that

/ (VU )Vt V(1tp) = / (V) Vit 29, + / (1Yt )Vt Vbt
@ o o (4.24)

> ¢ / B(|Vaun ), + / (V) (Vitn Vip
Q Q

We claim that the sequence ¢(|Vu, |)iﬂ, i=1,..,N,isbounded in LE’(Q). In fact, from Lemma 2.2, we have that
Xi

5<¢(IVunI)

duy,
Xi

3 > < B(P(|Vun ) Vty ) < (2| Viy|) < Cy®(|Vuty ),

where C4; > 0is a constant not depending on n € N, verifies the claim. Thus, foreachi = 1, ..., N, there exists w; € LE’(Q)
such that

BV — wiin L), (429
which implies that
[ VD90, - [ @V (4.26)
Q Q

where w = (w,, ..., wy) € (L*(Q))V.
From the boundness of ¢(|Vun|)%, i=1,..,N,in L‘T’(Q), (4.26), and the fact that u,, — u in L*(Q), we get

/ ¢(|Vun|)(vunvws)un - (lel)g)u = / ¢(|Vun|)vunv¢z(un —u) +0,(1). (4.27)
Q Q
From (4.20), (4.21), (4.23), (4.24), (4.27), and that u,, — u in L®(Q), we obtain
[ weder [V <pm* [ pedv+ [ Forms+ s el (429)
Q Q Q Q

From Lebesgue’s Dominated Convergence Theorem, we have [|¢.||,;5 — 0Oase — 0*.

Now we will prove that the second term on the left-hand side of (4.28) converges to 0 as € — 0.
fx0
$u(ltDt
uniformly a.e. in Q. Therefore, |f(x, D] < Cy1 + Capp(JtDIt], forall t € R, a.e. in Q. Then, it follows from the convexity

of &, that

We claim that (f(x,u,)) is bounded in L% (Q). In fact, from (f,) and Lemma 2.4, we have limyg - 4 oo

O (|F0x, 1)) < Pu(Cap + Caapu (IEDIED) < Caz (1 + Do (b (IEDIED)-

/@(If(x,un)l) SC44<1+/CD*(un)>,
Q Q

for some constant Cy4 > 0 not depending on n € N. From the continuous embedding Wé"b(Q) < L®*(Q), the bound-
ness of (u,) in Wé’q)(Q) and Lemma 2.4, the claim follows. Note that §(x, u,,) is bounded in L®*(Q), thus it follows that

Therefore, by using Lemma 2.2
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there exists & € Lo (Q) such that
AF (e, uy) + ug(x, uy) — W in L2 (Q). (4.29)

Since L'(u,)) — 0, we have from (4.25) and (4.29) that

/wVv—Esz,
Q

forallv e Wé’q’(Q). By considering v = u,, we have
[ w¥up) - Tuy. o,
Q

which implies that

/Q(sz,bE)u =— /Q(qu — wu),.

By Lebesgue’s Dominated Convergence Theorem, we have /Q(qu —wu)yp, — 0ase — 0T, therefore /Q(wV;bE)u — 0as
g —> 0%,
Letting ¢ — 0" in (4.28) we have ¢ i < um*v ;- Thus, it follows from (4.22) that

8
g _ [ Hm*\"
jSljS< 7 >7/j,

for some a € {¢*,m*}and g € {¢* /I, m* /I,¢* /m,m* /m}, which implies the result. O

S %y

The next result will be needed.

Lemma 4.5. Consider the conditions of Lemma 4.4. Then, given M, i > O there exists u € (0, i), depending on M and [,
such that J satisfies the Palais-Smale condition at the level c forc < M and 0 < u < u.

Proof. Let c < M and let (u,) be a sequence in Wé"b(Q) such that L(u,) — ¢ and L'(u,) — 0. Consider u € (0, %) such

that
B/(B-1) 16-1)
—a/(B—
t<(z) S
and
p B/(B-1)
(_) S_‘x/(ﬁ_l)
_1)-1/(1—q/e* m* N
ﬁﬁ/([o’ D-1/-q/t )< (4.30)

—11/(1—q/t*)’
[C36(M + Cpp + C37 + C3g + C3o)] /a-aler)

where Csg, C37,C3g,C39 > 0 are the constants given in (4.12). Note that it is possible to choose u > 0 satisfying (4.30)
because 1/(1—q/¢*) =€¢*/(€* —q),q < (€*/m*)¢, and
1 B

<=5
1-42 pB-1
f*

0<

forall g € {¢* /¢, m* /€, ¢* /m,m* /m}.
¢ \B/B-D
i)

We claim that [, 1dv < ( S;,a/(ﬁ_l) forall0 < u < u.

If/Q 1dv <1, then

y B/(B-1) p B/(B-1)
1ldv<1< s/ B §-/B-D
o S N = \m*u N ’

for all u € (0, ).
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If fQ 1dv > 1, then it follows from (4.12) that
q/t*
/.lC36/1dVSM+CM+C37+C38</1dV> +C39ﬁ
Q Q

qa/t*
S(M+CM+C37+C38+C39ﬁ)</1dV> s
Q

which implies that

ek
/1dv< [M+CM+C37+C38+C39E]1/(1 a/e?)
Q - UuCs6 )

For u € (0, u), from (4.30) we have

B/(B-1)
< t > g—a/(B-1)
m* N

Mﬁ/(ﬁ—l)—l/(l—q/t’*)<ﬁﬁ/(ﬁ—1)—1/(1—Q/5*)<

—\11/(—q/t*)"
[C36(M + Cpr + C37 + C3g + C39i)] /a-a/en

Therefore,

y B/(B-1)
ij/Idv< <—) S;]a/(ﬁ_l),
Q mxu

forall j € J and u € (0, ). Thus, by using Lemma 4.4, we obtain v; = 0, for all j € J, which leads to

/Q B, () — /Q @, (1) (4.31)

Combining (4.31) with the Brézis-Lieb lemma [9], we obtain

/th*(un —u)— 0.

Therefore, u,, — u in L®*(Q). Since L’ (u,)u,, = 0,,(1), we have
[ VDIV = 0,0+t [ (Bt + 2Tk ).
Q Q

Define
PL(0) = {1V, (DYt () — ¢ VUGN V() Vit (6) — Vaa(x).
Since u, — u in W, ®(Q), we have
/Q B(1VuVuV (e, — ) 0,
which leads to
/Q P, = 0,(1) + /Q BV, DI Vit | — /Q $(1 V)V, Vat. (432)

Combining (4.32) with the fact that 0,(1) = L' (u,)u,, — L' (u,,)u, we obtain

on(1) = /Q Pptu /Q 8 )t — ) + A /Q e un) = ).
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From Lemma 2.2 and the boundness of (u,) in L?*(Q), we have that the sequence ¢, (u,,)u,, is bounded in Lo (Q). By
using the Holder inequality (2.1), we have

/ ¢*(un)(u - un)
Q

< 2”¢*(un)un”L$;“u - un“L‘D* — 0.

From Lebesgue’s Dominated Convergence Theorem, we obtain
/ e, ) —up) = 0.
Q

Therefore, fQ P, — 0. Then, it follows from [2, Lemma 2.2] that u,, — u in Wé’q)(ﬂ). O

Proof of Theorem 1.2 (second part). Consider the notations of the proof of the first part of Theorem 1.2. Let y,, be the line
segment joining 0 and fg and let L, be the functional obtained by setting u = 0in L. Since u > 0 and G(x,t) > 0fort > 0,
we have

c< max L(u)< max Ly(u) :=cy.
u€yo([0,1]) u€y([0,1])

By Lemma 4.5, the functional L satisfies the Palais—-Smale condition at all levels < ¢y for u > 0 small enough, so the
conclusion follows as in the proof of the first part of the result. O
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