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1. Introduction

Let © € RY be a bounded domain with a C?-boundary 9. Consider the follow-
ing classical parametric semilinear Dirichlet problem with superlinear subcritical
perturbation:

u =0 on 012, (1)

where 1 < r < 2%, X is a real parameter and £ is a nonnegative notrivial potential.
Let A; > 0 be the first eigenvalue of the Laplace operator in H}(Q2) and let ¢ >
0 denote the corresponding eigenfunction. A direct application of the mountain
pass theorem shows that in the coercive case where A < A1, problem (1) has a
positive solution. If A > Ay (noncoercive case), there is no positive solution of (1);
this follows by multiplying with 1 and integrating. However, the dual variational
method implies that problem (1) has at least a solution for all A > A\;. The case

{ —Au(z) = Mu(z) + £(2)u(z)" ! in Q}
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where £ is an indefinite potential becomes more complicated, for instance we cannot
assert whether problem (1) has positive solutions.

Nonlinear eigenvalue problems arise in many parts of mathematical physics and
an understanding of their nature is of practical as well as theoretical importance.
Such problems aim to explain a diversity of natural phenomena that have been
observed and characterized over the years. For instance, the buckling of the Euler
rod, the appearance of Taylor vortices, and the emergence of perturbations in an
electric circuit, all have the same cause: a physical parameter crosses a threshold,
pressuring the system to assemble itself into a new state that differs significantly
from the previous state. Here we refer to the pioneering global bifurcation results
established by Crandall and Rabinowitz [4] and Rabinowitz [22].

A deep motivation of the analysis developed in this paper comes from the sem-
inal work by Brezis and Vazquez [2], who established the existence of an “extreme
value” A\* of the bifurcation parameter A such that a large class of problems with
convex and increasing nonlinearity has a smooth positive solution for all 0 < A < \*,
but no solution exists if A > A*. On the other hand, Garcia Azorero, Peral Alonso
and Manfredi [9] proved that for all 0 < A < \*, there are at least two solutions.
The analysis carried out in [9] is developed in the case of competition phenomena
of convex and concave nonlinearities. The present paper is devoted to the analysis
of a more general class of parametric Dirichlet problems with indefinite perturba-
tion. We are concerned with the study of the following class of quasilinear elliptic
boundary value problems

—Agu(z) = )\u(z)p_l + f(z)u(z)’“_l in €,
u =0 on 01, (Py)
u >0 in £,

where A > ;\‘1’ > 0,1 <p<r < p*and 5\‘1‘ is the principal eigenvalue of
(—Ag, Wy ().

In this equation, a € C%(Q) is a weight function satisfying 0 < ¢ < a(z) for
all z € Q (recall that C%1(€) is the space of all R-valued Lipschitz functions defined
on Q). By Af we denote the nonautonomous p-Laplace differential operator defined
by

a,, __ 73 —2 1,
Afu = div (a(2)|DulP”=Du) for all u € WHP(Q).

The interest in the study of problem (Py) is twofold. On the one hand, there are
physical motivations, since the non-autonomous differential operator has been ap-
plied to describe steady-state solutions of reaction-diffusion problems in biophysics,
plasma physics, and chemical reaction analysis. The prototype equation for these
models can be written in the form

up = Apu(z) + P (2) + €(2)u" " (2).

In this framework, the function u (assumed to be positive) generally stands for a con-
centration, the term A%u(z) corresponds to the diffusion with coefficient a(z)| Du[P~?
while AMuP~1(2) +&(2)u"~!(z) represents the reaction term related to source and loss
processes. On the other hand, such differential operators provide a valuable frame-
work for explaining the behavior of highly anisotropic materials whose hardening
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properties, which are linked to the exponent governing the propagation of the gra-
dient variable, differ considerably with the point, where the modulating coefficient
a(z) dictates the geometry of a composite material.

In the reaction of problem (Py), A is a parameter. We are mainly concerned with
the case where \ > 5\‘11, which expresses the fact that the corresponding eigenvalue
problem is not coercive. The perturbation &(z)u(z)"~! is indefinite, that is, £ €
Lip,,.(Q) N L*>(Q) satisfies £ # 0 # €. So, we are dealing with an indefinite
superlinear perturbation of the eigenvalue problem for (—Ag, WyP(Q)). Our aim is
to prove an existence and multiplicity theorem for positive solutions, which is global
in the parameter \ (a bifurcation-type theorem).

This problem was first investigated by Brown and Zhang [3] and Ouyang [18]
for semilinear equations driven by the Laplacian. Brown and Zhang [3] used the
Nehari method, while Ouyang [18] used bifurcation and variational methods. Ex-
tensions to equations driven by the autonomous p-Laplacian (that is, a = 1), were
obtained by Drabek and Pohozaev [7] and by Birindelli and Demengel [1]. Drabek
and Pohozaev [7] used the fibering method (see Kuzin and Pohozaev [13]), while
Birindelli and Demengel [1] followed a variational approach. Their existence and
multiplicity results are not global in A > 0. Motivated by the above mentioned
pioneering contributions, we develop in this paper an exhaustive bifurcation anal-
ysis in the framework of a standard Dirichlet boundary condition. To the best of
our knowledge, this is the first analysis carried out for non-autonomous quasilinear
equations with indefinite potential and noncoercive perturbation.

2. Mathematical Background and Hypotheses

The main function spaces used in the analysis of problem (P)) are the Sobolev space
Wy (Q) and the Banach space

Cy(Q) ={uecCQ): u=0on N}

On account of the Poincaré inequality, we can consider on W, () the following
norm:

|u|| = || Dul, for all u € WyP(Q).
The space C¢(Q) is an ordered Banach space with positive (order) cone
Cy ={uecCyQ): u(z) >0 forall z € Q}.

This cone has a nonempty interior given by

0
intCy = {UEC+2 u(z) >0 for all z € Q, %‘BQ <0},

with n(-) being the outward unit normal on 02 and gu = (Du,n)gn~.
n
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Let a € C°(Q) with a(z) > ¢ > 0 for all z € Q and consider the nonlinear
/ 1 1
operator A% : Wyt (Q) — WL (Q) = Wy P (Q)* (5 + P 1) defined by

(A%u, by = / a(2)| DulP~2(Du, Dh)a d= for all u, h € W P(Q).
Q

This operator has the following properties (see Proposition 7.77 of Hu and
Papageorgiou [11, p.465]).

Proposition 2.1. The operator A (-) is bounded (maps bounded sets to bounded sets),
continuous, strictly monotone (thus, maximal monotone, too) and of type (S)4, that
18,

Gty — u in WyP(Q) and limsup,, (A5 (un), up —u) < 0, then u, — u in

WOLP(Q) »
We consider the following nonlinear eigenvalue problem
— A%u(2) = Mu(2)[P"2u(2) in Q, ulpo = 0. (2)

We say that the real number \ is an eigenvalue of (A, W,yP(Q)) if problem
(2) has a nontrivial weak solution @ € WO1 P(Q), which is known as an eigenfunction
corresponding to the eigenvalue A

We know (see Liu and Papageorgiou [17]) that the following properties hold:

(i) There is a smallest eigenvalue A¢(p) > 0 which is given by

mp):mf{fﬂa(z)‘p“'pdz: we W), ut0). )

lullp

(ii) A%(p) is simple (that is, if @, & € WP (Q) are two eigenfunctions corresponding
to A%(p), then @& = 0 with § € R, 6 # 0), isolated (that is, if oy denotes the
spectrum of (2), then there exists e > 0 such that (A%(p), A\¢(p) +¢) N oy =0);
moreover, the eigenfunctions corresponding to ;\(1‘ (p) have fixed sign and belong
to int C4 U (—int C).

(iti) If A > A%(p) is an eigenvalue of (2), then the eigenfunctions corresponding to
A are nodal (sign-changing).

If u,v : @ — R are measurable functions and u(z) < v(z) for a.a. z € €, then
we define

[u,v] = {h € Wy P(Q); u(z) < h(z) <v(z) for a.a. z € Q},
int ¢y (q)lu, v] = interior in Co(Q)of [u,v] N CH(Q),
[u) = {h € WyP(Q); u(z) < h(z) for a.a. z € Q}.
We denote by | - |y the Lebesgue measure on RY and when we want to em-
phasize the domain of the eigenvalue problem, we will write A{(p, £2). We denote by
Lip;,.(€2) the space of locally Lipschitz functions on 2.

Given a measurable function v : Q@ — R we write 0 < w if for all K C )
compact, we have

0 < cx <u(z) for a.a. z € K.
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If X is a Banach space and ¢ € C*(X), we denote
K, ={ue€ X; ¢'(u) =0} (the critical set of ¢)
and we say that ¢(-) satisfies the C-condition if it has the following property:

“Every sequence {u,}neny € X such that
{@(tn) }neny € R is bounded and (1 + ||u, || x )¢’ (u,) — 0 in X*,

admits a strongly convergent subsequence.”

Our hypotheses on the data of problem (Py) are the following.

Hy: a € C%1(Q), a(z) > ¢ > 0 for all z € Q and ¢ € Lip,,.(2) N L>=(Q) such
that &t £0# ¢ andif Qp ={2€ Q: £(2) >0}, Q- ={2€ Q: &(z) <0},
then |Q\(Q4+ UQ_)|xy = 0 and [,&(2)a]dz < 0, with 41 being the positive LP-
normalized (that is, ||i1]|, = 1) eigenfunction corresponding to A¢(p) > 0 (we know
that 4; € int C).

For A > A%(p), let 1y : Wy () — R be the C'-functional defined by

1 A
Pa(u) = . /Q a(z)|DulPdz — » [|ulf for all u € WyP(Q).

We write ¢1 = Py (p)-

3. Positive Solutions

We start by considering the following minimization problem:

m = inf {¢1(u) Cue WyP(Q), |lull, =1, /Q§(z)\u|rdz = ()} . (4)

Proposition 3.1. If hypotheses Hy hold, then m > 0.

Proof. From (3) we see that m > 0. Suppose that m = 0. Then we can find a
sequence {un }nen € Wy P(€2) such that

Pr(un) 10, Jlunll, = 1, / £(2)|unl"dz = 0 for all n € N, (5)

Q
From (5) we see that {u, }nen € Wy (Q) is bounded. So, we may assume that
Uy~ w in WyP(Q), u, — uin LT(K). (6)
The functional v; is sequentially weakly lower semicontinuous. So, from (6) we have
Y1(u) < liminf ¢y (uy,) = 0. (7)

Moreover, again from (6), we obtain

lull, =1, / £()|uf"dz = 0. (8)
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From (7) and (8) it follows that
P1(u) =0,
= [ a@IDupdz =gl
w90y, with 9 £ 0.

Using now (8) we have

[ epiraz=o.
Q
which contradicts hypothesis Hy. Therefore m > 0. O

We introduce the following two sets:

L = {\> \%p); problem (Py)has a positive solution},

Sy = set of positive solutions of (Py).

Proposition 3.2. If hypotheses Hy hold, then L # () and for all X € L we have
S)\ Q int C+.

Proof. Let A > A%(p) and consider the following minimization problem

g = inf{w,\(u); i/ﬁg(z)mmz 1 ue Wol’p(g)}. ()

We first show that if € > 0 is small and X € (A\¢(p), AX%(p) + €) then 5 > —oc.
Arguing by contradiction, suppose that for some A > A%(p) we can find {un, }nen C
WyP(Q) such that

U (uy) — —o0, i/ &(2)|up|"dz =1 for all n € N. (10)
Q

Using (3), we have
1 .
S P) = Alllunlp < x(un) = —o0.

Since A > A%(p), we must have
[tnlp — oo (11)
Let y,, = HuuTnllp for n € N. Then |ly,||, = 1 for all n € N. We can find ny € N
such that

P (uyn) <0 for all n > ny,
= Pr(yn) < 0 for all n > ny,
= ¢||Dyy || < X for all n > ny,
= {Yn}nen C Wol’p(Q) is bounded.

We may assume that

Yo~y in Wy P(Q), y, — y in L7(Q). (12)
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Using (12) we have
Ya(y) < lim inf Ya(yn) <0,
1
» [ e@llaz =
rJo

Passing to the limit as n — oo, we obtain

o) <0, 1 [ ez =o (13)

for all n € N (see (10)).

[

So, if
. 1 1
my = inf {1#,\(1)) : 7“/ £(z)|v]"dz =0, v e Wo’p(Q)} ,
Q

then from (13), we see that m, < 0. On the other hand, Miaq,y = m > 0 and
from Proposition 7.18 of Dal Maso [5, p.79], we know that the mapping A — my
is continuous on [A%(p), o). So, we can find £ > 0 such that my > 0 for all A €
(A%(p), \¢(p) + €), a contradiction. We infer that

35 > —oo for all A € (A\{(p), \¢(p) + ¢).
We now consider a minimizing sequence {u, }nen € Wy*(€) for problem (9),
when A € (A{(p), A} (p) + ). We have
1
¥a(uy) | By and / &(2)|up|"dz =1 for all n € N. (14)
rJa
Claim. {u,}nen € Wy () is bounded.
Arguing by contradiction, assume that at least for a subsequence, we have
Junll — oo, (15)
Let y, = 7—=— for n € N. From (14) and (15) it follows that

u
llunllp

YA(Yyn) — 0 as n — oo.
This implies that {y, }nen C I/VO1 P(Q) is bounded and so we may assume that
Yn —= y in WyP(Q), y, — y in L'(Q). (16)
Then from (16) and the sequential weak lower semicontinuity of ¥, (), we have

Ua(y) < liminf, o ¥r(yn) =0, [lyll, =1, L [, &(2)|y["dz =0,
= m) <0.

But from the first part of the proof we have
my > 0 for all X € (A\¢(p), A{(p) +¢),

a contradiction. This proves the Claim.
On account of the Claim, we may assume

Uy — @ in WyP(Q), u, — @ in L7(9). (17)
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Using (17), we can say that

(@) < Hmint o) = B3, 1 [ §C:)larde =1

= a(i) = 55 and | / £l dz = 1 (see (9)).

Vol. 91 (2023)

(18)

Replacing @ € W, P(Q) with |4 € WP (Q), we see that we may assume that
@ >0, a4 # 0. From (18) and the Lagrange multiplier rule (see [19, p.422]), we can

find n € R such that

(P (0),h) = n/gzﬁ(z)@T_lhdz for all h € Wy ().

In (19) we use the test function h = & € W, "*(Q) and obtain

| atparas - Njalp =n [ s)iraz,
= p%( ) = nr,
= n= ;BA (see (18)).
From (19) we have

— A% — AP = ﬂAf( ya"in Q.

p

T (—AL - AP

)
)’”” §(2)i" " (see (20))
" 'in Q, o

= 1 € S for all X € (A],\{ +¢).
We have proved that

(AL A +6) C L #0D.

Let u € Sy. Then

—Aju = APt €(2)u"  in Q.

(19)

(20)

Theorem 7.1 of Ladyzhenskaya and Uraltseva [14] implies that u € L>°(£2). Then,

applying the nonlinear regularity theory of Lieberman [15], we have that

u & C+\{0}
We have

—Afu+ [[€lloolull5PuP ! > 0 in €.
Invoking Lemma 1 of Liu and Papageorgiou [16], we obtain
u € int C.
Therefore for all A € £, Sy Cint .
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Let A* =sup L.
Proposition 3.3. If hypotheses Hy hold, then \* < oo.

Proof. Let €, be a connected component of Q. Let i (Q+) be the principal eigen-
value of (—AZ,WOLP(QQ) and let 4y € Wy P(Qy) N L=(Q4) N CLY (1) be the

corresponding LP-normalized positive eigenfunction for 5\‘1’(@+) Using Proposition

2.4 of Papageorgiou, Vetro and Vetro [21], we have
U4 (z) > 0 for all z € Q. (21)
We know that A¢ < A%(€2;). Let A > A%(Q,) and suppose that A € £. Let u € Sy C

int Cy. Then u(z) > 0 for all z € Q. Consider the following function defined on
Q+I

~D
R(iiy,u) = |Dity [P — a(z)| Duf?~(Du, D ( > >>

up—1

Integrating over (), and using the nonlinear Picone’s inequality of Jaros [12], we
have

0< [ R(iy,u)dz

Q4
> p a aﬁ-
= HDU+HLP(Q+) - /§2+(_Apu)up1dz

(using the nonlinear Green’s identity, see [19, p.34])

~D
= |Da.l®P . — p—1 4 ¢+ r—17 Y4+
1D 17,0, /m[)\u +E (T de

= 141 Ml 0, = [ il e
=— | H(xuPakdz <0,
Q4
a contradiction. Therefore A ¢ £. We conclude that A* < A%(€,) < co. O
Next, we show that £ is connected (an interval).

Proposition 3.4. If hypotheses Hy hold, N\ € L and p € (5\‘1‘,)\), then p € L and
given uy € S\ we can find u, € S, such that uy —u, € intC.

Proof. Since \ € L, we have Sy # 0. Let uy € Sy C int Cy. We have
— Ajuy = B E(2)upnuh !
> T E(2)upus ! in Q. (22)
We introduce the Carathéodory function k,(z, ) defined by

[ P )t i < un(e)
Fu(z,7) = { pux(2)P 74 E(2)un(2)"if 2 > un(2).

Weset K, (z,2) = [
R defined by

1
Yu(u) = / a(z)|Du|Pdz —/ K,(z,u)dz for all u € Wy P (Q).
D Ja Q

(23)

k,(z,s)ds and consider the C'-functional 7, : W, (Q) —
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Using hypotheses Hy and (23), we obtain

Yu(u) > 1% [ Dul[) — ¢ for somecy > 0, allu € WyP(Q),

hence 7,(-) is coercive.

Also, using the Sobolev embedding theorem, we see that 7,(-) is sequentially
weakly lower semicontinuous. So, by the Weierstrass-Tonelli theorem, we can find
u, € W,P(Q) such that

Yu(uy) = inf{y,(u); ue WyP(Q)}. (24)
Recall that uy € int C;. Using Proposition 4.1.22 of [19, p.274], we can find
t € (0,1) small such that

0 < tiy < wuy in Q. (25)

Then we have
1] oo £ |

Yu(tis) < %[5\‘11 — ]+ !
(see (23), (25) and recall that| ], = 1).

Since 1 > A%, we can write
Yu(ttn) < cot” — StP for some g, c5 > 0.
But p < r. So, choosing ¢ € (0,1) even smaller if necessary, we have

’}/M(t’&l) < 0,
= Yu(uu) <0=1,(0) (see (24)),
= u, # 0.

From (24), we have

(7}, (un), k) = 0 for all h € Wy (),
= (A%(u,), ) = / (2,0, for all h € WEP(Q). (26)
Q

In (26) we first choose the test function h = —u,, € WP (). We obtain
¢ || D |5 <0,
= u, >0, u, #0.
Next, we choose the test function (u, —ux)™ € Wy ?(Q) and obtain
(A5 (u), (u = ux)™)
= [ ) s ) (e (29)

< (A5 (un), (uy — ux)™) (see (22))
= u, < uy (see Proposition 2.1).

So, we have proved that
uy, € [0,uy], u, #0. (27)
From (27), (23) and (26) it follows that
u, €5, CintCy and p € L.
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Consider the function z — &(2)z" ™1, 2 > 0. Let p = ||ua||co- Since & € L>®(Q)
and 7 > p, we can find £, > 0 such that for a.a. z € Q the function z — £(2)z" " +
€,2P~ " is nondecreasing on [0, p]. We have

a s p—1
—Afuy + §oub A

— Auf;j +&(2)uy ! tlgpug’—l o

=l + (A= pud T +E(ul T+ ul

> puf " 4 E(z)ul A Gul T (see (27))

= —Afuy, + §pu§*1 in Q.

Since u) € int C'y we see that 0 < (A — ,u)uljf1 and so, using Proposition 3.2 of
Gasinski and Papageorgiou [10], we infer that
uy —uy, € int Cy.

The proof is now complete. U

According to the above proposition, we have
(AL, A") € £ C A, N7,

We will show that for A € (A% A*) we have multiplicity of positive solutions. For
this purpose, we introduce the energy functional ¢ : I/VO1 P(Q) — R of problem (Py)
defined by

1 A 1
ox(u) = / a(z)|DulPdz — — ||ul[h — / £(2)|u|"dz for all u € W, P(9).
P Ja p rJa
Evidently, o € C'(W,*(2)).
Proposition 3.5. If hypotheses Hy hold and \ > 5\‘11, then @x(-) satisfies the C-
condition.

Proof. We consider a sequence {u, }nen C Wy (Q) such that

loa(un)| < ¢4 for somecy > 0,alln € N, (28)
(1 + [[unlh (1n) — 0 in W=HP (Q)asn — oo, (29)
From (29) we have
_ _ Enllhll
(A%(up), hy — / A, [P 2uphdz — / &(2)|un|” 2uphdz] < —20
i . . < T
for all h € Wy (), withe,, — 07 (30)

In (30) we use the test function h = u,, € W, *(€2) and obtain
‘ / a(z)|Dup[Pdz — X |lun |5 — / {(z)|unlrdz| <egp forallneN,
Q Q

= / E(2)|un|"dz < e, +/ a(z)|Dup|Pdz + X |luy, |5 for all n € N. (31)
Q Q
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From (28) we have

r AT
r / a(2)| DunlPdz — L unll? < rea / a(2)€(2) un|"d,
p p Q
A
- / O T

<rcs+ep +/ a(2)|Dun [Pdz + Xun||b for all n € N(see (31)),
Q

= [T — 1] (/ a(z)|Duy[Pdz — X Hun\g> < ¢s,
p Q

for some c5 > 0, all n € N. (32)

Suppose that [|u,||, — co and let y,, = mu; for all n € N. As before we may

T
assume that u, > 0 for every n € N (just replace u,, by |u,|). So, we have

lYnllp =1, yn >0 for all n € N.

Multiplying (32) with W, we obtain

T Cs
-—1 /a(z)|Dyn|pdz—)\> < —
[p ] ( ) 5

= {Yn}tnen € Wy P(Q2) is bounded (see hypotheses Hp).
We may assume that
Yo~y in Wy P(Q), yn —yin LI7(Q), yll, =1, y > 0. (33)

Multiplying (30) with we obtain

4|p T

(A5 (yn), h) — /\/ yp thdz = HunHZp/ E(2)yn " hdz + € ||hll, with €], — 07%(34)
Q Q

We examine relation (34) and we see that the left-hand side is bounded. Since
r > p and ||u,||, — 0o, we must have

/ £(2)yn " hdz — 0 for all h € WyP(Q),
Q
= / £(2)y" " Yhdz = 0 for all h € Wy (Q). (35)
Q
Since |Q\(Q4+ U Q_)|ny = 0 (see hypotheses Hy), from (35) it follows that
y(z) = 0 for a.a. z € Q, which contradicts (33). Therefore
{tn fnen C LP(Q) is bounded.
But then from (32), we infer that
{tn }nen € WyP(Q) is bounded.
So, we may assume that

Uy — w in WyP(Q), u, — uin L7(). (36)



Vol. 91 (2023) Indefinite Perturbations of the Eigenvalue Problem 365

In (30) we use the test function b = u, —u € Wy?(Q), pass to the limit as
n — oo and use (36). We obtain
lim (A7 (uy), u, —u) =0,

= Uy — U in Wol’p(Q) (see Proposition 2.1),
= () satisfies the C' — condition.

The proof is now complete. ]
Now we can prove the multiplicity result when A\ € (5\‘1‘, A*).

Proposition 3.6. If hypotheses Hy hold and \ € (5\‘11,)\*), then problem (Py) has at
least two solutions

uy, Uy € int C+.

Proof. Let ¥ € (A, A*). Then ¢ € £ and we can find uy € Sy C int C. On account
of Proposition 3.4, we can find uy € Sy C int C such that

Uy —uy € int Cy. (37)
Let 1€ (A%, \) and consider the following auxiliary Dirichlet problem
_A¢ — p—1 _ r—1
Au(z) = pu(zP " — gllcu(z) " in 2, )
u‘ag =0, u>0.
Let oy, WO1 P(Q) — R be the energy functional for problem (38) defined by

1 .
ou(u) = / a()| Dupdz + Ll oy B e for at w e W@,
P Ja r p

Evidently, o, € C'(W,?(Q)). Moreover, since r > p, we see that o, (-) is coercive.
Also, it is sequentially weakly lower semicontinuous. So, we can find u, € W(} P(Q)
such that

0,(T,) = inf{o,(u) : ue W, P(Q)}. (39)
As before, we can always replace @, by |u,| and so we may assume that @, > 0.
Since p > ;\‘1’ and r > p, for ¢t € (0,1) small, we have

O'u(tﬂl) < 0,
= o,(uu) <0=0,(0) (see (39)),
= U, #0.
From (39) we have
(0, (W), k) =0,
= (A%, h) = / Y — €l = for all h e WEP(Q),
Q
= T, is a solution of problem (38).

As before (see the proof of Proposition 3.2), using the nonlinear regularity
theory of Lieberman [16], we inder that

ﬁﬁ" € int C+
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From Diaz and Saa [6] (see also Fragnelli, Mugnai and Papageorgiou [8]), we obtain
that this positive solution u, is unique.

Claim: v —u, € int Cy for all u € S\ Cint C.

We first show that w, < u for all w € S\. To this end, we introduce the
Carathéodory function e, (z,x) defined by

p(@ )Pt = [[€]loo (@) if @ < u(z)

eulsr®) = { pu(@)P = [[€llaou(z)7 Y if @ > u(2). o

We set E,(z,2) = fom e,(2,8)ds and consider the C'-functional o), : W, *(Q) — R
defined by

1
omu(u) = p/Qa(z)]Du\pdz - /QEM(Z,u)dz for all u € Wy ().

Using hypotheses Hj and (40), we see that

ou(u) > % [ Du||b — ¢ for some ¢ > 0,all u € WyP (Q),
= 0,(+) is coercive.

Also, by the Sobolev embedding theorem, o, () is sequentially weakly lower
semicontinuous. So, by the Weierstrass-Tonelli theorem, we can find u, € I/VO1 P(Q)
such that

du(,) = inf{d,(v) : ve W, P(Q)}. (41)

Recall that v € S\ C int Cy. So, using Proposition 4.1.22 of Papageorgiou,
Radulescu and Repovs [19, p.274], we can find ¢ € (0,1) small such that

0 < tiy(2) < u(z) for all z € Q.

Since p > 5\‘{“ and r > p, taking ¢t € (0,1) even smaller if necessary, we obtain
that

gu(tar) <0 (see (40)),
= 0, (1,) < 0= 0,(0) (see (41)),
= 1, # 0.
From (41) we have

(7, (1,,), h) = 0 for all u € W, P(),

= (A%d,),h) = / e, (2,1, )hdz for all u € W, P(Q). (42)
Q

In (42) let h = —i;; € W, (Q). Then

¢|| D, ||5 < 0 (see hypothesesHy and (40)),
= u, >0, u, #0.
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Next, in (42) we use the test function (i, — u)™ € W, (Q). We obtain
(AR (), (@ —u) ™)
= [ bt = el ) = ) (see (40)
< [ et = el Y =

< / P+ € (it — )t
= (Zg(u), (@, —u)T) (since u € Sy),
= iy, < u.
So, we have proved that
€ [0,u], i, #0. (43)
From (43), (40) and (42), we infer that
@, is a positive solution of (38),

= 1, = U, (uniqueness of the solution),

= 7, < u for all u € Sy(see (43)).

Now let p = ||ul|o and let ép > 0 be such that for a.a. z € Q the function
T ()" + épxp_l is nondecreasing (recall that £ € L>®(Q2) and r > p). We
have
— A%, + ul,

_ ,=p—1 —r—1 F—p—1

= i el +
T S ) (T ST
= bt — (A= )l + () + Gal !
< MPT (U F EuP ! (see (43))
= —Afu+ £uP™" in Q(sinceu € Sy).

IN

Note that 0 < (A — ,u)ﬂﬁ_l (recall that @, € int C). So, using Proposition 3.2
of Gasinski and Papageorgiou [10], we obtain

u—uy € int Cy for all u € Sy. (44)

This proves the Claim. )
Now we introduce the Carathéodory function ¢)(z,x) defined by

) Ny ()P 71+ ()T (2) T if o <Tu(2)
Ur(z,x) = APt +§( Yo't ifu,(z) <z <uy(z) (45)
Mg (2)P71 + €(2)ug(2) 1 if ug(z) < .
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We set Ly (z,z) = fox (x(z, s)ds and consider the C'-functional 3y : Wyt (Q) —
R defined by

A 1 ~
Ba(u) = / a(z)|DulPdz — / L(z,u)dz for all u € Wy (Q).
D Ja Q
Also let vy : Wol’p(Q) — R be the C'-functional introduced in the proof of Propo-
sition 3.4 using (23) (with u replaced by A and uy by uy). We see that
Bl 0] = VAl 0]+ It 7 € R (46)

From the proof of Proposition 3.4, we know that u) is a global minimizer of
¥a(+). Moreover, from (37) and (44), we see that

ux € intea g [Up, uo). (47)
From (46) and (47) we infer that
uy is a local C&(Q) -minimizer of Gy (-). (48)

Let ¢)(z,x) be the Carathéodory function defined by

_ [N ()P () (2) T e <T(2)
Ix(z,7) = { APt 4 ¢(2)am ! if z > w,(z2).

We set Ly(z,x) = [, £x(2,5)ds and consider the C''-functional B : W, ?(Q2) — R
defined by

Ba(u) = ]19/9(1(2)|Du|pdz - /QL)\(z,u)dz for all u € Wy P(9).

From (45) and (47) we see that

(49)

Bl us) = BA|[m,u19]-
From (48) we have that
uy is a local Cf(€2) — minimizer of 3(-),

= uy is a local WP (Q) — minimizer of 8)(-)

(see [20, Proposition A3]). (50)
Using (49) and the nonlinear regularity theory, we can easily show that
Kp, Cu,)Nint Cy. (51)

So, we may assume that Kg, is finite. Otherwise, on account of (51) and (49), we
see that we already have an infinity of positive solutions for problem (Py) and so
we are done. Then (50) and Theorem 5.7.6 of [19, p.449] imply that we can find
p € (0,1) small such that

Oa(un) = nf{Bx(u) : [[u—url] = p} = my. (52)
Let @y € Wy P(Q)NL®(Qy) NC%*(Q1) be as in the proof of Proposition 3.3.
We extend this function to all of Q by setting uy(z) = 0 for all z € Q\Q4. We

continue to denote the extended function by @.. We have i, € Wy (Q) N L>®(%).
Since r > p and 14 (z) > 0 for all z € Q, we see that

Ba(tiy) — —oo as t — +oo. (53)
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Note that
ﬁA“ﬁH) = QOA’[ﬁH) + 77; with 77; eR (See (49))
This equality and Proposition 3.5 imply that
Ba(+) satisfies the C' — condition. (54)

Then (52), (53) and (54) permit the use of the mountain pass theorem. So, we
can find 4y € W,""(Q) such that

iy € Kg, C [u,) Nint C4 (see (51)), Ba(ur) < mx < Ba(in).

From these relations and (49), we conclude that @) € int Cy is the second
positive solution of (P)), distinct from wuy € int C'y. O

Remark 3.7. It is easy to see that the mapping u +— wu, is nondecreasing, that is,
ugpléﬂﬂ < Uy

It remains to decide about the admissibility of the two critical parameters 5\‘11
and \*.

Proposition 3.8. If hypotheses Hy hold, then 5\%, A e L.

Proof. We first show that A € L.
As in the proof of Proposition 3.2, we define

1 \¢ 1
B, = inf {/ a(z)|DulPdz — M flullb: ue WyP(Q), / &(2)|ulPdz = 1} .
! D Jo p b Ja

Evidently
>\a 2 0.
Reasoning as in the proof of Proposition 3.2, we show that ﬂ;f\a is attained, that
1

is, we can find @& € W (Q) such that

1
;:/MMDWM—HW /6 )afPdz = 1.
o PJo

Clearly we may assume that o > 0.
If ﬁ;a =0, then
1

[ a@Ipipdz =i jaly,
’ = 4 = 64, for some 6 > 0,
= /f ujdz = - >0,
which contradicts hypotheses Hy. Therefore

ﬁ;T > 0.
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Via the Lagrange multiplier rule, as in the proof of Proposition 3.2, we show
that

- p . 1Y 0=p)
U= [;55@} uES;\%,
= N eL.

Next, we show that \* € L.
Let {\,}nen C £ be such that A, T A*. From the proof of Proposition 3.6, we
know that we can find u,, € Sy, C int C; such that

©x, (un) <0 for all n € N. (55)
Also, we have
(ph, (un), k) = 0 for all n € N, allh € WyP(Q). (56)

Using (55) and (56) and reasoning as in the proof of Proposition 3.5, we show
that

{tp}nen C WOLP(Q) is bounded.
So, we may assume that
Uy — u* in WyP(Q), u, — u* in LT(). (57)
We know that

uy, <u, forallneN,
= Uy, < u*,
= u, % 0. (58)
In (56) we use the test function h = u, — u* € WyP(Q), pass to the limit as
n — oo and use (57). We obtain
lim (A7 (un), up —u*) =0,
n—oo
= u, — u* in W,"* () (see Proposition 2.1). (59)
Passing to the limit as n — oo in (56) and using (59), we have
(P, (u*),h) =0 for all u € W, P(Q),
= u* € Sy« CintCy (see (58)),

hence \* € L.
The proof is now complete. U

On account of this proposition, we have
L=\, N\,

Finally, we can state the following global in A > S\‘f (noncoercive case) existence
and multiplicity theorem for problem (Py).

Theorem 3.9. If hypotheses Hy hold and X\ > ;\(1‘, then there exists \* > 5\‘11 such that
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(a) for all X € (A%, \*) problem (Py) has at least two positive solutions
ux, Uy € int Cy;

(b) for A = X% and for X = \*, problem (Py) has at least one positive solution
u* €int Cy;
(c) for all X > X* problem (Py) has no positive solution.
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