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NORMALIZED SOLUTIONS FOR SCHRODINGER EQUATIONS
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Abstract. For any a > 0, we study the existence of normalized solutions and ground state solu-
—Au+Au=>b(z)f(u) xR,
Jpz u?dz=aq,

where A € R is a Lagrange multiplier, the potential b € C(R2,(0,00)) satisfies 0 < limy| 500 b(y) <
inf 2 b(x) and appears as a converse direction of the Rabinowitz-type trapping potential, and the
reaction f € C(R,R) enjoys critical exponential growth of Trudinger—Moser type. Under two different
kinds of assumptions on f, we prove several new existence results, which, in the context of nor-
malized solutions, can be considered as both counterparts of planar unconstrained critical problems
and extensions of unconstrained Schrédinger problems with Rabinowitz-type trapping potential. Es-
pecially, in this scenario, we develop some sharp estimates of energy levels and ingenious analysis
techniques to restore the compactness which are novel even for b(z) = constant. We believe that
these techniques will allow not only treating other L2-constrained problems in the Trudinger-Moser
critical setting but also generalizing previous results to the case of variable potentials.

tions to the following Schrédinger equation with L2-constraint:
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1. Introduction. This paper concerns the existence of normalized solutions to
the following nonlinear Schrodinger equation with critical exponential growth:

—Au+ A u=b(z)f(u), zeR?
(1.1) / e
R2

where a > 0 is a given constant, A € R will arise as a Lagrange multiplier that depends
on the solution v € H*(R?) and is not a priori given, and b:R?> - R and f: R — R
satisfy the following basic conditions:
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(B1) beC(R2,(0,00)) and 0 < bog :=limyy 00 b(y) < b(x) Vo € R%;
(F1) feC(R,R), and there exists ag > 0 such that

£ {o Ya > ag,

1.2 lim =
(1.2) eat? +o0o  Va < ag;

|t] =00

(F2) limyy o f(t)/t> =0.
As in Adimurthi and Yadava [3] and de Figueiredo, Miyagaki, and Ruf [14], we say
that f(¢) has critical exponential growth at ¢t = oo if it satisfies (F1). It was shown by
Trudinger [30] and Moser [25] that this kind of nonlinearity has the maximal growth
that can be treated variationally in H'(R?), which is motivated by the following
Trudinger—-Moser inequality.

LemMa 1.1 [1, 9, 10].
(i) If >0 and u € H*(R?), then

/R2 (eau2 — 1) dz < oo;

(ii) if v € HY(R?),||Vull3 < 1,||lullz £ M < oo, and a < 4, then there exists a
constant C(M,«), which depends only on M and «, such that

(1.3) /]Rz (eo‘“z - 1) dz <C(M, ).

The main feature of (1.1) is that the desired solutions have a priori prescribed
L?-norms, which are often referred to as normalized solutions in the literature; that
is, for given a > 0, a couple (u,\) € H'(R?) x R solves (1.1). From the physical point
of view, finding normalized solutions seems to be particularly meaningful because
the L?-norms of such solutions are a preserved quantity of the evolution, and their
variational characterization can help to analyze the orbital stability or instability; see,
for example, [7, 27].

It is well known that normalized solutions to (1.1) can be obtained as critical
points of the energy functional ® : H!(R?) — R defined by

1

(1.4) O(u)= f/ |Vu|2dz —/ b(z)F(u)dx
2 R2 R2

under the constraint

(1.5) Sa={ue H'(R*):|ul3=a}.

It is standard that ® € C'(H!(R?),R) (see section 2 below), and any critical point u
of <I>’ s, corresponds to a solution to (1.1), with the parameter A € R appearing as a
Lagrange multiplier. We recall a solution u to be a ground state solution on S, if u
minimizes the functional ® among all the solutions to (1.1); that is,

®(u) = inf {‘I)(u) NulZ=a, @[y (u)= o} .

When f has critical exponential growth, in sharp contrast to the unconstrained
problem with fixed A > 0:

(1.6) —Au+ X u=f(u) in R?
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which has been widely studied in the last decades, there seems to be only one recent

paper [6] concerning normalized solutions to (1.1) in which the special case that

b(x) =1 and a € (0,1) was considered. In the present paper, we shall focus on the

constrained problem (1.1) with critical exponential growth for all a > 0. To explain

what is at stake, let us first introduce some related results that motivate our research.
Problem (1.1) with b(z) =1 is a special case of the following model

—Au+u=f(u) inRN, N>2,
(1.7) / w?dz =a,
RN

which has been investigated extensively via the variational methods. There are many
existence results on normalized solutions and ground state solutions to (1.7) in these
last years, and these existence results depend on the behavior of the nonlinearities
at infinity, which determines whether the constrained functional is bounded from
below on the L2-constraint set. From the variational point of view, this behavior
gives rise to a new L2-critical phenomenon, that is, a new L2-critical exponent ¢* =
2+ 4/N, which comes from the Gagliardo-Nirenberg inequality (see [11, Theorem
1.3.7]). As we know, if f(u) in (1.7) grows faster than |u|? 2w at infinity, then
the constrained functional is unbounded from below, and the problem is called L2-
supercritical; otherwise, the constrained functional is bounded from below, and the
problem is called L?-subcritical in the literature. In this sense, (1.1) is clearly L2-
supercritical. Compared with the L?-subcritical case, more efforts are always needed
in the study of the L2-supercritical case.

1.1. Previous developments and some perspectives. The first contribution
to the L2-supercritical case was made by Jeanjean in a seminal paper [18]. In [18],
a radial solution at a mountain pass value to (1.7) was found under the following
conditions:
(HO) f is odd;
(H1) f € C(R,R), and there exist o, 3 € R satisfying 28 < o < g < 2* = 28
such that

0<aF(t) < f(E<BF() VteR\{0};

the existence of ground state solutions was proved if f also satisfies
(H2) the function F(t):= f(t)t — 2F(t) is of class C! and

F'(t)t > 2N+4F(t) v teR\ {0}.

Note that the first inequality of (H1) and condition (H2) play analogous roles as the
classical Ambrosetti-Rabinowitz condition (AR condition for short) and the Nehari-
type condition in the unconstrained context, respectively. Recently, Jeanjean and
Lu [21] improved the existence results on ground state solutions obtained in [18] by
relaxing (H1) and (H2) to the following conditions:

(H3) lim;_,o f(t) /"N =0 and lim;_, F(t)/t*t4/N = to00; moreover,

limyo0 f(£)/t¥ 71 and f(t)t < 25 F(t) when N >3,
limyy o0 f(£) /e =0 ¥V a>0 when N =2;
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(H4) [f(t)t —2F(1)]/|t|N*+4/Nt is increasing strictly on (—oco,0) and (0, 400).
When f satisfies (H1) and a weaker version of (H4),

(H4') [f(t)t —2F(1)]/|t|N+9/Nt is nondecreasing on (—o0,0) and (0, +00).
Chen and Tang [13] obtained the existence of ground state solutions to (1.7) and
also considered the nonautonomous case that f(u) is replaced by b(x)f(u) with b €
CH(R?,R") satisfying additional assumptions. We notice that three different strategies
were implemented in [18], [21], and [13]:

(a) constructing a Palais—Smale sequence (PS sequence for short) of the con-
strained functional satisfying asymptotically the L?-Pohozaev identity by in-
geniously applying the Ekeland’s principle to a new auxiliary functional;

(b) constructing a minimizing sequence that is a PS sequence of the constrained
functional by subtly adapting the techniques developed by Szulkin and Weth
[28, 29];

(c) solving directly the minimization problem of the constrained functional on
the L2-Pohozaev manifold by combining some new inequalities with the de-
formation lemma.

In the latter two cases, f is not required to be of class C' in order to find ground
state solutions. We also point out that the proofs for the compactness of PS or
minimizing sequences {u,} use the compact embeddings H}(R™) — L*(R™) and
HE (RYN) < L¥(RY) for 2 < s < 2*. Both of the embeddings do not work when f has
a critical growth in the Sobolev sense if N >3 or a critical exponential growth in the
Trudinger—Moser sense if N =2, where

o { 2N/(N=2) it N>3,
| 4 if N=1,2.

In 2020, Soave [27] first considered the Schrédinger equation with Sobolev critical
growth,

—Au+ = plu/T2u+u)> 2u in RN, N >3,

(1.8) w?dr =a,
RN

and proved that, for pa(l —v,)g < «, (1.8) has ground state solutions in the L2-
subcritical perturbation case 2 < ¢ < 2+ N/4 and L2-supercritical perturbation case
2+ N/4 < g < 2*, respectively, where o = «(N,q) is a specific constant depending
on N,q and v, := N(q — 2)/(2¢q). Very recently, Wei and Wu [32] obtained the
existence of mountain pass solutions for 2 < ¢ < 2 4+ N/4 and proved the existence
and nonexistence of ground state solutions for 2 + N/4 < ¢ < 2* with large u > 0.
Moreover, they gave precisely asymptotic behaviors of ground state solutions and
mountain pass solutions as p goes to 0 and its upper bound; see also [19, 20] for
2+ N/4 < g < 2*. These results settled several open questions proposed by Soave
[27]. For the L?-supercritical perturbation case 2 + N/4 < q < 2*, we also refer to
[4, 5, 6], which complement the existence results obtained in [27]. In these works, the
compactness was restored successfully by the ingenious combination of the pioneering
work of Brezis and Nirenberg [8], the scaling technique introduced by Jeanjean [18],
and the concentration-compactness principle due to Lions [22]. It is worth pointing
out that these strategies can well solve the obstacles caused by Sobolev critical growth
when searching for a solution with a prescribed norm, but it is not available for the
planar case that f has critical growth in the Trudinger—Moser sense, that is, the
following equation
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—Au+Au= f(u) in R
(1.9) wldr=a
R2
with f satisfying (F1), since additional difficulties arise.

(i) One needs to reselect test functions in R? on the L?-constraint S, to con-
trol the energy values from above so that PS sequences of the constrained
functional are compact at the energy level;

(i) It is unknown whether the Brezis-Lieb property

(1.10) / [y — F (@)~ )t — )] dr = o(1)

holds if u,, — @ in H'(R?), which plays a crucial role in restoring the com-
pactness to Sobolev critical problems.
Thus, a natural question arises:
e Does (1.9) have solutions or ground state solutions when f is of critical ex-
ponential growth?
In 2020, Alves, Ji, and Miyagaki [6] gave partial answers to the above question
for a € (0,1). To state the result, we list the conditions used in [6]:
(F2') limys o | f(2)]/]t]' = 0 for some constant [ > 3;
(F3') there exists a constant pg >4 such that f(¢)t > puoF(t) >0V t e R\ {0};
(F4’) there exist constants p >4 and v > 0 such that F(t) >~[t|P V t €R;
(F5') the function F(t):= f(t)t — 2F(t) is of class C' and satisfies

F'(t)t>4F(t) VteR,

where (F3') is the AR condition in the context of normalized solutions. For all a >0,
solutions to (1.9) correspond to critical points of the functional ®> : H!(R?) — R
given by

(1.11) @“(u):l |Vu\2d:c7/ F(u)dz
2 R2 R2

on the constraint S,. As a consequence of the Pohozaev identity (see [18, Lemma
2.7]), any solution u of (1.9) lives in the Pohozaev manifold given by

(1.12) M ={ues,: J*®(u)=0},

where J° is called the Pohozaev functional defined by

(1.13) J®(u) = || Vul|3 — /RQ[f(u)u —2F(u)ldz Y ue H'(R?).
Let
(1.14) m*>(a) ::uein/vlfgo D (u).

Their result reads as follows in this topic.

THEOREM [AJM] ([6, Theorem 1.2]). Assume that f satisfies (F1) with o =4n
and (F2'), (F3'), and (F4'). If a € (0,1), then there exists v*(a) > 0 such that (1.9)
has a radial solution for all v > ~*(a), where v is given by (F4'); moreover, this
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solution can be chosen as a positive ground state solution if f also satisfies (HO) and
(F5').

The proof of Theorem [AJM] is based on the idea introduced by Jeanjean [18];
that is, working on the space H}(R?) and for every a € (0,1), construct a special PS
sequence {u,} C S’ =8, N H!(R?) such that

(1.15) P (up) = c7(a) >0, (5, (un) =0, and J*(u,) =0,

where the mountain pass level ¢2°(a) depends on 7 in (F4’). To derive the compactness
of {u,} in H!(R?), with assumptions (F3') and (F4’), it is obtained that the key
approximate evaluation is

(a) >0 as v— o0,

2(”0 - 2) >
0— ol

(1.16) limsup ||V, |3 <
n—oo

rather than a precise upper estimate of energy levels like that in the Sobolev critical
case of higher dimensions. In fact, from (1.16), one sees that the energy level can
be controlled arbitrarily small just by taking the parameter v large enough. This
perturbative way allows us to avoid the influences of critical exponential growth.
Indeed, as long as limsup,,_, . [|[Vu,||3 < 1— a, which can be deduced from (1.16) by
taking v large enough, one can prove easily that

(1.17) lim [un|® (eo‘“i — 1) dx:/ lal® (eo‘112 — 1) dz
n—oo R2 R2

by using the Trudinger-Moser inequality and the compact embedding H}(R?) —

L*(R?) for s > 2, and thus, one can derive the Brezis-Lieb property (1.10) and the

convergence

(1.18) /}R2 [f (un)un — f(@)a]dz =o(1)

if u,, — 4 in H*(R?) in the same way as those for functions f(u) ~ |u|9"2u with
g > 2. With (1.10) and (1.18), some powerful tools treating constrained problems with
Sobolev critical growth in the higher dimensions are applicable for (1.9). To further
obtain a ground state solution, following the arguments of [18, 27], it is established
that c3°(a) = m*(a), where m*(a) is given by (1.14). Note that in this argument,
besides the C! assumption (F5'), the odd assumption (HO) is required to work with
sequences of functions that are Schwartz symmetric.

1.2. Highlights of the paper and main results. Inspired by aforementioned
works, especially [6], it is very natural to pose a series of interesting questions, such
as the following:

(Q1) Alves, Ji, and Miyagaki [6] only considered the case a € (0,1). A natural
question is whether (1.9) has solutions or ground state solutions if a > 1?7

(Q2) As we know, for the unconstrained problem (1.6), the energy threshold of the
compactness of PS sequences is 2m/ag. Does the same property hold true for
the constrained problem (1.9)?

(Qs3) If the energy threshold is available for (1.9) in (Qz), can we find an alternative
method to control precisely the energy value from above by the threshold
instead of approximate evaluation like (1.16), which is essential in [6]?

(Qq) If the energy threshold is available for (1.9) in (Qz), can we find an explicit
lower bound v*(a) > 0 of v, in place of the implicit expression of existence in
[6, Theorem 1.2]7
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The first purpose of this paper is to solve the above questions and establish the
existence of normalized solutions and ground state solutions to (1.9) for all a > 0.
In addition, we notice that (F5') used in [6] is the special case of (H2) by taking
N =2, which has been used and further weakened in the literature, such as (H4) and
(H4’) mentioned above. It is natural to expect that (F5') could also be weakened
accordingly for the search of ground state solutions to (1.9). Our first result will
confirm this expectation, as well as not requiring the odd assumption (HO) used in
[6]. Before stating this result, besides (F1) and (F2), we introduce the following
assumptions:

(F3) f()t>4F(t):=4 [, f(s)ds >0V teR\ {0};
(F4) liminf, o 228 > 0;

agt?

(F5) there exist constants My >0 and Sy > 0 such that
F(t) < Molf(®) Y [t] = Bo;

(F6) [f(t)t —2F(t)]/|t|t is nondecreasing on (—o0,0) and (0, +00).
Obviously, (F2) and (F3) are weaker than (F2') and (F3'), respectively. Assumptions
(F4) and (F5) can date back to the pioneering works of de Figueiredo, Miyagaki, and
Ruf [14] and Adimurthi [2], respectively, for the study of the planar unconstrained
critical problem (1.6), both of which are reasonable for critical exponential growth
functions satisfying (F1) since f(t) behaves like eot” at infinity, as pointed out by
Figueiredo and Severo [17]. In particular, (F4) is much weaker than the condition

(1.19) Bo:= lim ZA0)

2
[t|—o0 e0t

:+Oo

introduced in [2], even any relaxed versions of it in the existing literature, such as
taking By by a smaller positive constant. This type of condition permits using clas-
sical Moser-type functions as test functions to control the energy level by 27/cp in
the unconstrained context; see [14, 15]. As pointed out by Masmoudi and Sani [24,
Remark 8.2], although (F4) and (F4’) both define the behaviors of the nonlinearity at
infinity, it still seems to be difficult to compare them because the latter, performing
as a global assumption, additionally specifies the growth condition at the origin. Our
results in this direction are given in the following two statements.

THEOREM 1.2. Assume that a > 0 and f satisfies (F1), (F2), (F3), (F4), and
(F5). Then (i) (1.9) has a radial solution; (ii) (1.9) has a ground state solution on S,
if further (F6) holds. Moreover, for any solution, the associated Lagrange multiplier
A s positive.

Set

-2
IVulls ™" [[ul3

1.20) v*(a):=
(1.20) ~*(a) u€ H (R?)\{0} (Jwllp

with C,:=

)

C, [040 (p— 4)] (p—4)/2
a(p—2) |4n(p—2)
where p is given by (F4/).

THEOREM 1.3. Assume that a > 0 and that f satisfies (F1), (F2), (F3), (F4')
with v >~*(a), and (F5). Then, the conclusions of Theorem 1.2 hold.

Remark 1.4.

(i) Theorems 1.2 and 1.3 give complete answers to questions (Q1), (Qz), (Qs),
and (Q4), which may be mutually noninclusive due to assumptions (F4) and
(F4").
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(ii) With (F4) and (F4’), we implement two kinds of sharp estimates for energy
levels, both of which differ considerably from previous works on normalized
solutions. These subtle estimates should be useful for considering other L2-
constrained equations in critical exponential settings.

(iii) Theorem 1.2 can be considered as a counterpart of planar unconstrained crit-
ical problem (1.6), originally considered by Adimurthi [2] in the context of
normalized solutions, and seems to be the first result on this topic. As in
the unconstrained contzoxt, estimates of the energy levels depend on the as-
ymptotic behavior of teiﬁ? at infinity. Somehow surprisingly, our hypothesis
(F4) seems to be optimal in this respect, which is much weaker than (1.19),
even any weakened versions of it in the previous works; however, it remains
open whether this optimal hypothesis works in the unconstrained context.

(iv) Theorem 1.3 improves that of [6] in the sense that we not only extend the
constrain condition a € (0,1) used in [6] to a > 0 but also find an explicit value
~v*(a) > 0 instead of an implicit expression in [6]; besides, our assumptions
are weaker than those of [6].

Note that the proof for the existence of a radial solution to (1.9) in Theorems 1.2
and 1.3 can also be applied to the nonautonomous equation (1.1) with radial potential
b satisfying

(B,) beCH(R? R") is radial and bounded, inf,cp2 b(x) > 0, and

—oo < inf Vb(z)-x < sup Vb(z)- -z <0.
z€R? z€R2

We have the following corollary.

COROLLARY 1.5. Assume that a > 0 and that (B,), (F1), (F2), (F3), and (F5)
hold. Then, (1.1) has a radial solution if [ further satisfies either (F4) or (F4") with
v>7"(a).

In the second part of this paper, we shall further study the existence of ground
state solutions to nonautonomous form (1.1) with the variable potential b(x) satisfying
(B1). This type of variable potential originates from the classic work of Ding and
Ni [16] that investigated the positive ground state solutions to the unconstrained
Schrédinger equation

(1.21) —Au+u=b(z)f(u), weH (RY),

where N > 3, potential b satisfies (B1) replacing R? with RY, and nonlinearity f has
Sobolev subcritical growth. Nowadays, it has been widely used in studying various
kinds of unconstrained elliptic equations and systems in the subcritical or critical
setting, which, as mentioned by Wang and Zeng [31], can be considered as a converse
direction of the classical Rabinowitz-type trapping potential introduced by Rabinowitz
[26]. In sharp contrast to the above unconstrained case, regarding this type of variable
potential, the study of normalized solutions is almost unexplored in the literature. To
our knowledge, the first and currently the only paper in this respect is [13], where the
authors considered the Sobolev subcritical case in the dimensions IV > 3; nevertheless,
nothing is known in the Trudinger—Moser critical setting this paper focuses on. The
present paper seems to be the first attempt to generalize the previous results in (1.21)
to a new L2-constrained scenario (1.1) in the Trudinger—-Moser critical setting. A
novelty of the proof lies in the subtle combination of new strategies, which shall be
introduced in the process of treating autonomous form (1.9), and the comparison
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argument in the unconstrained context developed by Rabinowitz [26] to restore the
compactness of PS sequence {u, }, which is more delicate because one has to deal with
the lack of both translation invariance of ® and the noncompactness of the embedding
H'(R?) — L*(R?) for s > 2, as well as whether @ € S, is unknown if u,, — @ in H*(R?).
To state our results in this direction, on (1.1), besides (B1), (F1), (F2), (F3), and
(F4) (or (F4')), we also introduce the following conditions:
(F7) There exists a constant 6 € [2, 4] such that [f(¢)t—0F(t)]/|t|3t is nondecreasing
on (—00,0) and (0, +00);
(B2) be CL(R% R), and t — (6 — 2)b(tz) — Vb(tz) - (tr) is nonincreasing on (0,00)
for every x € R?;
(B3) 2b(z) + Vb(z) -2 > 0V x € R?, and the inequality strictly holds for some
A CR%
Without loss of generality, we may assume that b, = 1. Our results are as follows.

THEOREM 1.6. Assume that a >0 and that (B1), (B2), (B3), (F1), (F2), (F3),
(F4), and (F7) hold. Then, (1.1) has a ground state solution on S,, and the associated
Lagrange multiplier X is positive.

THEOREM 1.7. Assume that a > 0 and that (B1), (B2), (B3), (F1), (F2), (F3),
(F4') with v >~*(a), and (F7) hold. Then, the conclusions of Theorem 1.6 hold.

We recall that any solution of (1.1) lives in the L?-Pohozaev manifold given by

(1.22) ./\/laz{uESa:J(u) = (;it@(tut)‘t:l:O}.

For given a > 0, we identify the suspected ground state solution energy

(1.23) Mg = uérjlé[a D(u).

If a solution u, of (1.1) satisfies ®(u,) =m,, then it is a ground state solution.

Remark 1.8. As will be seen, to restore the compactness when searching for ground
state solutions, we need to obtain the monotonicity of a — m>(a) and a — m(a) (see
Lemmas 3.6 and 4.5), which turns out to be the key ingredient. As a by-product of
this study, we can further establish the following asymptotic behaviors of the ground
state energy (see Lemma 4.6 and Corollary 4.7):

lim m™(a) =400, lim m>(a)=0, lim m(a) =400, and lim m(a)=0.
a—0+ a—+o0 a—0+ a—+00
Remark 1.9. Theorems 1.6 and 1.7, to some extent, can be viewed as the extension
of existence results on ground state solutions to unconstrained Schrédinger problems
with the Rabinowitz-type trapping potential in the context of normalized solutions.
To our knowledge, there have not been any similar results in the literature in this
respect.

1.3. Sketch of the proofs. First, we treat the autonomous problem (1.9) and
give ideas of the proofs of Theorems 1.2 and 1.3. To obtain a radial solution of (1.9)
for any a > 0, following the argument developed in Jeanjean [18] and working in the
space H}!(R?), we first construct a special PS sequence {u,} C S’ := S, N H}(R?)
satisfying

(1.24) D (up) = %(a) >0, |5, (un) =0, and J*(un) =0
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for every a > 0; see section 3.1. Since the Nehari manifold cannot contribute here due
to the presence of unknown Lagrange multipliers, it is the additional property related
to the Pohozaev identity J°°(u,) — 0 that allows us to obtain the boundedness of
{||unl|}, whose proof does not require AR condition (F3’) used in [6]. As noted before,
a major difficulty lies in the analysis of the convergence of {u,}. Indeed, due to the
simultaneous appearance of the L?-constraint and the nonlinear term with critical
exponential growth, several classical tools are not available anymore, and this forces
the implementation of new strategies and techniques to restore the compactness of
{uy}, which are summarized as follows.
(I) Obtain a sharp upper estimate ¢2°(a) < 27/aq instead of the approximate
evaluation like (1.16) in [6].
With (F4) and (F4’), we shall propose two different strategies to get this fine
estimate. The new strategies will conquer the aforementioned difficulty (i),
which read as follows.
e The case (F4) holds.
Note that the Moser-type functions used in the unconstrained context do
not work anymore since both testing functions and testing paths must
be restricted on the set S,. To settle this issue, we construct a finer
path with a new sequence of testing functions in an ingenious way and
successfully control energy to make sure that it is less than the threshold
27 /o by means of (F4); see Lemmas 2.8 and 2.9.
e The case (F4') holds.
Different from that of [6], we select skillfully a sequence of functions
related to the Gagliardo—Nirenberg inequality as testing functions. It
is this special choice that permits us to find an explicit lower bound
~v*(a) >0 of v to control precisely energy with (F4'); see Lemma 2.10.
(IT) Prove that u,, — @ in H}(R?) for some @ € H}(R?)\ {0}, up to a subsequence,
which conquer the aforementioned difficulty (ii).
Having at hand the above conclusion (I), we first prove that up to a sub-
sequence, {u,} has a nontrivial weak limit @ € H*(R?) with |a|]3 € (0,q]
provided ¢X(a) < 2m/ag. However, it is not sufficient to justify that u
is a normalized solution of (1.9) because whether |u|3 = a is unclear. To
verify it, we prove that there exists a Lagrange multiplier A > 0 such that
—At + Au = f(u) and conclude the compactness of {u,} from A > 0. This
strategy effectively addresses the lack of the compactness on f in L!(R?) and
the Brezis-Lieb property in H}!(R?).
The proof for the existence of ground state solutions to (1.9) consists of the following
steps.
Step 1. Working directly in H'(R?) in place of H}!(R?) used above, we construct a
certain PS sequence {u,} C S, of ®>° with the additional property J°(u,) —
0 at the level ¢ (a) (see (3.28) below), which is bounded in H*(R?).
Step 2. By adapting the argument of the Nehari manifold in the unconstrained con-
text and combining some new inequalities related with ®>°(u) and J*°(u),
we prove that ¢ (a) =m>(a); see Lemma 3.5.
Step 3. By developing more robust arguments than before, we prove the compactness
of {u,}, up to translations.
Note that Step 3 turns out to be the most challenging and requires a deeper analysis
and more delicate techniques. Indeed, the proof of the compactness in the aforemen-
tioned (II) uses essentially the fact that the embedding H}(R?) < L*(R?) is compact
for any s > 2; it fails in H'(R?) since there is no odd condition (HO), and we can-
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not work with sequences of functions that are Schwartz symmetric, like that in the
almost all previous related works. To address this issue, we show that the ground
state energy map a +— m®(a) is nonincreasing on (0,00), with the help of (F6) as
noted in Remark 1.8, and, by making full use of this monotonicity, we prove that, up
to a subsequence and up to translations, there is a weak limit u € H!(R?)\ {0} of
{un} such that ||u, — @2 — 0, where @ # 0 can be obtained by controlling the en-
ergy level as in the above (I). It permits reducing the problem of strong convergence
to the one of showing the positivity of the Lagrange multiplier like that in the last
part of the above (II). This strategy was initially proposed by Bellazzini, Jeanjean,
and Luo [7], who studied Schrédinger—Poisson systems, and was further developed
by Jeanjean and Lu [21] for the study of (1.9) with Sobolev subcritical growth. One
should, however, note that the argument in [21] used essentially the convergence of
f(up)u, in L*(R?), and so it is unavailable in the critical exponential setting. It is
worth pointing out that by developing new arguments, we confirm that the above
strategy is also effective for (1.9) with critical exponential growth without (HO). Our
arguments are more robust and involved than before in the sense that they require
neither the convergence of f(u,)u, in L'(R?) nor the Brezis-Lieb property (1.10) and
should be adapted to treat other L?-constrained problems with critical exponential
growth.

Finally, we deal with the more complex nonautonomous problem (1.1) and present
crucial ingredients for the proofs of Theorems 1.6 and 1.7. Our proofs are based on
the line of proofs for the search of ground state solutions to (1.9). However, special
care and extra effort are always needed due to the aforementioned unpleasant facts
in the presence of the variable potential b(z), summarized as follows.

e Derive that the obtained mountain pass level equals the ground state energy
like those of Step 1 and Step 2 in (1.1).
For this, we have to carefully analyze the behaviors of both t — b(tx) and
t— Vb(tz) - ta for any x € R? and develop more technical arguments so that
key inequalities on the energy functional and the Pohozaev functional of (1.9)
can be extended to the nonautonomous case (1.1), where a slightly stronger
monotonicity condition (F6) compared to (F5) is required.

e Prove the nontriviality of the weak limit of the obtained PS sequence {u,},
up to a subsequence.
Note that for this, the argument treating (1.9) before is invalid because the
corresponding energy no longer has translation invariance. To overcome this
lack, we first compare ground state energies between the nonautonomous
problem (1.1) and its “limit problem” (1.9) and conclude that m(a) < m*(a),
then prove that either a weak limit of {u,} is nontrivial or that m(a) >
m(a); thus, this contradiction ends the proof. Although this idea comes
from Rabinowitz [26] and has been used in many other contexts, the related
proofs explored in the previous works fail to work because they require the
concentration-compactness principle due to Lions [23] and the Brezis—Lieb
property like (1.10). This forces us to develop more robust arguments to
complete the proof.

1.4. Organization of the paper. In section 2, we present some preliminary
results for (1.1), which will be used in the rest of the paper. In section 3, we study
the existence of radial solutions and ground state solutions for autonomous equation
(1.9) and complete the proof of Theorem 1.2. Section 4 is devoted to the study of the
existence of ground state solutions for (1.1) and finishing the proof of Theorem 1.6,
where the proofs of Theorems 1.3 and 1.6 are given in Remark 4.10.
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Throughout the paper, we make use of the following notations:
e H'(R?) denotes the usual Sobolev space equipped with the inner product and
norm

(u,v)z/ (Vu - Vo +ww)dz, |ul|=(u,u)/? ¥ u,veH (R?);
R2

e H!(R?) denotes the space of spherically symmetric functions belonging to
H(R?):

H}(R*):={ue€ H'(R?) | u(z) =u(|z|) a.e. in R*};

e [*(R*)(1 < s < oo0) denotes the Lebesgue space with the norm |uls
= (Jo ful*dr) 1/

e For any u € H*(R?)\ {0}, u¢(x) :=u(tx) for t > 0;

e For any € Q and r >0, B.(z):={y€Q:|y —z| <r} and B, = B,.(0);

e ('1,C5, ... denote positive constants possibly different in different places, which
are dependent on a > 0.

2. Preliminary results. Under assumptions (F1) and (F2), fixing o > «p, we
know that, for any € >0 and any ¢ > 1, there exists Cy ¢ 4 > 0 such that

(2.1) [F(0)] <eltf + Caege®lt]? VieR;
moreover, using (2.1), we deduce that for any e > 0, there exists Cy . > 0 such that
(2.2) IF(t)| <elt|* + Cace® |t VieR.

In this section, we always assume b € C}(R?,R*) N L>°(R? RT) with inf,cpz b(x) > 1
and —oo < inf,ege Vb(x) - © < sup,cpe Vb(z) - < 0. By Lemma 1.1 and (2.2), we
have ® € C*(H'(R?),R).

Noting that (F1) and (F2) imply that ® is no longer bounded from below on S,,
we shall look for a critical point satisfying a minimax characterization. For this, we
give the following definition.

DEFINITION 2.1. For given a > 0, we say that ® possesses a mountain pass
geometry on S, if there exists pg, >0 such that

(2.3) c(a):= inf max ®(g(7)) > maxmax{®(9(0)), (g(1))},
where T :={g € C([0,1],8.) : [Vg(0)[13 < pa, P(g(1)) <0}

We want to prove that for any a > 0, there exist PS sequences for ® restricted to
S, at the level ¢(a). To derive the boundedness of PS sequences, we manage to look
for more information related to the L?-Pohozaev identity, which will be obtained in
the following subsection. From now on, we always let a > 0.

2.1. A special PS sequence with the extra property. In this subsection,
we shall find a special PS sequence {u,, } of ® restricted on S, with the extra property
J(uy) — 0, where

t? 1
(2.4) D (tuy) = §||Vu||§ % /]Rz b(x/t)F(tu)de ¥V t>0, ue H'(R?)
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and
(2.5)
J(u) = %@(tut)‘tzl
= ||Vul3 + / [2b(z) + Vb(x) - 2] F(u)dz — [ b(z)f(u)ude VY ue HY(R?).
R2 R2

To this end, we first prove that ® has a mountain pass geometry on the constraint
S, ; this reads as follows.

LEMMA 2.2. Assume that (F1), (F2), and (F3) hold. Then,
(i) there exists K(a) > 0 small enough that ®(u) > 0 and J(u) >0 if u € Ask

and

(2.6) 0< sup ®(u) <inf{®(u):u€S,,||Vull; =2K(a)},
u€EAK

where

(2.7)

A ={ue8,:|Vu|3<K(a)} and Askx={u€S,:||Vul} <2K(a)};
(ii) T ={g€C([0,1],84) : [Vg(0)[I5 < K (a), ®(9(1)) <0} #0 and
c(a) = inf max ®(g(t)) > inf {@(u):u€S,,||Vul3 =2K(a)}

g€la t€[0,1]
(2.8) > max max{®(g(0)), ®(g(1))}.

g€la

Proof. (i) By the Gagliardo—Nirenberg inequality, we have
(2.9) lullf <CTHlul3IVull3™  for s>2,
where Cs >0 is a constant determined by s. Using (ii) of Lemma 1.1, we have
/ (e ~1)da :/ (2T B/ Iw1e)* 1) g
R2 R2
(2.10) <Cp Vued,,||Vullz <+/m/a.

By (2.1), (2.2), (2.9), and (2.10), we have
/]R? b(x)F(u)dx + /]R2 b(z)[f(u)u — 2F (u)]dz + /W |Vb(z) - z|F(u)dz
<ellulli + C-. /R2 (eo‘“2 — 1) lu|*dz
<eCylal|Vul? + C. UR (e2a“2 - 1) d:c] - [[ulls

(2.11) <eCyla|Vu|? + C.C2es A Va|Vul)} Y ue S, |Vl < /e

Now, let 0 < K < m/a be arbitrary but fixed, and suppose that u, ug,v,v9 € S, such
that [|[Vul]3 < K, ||[Vv||3 < 2K, ||Vuol||3 = K/2, and ||Vvg||3 = 2K. From (1.4), (2.5),
and (2.11), by setting e =C4/(8a) in (2.11), we deduce that, for small enough K > 0,
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B(v) = 1||W||§ —/ b(z)F (v)da

> SIVel3 — 20eC Vol — 001265 2 a9l 3)

(212) = Vol - .2 es 2 va(Iv el > o,
I =190l + [ 2b(o) + bla) -alP(e)do — [ bla) f(o)oda
> ZIVoll} — 20C5 | Voll3 — 001 2Cs 2 Va( |V )
(213) = IV0l3 — O A a( V) >

B(o0) =0 = 519013 ~ [ bla) Flon)de = 51Vulf + [ o)

> 51( —2aeCy 'K — C.C 2 2 Ja(2K)3/?

(2.14) = LK - GO A aRK P > (K,
and
Do) = 5| Vuoll3 - / bz
(2.15) Zi —aeCi K2 - €0 1/2\/6(1(/2)3/22%K.

Using (2.12), (2.13), (2.14), and (2.15), we know that there exists K = K(a) > 0
sufficiently small that ®(u) >0 and J(u) > 0 if u € A3k, and (2.6) holds.
(ii) We first prove that I’y # 0. Using (F1) and (F3), it is easy to see that

(2.16) lim L)

—_— —"—OO
[t| =400 eX0t?/2

For any given w € Sy, we have [[tw;||2 = [|w||2, and so, tw; € S, for every ¢ >0. Then,
(2.4) and (2.16) yield that

(2.17) O(twy) - —c0 as ¢t — 4o0.

Thus, we can deduce that there exist t; > 0 small enough and t5 > 0 large enough
such that

IV (trwe,) 13 = 1 Vw3 < K(a),

IV (t2we, ) 3 = 3] Vw||3 > 2K (a), and ®(t2wy,) <O0.

Let go(t) := (t1 + (ta — t1)t)wy, 4(t,—1,)¢- Then, go € 'y, and so, I'y # (. Now, using

the intermediate value theorem, for any g € T',, there exists ¢y € (0,1), depending on
g, such that ||Vg(to)||3 = 2K (a) and

max ®(g(t)) > ®(g(to)) > inf {®(u) :u € S,,||Vul3 =2K(a)},

t€[0,1]

(2.18)

which, together with the arbitrariness of g € 'y, implies that

: = ) > : 2 _ .
(2.19) cla)= glenrf trél[(z}x}fﬁ( g(t)) > inf {®(u) : u € S,, ||Vul|53=2K(a)}

Hence, (2.8) follows directly from (2.6) and (2.19), and the proof is completed. |
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Remark 2.3. From (2.13), we can deduce that, for any a > 0, there exists a
constant p(a) > 0 just depending on a > 0 such that ||Vu|2 > p(a) for all u € M,.

Let us define a continuous map 3: H := H'(R?) x R — H'(R?) by

(2.20) B(v,t)(x) =e'v(e'z) for ve H'(R?), t€R, and x € R?
and consider the following auxiliary functional:

- e?t 1 _
e2) B0 =B, = FIVelE - 5 [ e (s,

where H is a Banach space equipped with the scalar product
((’Ul, 51), (Uz, 52))[-] = (’Ul,’Ug) + 5180V (’Ui, Sz) €H, i=1,2

and corresponding norm ||(v,)|m := ([lol* + \t|2)1/2 for all (v,s) € H. We see that
®’(v,t) is of class C!, and for any (w,s) € H,

<§>’(v,t), (w, s)> = ezt/ Vo - Vwdz + e*'s|Vol|2 — %/ ble 'x) f(e'v)elwdx
R2 € R2

S
e2t

s
2t oo

(2.22) =(®'(B(v,1)), B(w, 1)) + 5T (B(v,1)).

We shall prove that ® also possesses a kind of mountain pass geometrical structure
on S, X R.

LEMMA 2.4. Assume that (F1), (F2), and (F3) hold. Let v e S, be arbitrary but
fixed. Then, we have the following:
(i) IVB(v,t)|l2 = 0 and ®(B(v,t)) =0 as t = —o0;
(ii) [|[VB(v,t)]|2 = 400 and ®(B(v,t)) = —c0 as t — +o0;
(iii) There exist s1 <0 and so >0, depending on a and v, such that the functions
01 = B(v,81) and 2 = B(v, s2) satisfy

|Vo1]3 < K(a), ||V >2K(a), and ®(i;) <O0.

+ /]R2 [2b(e~"x) 4+ Vb(e 'z) - e ta| F(e'v)dx

ble 'z)f(e'v)elvdr

Proof. (i) A straightforward calculation shows that

6275
(2.23) 1B D)3 =a and [VA(v,t)l3=—[Voll; VteR.

Since e* — 0 as t — —o0, using (2.11), (2.21), and (2.23), we can deduce that (i)
holds, arguing as in the proof of (i) of Lemma 2.2.

(ii) From (2.21) and the fact that e?’ — 400 as t — +oo, item (ii) follows as in
the proof of (2.17).

(iii) Item (iii) follows from (2.23) and the above items (i) and (ii). d

LEMMA 2.5. Assume that (F1), (F2), and (F3) hold. Let v € S, be arbitrary but
fixed. Then,

(2.24) cla) =é(a):= inf max &(3(7)) > maxmax {@@0), @)},

where

Lo:={g€C([0.1],84 x R): §(0) = (31(0),0), [IV31 (0)13 < K (a), 2(3(1)) < 0}
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Proof. Note that Ty # 0 due to (iii) of Lemma 2.4. Since Ty = {80§:§€Ta},
i.e., c(a) =é(a), (2.8) and (2.21) lead to

&(a) = ¢(a) > maxmax{®(g(0)), ®(g(1))} = max max{$(3(0)), 8(§(1))}.

gely gely,
This completes the proof. 0

Following [33], we know that, for any a >0, S, is a submanifold of H'(R?) with
codimension 1, and the tangent space at S, is defined as

(2.25) Tu:{veHl(RQ):/ uvdsz}.
R2
The norm of the C' restriction functional ®[% (u) is defined by
(2.26) @[5, (W)= sup  (®'(u),v).
VET,,||v]|=1

As in Jeanjean [18], for every (u,t) € S, X R, we define the following linear space

(2.27) Tos= {(v,s) €H: uvdm:O}

R2
and the norm of the derivative of the C* restriction functional ®|s, xg by
228)  Blse@tl= sw (s ) (0,9).
(U75)ET’MJ)H(U7S)HH:1
In the same way as [18, Proposition 2.2], we have the following proposition.

PROPOSITION 2.6. Assume that ® has a mountain pass geometry on the constraint
So xR, Let a>0 and {gn} C Ty be such that

~ 1
(2.29) max ®(g,(7)) <é(a)+— VneN.
T€[0,1] n

Then, there exists a sequence {(vn,tn)} C Sq X R such that
(i) ®(vn,tn) € [(a) — . &a) + 1]
(if) minrejo,n (v, tn) = Gn (7)1 <
(iii) ||®|:S‘a><R<vn7tn)|| S %,‘ i.e.,

|<<i>’<vmtn>7<v7s>>|s%nm»m ¥ (0,5) €T r

Note that
d - .
—B(v,t) = <‘I>’(v,t), (0, 1)>
=e?!|| V|3 + %/ [2b(e"2) + Vb(e "z) - e x| F(e'v)da
RZ
- % /}R2 ble 'z)f(e'v)etvdr
(2.30) =J(B(v,t)) V (v,t)€H.

With the aforementioned lemmas, we can get the desired sequence as follows.
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LEMMA 2.7. Assume that (F1), (F2), and (F3) hold. Then, there exists a bounded
sequence {u,} C S, such that

(2.31) D(uy) — c(a) >0, @\ga(un)%o, and J(u,) — 0.
Proof. Let
(2-32) Un = /B(Un7tn) and gn(T) = 5(§n(7—)> for T € [07 1]7

where £ is defined by (2.20); vy, t,, and g, are given in Proposition 2.6. Then, u,, € S,
and g, €T’y by (2.23) and (ii) of Lemma 2.2. Moreover, by (2.21), (2.30), Lemma 2.5,
and Proposition 2.6, we have

(2.33) D(uy) = D(vn,t,) € {c(a) - %,C(a) + H
and
(2.34) () = <i> (0n,tn), (0, 1)>%o.

Using (F3) and (F5), we know that, for any ¢ > 0, there exists Rs > 0 such that
(2.35) F@®)E>6F(t)>0 VY |t| > Rs.

Noting that b(z) > 1 and Vb(z) -2 <0V x € R?, it follows from (2.33), (2.34), and
(2.35) with 0 =8 that

cla)+o(1)=d(u,) — iJ(un)

1
/|un|<Rg b(x) [f (up)un — 6F (uy,)]dzx

1
= ZHVUn“g t1

1

1
i 4 /|un|>R8 b() [f (un Jun — 6F (un)] dz — 1 Jeo Vb(z) - oF(u,)dz

1 3
(2.36) > —||Vunl|3 + / b(x) f (un)undz — Ca|un |3,
16 Jyu,.|>Rs

,J;

which implies that {u,} is bounded in H'(R?). To finish the proof, it remains to
prove that @[ (u,) — 0; i.e., (®'(u,), w) — 0 for all w € Ty, . For this, we just need
to show that {(8(w,—t,),0)} C T, +, and {(8(w,—t,),0)} is bounded in H since

(2.37)

(@ (1), 0) = (&' (v, t0), (Bw, ~£a),0)) € =[[(Bw, ~ta), )| Y wET,,.

Bl

Indeed, for any we Ty, , i.e.,

/ upwdx :/ e, (e x)w(z)dr =0,
R? R?

we have

/R2 vp () B(w, —t,) (z)dx = /R2 vp(z)e rw(e i r)dr = / e, (el r)w(xr)dr =0,

R2
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which implies that
(2.38) (Bw,~tr),0) €Ty, 1,
Moreover, by (ii) of Proposition 2.6, we have

[tn] < min |[(vn,tn) — Gn(T)||lm <1 for large n € N,
r€[0,1]

which leads to

(2.39)

1(B(w, —ta), 0) |7 = 1B(w, =tn)|* = ™ | Vw3 + [lw]|3 < €*||w||* for large n € N.

This shows that {(8(w,—t,),0)} C Ty, +, is bounded in H. Jointly with (2.38), we
get @[5 (u,) — 0. From this, (2.33), and (2.34), we conclude that {u,}, defined by
(2.32), is bounded and satisfies (2.31). The proof is completed. |

To overcome the difficulties caused by the critical exponential growth in the con-
text of normalized solutions, we need to establish some crucial energy estimates for
the minimax level ¢(a) given by (2.8), which are given in the next subsection.

2.2. Energy estimates for minimax level. In this subsection, we give a pre-
cise estimation for the energy level ¢(a) given by (2.8), which helps us to restore the
compactness in the critical2 exponential case.

Let r :=liminf,_, f’eii?. By (F4), we know that x > 0. Then, we can choose

d > 0 such that x> -2~ For large n € N, let R,, > d be such that

ed?od”
d? 9 4 8
a= T61ogn (1 +2log2 +2log”2 — ol n210gn>
log” 2
(2.40) BOR % Tiogn (S + 4REd— 10R & +3d°).
Then, one has
2 12

(2.41) lim o _ 120

n—oo logn o log2 2’

Now, we define the following new Moser-type functions w,, (z) supported in Bg,, :=
Bg, (0):

JIogn, 0<la|<d/n,

log(d/|x
1 il d/n<|z| <d/2,

Wy (7) = —= 2(Ry,—|x|) log 2
V2T (2Rn—d)y/logn’ d/2§|$|§an

0, |z| > R,.

(2.42)

Computing directly, we get that, for large n € N,

log2 (2R, + d)log?2
logn = 2(2R, —d)logn —

(2.43) V2 :/ Vewop|2de =1 —
]R2
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and
Junl = [ Pda
R2
@/n 42 10g (d/r) B 4(R,, — 7)?1og? 2
= 1 d ——rd e d
/0 (logn)r 7‘+/d/n logn " T+/d/2 (2Rn—d)2lognr "
2 . 4 8
= T6logn (1 +2log2 + 2log” 2 — ol anogn)
log® 2 3 2 2 3
S8R 4R;d — 10R,d* + 3d
+48(2Rn—d)logn( n T +3d%)
(2.44) —a.

LEMMA 2.8. Assume that (F1), (F2), (F3), and (F4) hold. Then, there exists
n €N such that

2
(2.45) sup ®(t(wy)y) < —.
t>0 Qg

Proof. Using the fact that & > 47 /(ed?ad) and (F4), we may choose small ¢ > 0
and large t. > 0 such that

(2 —¢)(k —e)d?ad

2.46 1+1 >0
( ) + og 87T(].+E)5/2

and

(2.47) PF(t) > (k—e)e™ V|t >t..

Using (2.4) and (2.43), we have

B(t(w,)) = 5 [V 3~ / bl /1) F(tw,)da

21
(2.48) < 5z F(twp)dx ¥V t>0 for large n € N.
R2

There are four cases to distinguish. In the following, we agree that all inequalities
hold for large n € N without mentioning.

Case (i) t €0, 4/ i—’;] Then, by F(t) >0,V t€R and (2.48), we have

™

1 t2
(2.49) D(t(wp)) < = — = | Fltwy)dr < — < —,
R2 2 (67}
which yields the existence of 7 € N, satisfying (2.45).
Case (i) t € [/ 2%, | /i—’;]. In this case, tw, () > t. for x € By, s and large n € N.

ap

Then, it follows from (2.42) and (2.47) that
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—1_ 422
n(27r) apt®s QSdS]

n<2ﬂ)_1a0t282d8‘|

]. 1 _ agtzwi
7/ F(twy)de > — F(twy)da z/ (re)emr ™
2 Jre I8y m Ba/ym thwy
> (H — E)Oé% / eagtzwidx
— 8rmlogn By ym
2.2 [ 1
_ ("i _Zg)d g e(27r)_1a0t2 logn +2n2 IOgTL/
8n?logn I 1/2
2.2 [ 1
(";_281)2 g e(27r)_1a0t2 logn + 2n2 logn/
n?logn 1/2
(K: 72€)d2043 _6(277)_1040152 logn + 471—2 (n(27r)_1a0t2 _ n(47r)_1a0t2):|
8n?logn | apt
(k —g)d%a} (2m) oot 1 1
2.50 >\ @0t lgn _ .
(2:50) — 4nZ?logn ¢ nlogn
Using (2.48) and (2.50), we are led to
1
D(t(wp)) < T2 f F(twy,)dx
< ﬁ _ Me(zﬂ)flaotz logn +0 1
-2 4n2logn nlogn
1
2.51 =, () + 0 .
(251) enlt)+0 (o)
Choosing t,, > 0 such that ¢! (¢,) =0, then we have
2.3
(252) 1= (H;E)g Qg e(QTF)_ll)é[]ti logn'
™m
It follows that
2 4r 1 log 47 — log((k — £)d*ad)
" g 2logn
47 27 (k —g)d%ad
2.53 =— - 1
( ) ap aplogn o8 4
and
(2.54) (t) < (t)—i— T V>0
' Pril) = Pniln) =3 aglogn =
Using (2.53) and (2.54), we are led to
t2 e
n(t) < n _
enlt) < 2 aglogn
2w o (k —e)d?a} .
T ap ap logn & 47 aplogn
_2r o o e(k —e)d*a
ap  aglogn & 47 ’

which, together with (2.51), yields

2 —e)d%ad 1
a(t(w)) < 2% - 105 DTG .
ag  aglogn 4
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Then, we deduce from (2.46) that (2.45) holds for some 7 € N.
Case (iil) t € [,/2T 1/3—’;(1 +¢)]. In this case, twy(z) > t. for x € By, s and

ap’?

large n € N; then (2.42) and (2.47) yield

1 _ (xotzwi
F(twy,)dx > 7 F(twy,)dx > / %dx

g2
Bayym Bayym Fwn

1
t2 R2
(k —e)og

apt w"d
- 87r(1+5)210gn/3d/ﬁ6 v

("f—fd% o(2m) " taot® log 2 /1
_ I e ogn 9 1
~ 8(1+¢)2n2logn +an”logn 1/2

n(QW)IQOtsz_QSdS]
_(k—e)dag Yd?ad
= 8(1+¢)2n2logn
(K‘ — E d2a0 271')’1040152 logn + 1 e[(l—s)(Qﬂ)’1a0t2+25] logn
~ 8(14¢)%n%logn l1+¢

o —
(nQa logn)

(k —e)d*ag (2—e)(4m)~agt® 1 1
2.55 > T exotrloen _ O ———— .
(2:55) =2 4(1 +€)5/2n2—¢ logne n2e logn

1
(271') Lagt? logn+2logn/ n[(l—a)(QTr)laot2+2€]SdS:|
1—e

Using (2.48) and (2.55), we are led to

D (t(wn)e _———/ F(twy,)dz
< - t* K_€>d2a0 e(2—5)(4w)71a0t210gn+0 21
2 4(1+¢)52n2—<logn n?*logn
1
2.56 =Y, (t)+O0 | ———— .
(2.56) 00 +0 (o)

Choosing £, > 0 satisfying ¢/, ({,) = 0, then we have

(257) 1= (2 — 6)(H — E)d ao (2 e)(4m) " rapt? logn
877(1 + 5)‘)/2TL2 5

which implies that

4m ll N log (8m(1 +¢€)%/2) —log ((2 — &) (k — €)d*af)

2 =
" (2—¢)logn

Qo
47 4 8m(1 4 ¢)°/2
P 08 20y
ag  (2—¢e)aglogn © (2—¢e)(k—e)d?}
From (2.56) and (2.58), we deduce that

(2.58) =

R t2 2m

n(t) < Yn(tn =l
Yn(t) < ¥n(tn) 2 (2—¢)aglogn

o o . 8r(l4¢)2 o

T (2—e)aglogn g(Q—E)(H—&)dQOéS (2 —€)aglogn

_ 203
_2m 27 1410 (2—¢)(k—e)d?ap ’
ap  (2—¢)aglogn 8m(1+e)5/2
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which, together with (2.56), yields that

o T (2 —¢)(k —e)d®a 1
[0 n < - — 1 1 .
(t(w )t) = (2 — E)Oéo logn |: +log 877(1 + 6)5/2 +0 10g2n

Then, it follows from (2.46) that (2.45) holds for some 7 € N.
Case (iv) t € (4/ 4672(1 +¢€),+00). Since tw,(v) > t. for x € By, 5 and large n €N,
we deduce from (2.42) and (2.48) that

21
D(t(wp):) < 32 ) F(twy,)dz
< i _ 2772(“4‘ — a)dQ 6(27'r)71040t2 logn
-2 n2ttlogn
20 N2
(259) < 27T(1 +€) _ O[O(H E)d erlogn < 4771-’
ag 8(1+¢)?logn 3ayp

where we have used the fact that the function

— i _ Me@ﬂ')ilaotz logn

On(t): 5

n2t*logn

is decreasing on t € ( i—g(l +e), —i-oo) for large n. In fact,

2n°(k —e)d® (aot’l :
(b;(t):t_ - (K g)d (aOt Ogn_4) 6(271') 1ozoi&zlogn.

n2t5logn 0

Assume that s, > 4/ i—’;(l + ¢) such that ¢/,(s,) =0 for large n. Then,

(2.60) 6 = M <a05727 _ A )e(zw)—laosi logn

" n2 logn

which yields

,  Ar . log 58 —log (27r(/1 —e)d? (aos% — 1;;2))

" 2logn
4 2 6
(2.61) =4 1” log *n —.
ap  aplogn 27(k —€e)d? (aos% — logTr7L)
This implies that lim,, . s2 = i—:, which is a contradiction. So, ¢, (t) is decreasing

on

te < 47T(1+s),+oo>

@

for large n. Thus, (2.45) holds for some 7 € N.
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The above four cases show that (2.45) holds for some 7 € N, and the proof is
completed. ]

LEMMA 2.9. Assume that (F1), (F2), (F3), and (F4) hold. Then, c(a) < 2m/ay.

Proof. Let wy be given by Lemma 2.8. Since ||Vt(wg):||3 = t?||Vws||3, we know
that there exist ¢,, > 0 small enough and T, > 0 large enough that |V, (ws)s, |13 <
K(a) and ®(Ty, (ws)7, ) <0 by (2.17). Set

go(T) = [(1 — T)tw + TTw}(wﬁ)(lfT)thrTTw VrTe [0’ 1}'
Then, go € T',. Jointly with the definition of ¢(a), we have c(a) < 27/aqp for any
a>0. |

LEMMA 2.10. Assume that [ satisfies (F1), (F2), (F3), and (F4") with v > v*(a).
Then, c(a) < 2m/ag, where v*(a) is given by (1.20).

Proof. Since

—2
IVulls ™ [[wl3

2.62 Cp=
(2.62) weHL(®R2\{0}  |ull}

)

we can choose v,, €S, such that

Va5 2vall} _ IIVonlls2a 1
(2.63) C, < - <Cy+— VneN.
g [vnllp [vnllp Poon
Note that
12 1
(2.64) D(t(vp)i) = Evaan % /R2 b(x/t)F(tvy,)dx
2
< §|\an|\§ — ’ytp72||vn||£ =gn(t) V>0, neN.
Let
2
(2.65) =4 = _ Vel .
(P —2)[lvnllp

such that g/ (¢,) = 0. It is easy to see that ¢, (t) < gn(tn) for all t > 0. Then, it follows
from (2.63) and (2.64) that

_o\ 2/(p—4)
_ p—4 1 vaan :
O(t(vn)t) < gn(tn) = 2(p—2) v (p — 2)]2/(1’—4) ( ||Uan
. ) o4l 2/(p—4)
(2.66) o P - 4)( p*n) V>0, neN.
2(0=2) [y(p— 2% a4

Since p >4 and v > ~v*(a), then there exists ¢y > 0 such that

C { ao(p—4) } e
a(lp—2) [4n(p—2)(1 —€p) '

(2.67) v =7"(a)(1 —e)4P/2 =

By (2.66) and (2.67), we have

C 1 2/(17_4)2 1—
p+n> M V>0, neN,

Bt < (7

Qo
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which implies that there exists 7 € N large enough that

(2.68) max D (t(vg)e) < o

Replacing ws by v in the proof of Lemma 2.9, we can get ¢(a) < maxyso P(t(vs)t)
for any v > v*(a). From this and (2.68), we derived the desired conclusion, and so,
the proof is completed. O

To guarantee that the obtained bounded PS sequence is strongly convergent up
to a subsequence, we give some crucial statements.

2.3. To restore the compactness.
LEMMA 2.11. Assume that (F1) and (F2) hold. Let u, — @ in H'(R?) and
f]R2 |f (un)up|de < Ky for some constant Ky > 0.
(1) Then, limy o0 [go f(un)pda = [5, f(@)¢dz for any ¢ € C5°(R?).
(ii) Suppose that Q C R? and u,, — @ in LY(Q) for some q > 2. If further (F5)
holds, then limy, o [, F(u,)de = [, F(a)dz.

Proof. Ttem (i) follows directly from [14, Lemma 2.1]. Arguing as in Assertion 2
of [12, Proof of Theorem 1.4], we can conclude item (ii). 0

PROPOSITION 2.12 [7, Proposition 4.1]. Let {u,} C S, be a bounded PS sequence
satisfying (2.31). Then, there is a sequence {\,} CR such that, up to a subsequence,

(1) u, —a in HY(R?) and A\, — X in R;

(2) _Aun - )\nun - b(-r)f(un) —0in (Hl(Rz))*;

(3) —Aup, — Auy, — b() f(uy,) — 0 in (H'(R?))*.
In addition, assume that (F1) and (F2) hold and that [p. | f(un)u,|dz < Ko for some
constant Ko >0 as required in Lemma 2.11; then

(4) —AT— i —b(x)f(w) =0 in (H'(R2))*.

LEMMA 2.13. Assume that (F1), (F2), and (F3) hold. If there exist u € H'(R?)
and A € R such that

(2.69) —Au— X u=b(x)f(u), xcR?
then J(u) =0, where J is defined by (2.5).
Proof. By a standard argument, we can derive the following Pohozaev identity:
(2.70) P(u) := \ul|? + /R [2b(x) 4+ Vb(x) - 2] F(u) = 0.
Multiplying (2.69) by w and integrating, we get
(2.71) IIVUII§—>\IIUH§—/]Rz b(x) f(u)udz = 0.

By (2.70) plus (2.71), we conclude J(u) =0 as desired. 0
3. Normalized solutions for autonomous equation (1.9).

3.1. Radial solutions for (1.9). In this subsection, we shall establish the exis-
tence of radial solutions for (1.9) and give the proof of (i) of Theorem 1.2. For this, we
work in the space H}!(R?) because this space embeds compactly in L*(R?) for all s > 2,
which helps to restore the compactness. Moreover, by Palais’ principle of symmetric
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criticality [33], it is well known that the solutions in H}(R?) are in fact solutions in
whole H*(IR?). In this subsection, we shall consider the problem in 8" =S, N H} (R?).

Proof of (i) of Theorem 1.2. In the same way as Lemmas 2.7 and 2.9, we can
deduce that, for any a > 0, there exists a bounded sequence {u,} C S} such that

(3.1) D% (un) — 7%(a) € (0,21/ag), P[5 (up) =0, and J*(uy) =0
with

(3.2) c¢?(a)= inf max ®*(g(t)) > max max{®>(g(0)), 2> (g(1))},

" g€l te[0,1] gers,

where I'7%, = {g € C([0,1],87) : [|[Vg(0)||3 < K(a),®>(g(1)) <0} and K (a) is given in
Lemma 2.2. Then, there exists u € H}(R?) such that, passing to a subsequence,

(3.3) U, =4 in HY(R?), wu, —u in L*(R?) for s >2, wu, — @ a.e. in R%

Since f(t)t > 0 for any ¢ € R, arguing as in the proof of (2.36), we have that { f(un)un}
is bounded in L'(R?). From Proposition 2.12, we know that there is a sequence
{A\n} CR such that, up to a subsequence,

(3.4) A = AER,;

moreover, we have that

(3.5) —Auy, — Ay — fluy) =0, —Au, — A, — flu,)—0
in (H}!(R?))* and

(3.6) —Au— i — f(u)=0

by (i) of Lemma 2.11. Noting that u, — @ in L*(R?) for s > 2, it follows from (ii) of
Lemma 2.11 that

(3.7) Fuy)dz — / F(a)dz + o(1).

R2 R2

To prove that 4 is a radial solution to (1.9), it suffices to show that [|ii]|3 = a by (3.6).
For this, we prove below three claims in turn.

Claim 1. 2 #0.

Otherwise, we suppose that u,, — 0 in H}!(R?). Then, (1.11), (3.1), and (3.7) give

(3.8) || Vun|* =29 (u,) +2/

F(up)de =2¢°(a) +o(1) := 4—W(l —38)+o(1)
R2 (7))

for some constant £ > 0. Choosing ¢ € (1,2) such that

(14+8)(1—38)q

(3.9) - <1,
using (F1), we get
(3.10) ()9 < Cy e _ 1] v [t > 1.
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By (3.8), (3.9), (3.10), and (ii) of Lemma 1.1, we have

/ [f(un)|*da < 01/ [e“"(”aq“i - 1} da
[un|>1 R2

(3.11) _ 01/ [eaoumquun||2<un,/nun|\)2 - 1} I
]RZ

Noting that ¢/(q — 1) > 2 and u,, — 0 in L¥(R?) for s > 2, by (3.3), (3.11), and the
Holder inequality, we have

1/q
(3.12) / Flun)undz < V |f(un)|qu] lenllo st = 0(1).
|Un|21 ‘un‘zl
Moreover, by (F2), we have

(3.13) /|  J)nda < ol =o(1),

Then, it follows from (1.11), (1.13), (3.1), (3.7), (3.12), and (3.13) that

(3.14)  ¢(a) + o(1) = B (up) — %J‘X’(un) - % /R [ (Y1t — AF ()] dar = o(1),

which is a contradiction due to ¢X(a) > 0 for any ¢ > 0. This shows that @ # 0 as
claimed.

Claim 2. [;, f(un)(u, —@)dz=o(1).

Using (3.6) and arguing as in the proof of Lemma 2.13, we have J°°(@) = 0. This,
jointly with (F3), (1.11), and (1.13), implies that

(3.15) O (@) = (1) — 3 (@) = 5 /R [f(@)a — 4F (@) dz > 0.

By (1.11), (3.1), (3.7), and (3.15), we have

(@) + (1) =8 (u,) = 5 Vunlly = [ Flur)ao
~ 5 (19— @)1+ 1ValB) = [ Pa)de+o()
= IV~ W3+ % (3) + o(1)
(316) > 219 (o — )3 + (1),

Since 0 < ¢X(a) < 2m/ag for any a > 0, similarly as in (3.8), it follows from (3.16)
that there exists £ > 0 such that

1—-38)4 4
ﬂ<l for large n € N.

) — W2 <
(3.17) 9 — )3 < = < 2
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By (3.9), (3.10), (3.17), Young’s inequality, and Lemma 1.1, we have
/ | f (1) |9z < 01/ {eao(l-"—é)qui — 1} dz
[un |21 [tn |>1
< Cl/ {eao(l-&-é)zé*lqﬂzeao(1+5)2q(un—a)2 _ 1} da
‘un|21

B T
|“77|21

q
e [eao<1+é>2q2<un—ﬂ>2 — 1} dz
q Jup|>1
L @-1C / [emotrere e e g,
- q R2
(3.18) e [e“()“*f')zqzwfﬁf - 1} da < Cy.
q JRr2

Noting that ¢/(¢ — 1) > 2, by (3.3), (3.18), and the Holder inequality, we have

1/q
G19) [ - mde [ / f<un>qu] it = /a1y = 0().
lun|>1 lun|>1
Moreover, by (F1) and (F2), we have
(320) [ £ e < Colf s — s = o).
Un | <
Hence, Claim 2 follows from directly (3.19) and (3.20).

Claim 3. u,, — u in H}(R?).
Note that (3.5) yields

(3.21) ||Vun||§+An\|un||§—/ f(up)updz —0
R2
and
(3.22) / (Vuy, - Va+ Aupt)de — [ f(uy)tdz — 0.
R2 R2

By (3.21) minus J*°(u,) — 0 and using (3.4) and (3.7), we have

Aa+o(1) =\, ||un |2 = 2/ F(up)dz+o(l)=2 [ F(ua)dz+ o(1),
R? R?

which, together with F(t) > 0 for t # 0, yields A > 0. By (3.21) minus (3.22), using
the above Claim 2, we have

(3.23) /]R2 [Vup - V(up — @) + Ay (uyn, — @) dz = o(1),

which, together with u, — @ in H!(R?) and A — X > 0, implies that u, — @ in
H}(R?). The proof of Claim 3 is completed.

Next, using Palais’ principle of symmetric criticality [33], the above function
u € HY(R?)\ {0} is in fact a radial solution of (1.9) in H!(R?), and so, the proof of

(i) of Theorem 1.2 is completed.
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3.2. Ground state solutions for (1.9). In this subsection, we shall obtain the
existence of ground state solutions for (1.9) and finish the proof of (ii) of Theorem 1.2.
For this, we shall directly work on the space H'(R?) instead of H}!(R?) used in the
last subsection. First, we establish some important inequalities.

LEMMA 3.1. Assume that f € C(R,R) satisfies (F2) and (F6). Then,

(3.24) t2F (tu) — F(u) + ! _2t2 [f(wu—2F(u)]>0 VYueR, t>0
and
(3.25) flwu—4F(u)>0 YueR.

Proof. Using (F6), a standard argument shows that (3.24) holds. Moreover, (3.25)
follows by letting t — 0 in (3.24). 0

LEMMA 3.2. Assume that (F1), (F2), and (F6) hold. Then,

(3.26) (1) > ™ (tuy) + i

J®Mw) VYVueS,, t>0.

Proof. By (1.11), (1.13), and (3.24), we have

B (u) = B (tuy) + _2’5 T (u)
L, 1—¢2
+/]R?{t F(tu) — F(u) + 5 [f(u)u—?F(u)]}da:
2
Z@oo(ut)+1;t JCMw) VueS,, t>0. o

COROLLARY 3.3. Assume that (F1), (F2), and (F6) hold. Then,

(3.27) O (u) = max O (tuy) YV ue M.

By a standard argument, we can get the following lemma.

LEMMA 3.4. Assume that (F1), (F2), and (F6) hold. Then, for any u € S,, there
exists t, >0 such that t,u,, € MS°.

By Lemma 2.2, we have

(3.28) c™(a) = giel;fgo Jnax D> (g(t)) > max max{®(g(0)), = (g(1))}.

re = {g € C([0,1],8,) : |Vg(0)||3 < K(a),®>*(g(1)) < 0}, and K(a) is given in
Lemma 2.2.

LEMMA 3.5. Assume that (F1), (F2), (F3), and (F6) hold. Then,

c®(a)=m>(a) = ueln/vlfx O (u) = ulenéf max D (tuy).

Proof. Using Corollary 3.3 and Lemma 3.4, it is easy to see that

m™(a) = uElI/%/flf O (u) = ulél‘ga r{1>ag(f1) (tuy).
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To finish the proof, it remains to show that ¢*(a) =m(a). For this, we first prove
that ¢ (a) <m>(a). As in the proof of Lemma 2.4, we know that for any u € MS°,
there exist ¢; > 0 small enough and t5 > 1 large enough that ||V (t1uy, )||3 < K(a) and
D> (ta(ue,)) <0. Letting

g7 (1) =[(1 = 7)t1 + Ttaua—ryt,47¢, ¥V 7E[0,1],
jointly with the definition of ¢*(a), then we have g € I's°. By (3.27), we have

(a) < max 6% (g (1) = 9™ ()

and so, ¢*(a) <m™>(a) = inf,cp @ (u) for any a > 0.
On the other hand, by (3.26) with ¢ — 0, we have

JP(u) <20%°(u) VuedS,,
which implies that
J7(g9(1)) <20%(g(1)) <0 Vgely.

Since ||g(0)[|3 < K(a), by (i) of Lemma 2.2, we have J*°(g(0)) > 0. Hence, any path
in I'g° has to cross Mg°. This shows that

> > inf & (u) =m™ Vger,
max, (g(T))_ueHAlAgo (u)=m>(a) Vgelg

and so, ¢ (a) > m™(a) due to the arbitrariness of g. Therefore, ¢*°(a) =m>(a) for
any a > 0, and the proof is completed. 0

Besides the above characterization of the mountain pass type, we give further
the behavior of m®(a) for ¢ > 0, which is crucial to recover the compactness of
PS sequences. In fact, we establish the same conclusion on the behavior of m(a) as
m(a) for a > 0 in Lemma 4.5 below. So, to avoid repetition, we omit the proof of
Lemma 3.6 here, which can be deduced obviously from Lemma 4.5.

LEMMA 3.6. Assume that (F1), (F2), (F3), (F5), and (F6) hold. The func-
tion a — m™>(a) is continuous and nonincreasing on (0,00). Moreover, if m™(a) is
achieved, then m™(a) >m>(a’) for any a’ > a.

Proof of (ii) of Theorem 1.2. In the same way as Lemmas 2.7 and 2.9, we can
deduce that for any a > 0, there exists a bounded sequence {u,} C S, such that

(3.29) P> (uy) — ¢ (a) € (0,21 /ag), D=5, (un) =0, and J*(u,)—0,

where ¢*°(a) is given by (3.28). To obtain the existence of ground state solutions for
(1.9), we split the proof into several claims.

Claim 1. §:=limsup,,_, . Sup,cpe fB2(y) |ty |2 dx > 0.

Otherwise, if § = 0, then by Lions’ concentration compactness principle [23] or
[33, Lemma 1.21], we have u,, — 0 in L*(R?) for s > 2. Arguing as in the proof of
(2.36), we have

(3.30) fup)upde < Ch.
R2
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For any given € € (0, MyC1/Bo), we choose M, > MyCy /e > Bp; then it follows from
(F5) and (3.30) that

/ F(un)dngo/ |f(uy,)|dz
‘un|2M5

[t |>Me
M,
< 0/ fup)uydz < e.
Me 1>

(3.31)

By (F1) and (F2), we obtain

(3.32) / Flun)de < C.lfun|| = o(1)
|un|SM5

and

(3.33) / i} Fltn)tndz < Ceun]|* = o(1),
un | <1

where C; > 0 is a constant depending on . Due to the arbitrariness of € > 0, we
derive from (3.31) and (3.32) that

(3.34) F(up)dz =o(1).
R2

Since 0 < ¢®(a) < 27/ap for any a > 0, similarly as in (3.8), it follows from (3.16)
that there exists £ > 0 such that (3.17) holds. Hence, it follows from (1.11), (3.29),
and (3.34) that there exists a constant & > 0 such that

(3.35) || Vun|* =20 (u,) + 2/ F(up)dz =2¢*(a) +0o(1) := am

(1—328)+0(1).
R2 (7))

By replacing ¢ (a) in (3.14) by ¢>(a) > 0, we then get a contradiction with the fact
¢*(a) > 0. This shows that § > 0.

Going if necessary to a subsequence, we may assume the existence of ,, € R? such
that

)
(3.36) / |t [2dr > .
Bl(yn) 2

Let Uy, (z) = un(z + yn). Then,
S J
(3.37) |ty |“da > —,
B1(0) 2

and so, there exists 4 € H'(R?)\ {0} such that, passing to a subsequence,

(3.38) i, —a in H'(R?), @, —a in L§ (R?) for s >2, i, — @ a.e. in R?.
Moreover, (3.29) gives

(3.39) D% (Uy) = ¢ (a) € (0,27/ag) and J*>(u,)—0, n— oco.

As in Proposition 2.12; we know that there exists a sequence {\,,} C R such that (3.4)
holds; moreover, (3.5) also holds in (H!(R?))*. Thus, we have

(3.40)  —Adiy, + Mty — f(ily) =0 and  — Adiy, + Xy, — f(@i,) — 0 in (H*(R?))*,
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which, together with (3.38) and (i) of Lemma 2.11, yields
(3.41) —AG+ i — f(@) =0 in (H'(R?))*.

Claim 2. @, — @ in L?(R?).

Using (3.41) and arguing as in the proof of Lemma 2.13, we have J*(a) = 0.
Letting ||@]|3 := @ € (0, a], in view of Lemma 3.4, there exists £ > 0 such that #ii; € M2°,
and so, ®* (tu;) >m>(a). From (1.11), (1.13), (3.39), Fatou’s lemma, and Lemmas
3.2, 3.5, and 3.6, we have

m™(a) =c>*(a) = lim [@"C(ﬁn) - %J"O(ﬁn)

=— lim [f(’&'n)ﬂ" - 4F(ﬂ")] dz

= 0 () — () > % (fig) — % ()
> (@) 2 m>(a),

which implies that

(342 &= (@) = m*(@) =m>(a), |l}=a

This shows that m®(a) is achieved. Then, it follows from the last conclusion of
Lemma 3.6 that ||@||3 =@=a = ||@y,||3. This shows that @, — @ in L?(R?) as claimed.

Claim 3. |V(a, — @)|2 — 0.

Using the above Claim 2, it is easy to see that @, — @ in L*(R?) for all s > 2. From
(ii) of Lemma 2.11, we have [, F(ty,)dz = [p. F(@)dz+o(1). In the same way as the
proof of Claim 2 in the proof of (i) of Theorem 1.2, we can get [o, f(ty)(tin —a)da =
o(1) by replacing H}!(R?) with H!(R?). Arguing as in the proof of Claim 3 in the
proof of (i) of Theorem 1.2 and using (3.4), (3.40), and (3.41), we can deduce that
An — A >0 and

/Rz [Vt - V(ty — @) 4 A (G, — )] dz = 0o(1).

Jointly with @, — @ in H'(R?), we conclude that ||V (i, — @)|3 — 0 as claimed.
From (3.39), (3.41), Lemma 3.5, and the above Claim 2 and Claim 3, we conclude

that, for any a > 0, (@, \) solves (1.9), and (@) = m>(a). This shows that @ is a

ground state solution for (1.9), and so, Theorem 1.2 is proved. ]

4. Ground state solutions for nonautonomous equation (1.1). In this
section, we establish the existence of ground state solutions to (1.1) and complete the
proof of Theorem 1.6.

First, similarly as [13, Lemmas 2.1-2.3], we have the following two lemmas.

LEMMA 4.1. Assume that (B1), (B2), and (B3) hold. Then,

(4.1) —t27%b(z) — b(tx)] + 9%2 (>0 ~1)Vb(z) -2 >0 Yz eR? t>0
and
(4.2) Vb(z) <0 Yz eR?  Vb(z) x—0 as |z| = 0.
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If (B2) holds, then t*b(tz) is nondecreasing on t € (0,00) for every x € R?, and there
exist t1,to > 0 and Ag C R? such that t?b(tz) is strictly increasing on t € [t1,t2] for
every x € Ag.

LEMMA 4.2. Assume that (B1), (B2), (F1), (F2), and (F7) hold. Then,
1— ¢
2
Vb(z)-2F(u)>0 VzeR? t>0, ucR.

t72b(t 1 2) F(tu) — b(z) F(u) +
11—
2
Similarly as Lemma 3.2, we get the following inequality.

LEMMA 4.3. Assume that (B1), (B2), (F1), (F2), and (F7) hold. Then,

— 2
J(u) YVueS,, t>0.

b(x)[f (u)u — 2F (u)]

(4.3) -

1
(4.4) D(u) > D(tug) +
As in the proof of Lemma 3.5, we have the following result.

LEMMA 4.4. Assume that (B1), (B2), (B3), (F1), (F2), (F3), and (F7) hold.
Then

c(a)=mla)= inf B(u)= inf maxd(tu) >0,

where c(a) is given in Lemma 2.2.
LEMMA 4.5. Assume that (B1), (B2), (B3), (F1), (F2), (F3), and (F7) hold.

Then the function a — m(a) is continuous and nonincreasing on (0,00). In particular,
if m(a) is achieved, then m(a) >m(a’) for any a’ > a.

Proof. By a standard argument, we can derive the continuity of m(a). Now, we
prove the monotonicity of m(a). For any as > a; > 0, it follows that there exists
{un} C Mg, such that

(4.5) m(ar) < (un) < m(ar) + %

Let € := y/az/a1 € (1,00) and v, (x) := u,(§"1z). Then ||v,]]3 = az and ||Vuv,|l2 =
IVunll2. As in Lemma 3.4, there exists t, > 0 such that ¢,(vy):, € Mg,. Then, it
follows from (B2), (1.4), (4.5), and Lemmas 4.1 and 4.3 that

m(ag) <o (tn (vn)tn)
— & (b (e, ) + 422 /R bl ) Fltaun) — €068 ) F(tun)] d

1
< P(up) <mlay) + -

which shows that m(as) <m(aq) by letting n — oo.

Next, we assume that m(a) is achieved; i.e., there exists & € M, such that
® (@) = m(a). For any given a’ > a, let € = a'/a € (1,00), and let &(x) := @(E x).
Then, ||7]|3=a’ and ||V?|2 =||Vall2. As in Lemma 3.4, there exists to > 0 such that
tols, € Mg From (B2), (1.4), and Lemmas 4.1 and 4.3, we then deduce that
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where the strict inequality follows from the last conclusion of Lemma 4.1 and the fact
that £ > 1 and F(t) > 0 for all ¢t #£ 0. This shows that m(a’) < m(a), and the proof is
completed. 0

LEMMA 4.6. Assume that (B1), (B2), (B3), (F1), (F2), (F3), and (F7) hold.
Then
lim m(a) =+o0 and lim m(a)=0.
a—0t a—+00
Proof. We first prove that m(a) — +o0o as a — 0. Arguing by contradiction,
using Lemma 4.5, we may assume that there exist a sequence {u,} C H'(R?)\ {0}
and a constant M7 > 0 such that

(4.6) llunll2 =0, J(un)=0 and ®(u,)<M; VneN.
Set
(4.7) tn =2/ M1/||Vuy|2 and v, =t,(uy)s,-

Noting that ||vp]|2 = |lun|l2 = 0 by (4.6) and (4.7), it follows from (ii) of Lemma 2.11
that

(4.8) / b(x)F(vy,)dx — 0.
R2
From (1.4), (4.6), (4.7), (4.8), and Lemma 4.3, we derive
1 £
My > ®(uy) > (v,) = §||an||§ — /2 b(z)F(vy)dz = E"HVuan +o(1) =2M; + o(1).
R

This contradiction shows that lim,_,q+ m(a) = +oo.
We next prove that m(a) — 0 as a — +o0. Fix u € §; N L>®(R?), and set
(4.9) ug=+vVau€esS, Va>1.

As in Lemma 3.4, there exists ¢, > 0 such that t4(ug)s, € Mg. Then, it follows from
Lemma 4.4 that

at(zl 2
. = a\%a = "5 ) = -
(4.10) 0<m(a) <P(ta(uq)e,) < 5 IVullz, Va>1

To complete the proof, using Lemma 4.5, it suffices to show that at? — 0 as a — +oo.
Since J(tq(uq)r,) = 0 for all a > 1, by (B1) with by =1, (F3), (4.2), and (4.9), we
have

a|| Vull3 = [ Vuall3

:tl‘l b(z/t.) f(Vat.u)vat,udz
a JR?
1
— [20(z/t) + Vb(z/ts) - (z/te)] F(Vat,u)dz
a JR?
2 F(Vatau) 5 4
> = >
= /RZF(\/&tau)dx 2/}1@2 (\/ﬁtau)4a u'de Va>1,
which gives
1 2 F(Vatqu) 4
. = > > > 1.
(4.11) a||Vu||2_2/]Rz (ﬁtau)‘lu dz>0 Va>1
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Noting that F(t)/t* is nondecreasing on t € (—o0,0)U (0, +00) by (F3), it follows from
(F2) and (4.11) with a — 400 that at? — 0 as a — +o0o. The proof is completed. 0O

Arguing as in the above proof, we can also get the similar asymptotic behavior
of m®(a) as follows.

COROLLARY 4.7. Assume that (F1), (F2), (F3), and (F6) hold. Then

lim m™(a) =400 and lim m>(a)=0.
a—0t a——+00

LEMMA 4.8. Assume that (B1), (B2), (B3), (F1), (F2), (F3), and (F7) hold.
Then m(a) <m(a).

Proof. In view of (ii) of Theorem 1.2, there exists @ € MS° such that

(4.12) (@

s,) (@) =0 and @>(a) =m>(a).

a

As in Lemma 3.4, there exists £ > 0 such that tu; € M,. Since b(z) > (#)1 V x € R?
and F(tw) > 0, then it follows from (1.4), (1.11), (4.12) and Corollary 3.3 that

o op L
m(a) = (@) 2 0% (fa) = 5 |Vl - 5 [ Pt
R2
P - -
> vl - ﬁ/ b(a /D) F () da = B(Fdg) > m(a).
RZ

This shows that m(a) < m®(a) for any a > 0. |

LEMMA 4.9. Assume that (F1) and (F2) hold. Let {u,} C H'(R?) be a sequence
satisfying u, — 0 in H'(R?) and fRz F(up)dx < Cy for some constant Cy > 0. Then,

(4.13) /11&2 [b(x) — 1) F(up)dx = o(1).

Proof. Since 0 < 1 =lim|y|_, b(y) < b(z), using (2.36), we can deduce that (3.30)
holds; moreover, for any given ¢ > 0, there exists R. > 0 such that

1<b(z)<14e V|z|>R.,

which yields

(4.14) /| o [b(x) — 1] F(up)dx <e e F(uy,)dx <eCy.

Noting that u, — 0 in L{ (R?) for s > 2, then (ii) of Lemma 2.11 gives

loc
4.15 F(u,)dx =0(1).
(4.15) /zKRE (un)dz = o(1)

Hence, (4.13) follows from (4.14) and (4.15) since € > 0 is arbitrary. O

Proof of Theorem 1.6. From Lemmas 2.7 and 2.9, we know that, for any a > 0,
there exists a bounded sequence {u,} C S, such that

(4.16) P(un) —c(a) € (0,21/ag), @[5, (un) =0, and J(u,)—0,
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where c(a) is given by (2.8). Then, there exists u € H'(R?) such that, passing to a
subsequence,

(417)  wu, —u in HY(R?), u, —u in L} (R?) for s >2, wu, — 4 a.e. in R?,

loc

Now, we claim that @ # 0.

Arguing by contradiction, suppose that @ = 0. Then, u,, — 0 in H'(R?). We
expect to derive a contradiction with m(a) < m®(a) obtained in Lemma 4.8, and
so, we need to obtain some information related to ®>°(u,). Since ||u,||3 = a > 0,
using Lemma 3.4, for every n € N, there exists t,, > 0 such that ¢, (uy):, € M, ie.,
I (tn(un)t,) =0, and so > (t,, (un ), ) > m>(a). We next prove that both {t,} and
{1/t,} are bounded. Using (4.16) and arguing as in Claim 1 for the proof of (ii) of
Theorem 1.2, we can derive that

¢ =limsup sup / |, [2dz > 0.
Ba(y)

n—oo ycR2

Going if necessary to a subsequence, we may assume the existence of y,, € R? such
that (3.36) holds. Let i, (z) = u,(z + y,). Then, there exists u € H*(R?)\ {0} such
that, passing to a subsequence, (3.38) holds. Since J*(t,(uy):,) = 0 for all n € N,
then (F3) and (1.13) give

1
”VunH% = tj/ [f(tnun)tnun - QF(tnun)] dx
R2

n

2 2 -
(4.18) > m /]R? F(tpup)dz = . F(t,ty,)dx.
Since @, — @ a.e. in R?, from (F1), Fatou’s lemma, and (4.18), we can deduce easily
that {t,} is bounded. This, jointly with (4.18), yields that [, F'(t,u,)dz is bounded.
Using the fact that t,u, — 0 in H!(R?) and Lemma 4.9, we have

(4.19) /R2 [1 —b(z)]F (tnun)dz =o(1).

Noting that ¢, (un):, € M for every n € N, in view of Remark 2.3, we know that
there exists a constant p(a) >0 such that ||V (¢, (un)z,)||3 =t2||Vuns||3 > p(a), which,
together with the boundednss of {||Vuy,l||2}, implies that {1/t,,} is bounded as well.
Then, it follows from (1.4), (1.11), (1.14), (4.16), (4.19), and Lemmas 4.3 and 4.4 that

m(a) =c(a) = P(uy,)

> @t (un)e,) + g T () = Bt ), +0(1)
=0 (L, (un)s,) + t%/Rz [1—b(x)]F (tpu,)dz + o(1)

>m(a) +o(1),

which gives m(a) > m®(a). This contradicts Lemma 4.8. Therefore, the claim that
4 # 0 is proved.

By adapting the proofs of Claims 2 and 3 for the proof of (ii) of Theorem 1.2,
we can deduce that u, — @ in H'(R?), and so, ®(i) = m(a). Hence, for any a > 0,
(@, \) solves (1.1) by Proposition 2.12, and @ is a ground state solution of (1.1) for
any a > 0. From Lemmas 4.5 and 4.6, we have that the function a — m(a) is strictly
decreasing on a € (0,+00), lim,_,o+ m(a) = 400, and lim,—, 1 oo m(a) =0. O
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Remark 4.10. The ideas of proofs of Theorems 1.3 and 1.7 are almost the same
as those of Theorems 1.2 and 1.6, respectively. In fact, to conclude Theorems 1.3 and
1.7, we just need to replace Lemma 2.9 used in the proof of Theorems 1.2 and 1.6 by
Lemma 2.10.
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