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with multiple competing potentials and a critical nonlocal term, where s ∈ (0, 1), q ∈
(1, 2) or q ∈ (4, 2∗s), and 2∗s = 6

3−2s
is the fractional critical exponent. By combining the

Nehari manifold analysis and the Ljusternik–Schnirelmann category theory, we establish
how the coefficient K of the nonlocal critical nonlinearity affects the number of positive
solutions. We propose a new relation between the number of positive solutions and the
category of the global maximal set of K.

Keywords: Positive solutions; critical nonlocal term; fractional Schrödinger–Poisson sys-
tem; Ljusternik–Schnirelmann category; variational method.

Mathematics Subject Classification 2020: 35J62, 35J50, 35B65

1. Introduction

The classical Schrödinger–Poisson-type system takes the form⎧⎨⎩−Δu + V (x)u + K(x)φu = f(x, u), x ∈ R
3,

−Δφ = K(x)u2, x ∈ R
3.

(1.1)

This system arises in quantum mechanics and semiconductor theory and it was
introduced by Benci–Fortunato [7], where the unknowns u and φ represent the
wave functions associated with the particle and the electric potentials, while V is
an exterior potential and K denotes a nonnegative density charge. The nonlinearity
f simulates the interaction effect among many particles. The Schrödinger equation
coupled with a Poisson equation is usually used to interpret the phenomenon that
a quantum particle interacts with an electromagnetic field [8, 29]. We refer to [1, 7,
10, 12] for more details on the physical background.

It is easily seen that system (1.1) can be transformed into a nonlinear
Schrödinger equation with a nonlocal term, for example, see [7, 12]. Briefly, the Pois-
son equation can be solved by using the Lax–Milgram theorem. For all u ∈ H1(R3),
the unique φK,u ∈ D1,2(R3) is given by

φK,u(x) =
1
4π

∫
R3

K(y)|u(y)|2
|x− y| dy,

which solves equation −ΔφK,u = K(x)u2, and that it can be substituted into the
first equation of system (1.1) to obtain that

−Δu + V (x)u + K(x)φK,uu = f(x, u), x ∈ R
3.

Such equation is variational, and its solutions are critical points of the corresponding
energy functional I defined in H1(R3).

In view of this, system (1.1) was extensively investigated in both bounded and
unbounded domains under various assumptions on potentials and nonlinearities.
Some profound results on the existence of solutions of system (1.1) have been pre-
sented in [1, 4, 6, 10, 36, 39, 46, 50] and references therein. We notice that, in
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[26, 27], Li, Li and Shi considered positive solutions to the following Schrödinger–
Poisson-type system with critical nonlocal term:⎧⎨⎩−Δu + bu + qφ|u|3u = f(u), x ∈ R

3,

−Δφ = |u|5, x ∈ R
3,

(1.2)

and the existence of positive solutions to (1.2) was obtained by using variational
method which does not require usual compactness conditions. Since then, several
existence results have been established for the Schrödinger–Poisson systems with
critical nonlocal term in the literature. In [32], Liu studied the following generalized
Schrödinger–Poisson system:⎧⎨⎩−Δu + V (x)u −K(x)φ|u|3u = f(x, u), x ∈ R

3,

−Δφ = K(x)|u|5, x ∈ R
3.

(1.3)

By using the mountain pass theorem and the concentration-compactness principle,
Liu obtained the existence of a positive solution for (1.3). Feng [16] studied the
existence of positive solutions to (1.3) with the critical nonlinearity f(x, u) = |u|4u+
g(u), by the modified concentration-compactness principle and Nehari manifold
method. Li and He [25] studied the existence and multiplicity of positive solutions
for (1.3) and related the number of positive solutions with the topology of the set of
the minimum value points of potential V (x), by using the Ljusternik–Schnirelmann
theory. Yin, Zhang and Shang [46] studied the existence of positive ground state
solution to Eq. (1.3) with vanishing potentials by means of variational approach.
Azzollini and d’Avenia1 [5] proved the existence and nonexistence results of positive
solutions to a Schrödinger–Poisson system with a critical nonlocal term set on
a bounded domain in both the resonance and the nonresonance cases for higher
dimensions.

In the setting of the fractional Laplacian, system (1.1) becomes the following
fractional Schrödinger–Poisson-type system:⎧⎨⎩(−Δ)su + V (x)u + K(x)φu = f(x, u), x ∈ R

3,

(−Δ)tφ = K(x)u2, x ∈ R
3.

(1.4)

System (1.4) is a fundamental equation in fractional quantum mechanics in the
study of particles on stochastic fields modeled by Lévy processes [9, 21, 22].
Recently, there is an increasing interesting in the study of solutions for fractional
Schrödinger–Poisson systems and we quote some existence results available in the
literature. In [48], by using a perturbation approach, Zhang, do Ó and Squassina
considered the existence and the asymptotical behaviors of positive solutions to sys-
tem (1.4) with V (x) = 0 and K(x) = λ > 0, a parameter, and a general subcritical
or critical nonlinearity f . Teng [42] analyzed the existence of ground state solutions
of (1.4) with K(x) = 1 and f(x, u) = μ|u|q−1u+ |u|2∗

s−2u, q ∈ (2, 2∗s), by combining
Pohozaev–Nehari manifold, arguments of Brezis–Nirenberg type, the monotonicity
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trick and global compactness lemma. Fan, Feng and Yan [15] studied the existence
and multiple solutions for (1.4) via variational methods. Murcia and Siciliano [37]
studied the semiclassical state of the following system:⎧⎨⎩ε2s(−Δ)su + V (x)u + K(x)φu = f(u), x ∈ R

N ,

εθ(−Δ)α/2φ = γαu2, x ∈ R
N .

(1.5)

and established the multiplicity of positive solutions that concentrate on the minima
of V by the Ljusternik–Schnirelmann category theory. For more results on multi-
plicity and concentration of positive solutions of (1.5), we refer to [33, 42, 45, 47]
and references therein.

We notice that in the above-mentioned works for the fractional Schrödinger–
Poisson systems, the second Poisson equation is subcritical growth. After a bibli-
ography review we find that there are only few papers that deal with fractional
Schrödinger–Poisson system with critical nonlocal term. In [19], the second author
of this paper studied the existence of ground state solution of the following frac-
tional Schrödinger–Poisson equations:⎧⎨⎩(−Δ)su + V (x)u −K(x)φ|u|2∗

s−3u = f(x, u), x ∈ R
3,

(−Δ)sφ = K(x)|u|2∗
s−1, x ∈ R

3
(1.6)

with the nonlinearity f(x, u) = u2∗
s−1 + h(u), where h is subcritical growth, in this

case, system (1.6) is called doubly critical growth. In [17], Feng studied the exis-
tence of nonnegative solutions of (1.6), by employing the mountain pass theorem,
concentration-compactness principle and approximation method, and extended the
main results of [32] to the fractional Laplacian case.

When K(x) ≡ 0, (1.6) simplifies to the following fractional Schrödinger equa-
tion:

(−Δ)su + V (x)u = f(x, u), x ∈ R
3. (1.7)

In [40], Secchi constructed solutions to (1.7) by variational approach in nature, and
based on minimization on the Nehari manifold. do Ó, Miyagaki and Squassina [13]
investigated (1.7) with critical power nonlinearity f(x, u) = K(x)f(u) + λ|u|2∗

s−2u,
and the involved potentials are allowed for vanishing behavior at infinity. For more
existence results for problem (1.7), we refer to [13, 35, 40] and references therein.

Motivated by the aforementioned works, in this paper we are concerned with
multiplicity of solutions for the fractional Schrödinger-Poisson system with multiple
competing potentials and a critical nonlocal term⎧⎨⎩(−Δ)su + u−K(x)φ|u|2∗

s−3u = fλ(x)|u|q−2u, x ∈ R
3,

(−Δ)sφ = K(x)|u|2∗
s−1, x ∈ R

3,
(1.8)

where s ∈ (0, 1), q ∈ (1, 2) or q ∈ (4, 2∗s). The function fλ(x) is defined by fλ(x) =
λf+(x) + f−(x), where λ > 0 is a small parameter and f±(x) = ±max{±f(x), 0}.
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Before stating the main results, we introduce some assumptions on the contin-
uous functions fλ(x), K(x) as follows:

(H1) fλ(x) ∈ Lq∗
(R3), where q∗ = 2∗

s

2∗
s−q .

(H2) limx→∞ K(x) = K∞ ∈ (0, +∞) and K(x) ≥ K∞ for all x ∈ R
3.

(H3) There exist a non-empty compact set M := {z ∈ R
3; K(z) = maxx∈R3 K(x) =

1} and a positive number ρ ∈ [3−2s, 3) such that K(z)−K(x) = O(|x− z|ρ)
as x→ z and uniformly in z ∈M .

(H4) fλ(x) > 0 for x ∈M .

Remark 1.1. Let Mr = {x ∈ R
3; dist(x, M) < r} for r > 0. Then according to

the conditions (H3)–(H4), it follows from the continuity of fλ and g that there exist
positive constants C0, r0 > 0 such that

fλ(x) > 0, x ∈Mr0 ⊂ R
3

and

K(z)−K(x) ≤ C0|x− z|ρ for x ∈ Br0(z)

uniformly for z ∈ M , where Br0(z) = {x ∈ R
3; |x − z| < r0}. Furthermore, given

the conditions (H2)–(H3), it is easy to see that K∞ < 1.

Theorem 1.1. Let 1
2 < s < 1, 1 < q < 2 and assume that conditions (H1)–(H4)

are satisfied. Then for each 0 < δ < r0, there exists λδ > 0 such that if λ ∈ (0, λδ),
system (1.8) possesses at least catMδ

(M) + 1 distinct positive solutions, where cat
denotes the Ljusternik–Schnirelmann category.

In the case 4 < q < 2∗s, we use the following condition on fλ instead of condition
(H1):

(H1)′ fλ(x) ≡ λf(x) and lim|x|→∞ f(x) = f∞ ∈ (0, +∞) and f(x) ≥ f∞, ∀x ∈ R
3.

Theorem 1.2. Let 3/4 < s < 1, 4 < q < 2∗s and assume that conditions (H1)′, (H2)
and (H3) are satisfied. Then for each 0 < δ < r0, there exists λδ > 0 such that if
λ ∈ (0, λδ), system (1.8) possesses at least catMδ

(M) distinct positive solutions.

Remark 1.2. If we replace (H1)′ by condition (H1), the conclusion of Theorem 1.2
is still valid. In fact, condition (H1) implies that lim|x|→∞ fλ(x) = 0, and it becomes
more easier to obtain the compactness of the (PS) sequence of the associated energy
function, see the proof in Lemma 2.8. The rest of the proofs is very similar to the
proofs of Theorem 1.2.

We summarize the main ingredients and innovations in the proofs of Theo-
rems 1.1 and 1.2 as follows:

(1) Different from the work mentioned in [2, 3, 20, 23, 25, 28, 33, 37, 45, 49],
we aim to establish a relationship between the number of positive solutions and the
topology of the weighted potential K(x) (not V (x)) in the critical nonlocal term. In
the proof of Theorem 1.1, one of the main difficulties is to find the minimum of the
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associated energy functional constrained on the Nehari manifold. This is because
the variational methods used in the literature, such as [20, 25, 32–34, 37, 38, 45, 48],
are no longer applicable to the case of growth order 1 < q < 2. In order to overcome
these difficulties, we need to introduce new auxiliary functionals to compare their
energy levels to that of the energy functional of system (1.8), and more analytical
technologies are involved. As far as we known, the multiplicity of solutions to (1.8)
has not been studied in the literature, which is where our purpose and interest are
focused.

(2) Since the appearance of a nonlocal critical convolution term in the
Schrödinger–Poisson system, it would be natural to consider how the interaction
between the nonlocal term and the nonlinear term will affect the existence and con-
centration of solutions of (1.8). Moreover, when we use the condition (H1)′ instead
of (H1), the resultant difficulties in the proof of Theorem 1.2 become harder to
prove the compactness of the (PS) sequence of the associated energy functional.
For this reason, we propose a new analytical technique to derive an exact estimate
of the (PS) sequence, see Lemma 5.6.

The remainder part of this paper is organized as follows. In Sec. 2, we recall
some relevant preliminary results for fractional Sobolev spaces and present the
variational setting of the problem, and properties of Nehari manifolds. In Sec. 3,
we provide some useful estimates that play a key role in the proof of Theorem 1.1.
In Sec. 4, we construct a barycenter map and prove Theorem 1.1 by means of
the Ljusternik–Schnirelmann category theory. Section 5 is devoted to the proof of
Theorem 1.2.

2. Preliminary Results

In this section, we present some preliminary results on fractional Sobolev spaces;
we refer to [35] for more details. For convenience, we use → (respectively, ⇀) to
represent strong (respectively, weak) convergence. We will use C, C0, C1, C2, . . ., to
represent various normal numbers, and employ Lr(RN ), 1 < r < ∞ to denote the
usual vector-valued function of Lebesgue space with the usual Lr norm in R

N ,
denoted by ‖ · ‖r.

For any s ∈ (0, 1), the fractional space Hs(R3) is defined by the completion of
C∞

c (R3) under the norm

‖u‖ := ‖u‖Hs =
(∫

R3
|(−Δ)

s
2 u|2dx +

∫
R3
|u|2dx

) 1
2

.

Set the homogeneous Sobolev space Ds,2(R3) as the completion of C∞
0 (R3) under

the norm

‖u‖2Ds,2 :=
∫

R3
|(−Δ)

s
2 u|2dx =

∫∫
R6

|u(x)− u(y)|2
|x− y|3+2s

dxdy.
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The fractional Sobolev best constant is given by

S = inf
u∈Ds,2(R3)\{0}

∫
R3

∣∣(−Δ)
s
2 u
∣∣2dx( ∫

R3 |u|2∗
s dx
) 2

2∗s
, (2.1)

and it is attained by the function

Uε,z(x) =
Csε

3−2s
2(

ε2 + |x− z|2) 2−2s
2

, (2.2)

for ε > 0, z ∈ R
3 and a normalized constant Cs > 0. Moreover

‖Uε,z‖2Ds,2 =
∫

R3
|Uε,z|2∗

s dx = S
3
2s .

Next, we recall the following embedding result.

Lemma 2.1 ([35]). The embedding Hs(R3) ↪→ Lr(R3) is continuous for any r ∈
[2, 2∗s], and is locally compact whenever r ∈ [1, 2∗s).

For each u ∈ Hs(R3), we define the linear operator Lu : Ds,2(R3)→ R by

Lu(v) =
∫

R3
K(x)|u|2∗

s−1vdx.

Using the Hölder inequality and the Sobolev inequality, there holds

|Lu(v)| ≤ max
x∈R3

K(x)‖u‖2∗
s−1

2∗
s
‖v‖2∗

s
≤ ‖u‖2∗

s−1
2∗

s
S− 1

2 ‖v‖Ds,2, (2.3)

which implies that Lu is continuous. Then, by the Lax–Milgram theorem, for given
u ∈ Hs(R3), there exists a unique solution φu ∈ Ds,2(R3) solving (−Δ)sφu =
K(x)|u|2∗

s−1 in a weak sense. From [14], the function φu is represented by

φu(x) = ks

∫
R3

K(y)|u(y)|2∗
s−1

|x− y|3−2s
dy, x ∈ R

3, (2.4)

where ks := Γ( 3−2s
2 )

22sπ
3
2 Γ(s)

, and φu has the following properties.

Lemma 2.2. For each u ∈ Hs(R3), the following properties hold :

(i) φu : Hs(R3) → Ds,2(R3) is continuous and maps bounded sets into bounded
sets.

(ii) For each u ∈ Hs(R3), one has ‖φu‖Ds,2 ≤ S− 1
2 ‖u‖2∗

s−1
2∗

s
and∫

R3
K(x)φu|u|2∗

s−1dx ≤ max
x∈R3

K(x)S− 1
2

(∫
R3
|u|2∗

s dx

) 2∗s−1
2∗s ‖φu‖Ds,2

≤ S−2∗
s‖u‖2(2∗

s−1)

Ds,2 .

(iii) φtu = t2
∗
s−1φu for all t ≥ 0.

(iv) If un ⇀ u in Hs(R3), and un → u a.e. in R
3, then φun ⇀ φu in Ds,2(R3); and

φun − φun−u − φu → 0 in Ds,2(R3).
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(v) If un → u in Hs(R3), then φun → φu in Ds,2(R3), and
∫

R3 K(x)φun |un|2∗
s−1

dx→ ∫
R3 K(x)φu|u|2∗

s−1dx.
(vi) If un ⇀ u in Hs(R3) and un → u a.e. in R

3, then∫
R3

K(x)φun |un|2∗
s−1dx−

∫
R3

K(x)φun−u|un − u|2∗
s−1dx

−
∫

R3
K(x)φu|u|2∗

s−1dx→ 0.

Proof. It is only need to check that (i), (ii), (iv) and (vi) hold.
(i) By the definition of φu, we have for all v ∈ Ds,2(R3),∫

R3
(−Δ)

s
2 φu(−Δ)

s
2 vdx =

∫
R3

K(x)|u|2∗
s−1vdx.

Thus, by Riesz representation theorem, one has

‖Lu‖L(Ds,2(R3));R) = ‖φu‖Ds,2(R3), ∀u ∈ Hs(R3).

In addition, from (2.3) we get

‖φu‖Ds,2(R3) = ‖Lu‖L(Ds,2(R3));R)

= sup
v∈Ds,2(R3);‖v‖Ds,2≤1

|Lu(v)|

≤ S− 1
2

(∫
R3
|u|2∗

sdx

) 2∗s−1
2∗s ‖v‖Ds,2

≤ S− 2∗s
2 ‖u‖2∗

s−1

Ds,2 ≤ S− 2∗s
2 ‖u‖2∗

s−1, (2.5)

where L(Ds,2(R3); R) denotes the set of bounded linear operators from Ds,2(R3)
to R, and hence φu maps bounded sets into bounded sets. In order to prove the
continuity of φu, we let {un} ⊂ Hs(R3) being such that un → u in Hs(R3). Then

|un|
2∗s

2∗s−1 → |u|
2∗s

2∗s−1 in L2∗
s (R3). By (2.1) we have, as n→∞,∣∣∣∣∫

R3
(−Δ)s(φun − φu)vdx

∣∣∣∣ = |Lun(v) − Lu(v)|

≤ max
x∈R3

K(x)
∫

R3
||un|2∗

s−1 − |u|2∗
s−1||v|dx

≤ S− 1
2 ‖|un|2∗

s−1 − |u|2∗
s−1‖ 2∗s

2∗s−1
‖v‖Ds,2(R3) → 0.

Since v is arbitrary, we obtain that limn→∞ ‖φun − φu‖Ds,2(R3) = 0.

(ii) Using Hölder inequality and (2.1), we deduce to∫
R3
|(−Δ)

s
2 φu|2dx =

∫
R3

K(x)φu|u|2∗
s−1dx
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≤ max
x∈R3

K(x)
(∫

R3
|u|2∗

s dx

) 2∗s−1
2∗s
(∫

R3
|φu|2∗

s dx

) 1
2∗s

≤ S− 1
2

(∫
R3
|u|2∗

s dx

) 2∗s−1
2∗s ‖φu‖Ds,2 ,

(2.6)

and so

‖φu‖Ds,2 ≤ S− 1
2

(∫
R3
|u|2∗

sdx

) 2∗s−1
2∗s

= S− 1
2 ‖u‖2∗

s−1
2∗

s
. (2.7)

Thus, by (2.6)–(2.7) we have

∫
R3

K(x)φu|u|2∗
s−1dx ≤ S− 1

2

(∫
R3
|u|2∗

sdx

) 2∗s−1
2∗s ‖φu‖Ds,2

≤ S−1‖u‖2(2∗
s−1)

2∗
s

≤ S−2∗
s‖u‖2(2∗

s−1)

Ds,2 . (2.8)

(iv) From the Sobolev embedding, one has un ⇀ u ∈ L2∗
s (R3) and then

|un|2∗
s−1 ⇀ |u|2∗

s−1 in L
2∗s

2∗s−1 (R3). Using [26, Lemma 3.2], we have

|un|2∗
s−1 − |un − u|2∗

s−1 − |u|2∗
s−1 → 0 in L

2∗s
2∗s−1 (R3). (2.9)

Therefore, for any v ∈ Ds,2(R3) ↪→ L2∗
s (R3), we get

(φun , v) =
∫

R3
K(x)|un|2∗

s−1vdx→
∫

R3
K(x)|u|2∗

s−1vdx = (φu, v),

which reveals that φun ⇀ φu in Ds,2(R3). Since for every w ∈ Ds,2(R3).

|(φun − φvn − φu, w)| =
∣∣∣∣∫

R3
K(x)(|un|2∗

s−1 − |vn|2∗
s−1 − |u|2∗

s−1)wdx

∣∣∣∣
≤ max

x∈R3
K(x)‖w‖2∗

s
· ‖|un|2∗

s−1 − |vn|2∗
s−1 − |u|2∗

s−1‖2∗
s/(2∗

s−1),

then

φun − φun−u − φu → 0 in Ds,2(R3),

which implies the assertion.
(vi) Since un ⇀ u in L2∗

s (R3) and un → u a.e. in R
3, then vn ⇀ 0 in L2∗

s (R3)
and vn → 0 a.e. in R

3. By item (iv) we have φvn ⇀ 0 in Ds,2(R3). Thus, as n→∞,
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we obtain∫
R3

K(x)φun |un|2∗
s−1dx−

∫
R3

K(x)φvn |vn|2∗
s−1dx−

∫
R3

K(x)φu|u|2∗
s−1dx

=
∫

R3
K(x)[φun − φvn − φu]|un|2∗

s−1dx

+
∫

R3
K(x)φvn [|un|2∗

s−1 − |un − u|2∗
s−1 − |u|2∗

s−1]dx

+
∫

R3
K(x)φvn |u|2

∗
s−1dx +

∫
R3

K(x)φu[|un|2∗
s−1 − |u|2∗

s−1]dx→ 0.

Remark 2.1. When K(x) ≡ 1, we recharge (2.4) as

φ̃u(x) = ks

∫
R3

|u(y)|2∗
s−1

|x− y|3−2s
dy, x ∈ R

3,

then the conclusions of Lemma 2.2 still hold, see [19, Lemma 2.1].

The energy functional associated with the system (1.8) is defined by

Iλ(u) =
1
2

∫
R3

(|(−Δ)
s
2 u|2 + |u|2)dx

− 1
2(2∗s − 1)

∫
R3

K(x)φu|u|2∗
s−1dx− 1

q

∫
R3

fλ(x)|u|qdx, (2.10)

where u ∈ Hs(RN ). It is easy to check that Iλ ∈ C1(Hs(R3), R), and on account of
Iλ being not bounded from below on Hs(RN ), we consider the behavior of Iλ on
the Nehari manifold as follows:

Nλ := {u ∈ Hs(R3)\{0}; I ′λ(u)u = 0}.
Then u ∈ Nλ if and only if

‖u‖2 −
∫

R3
K(x)φu|u|2∗

s−1dx−
∫

R3
fλ(x)|u|qdx = 0. (2.11)

We denote by

Ψλ(u) := ‖u‖2 −
∫

R3
K(x)φu|u|2∗

s−1dx−
∫

R3
fλ(x)|u|qdx. (2.12)

Then for u ∈ Nλ, we have

Ψ′
λ(u)u = 2‖u‖2 − 2(2∗s − 1)

∫
R3

K(x)φu(x)|u|2∗
s−1dx− q

∫
R3

fλ(x)|u|qdx

= [2− 2(2∗s − 1)]‖u‖2 + [2(2∗s − 1)− q]
∫

R3
fλ(x)|u|qdx

= (2− q)‖u‖2 − [2(2∗s − 1)− q]
∫

R3
K(x)φu|u|2∗

s−1dx, (2.13)
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and the Nehari manifold Nλ can be split into the following three parts:

N+
λ = {u ∈ Nλ : Ψ′

λ(u)u > 0}, N0
λ = {u ∈ Nλ : Ψ′

λ(u)u = 0},
and

N−
λ = {u ∈ Nλ : Ψ′

λ(u)u < 0}.

Lemma 2.3. Iλ is coercive and bounded from below on Nλ.

Proof. Let u ∈ Nλ. By Hölder and Young inequalities, it follows from Lemma 2.1
and (2.10) that

Iλ(u) = Iλ(u)− 1
2(2∗s − 1)

I ′λ(u)u

=
(

1
2
− 1

2(2∗s − 1)

)
‖u‖2 −

(
1
q
− 1

2(2∗s − 1)

)∫
R3

fλ(x)|u|qdx

≥
(

1
2
− 1

2(2∗s − 1)

)
‖u‖2 − λ

(
1
q
− 1

2(2∗s − 1)

)
C‖f+‖q∗S− q

2 ‖u‖q

≥
(

1
2
− 1

2(2∗s − 1)

)
‖u‖2 − 1

2

(
1
2
− 1

2(2∗s − 1)

)
‖u‖2 − Cλ

2
2−q

=
1
2

(
1
2
− 1

2(2∗s − 1)

)
‖u‖2 − Cλ

2
2−q , (2.14)

where C is a positive constant independent of the choice of u ∈ Hs(R3) and
λ > 0.

Lemma 2.4. Assume that u0 is a critical point for Iλ on Nλ and u0 /∈ N0
λ. Then

we have I ′λ(u0) = 0.

Proof. Since u0 ∈ Nλ, there holds I ′λ(u0)u0 = 0. By the principle of Lagrange
multiplier, there exists θ ∈ R such that I ′λ(u0) = θΨ′

λ(u0). Thus,

0 = I ′λ(u0)u0 = θΨ′
λ(u0)u0.

As u0 /∈ N0
λ, we infer to θ = 0 and so I ′λ(u0) = 0.

Lemma 2.5. There exists Λ1 > 0 such that N0
λ = ∅ for λ ∈ (0, Λ1).

Proof. Suppose by contradiction that there exists a u ∈ N0
λ. It follows from (2.12)

and Lemmas 2.1 and 2.2 that

[2(2∗s − 1)− 2]‖u‖2 = [2(2∗s − 1)− q]
∫

R3
fλ(x)|u|qdx

≤ λ[2(2∗s − 1)− q]‖f+‖q∗S− q
2 ‖u‖q,
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and

(2− q)‖u‖2 = [2(2∗s − 1)− q]
∫

R3
K(x)φu(x)|u|2∗

s−1dx

≤ [2(2∗s − 1)− q]S−2∗
s‖u‖2(2∗

s−1).

Consequently, we have

C1 ≤ ‖u‖ ≤ λ
1

2−q C2,

where C1, C2 > 0 are independent of the choice of u ∈ Hs(R3) and λ > 0, which
implies a contradiction, when λ is small enough.

By Lemma 2.5, we have Nλ = N+
λ ∪N−

λ . Define

α+
λ := inf

u∈N+
λ

Iλ(u) and α−
λ := inf

u∈N−
λ

Iλ(u).

Lemma 2.6. The following two assertions hold true:

(i) α+
λ < 0.

(ii) There exists Λ2 ∈ (0, Λ1) such that α−
λ > d0 for some d0 > 0 and λ ∈ (0, Λ2).

Moreover, α+
λ = infu∈Nλ

Iλ(u) for λ ∈ (0, Λ2).

Proof. (i) For every u ∈ N+
λ , it follows (2.13) that

(2− q)‖u‖2 > [2(2∗s − 1)− q]
∫

R3
K(x)φu|u|2∗

s−1dx,

from which we have

Iλ(u) = Iλ(u)− 1
q
I ′λ(u)u

=
(

1
2
− 1

q

)
‖u‖2 +

(
1
q
− 1

2(2∗s − 1)

)∫
R3

K(x)φu|u|2∗
s−1dx

=
q − 2
2q
‖u‖2 +

2(2∗s − 1)− q

2(2∗s − 1)q

∫
R3

K(x)φu|u|2∗
s−1dx

< − (2∗s − 2)[2(2∗s − 1)− q]
2(2∗s − 1)q

∫
R3

K(x)φu|u|2∗
s−1dx < 0,

and thus

α+
λ < 0.

(ii) For any u ∈ N−
λ , it follows (2.13) that

(2 − q)‖u‖2 < [2(2∗s − 1)− q]
∫

R3
K(x)φu|u|2∗

s−1dx ≤ [2(2∗s − 1)− q]S−2∗
s‖u‖2(2∗

s−1)

and

‖u‖ ≥
[

2− q

2(2∗s − 1)− q
S2∗

s

] 1
2(2∗s−2)

. (2.15)
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Combining (2.14) and (2.15), we infer to

Iλ(u) ≥
(

1
2
− 1

2(2∗s − 1)

)
‖u‖2 − λ

(
1
q
− 1

2(2∗s − 1)

)
C‖f+‖q∗S

q
2 ‖u‖q

= ‖u‖q
[(

1
2
− 1

2(2∗s − 1)

)
‖u‖2−q − λ

(
1
q
− 1

2(2∗s − 1)

)
C‖f+‖q∗S

q
2

]
≥ d0 > 0,

for small λ > 0 and some constant d0 > 0 independent of the choice of
u ∈ N−

λ .

For each u ∈ Hs(R3)\{0}, we set

h(t) := t2−q‖u‖2 − t2(2
∗
s−1)−q

∫
R3

K(x)φu|u|2∗
s−1dx

for t ≥ 0. Then h(0) = 0, h(t) > 0 for small t > 0 small, and h(t)→ −∞ as t→∞.
There exists a unique tmax > 0 such that

h(tmax) = sup
x≥0

h(t) > 0.

It is easy to see that h(t) is increasing on (0, tmax) and decreasing on (tmax,∞).

Lemma 2.7. For each u ∈ Hs(R3),, there exists Λ3 ∈ (0, Λ2) such that if λ ∈
(0, Λ3), the following two assertions are true:

(i) If
∫

R3 fλ(x)|u|qdx ≤ 0, then there is a unique t− = t−(u) > tmax such that
t−u ∈ N−

λ and Iλ(tu) is increasing on (0, t−) and decreasing on (t−,∞).
Moreover, Iλ(t−u) = supt≥0 Iλ(tu).

(ii) If
∫

R3 fλ(x)|u|qdx > 0, then there is a unique 0 < t+ = t+(u) < tmax < t−(u) =
t− such that t−u ∈ N−

λ , t+u ∈ N+
λ , Iλ(tu) is decreasing on (0, t+), increasing

on (t+, t−) and decreasing on (t−,∞). Moreover, Iλ(t+u) = inf0≤t≤tmax Iλ(tu);
Iλ(t−u) = supt≥t+ Iλ(tu).

Proof. For each u ∈ Hs(R3)\{0}, by Lemma 2.2(ii) we infer that

h(tmax) = max
t≥0

(
t2−q‖u‖2 − t2(2

∗
s−1)−q

∫
R3

K(x)φu|u|2∗
s−1dx

)

=

(
(2− q) ‖u‖2

(2(2∗s − 1)− q)
∫

R3 K(x)φu(x)|u|2∗
s−1dx

) 2−q
2(2∗s−2)

‖u‖2

−
(

(2 − q)‖u‖2
(2(2∗s − 1)− q)

∫
R3 K(x)φu|u|2∗

s−1dx

) 2(2∗s−1)−q

2(2∗s−2)
∫

R3
K(x)φu|u|2∗

s−1dx
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= ‖u‖q
⎡⎣( 2− q

2(2∗s − 1)− q

) 2−q
2(2∗s−2)

−
(

2− q

2(2∗s − 1)− q

) 2(2∗s−1)−q

2(2∗s−2)

⎤⎦
×
( ‖u‖2(2∗

s−1)∫
R3 K(x)φu|u|2∗

s−1dx

) 2−q
2(2∗s−2)

≥ ‖u‖q
(

2(2∗s − 2)
2(2∗s − 1)− q

)(
2− q

2(2∗s − 1)− q

) 2−q
2(2∗s−2)

( ‖u‖2(2∗
s−1)

S−2∗
s‖u‖2(2∗

s−1)

) 2−q
2(2∗s−2)

= ‖u‖q
(

2(2∗s − 2)
2(2∗s − 1)− q

)(
2− q

2(2∗s − 1)− q

) 2−q
2(2∗s−2)

S
2∗s(2−q)
2(2∗s−2) > 0.

(2.16)

Next, we consider the following two cases.

Case 1:
∫

R3 fλ(x)|u|qdx ≤ 0. In this case, there is a unique t− > tmax such that
h(t−) =

∫
R3 fλ(x)|u|qdx and h′(t−) < 0, which implies t−u ∈ N−

λ . Moreover Iλ(tu)
is increasing on (0, t−) and decreasing on (t−,∞). Hence, we get

Iλ(t−u) = sup
t≥0

Iλ(tu).

Case 2:
∫

R3 fλ(x)|u|qdx > 0. In this case, it follows (2.16) that

h(0) = 0 <

∫
R3

fλ(x)|u|qdx ≤ λ‖f+‖q∗S− q
2 ‖u‖q

< ‖u‖q
(

2(2∗s − 2)
2(2∗s − 1)− q

)(
2− q

2(2∗s − 1)− q

) 2−q
2(2∗s−2)

S
2∗s (2−q)
2(2∗s−2)

≤ h(tmax)

for small λ > 0. There are a unique t+ and a unique t− such that 0 < t+ < tmax < t−

and

h(t+) =
∫

R3
fλ(x)|u|qdx = h(t−),

and h′(t+) > 0 > h′(t−), which implies that t−u ∈ N−
λ , t+u ∈ N+

λ , and Iλ(t−u) ≥
Iλ(tu) ≥ Iλ(t+u) for each t ∈ [t+, t−]. Furthermore, we derive that Iλ(t+u) ≤ Iλ(tu)
for t ∈ [0, t+]. In other words, Iλ(tu) is decreasing on (0, t+), increasing on (t+, t−)
and decreasing on (t−,∞). As a result, we obtain

Iλ(t+u) = inf
0≤t≤tmax

Iλ(tu) and Iλ(t−u) = sup
t≥t+

Iλ(tu).

Lemma 2.8. Iλ satisfies the (PS)c condition for c ∈ (−∞, α+
λ + 2s

3+2sS
3
2s )\{0}.
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Proof. Let {un} ⊂ Hs(R3) be a (PS)c sequence for Iλ with c ∈ (−∞, α+
λ +

2s
3+2sS

3
2s )\{0}. Then we have

c + 1 + ‖un‖ ≥ Iλ(un)− 1
2(2∗s − 1)

I ′(un)un

=
(

1
2
− 1

2(2∗s − 1)

)
‖un‖2 −

(
1
q
− 1

2(2∗s − 1)

)∫
R3

fλ(x)|un|qdx

≥
(

1
2
− 1

2(2∗s − 1)

)
‖un‖2 − λC‖f+‖q∗S− q

2 ‖un‖q,

which follows that {un} is bounded in Hs(R3). Thus there exists a subsequence,
still denoted by {un}, such that un ⇀ u in Hs(R3) for some u ∈ Hs(R3).

According to (H1), mean value theorem, and Lemma 2.1, it is easy to check that∫
R3

fλ(x)|un|qdx→
∫

R3
fλ(x)|u|qdx, as n→∞. (2.17)

Let Ψn = un − u. By Brézis–Lieb Lemma [43] and Lemma 2.2(vi), we have

(i) ‖Ψn‖2 = ‖un‖2 − ‖u|2 + on(1);
(ii)

∫
R3 K(x)|Ψn|2∗

s dx =
∫

R3 K(x)|un|2∗
s dx− ∫

R3 K(x)|u|2∗
s dx + on(1).

By virtue of Lemmas 2.2 and 2.1 and the weak convergence un ⇀ u in Hs(R3),
it is easy to verify that I ′λ(u) = 0, and thus,

1
2
‖Ψn‖2 − 1

2(2∗s − 1)

∫
R3

K(x)φΨn |Ψn|2∗
s−1dx = c− Iλ(u) + on(1), (2.18)

and

on(1) = I ′λ(un)Ψn = (I ′λ(un)− I ′λ(u))Ψn = ‖Ψn‖2 −
∫

R3
K(x)φΨn |Ψn|2∗

s−1dx,

(2.19)

as n→∞. We can assume that

‖Ψn‖2 → l and
∫

R3
K(x)φΨn |Ψn|2∗

s−1dx→ l, as n→∞,

for some l ∈ [0, +∞). If l 
= 0, we know from Lemma 2.2(ii) that l ≥ S
3
2s , and from

(2.18)–(2.19) we derive that

c = Iλ(u) +
1
2
l − 1

2(2∗s − 1)
l ≥ α+

λ +
(

1
2
− 1

2(2∗s − 1)

)
l ≥ α+

λ +
2s

3 + 2s
S

3
2s ,

which contradicts the definition of c. Therefore, l = 0, consequently, un → u in
Hs(R3).

The following theorem reveals that a local minimum of Iλ is attainable in N+
λ ,

and that it is in fact a positive solution of (1.8).
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Theorem 2.9. For every λ ∈ (0, Λ3), Λ3 is the same as given in Lemma 2.7, then
Iλ has a minimizer u+

λ in N+
λ which satisfies :

(i) u+
λ is a positive solution of system (1.8).

(ii) Iλ(u+
λ ) = α+

λ .
(iii) Iλ(u+

λ )→ 0 as λ→ 0.
(iv) ‖u+

λ ‖ → 0 as λ→ 0.

Proof. By Lemma 2.3 and Ekeland variational principle [43], we can obtain a
(PS)α+

λ
sequence for Iλ defined by {un} ⊂ Nλ. According to Lemma 2.8, there

exists a subsequence, still denoted by {un}, and u+
λ ∈ Hs(R3) such that un → u+

λ in
Hs(R3) when n→∞. Note that N0

λ = ∅, we have u+
λ ∈ N+

λ and Iλ(u+
λ ) = α+

λ < 0.
From Lemma 2.4, we know that u+

λ is a solution of system (1.8). Following the
proof of [38, Proposition 3.1], we can show that u+

λ is a positive solution of system
(1.8). Therefore, the expected results (i) and (ii) are checked.

By Lemma 2.6 and (2.14), we have

0 > Iλ(u+
λ ) ≥ −Cλ

2
2−q ,

which implies Iλ(u+
λ )→ 0 as λ→ 0+, and (iii) follows.

By virtue of u+
λ ∈ N+

λ and (2.13), we deduce to

‖u+
λ ‖2 <

2(2∗s − 1)− q

2(2∗s − 1)− 2

∫
R3

fλ(x)|u|qdx ≤ λC‖f+‖q∗S− q
2 ‖u+

λ ‖q. (2.20)

Since Iλ is coercive and bounded from below on Nλ, {u+
λ }λ is bounded in Hs(R3).

By (2.20), we get

‖u+
λ ‖ < Cλ

1
2−q ,

which means ‖u+
λ ‖ → 0 as λ→ 0+, and item (iv) follows.

3. Results on Estimates

In this section, we present some estimates that are useful in the proof of Theorem
1.1. For b > 0, we introduce the auxiliary functional

Ib
∞(u) =

1
2
‖u‖2 − b

2(2∗s − 1)

∫
R3

K(x)φu|u|2∗
s−1dx,

and the associated Nehari manifold

N b
∞ := {u ∈ Hs(R3)\{0} : (Ib

∞)′(u)u = 0}.
Lemma 3.1. For each u ∈ N−

λ , the following two assertions are true:

(i) There is a unique solution tbu such that tbuu ∈ N b∞ and

max
t≥0

Ib
∞(tu) = Ib

∞(tbuu) =
2s

3 + 2s
b−

3−2s
4s

(
‖u‖2(2∗

s−1)∫
R3 K(x)φu|u|2∗

s−1dx

) 3−2s
4s

.
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(ii) For μ ∈ (0, 1), there is a unique t1u that makes t1uu ∈ N1∞, and

I1
∞(t1uu) ≤ (1− μ)−

3+2s
4s

(
Iλ(u) +

2− q

2q
μ− q

2−q λ
2

2−q C

)
.

Proof. (i) For any u ∈ N−
λ , we define

h(t) := Ib
∞(tu) =

t2

2
‖u‖2 − t2(2

∗
s−1)

2(2∗s − 1)

∫
R3

bK(x)φu|u|2∗
s−1dx.

Clearly, h(t)→ −∞ as t→∞, and

h′(t) = t‖u‖2 − t22
∗
s−3

∫
R3

bK(x)φu|u|2∗
s−1dx,

and

h′′(t) = ‖u‖2 − (22∗s − 3)t2(2
∗
s−2)

∫
R3

bK(x)φu|u|2∗
s−1dx.

It is easy to see that h′(tbu) = 0, where

tbu =
( ‖u‖2∫

R3 bK(x)φu|u|2∗
s−1dx

) 1
2(2∗s−2)

> 0,

and h′′(tbu) = −2(2∗s − 2)‖u‖2 < 0. Moreover, tbu > 0 is unique such that tbuu ∈ N b∞
and

max
t≥0

Ib
∞(tu) = Ib

∞(tbuu) =
2s

3 + 2s
b−

3−2s
4s

( ‖u‖2(2∗
s−1)∫

R3 K(x)φu|u|2∗
s−1dx

) 3−2s
4s

.

(ii) For μ ∈ (0, 1), from (H1), Lemma 2.1 and Young inequality, we have∫
R3

λf+(x)|tbuu|qdx ≤ λS− q
2 ‖f+‖q∗‖tbuu‖q

≤ 2− q

2
(
λμ− q

2 S− q
2 ‖f+‖q∗

) 2
2−q +

q

2
(μ

q
2 ‖tbuu‖q) 2

q

=
2− q

2
μ− q

2−q λ
2

2−q C +
q

2
μ‖tbuu‖2.

Combined with part (i) and b = 1
1−μ , we derive that

Iλ(u) = max
t≥0

Iλ(tu)

≥ Iλ(t
1

1−μ
u u)

≥ 1− μ

2

∥∥t 1
1−μ
u u

∥∥2 − (t
1

1−μ
u )2(2

∗
s−1)

2(2∗s − 1)

∫
R3

K(x)φu(x)|u|2∗
s−1dx

− 2− q

2q
μ− q

2−q λ
2

2−q C

= (1− μ)I
1

1−μ

λ (t
1

1−μ
u u)− 2− q

2q
μ− q

2−q λ
2

2−q C
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= (1− μ)
2s

3 + 2s

(
1

1− μ

)− 3−2s
4s
( ‖u‖2(2∗

s−1)∫
R3 K(x)φu(x)|u|2∗

s−1dx

) 3−2s
4s

− 2− q

2q
μ− q

2−q λ
2

2−q C

= (1− μ)
3+2s
4s I1

∞(t1uu)− 2− q

2q
μ− q

2−q λ
2

2−q C.

From [41], we define vε,z(x) = η(x − z)Uε,z(x), z ∈ M , where Uε,z is given in
(2.2), and the cut-off function η ∈ C∞

0 (R3) is such that 0 ≤ η ≤ 1 in R
3, η(x) = 1

if |x| < 1 and η = 0 if |x| > 2. Then, according to [41, Propositions 21,22], we know
that∫

R3
|(−Δ)

s
2 vε,z |2dx ≤ S

3
2s + O(ε3−2s),

∫
R3
|vε,z |2∗

s dx = S
3
2s + O(ε3), (3.1)

∫
R3
|vε,z|pdx =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

O(ε
3(2−p)+2sp

2 ) if p >
3

3− 2s
,

O(ε
3(2−p)+2sp

2 |log ε|) if p =
3

3− 2s
,

O(ε
(3−2s)p

2 ) if p <
3

3− 2s
.

(3.2)

Lemma 3.2. The following estimate holds :∫
R3

K(x)φvε,z|vε,z |2∗
s−1dx ≥ S

3
2s −O(ε3−2s).

Proof. Since (−Δ)sφvε,z = K(x)|vε,z |2∗
s−1, we have∫

R3
K(x)|vε,z |2∗

s dx

=
∫

R3
(−Δ)

s
2 φvε,z (−Δ)

s
2 |vε,z |dx

≤ 1
2 maxx∈R3 K(x)

∫
R3
|(−Δ)

s
2 φvε,z |2 +

maxx∈R3 K(x)
2

∫
R3
|(−Δ)

s
2 |vε,z||2dx

≤ 1
2

∫
R3

K(x)φvε,z |vε,z |2∗
s−1dx +

1
2

∫
R3
|(−Δ)

s
2 vε,z |2dx,

which shows that∫
R3

K(x)φvε,z |vε,z |2∗
s−1dx ≥ 2

∫
R3

K(x)|vε,z |2∗
s dx−

∫
R3
|(−Δ)

s
2 vε,z|2dx

= 2S
3
2s + O(ερ)− S

3
2s −O(ε3−2s) = S

3
2s −O(ε3−2s),
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where we have used (H3) and (3.1) to get∫
R3

K(x)|vε,z |2∗
s dx = S

3
2s + O(ερ),

and the fact that ρ ≥ 3− 2s in (H3).

Lemma 3.3 ([18]). The following statements hold true:

(i) If s ∈ (1
2 , 1), then for all τ ∈ (0, 1),∫
R3

K(x)φu+
λ +tvε,z

|u+
λ + tvε,z|2∗

s−1dx

≥
∫

R3
K(x)φu+

λ
|u+

λ |2
∗
s−1dx + t2(2

∗
s−1)

∫
R3

K(x)φvε,z |vε,z |2∗
s−1dx

+ Ct22
∗
s−3

∫
Ω

∫
Ω

K(x)|vε,z(x)|2∗
s−1|vε,z(y)|2∗

s−2u+
λ (y)

|x− y|3−2s
dxdy

+ 2(2∗s − 1)t
∫

Ω

∫
Ω

K(x)|u+
λ (x)|2∗

s−1|u+
λ (y)|2∗

s−2vε,z(y)
|x− y|3−2s

dxdy

−O(ε
3+2s

4 τ ).

(ii) There exists a C0 > 0 such that∫
Ω

∫
Ω

K(x)|vε,z(x)|2∗
s−1|vε,z(y)|2∗

s−2u+
λ (y)

|x− y|3−2s
dxdy ≥ C0ε

3−2s
2 ,

where Ω := supp vε,z .

Lemma 3.4. There exists ε0 > 0 sufficiently small such that for ε ∈ (0, ε0), there
exists

sup
t≥0

Iλ(u+
λ + tvε,z) < α+

λ +
2s

3 + 2s
S

3
2s − σ(ε0)

uniformly distributed in z ∈M . In addition, there exists t−z > 0 such that

u+
λ + t−z vε,z ∈ N−

λ for z ∈M.

Proof. Note that

lim
t→0

Iλ(u+
λ + tvε,z) = α+

λ < 0 and lim
t→∞ Iλ(u+

λ + tvε,z) = −∞,

for small ε > 0, there exist a small t0 > 0 and a large t1 > 0 such that

Iλ(u+
λ + tvε,z) < α+

λ +
2s

3 + 2s
S

3
2s , ∀ t ∈ (0, t0] ∪ [t1, +∞). (3.3)
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Thus, it suffices to prove for z ∈M, that

Iλ(u+
λ + tvε,z) < α+

λ +
2s

3 + 2s
S

3
2s , ∀ t ∈ [t0, t1].

For this aim, by Theorem 2.9 and Lemma 3.3, we derive that

Iλ(u+
λ + tvε,z)

=
1
2

∥∥u+
λ + tvε,z

∥∥2 − 1
2(2∗s − 1)

∫
R3

K(x)φu+
λ +tvε,z

|u+
λ + tvε,z |2∗

s−1dx

− 1
q

∫
R3

fλ(x)|u+
λ + tvε,z |qdx

= Iλ(u+
λ ) +

t2

2
‖vε,z‖2 + t

∫
R3

[(−Δ)
s
2 u+

λ (−Δ)
s
2 vε,z + u+

λ vε,z]dx

− t

∫
R3

[
K(x)φu+

λ
|u+

λ |2
∗
s−2vε,z + fλ(x)|u+

λ |q−1vε,z

]
dx

− 1
2(2∗s − 1)

∫
R3

K(x)
[
φu+

λ +tvε,z
|u+

λ + tvε,z|2∗
s−1 − φu+

λ
|u+

λ |2
∗
s−1

− 2(2∗s − 1)φu+
λ
|u+

λ |2
∗
s−2(tvε,z)

]
dx

− 1
q

∫
R3

fλ(x)
[|u+

λ + tvε,z |q − |u+
λ |q − q|u+

λ |q−1(tvε,z)
]
dx

= Iλ(u+
λ ) +

t2

2
‖vε,z‖2 − 1

2(2∗s − 1)

∫
R3

K(x)
[
φu+

λ +tvε,z
|u+

λ + tvε,z |2∗
s−1

−φu+
λ
|u+

λ |2
∗
s−1

− 2(2∗s − 1)φu+
λ
|u+

λ |2
∗
s−2(tvε,z)

]
dx

− 1
q

∫
R3

fλ(x)
[|u+

λ + tvε,z |q − |u+
λ |q − q|u+

λ |q−1(tvε,z)
]
dx

≤ α+
λ +

t2

2
‖vε,z‖2Ds,2 − t2(2

∗
s−1)

2(2∗s − 1)

∫
R3

K(x)φvε,z |vε,z|2∗
s−1dx

+ C

∫
R3
|vε,z|2dx− Ct22

∗
s−3

2(2∗s − 1)

∫
R3

K(x)φvε,z |vε,z |2∗
s−2u+

λ dx

− 1
q

∫
R3

fλ(x)
[|u+

λ + tvε,z |q − |u+
λ |q − q|u+

λ |q−1(tvε,z)
]
dx

+ O(ε
3+2s

4 τ )

:= α+
λ + i(t)− k(t) + C

∫
R3
|vε,z|2dx + o(ε

3−2s
2 ), (3.4)
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where we have chosen τ = 2
2∗

s−1 + θ < 1 for a suitable small θ > 0, and

i(t) :=
t2

2
‖vε,z‖2Ds,2 − t2(2

∗
s−1)

2(2∗s − 1)

∫
R3

K(x)φvε,z |vε,z |2∗
s−1dx

− Ct22
∗
s−3

2(2∗s − 1)

∫
R3

K(x)φvε,z |vε,z |2∗
s−2u+

λ dx,

k(t) :=
1
q

∫
R3

fλ(x)
[|u+

λ + tvε,z|q − |u+
λ |q − q|u+

λ |q−1(tvε,z)
]
dx.

By Lemma 3.3(ii), we get∫
R3

K(x)φvε,z |vε,z|2∗
s−2u+

λ dx

≥
∫∫

B2(0)×B2(0)

K(x)|vε(y)|2∗
s−1|vε(x)|2∗

s−2u+
λ (x)

|x− y|3−2s
dxdy ≥ Cε

3−2s
2 , (3.5)

for z ∈M . It follows from Lemma 3.2 and (3.1)–(3.2) that

i(t) ≤ t2

2
‖vε,z‖2Ds,2 − t2(2

∗
s−1)

2(2∗s − 1)

∫
R3

K(x)φvε,z |vε,z |2∗
s−1dx− Cε

3−2s
2

≤ 2s

3 + 2s

⎛⎝ ‖vε,z‖2( ∫
R3 K(x)φvε,z |vε,z|2∗

s−1dx
) 1

2∗s−1

⎞⎠
3+2s
4s

− Cε
3−2s

2

≤ 2s

3 + 2s

⎛⎝ S
3
2s + O(ε3−2s)(

S
3
2s −O(ε3−2s)

) 1
2∗s−1

⎞⎠
3+2s
4s

− Cε
3−2s

2

≤ 2s

3 + 2s
S

3
2s − Cε

3−2s
2 , (3.6)

for z ∈M and t ∈ [t0, t1].
Considering condition (H4), Remark 1.1 and the definition of vε,z , we know that

k(t) =
λ

q

∫
Mr0

fλ(x)
[|u+

λ + tvε,z|q − |u+
λ |q − q|u+

λ |q−1(tvε,z)
]
dx

+
λ

q

∫
Mc

r0

fλ(x)
[|u+

λ + tvε,z |q − |u+
λ |q − q|u+

λ |q−1(tvε,z)
]
dx

=
λ

q

∫
Mr0

fλ(x)
[|u+

λ + tvε,z|q − |u+
λ |q − q|u+

λ |q−1(tvε,z)
]
dx

=
λ

q

∫
Mr0

fλ(x)
[∫ tvε,z

0

(|u+
λ + s|q−1 − |u+

λ |q−1
)
ds

]
dx

≥ 0, (3.7)

for z ∈M and t ∈ [t0, t1].
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Substituting (3.6) and (3.7) into (3.4), and by 1
2 < s < 1 we infer to

Iλ(u+
λ + tvε,z) ≤ α+

λ +
2s

3 + 2s
S

3
2s − Cε

3−2s
2 + o(ε

3−2s
2 ) + C

∫
R3
|vε,z |2dx

= α+
λ +

2s

3 + 2s
S

3
2s −Cε

3−2s
2 + o(ε

3−2s
2 ) +

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

O(ε2s) if s <
3
4
,

O(ε2s| log ε|) if s =
3
4
,

O(ε3−2s) if s >
3
4

< α+
λ +

2s

3 + 2s
S

3
2s ,

(3.8)

for z ∈M and t ∈ [t0, t1]. By (3.3) and (3.8), there exists a small ε0 > 0 such that
for ε ∈ (0, ε0), we have

sup
t≥0

Iλ(u+
λ + tvε,z) < α+

λ +
2s

3 + 2s
S

3
2s − σ(ε0) for z ∈M.

To show that there exists the existence of t−z > 0 such that

u+
λ + t−z vε,z ∈ N−

λ for z ∈M,

we define

U1 :=
{

u ∈ Hs(R3)\{0} : t−
(

u

‖u‖
)

1
‖u‖ > 1

}
∪ {0}

and

U2 :=
{

u ∈ Hs(R3)\{0} : t−
(

u

‖u‖
)

1
‖u‖ < 1

}
.

Then we claim that N−
λ split Hs(R3) into two disjoint connected components U1

and U2. In fact, if u ∈ N−
λ , let v = u

‖u‖ , then there is a unique t−(v) > 0 such
that t−(v)v ∈ N−

λ or t−
(

u
‖u‖
)

1
‖u‖u ∈ N−

λ . Since u ∈ N−
λ , we have t−

(
u

‖u‖
)

1
‖u‖ = 1,

which means that

N−
λ ⊂

{
u ∈ Hs(R3)\{0} : t−

(
u

‖u‖
)

1
‖u‖ = 1

}
.

Conversely, let u ∈ Hs(R3)\{0} such that t−
(

u
‖u‖
)

1
‖u‖ = 1. Then

t−
(

u

‖u‖
)

u

‖u‖ ∈ N−
λ .

Therefore, we get

N−
λ =

{
u ∈ Hs(R3)\{0} : t−

(
u

‖u‖
)

1
‖u‖ = 1

}
.
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Since u+
λ ∈ N+

λ , one has 1 < t−(u+
λ ) and u+

λ ∈ U1. We claim that

0 < t−
(

u+
λ + tvε,z

‖u+
λ + tvε,z‖

)
< C̃

for some C̃ > 0 and all t ≥ 0. Suppose otherwise that there exists a sequence {tn}
such that tn →∞ and

t−
(

u+
λ + tnvε,z

‖u+
λ + tnvε,z‖

)
→∞ as n→∞.

Set

vn :=
u+

λ + tnvε,z

‖u+
λ + tnvε,z‖

.

Recalling that t−(vn)vn ∈ N−
λ , by the Lebesgue’s dominated convergence theorem,

we have ∫
R3

K(x)φvn |vn|2∗
s−1dx

=
1

‖u+
λ + tnvε,z‖2(2∗

s−1)

∫
R3

K(x)φu+
λ

+tnvε,z
|u+

λ + tnvε,z|2∗
s−1dx

=
1

‖u+
λ

tn
+ vε,z‖2(2∗

s−1)

∫
R3

K(x)φu+
λ /tn+vε,z

∣∣∣∣u+
λ

tn
+ vε,z

∣∣∣∣2
∗
s−1

dx

→ 1
‖vε,z‖2(2∗

s−1)

∫
R3

K(x)φvε,z |vε,z|2∗
s−1dx

as n→∞. Consequently,

Iλ(t−(vn)vn)→ −∞, as n→∞,

which contradicts the fact that Iλ is bounded below on Nλ. Now we set

tλ =
‖u+

λ ‖+
√

C̃ + ‖u+
λ ‖2

‖vε,z‖ + 1.

By a simple calculation, we have

‖u+
λ + tλvε,z‖2 = ‖u+

λ ‖2 + t2λ‖vε,z‖2 + 2tλ〈u+
λ , vε,z〉

≥ ‖u+
λ ‖2 + t2λ‖vε,z‖2 − 2tλ‖u+

λ ‖‖vε,z‖

>

[
t−
(

u+
λ + tvε,z

‖u+
λ + tvε,z‖

)]2
,

which implies that u+
λ + tvε,z ∈ U2. Therefore, there exists some 0 < t−ε,z < tλ such

that u+
λ + t−ε,zvε,z ∈ N−

λ .
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Lemma 3.5. The following estimates hold true:

inf
u∈N1∞

I1
∞(u) = inf

u∈N∞
I∞(u) =

2s

3 + 2s
S

3
2s ,

where

I∞(u) =
1
2
‖u‖2 − 1

2(2∗s − 1)

∫
R3

φ̃u|u|2∗
s−1dx,

and

N∞ = {u ∈ Hs(R3)\{0}; (I∞)′(u)u = 0}.

Proof. Notice that, for a > 0 and b > 0,

max
t≥0

(
a

2
t2 − b

2(2∗s − 1)
t2(2

∗
s−1)

)
=

2s

3 + 2s

(
a

b
1

2∗s−1

) 2∗s−1
2∗s−2

.

We deduce from Remark 1.1 and Lemma 2.2 that

inf
u∈N∞

I∞(u) = inf
u∈Hs(R3)\{0}

sup
t≥0

I∞(tu)

= inf
u∈Hs(R3)\{0}

2s

3 + 2s

(
‖u‖2

(
∫

R3 φ̃u|u|2∗
s−1dx)

1
2∗s−1

) 2∗s−1
2∗s−2

≥ inf
u∈Hs(R3)\{0}

2s

3 + 2s

(
‖u‖2Ds,2

(S−2∗
s‖u‖2(2∗

s−1)

Ds,2 )
1

2∗s−1

) 2∗s−1
2∗s−2

=
2s

3 + 2s
S

3
2s . (3.9)

It follows from (3.2) and Lemma 3.2 that

sup
t≥0

I1
∞(tvε,z) =

2s

3 + 2s

(
‖vε,z‖2

(
∫

R3 K(x)φvε,z |vε,z|2∗
s−1dx)

1
2∗s−1

) 2∗s−1
2∗s−2

≤ 2s

3 + 2s

(
S

3
2s + O(εmin{3−2s,2s}| log ε|)

(S
3
2s −O(ε3−2s))

1
2∗s−1

) 2∗s−1
2∗s−2

=
2s

3 + 2s
S

3
2s + O(εmin{3−2s,2s}| log ε|).

Thus, we have

inf
u∈N1∞

I1
∞(u) ≤ 2s

3 + 2s
S

3
2s , as ε→ 0. (3.10)
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Since K(x) ≤ 1, from (3.9) and (3.10), we have

2s

3 + 2s
S

3
2s ≤ inf

u∈N∞
I∞(u)

= inf
u∈Hs(R3)\{0}

sup
t≥0

I∞(tu)

≤ inf
u∈Hs(R3)\{0}

sup
t≥0

I1
∞(tu) = inf

u∈N1∞
I1
∞(u) ≤ 2s

3 + 2s
S

3
2s . (3.11)

4. Proof of Theorem 1.1

In this section, we shall apply the Ljusternik–Schnirelmann category theory to study
multiple positive solutions of system (1.8) and complete the proof of Theorem 1.1.

Proposition 4.1 ([11]). LetM be a C1,1 complete Riemannian manifold (modeled
on a Hilbert space) and assume that F ∈ C1(R, R) bounded from below. Let

−∞ < inf
M

F < a < b < +∞.

Suppose that F satisfies the (PS) condition on the sublevel {u ∈ M; F (u) ≤ b} and
that a is not a critical level for F . Then we have

�{u ∈ F a;∇F (u) = 0} ≥ catF a(F a),

where F a ≡ {u ∈ M; F (u) ≤ a}.

Proposition 4.2 ([11]). Let Q, Ω+ and Ω− be closed sets with Ω− ⊂ Ω+, and
φ : Q→ Ω+, ϕ : Ω− → Q be two continuous maps such that φ ◦ ϕ is homotopically
equivalent to the embedding j : Ω− → Ω+. Then

catQ(Q) ≥ catΩ+(Ω−).

We will apply Propositions 4.1 and 4.2 to study the existence of multiple positive
solutions of system (1.8). To argue further, we introduce the following lemma, which
is useful in proving the compactness of the (PS) sequences.

Corollary 4.3 ([24]). Let {un} ⊂ Hs(R3) be a nonnegative function sequence with
‖un‖2∗

s
= 1 and ‖un‖2Ds,2 → S. Then there exists a sequence {(xn, εn)} ⊂ R

3 × R
+

such that

un(x) :=
1

S
3−2s
4s

uεn(x − xn) + on(1)

in Ds,2(R3), where uε = Uε,0 is defined in (2.2). Moreover, if xn → x then εn → 0
or it is unbounded.
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We define a continuous map Φ : Hs(R3)\G→ R
3 by

u �→ Φ(u) :=

∫∫
R6

x|u(x)−u+
λ (x)|2∗s−1|u(y)−u+

λ (y)|2∗s−1

|x−y|3−2s dxdy∫∫
R6

|u(x)−u+
λ (x)|2∗s−1|u(y)−u+

λ (y)|2∗s−1

|x−y|3−2s dxdy
,

where

G =

{
u ∈ Hs(R3);

∫∫
R6

|u(x)− u+
λ (x)|2∗

s−1|u(y)− u+
λ (y)|2∗

s−1

|x− y|3−2s
dxdy = 0

}
.

Lemma 4.4. For any fixed 0 < δ < r0, there exist λδ > 0 and δ0 > 0 such that if
u ∈ N1

∞ with I1
∞(u) < 2s

3+2sS
3
2s + δ0 and λ ∈ (0, λδ), then Φ(u) ∈Mδ, where Mδ is

defined in Remark 1.1.

Proof. Suppose by contradiction that there exists a sequence {un} ⊂ N1
∞ such

that I1∞(un) < 2s
3+2sS

3
2s + on(1) as n→∞, but

Φ(un) /∈Mδ. (4.1)

From {un} ⊂ N1
∞, we have

‖un‖2 =
∫

R3
K(x)φun |un|2∗

s−1dx + on(1). (4.2)

Recalling Lemma 2.2 we get

‖un‖2Ds,2 ≤
∫

R3
K(x)φu|u|2∗

s−1dx ≤ S−1‖u‖2(2∗
s−1)

2∗
s

≤ S−2∗
s‖u‖2(2∗

s−1)

Ds,2 , (4.3)

which implies that

‖un‖2Ds,2 ≥ S
3
2s . (4.4)

Therefore, we infer to

on(1) +
2s

3 + 2s
S

3
2s ≥ I1

∞(un) = I1
∞(un)− 1

2(2∗s − 1)
(I1

∞)′(un)un

=
(

1
2
− 1

2(2∗s − 1)

)
‖un‖2

≥ 2s

3 + 2s
‖un‖2Ds,2 ≥ 2s

3 + 2s
S

3
2s + on(1), (4.5)

which shows that {un} is bounded in Hs(R3). Moreover, from (4.2)–(4.5), we see
that

‖un‖2Ds,2 =
∫

R3
K(x)φun |un|2∗

s−1dx + on(1) = S
3
2s + on(1). (4.6)

Define

vn =
un

‖un‖2∗
s

,
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then ‖vn‖2∗
s

= 1. By 0 < K(x) ≤ 1, Lemma 2.2 and Remark 2.1 we have

S ≤ ‖vn‖2Ds,2 =
‖un‖2Ds,2

‖un‖22∗
s

≤ ‖un‖2Ds,2(
S
∫

R3 φ̃un |un|2∗
s−1dx

) 1
2∗s−1

≤ ‖un‖2Ds,2(
S
∫

R3 K(x)φun |un|2∗
s−1dx

) 1
2∗s−1

=
S

3
2s + on(1)(

S
3+2s
2s + on(1)

) 1
2∗s−1

= S + on(1).

Therefore, ∫
R3

φ̃un |un|2∗
s−1dx =

∫
R3

K(x)φun |un|2∗
s−1dx + on(1)

and ‖vn‖2Ds,2 = S + on(1).

(4.7)

It follows from Corollary 4.3 that there is a sequence {(xn, εn)} ⊂ R
3 × R

+ such
that

vn(x) :=
1

S
3−2s
4s

uεn,xn(x) + on(1). (4.8)

In addition, xn → x̄ or |xn| → ∞ as n → ∞. We need to consider two situations
below.

Case 1. Assume that |xn| → ∞ as n→∞. From (4.7) and (4.8) we derive that

1 =

∫
R3 K(x)φun |un|2∗

s−1dx∫
R3 φ̃un |un|2∗

s−1dx
+ on(1) =

∫
R3 K(x)φvn |vn|2∗

s−1dx∫
R3 φ̃vn |vn|2∗

s−1dx
+ on(1)

=

∫∫
R6

K(x)K(y)|uεn,xn (x)|2∗s−1|uεn,xn (y)|2∗s−1

|x−y|3−2s dxdy∫∫
R6

|uεn,xn(x)|2∗s−1|uεn,xn(y)|2∗s−1

|x−y|3−2s dxdy
+ on(1)

=

∫∫
R6

K(x+xn)K(y+xn)|uεn,0(x)|2∗s−1|uεn,0(y)|2∗s−1

|x−y|3−2s dxdy∫∫
R6

|uεn,0(x)|2∗s−1|uεn,0(y)|2∗s−1

|x−y|3−2s dxdy
+ on(1)

= K2
∞ + on(1)

which contradicts the definition of K∞.

Case 2. Assume that xn → x̄ as n→∞. We infer from Corollary 4.3 that εn → 0
as n→∞. By (4.7) and (4.8) we have

1 =

∫
R3 K(x)φun |un|2∗

s−1dx∫
R3 φ̃un |un|2∗

s−1dx
+ on(1) =

∫
R3 K(x)φvn |vn|2∗

s−1dx∫
R3 φ̃vn |vn|2∗

s−1dx
+ on(1)
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=

∫∫
R6

K(x)K(y)|uεn,xn(x)|2∗s−1|uεn,xn(y)|2∗s−1

|x−y|3−2s dxdy∫∫
R6

|uεn,xn (x)|2∗s−1|uεn,xn (y)|2∗s−1

|x−y|3−2s dxdy
+ on(1)

=

∫∫
R6

K(
√

εnx+xn)K(
√

εny+xn)|u1,0(x)|2∗s−1|u1,0(y)|2∗s−1

|x−y|3−2s dxdy∫∫
R6

|u1,0(x)|2∗s−1|u1,0(y)|2∗s−1

|x−y|3−2s dxdy
+ on(1)

= K2(x̄) + on(1),

which implies that x̄ ∈M , where u1,0(x) = uε,0(x) for ε = 1. Furthermore, we have

Φ(un) =

∫∫
R6

x|un(x)−u+
λ (x)|2∗s−1|un(y)−u+

λ (y)|2∗s−1

|x−y|3−2s dxdy∫∫
R6

|un(x)−u+
λ (x)|2∗s−1|un(y)−u+

λ (y)|2∗s−1

|x−y|3−2s dxdy

=

∫∫
R6

x|un(x)|2∗s−1|un(y)|2∗s−1

|x−y|3−2s dxdy∫∫
R6

|un(x)|2∗s−1|un(y)|2∗s−1

|x−y|3−2s dxdy
+ oλ(1)

=

∫∫
R6

x|vn(x)|2∗s−1|vn(y)|2∗s−1

|x−y|3−2s dxdy∫∫
R6

|vn(x)|2∗s−1|vn(y)|2∗s−1

|x−y|3−2s dxdy
+ oλ(1)

=

∫∫
R6

x|uεn,xn (x)|2∗s−1|uεn,xn (y)|2∗s−1

|x−y|3−2s dxdy∫∫
R6

|uεn,xn (x)|2∗s−1|uεn,xn (y)|2∗s−1

|x−y|3−2s dxdy
+ oλ(1)

=

∫∫
R6

(
xn+

√
εnx
)
|u1,0(x)|2∗s−1|u1,0(y)|2∗s−1

|x−y|3−2s dxdy∫∫
R6

|u1,0(x)|2∗s−1|u1,0(y)|2∗s−1

|x−y|3−2s dxdy
+ oλ(1)

→ x̄ ∈M

as n→∞, λ→ 0, which is a contradiction with (4.1).

Lemma 4.5. There exists a small λδ > 0 such that if λ ∈ (0, λδ) and u ∈ N−
λ with

Iλ(u) < 2s
3+2sS

3
2s + δ0

2 , δ0 is given in Lemma 4.4. Then we have Φ(u) ∈Mδ.

Proof. For u ∈ N−
λ with Iλ(u) < 2s

3+2sS
3
2s + δ0

2 , we can derive from Lemma 3.1(ii)
that there exists a unique t1u such that t1uu ∈ N1∞ and

I1
∞(t1uu) ≤ (1 − μ)−

3+2s
4s

(
Iλ(u) +

2− q

2q
μ− q

2−q λ
2

2−q C

)
,

for any μ ∈ (0, 1). Therefore, there exists a sufficiently small λδ > 0 such that if
λ ∈ (0, λδ), then

I1
∞(t1uu) ≤ 2s

3 + 2s
S

3
2s + δ0. (4.9)

From the last inequality and Lemma 4.4, we obtain the expected results.
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Define the notations

cλ := α+
λ +

2s

3 + 2s
S

3
2s − σ(ε0) and N−

λ (cλ) := {u ∈ N−
λ ; Iλ(u) ≤ cλ}.

Lemma 4.6. If u is a critical point of Iλ restricted on N−
λ , then it is a critical

point of Iλ in Hs(R3).

Proof. Let u be a critical point of Iλ on N−
λ . Then we get

I ′λ(u) = τΨ′
λ(u)

for some τ ∈ R, where Ψλ is defined in (2.11). Since u ∈ N−
λ , we know

0 = I ′λ(u)u = τΨ′
λ(u)u and Ψ′

λ(u)u < 0,

which means that τ = 0, i.e. I ′λ(u) = 0.

Denote by IN−
λ

the restriction of Iλ on N−
λ .

Lemma 4.7. IN−
λ

satisfies the (PS) condition on N−
λ (cλ).

Proof. Let {un} ⊂ N−
λ (cλ) be a (PS) sequence. There exists a sequence {θn} ⊂ R

such that

I ′λ(un) = θnΨ′
λ(un) + on(1).

Since un ∈ N−
λ , we have Ψ′

λ(un)un < 0 and so, there exists a subsequence, still
denoted by {un}, such that

Ψ′
λ(un)un → l ≤ 0, as n→∞.

If l = 0, combining (2.10) and (2.12), we infer to

Iλ(un) = Iλ(un)− 1
q
I ′λ(un)un

=
(

1
2
− 1

q

)
‖un‖2 +

(
1
q
− 1

2(2∗s − 1)

)∫
R3

K(x)φun |un|2∗
s−1dx

=
q − 2
2q
‖un‖2 +

2(2∗s − 1)− q

2(2∗s − 1)q

∫
R3

K(x)φun |un|2∗
s−1dx

=

[
q − 2(2∗s − 1)

]
(2∗s − 2)

2(2∗s − 1)q

∫
R3

K(x)φun |un|2∗
s−1dx + on(1)

≤ 0,

which leads to a contradiction with α−
λ > 0 (see Lemma 2.6(ii)). Thus l < 0. By

I ′λ(un)un = 0, we derive that θn → 0 and I ′λ(un)→ 0 as n→∞. Applying Lemma
2.8, we get the desired results.

Now, we are in a position to prove Theorem 1.1.

2350012-29

B
ul

l. 
M

at
h.

 S
ci

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 1
49

.1
56

.2
01

.2
37

 o
n 

10
/1

4/
23

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



2nd Reading

September 11, 2023 16:30 WSPC/1664-3607 319-BMS 2350012

X. Dou, X. He & V. D. Rădulescu

Proof of Theorem 1.1. Let δ, λδ > 0 be given as in Lemmas 4.4 and 4.5. To
prove that Iλ has at least catMδ

(M) critical points in N−
λ (cλ) for λ ∈ (0, λδ) and

z ∈M , by Lemma 3.4, we define the map

h(z) := u+
λ + t−z vε,z ∈ N−

λ (cλ).

If follows from Lemma 4.5 that Φ(N−
λ (cλ)) ⊂Mδ for λ < λδ. Define ξ : [0, 1]×M →

Mδ by

ξ(θ, z) := Φ
(
u+

λ + t−z v(1−θ)ε,z

)
,

where Φ
(
u+

λ +t−z v(1−θ)ε,z

) ∈ N−
λ (cλ). By a simple calculation, we have ξ(0, z) = Φ◦

h(z) and limθ→1− ξ(θ, z) = z. Thus, Φ◦h is homotopic to the injective j : M →Mδ.
Based on Lemma 4.7, Propositions 4.1 and 4.2, we deduce that IN−

λ (cλ) has at least
catMδ

(M) critical points in N−
λ (cλ). By Lemma 4.6, we know that Iλ has at least

catMδ
(M) critical points in N−

λ (cλ). Hence the system (1.8) has at least catMδ
(M)

positive solutions in N−
λ (cλ). By virtue of Theorem 2.9 and N+

λ ∩ N−
λ = ∅, we

obtain the desired result.

5. Proof of Theorem 1.2

In this section, we study the existence of multiplicity of solutions to (1.8) with
fλ(x) := λf(x). In this situation, the energy function associated with the system
(1.8) is defined by

Jλ(u) :=
1
2

∫
R3

(|(−Δ)
s
2 u|2 + u2)dx − 1

2(2∗s − 1)

∫
R3

K(x)φu(x)|u|2∗
s−1dx

− λ

q

∫
R3

f(x)|u|qdx,

for u ∈ Hs(R3).
We define the Nehari manifold for Jλ as

Mλ := {u ∈ Hs(R3)\{0} :J ′
λ(u)u = 0}.

Then u ∈Mλ if and only if

‖u‖2 −
∫

R3
K(x)φu(x)|u|2∗

s−1dx− λ

∫
R3

f(x)|u|qdx = 0.

For u ∈Mλ, we have

Jλ(u) = Jλ(u)− 1
q
J ′

λ(u)u

=
(

1
2
− 1

q

)
‖u‖2 +

(
1
q
− 1

2(2∗s − 1)

)∫
R3

K(x)φu|u|2∗
s−1dx

≥
(

1
2
− 1

q

)
‖u‖2 > 0, (5.1)

which implies that Jλ is coercive and bounded from below on Mλ.
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Let

Υλ(u) := ‖u‖2 −
∫

R3
K(x)φu|u|2∗

s−1dx− λ

∫
R3

f(x)|u|qdx. (5.2)

For u ∈Mλ, we have

Υ′
λ(u)u = 2‖u‖2 − 2(2∗s − 1)

∫
R3

K(x)φu|u|2∗
s−1dx − qλ

∫
R3

f(x)|u|qdx

= −(q − 2)‖u‖2 − (2(2∗s − 1)− q
) ∫

R3
K(x)φu|u|2∗

s−1dx < 0. (5.3)

Define

βλ := inf
u∈Mλ

Jλ(u).

Lemma 5.1. There exists some d0 > 0 such that βλ ≥ d0 > 0.

Proof. For any u ∈Mλ, from Lemma 2.2 and (5.3), we infer to

2‖u‖2 < 2(2∗s − 1)
∫

R3
K(x)φu(x)|u|2∗

s−1dx + qλ

∫
R3

f(x)|u|qdx

≤ 2(2∗s − 1)S−2∗
s‖u‖2(2∗

s−1) + λC‖u‖q, (5.4)

and thus

C ≤ ‖u‖2(2∗
s−2) + λC‖u‖q−2

for some choice of C > 0 independent of u ∈ Mλ. Using (5.1) we can obtain the
desired result.

Lemma 5.2. (i) For each u ∈ Hs(R3)\{0}, there exists a unique tu > 0 such that
tuu ∈Mλ and

Jλ(tuu) = max
t≥0

Jλ(tu).

(ii) Let {un} ⊂ Hs(R3) be a sequence such that J ′
λ(un)un → 0, and

∫
R3 K(x)

φun |un|2∗
s−1dx + λ

∫
R3 f(x)|un|qdx → a > 0 as n → ∞. Then, up to a subse-

quence, there exists tn > 0 such that

tnun ∈Mλ and lim
n→∞ tn → 1.

(iii) Mλ = M−
λ .

Proof. (i) Let u ∈ Hs(R3)\{0} be fixed and denote the function g(t) := Jλ(tu) on
[0,∞). Thus, g(0) = 0, g(t) > 0 for t > 0 small and g(t) < 0 for t large. On the
other hand, clearly,

g′(t) = 0⇔ tu ∈Mλ

⇔ ‖u‖2 = t2(2
∗
s−1)−2

∫
R3

K(x)φu|u|2∗
s−1dx + λtq−2

∫
R3

f(x)|u|qdx.
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which implies that the right side is an increasing function of t. Hence, maxt≥0 g(t)
is achieved at a unique tu = t(u) > 0 so that g′(tuu) = 0 and tuu ∈Mλ.

(ii) We only need to prove that the limit of tn as n→∞. Set

an := ‖un‖2; bn :=
∫

R3
K(x)φun |un|2∗

s−1dx; dn := λ

∫
R3

f(x)|un|qdx.

Then bn + dn → a > 0. Up to a subsequence, we may suppose that an → a, bn → b

and dn → d as n→∞, thus a = b + d. By item (i), we can found tn > 0 such that
J ′

λ(tnun)tnun = 0, i.e.

t2n‖un‖2 = |tn|2(2∗
s−1)

∫
R3

K(x)φun |un|2∗
s−1dx + λ|tn|q

∫
R3

f(x)|un|qdx.

A simple estimate shows that there are positive constants T1, T2 > 0 such that
T1 < tn < T2. Assume that tn → t∗. Passing to the limit in last equality, we obtain

a(t∗)2 = b(t∗)2(2
∗
s−1) + d(t∗)q,

which implies that t∗ = 1 and so tn → 1 as n→∞.

(iii) Mλ = M−
λ follows directly from (5.3) and 4 < q < 2∗s.

Remark 5.3. From Lemma 5.2, it is easy to verify that

βλ = inf
u∈Hs(R3)\{0}

max
t≥0

Jλ(tu).

Moreover, we have

0 < βλ1 ≤ βλ2 ≤ β0

for λ1 ≥ λ2 ≥ 0.

We see that the limit problem associated to system (1.8) reads as⎧⎨⎩(−Δ)su + u = K2
∞φ̃u|u|2∗

s−3u + λf∞|u|q−2u, in R
3,

u ∈ Hs(R3),
(5.5)

and the solution of the system (5.5) corresponds to the critical point of the energy
function defined as

Jλ,∞(u) =
1
2
‖u‖2 − K2

∞
2(2∗s − 1)

∫
R3

φ̃u|u|2∗
s−1dx− λf∞

q

∫
R3
|u|qdx,

where u ∈ Hs(R3).
Define

Mλ,∞ := {u ∈ Hs{R3}\{0}; J ′
λ,∞(u)u = 0}

and

βλ,∞ := inf
u∈Mλ,∞

Jλ,∞(u).
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In order to give a precise description for the (PS) condition of Jλ, we recall the
well-known concentration compactness principle of Lions [30, 31], and the vanishing
lemma of Secchi [40].

Proposition 5.4 ([30, 31]). Let ρn(x) ∈ L1(RN ), N ≥ 3 be a nonnegative
sequence satisfying

lim
n→∞

∫
RN

ρn(x)dx = l > 0.

Then there exists a subsequence, still denoted by {ρn(x)}, such that one of the
following cases occurs:

(i) (Compactness) There exists yn ∈ R
N such that for any ε > 0 there exists

R > 0 such that ∫
BR(yn)

ρn(x)dx ≥ l − ε, n = 1, 2, . . . .

(ii) (V anishing) For any fixed R > 0, there holds

lim
n→∞ sup

y∈RN

∫
BR(y)

ρn(x)dx = 0.

(iii) (Dichotomy) There exists α ∈ (0, l) such that for any ε > 0, there exist n0 ≥ 1
and ρ

(1)
n (x), ρ

(2)
n (x) ∈ L1(RN ), for n ≥ n0 there holds

‖ρn − (ρ(1)
n + ρ(2)

n )‖L1(RN ) < ε,

∣∣∣∣∫
RN

ρ(1)
n (x)dx − α

∣∣∣∣ < ε,∣∣∣∣∫
RN

ρ(2)
n (x)dx − (l − α)

∣∣∣∣ < ε

and

dist(suppρ(1)
n , suppρ(2)

n )→∞, as n→∞.

Lemma 5.5 ([40]). Assume that {un} is bounded in Hs(RN ) and it satisfies

lim
n→∞ sup

y∈RN

∫
BR(y)

|u(x)|2dx = 0,

where R > 0, N ≥ 3. Then un → 0 in Lr(RN ) for every 2 < r < 2∗s.

Lemma 5.6. Jλ satisfies the (PS)c condition for c ∈ (0, min{βλ,∞, 2s
3+2sS

3
2s }).

Proof. Let {un} ⊂ Hs(R3) be a (PS)c sequence for Jλ with c ∈ (0, min{βλ,∞,
2s

3+2sS
3
2s }). From (5.1), it is easy to check that {un} is bounded in Hs(R3). Next,
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we aim to show that un → u for some u ∈ Hs(R3). For this purpose, set

ρn(x) = |un|2 + K(x)φun(x)|un|2∗
s−1 + λf(x)|un|q,

which belongs to L1(R3). We may assume that

‖ρn‖1 → l ≥ 0, as n→∞.

Then, we claim that l > 0. Otherwise, we have ‖un‖ =
∫

R3 ρn(x)dx + on(1)→ 0 as
n→∞, and then Jλ(un)→ 0 as n→∞, which clearly contradicts the assumption
of c > 0.

It is sufficient to prove the compactness of {ρn} by means of Proposition 5.4.
Firstly, we assume that {ρn} vanishes. Then, there exists R > 0 such that

lim
n→∞ sup

y∈R3

∫
BR(y)

|un|2dx = 0.

By Lemma 5.5, one has un → 0 in Lr(R3) for 2 < r < 2∗s, and so∫
R3

f(x)|un|qdx→ 0, as n→∞.

Hence, we have

J ′
λ(un)un = ‖un‖2 −

∫
R3

K(x)φun |un|2∗
s−1dx + on(1),

and

Jλ(un) =
1
2
‖un‖2 − 1

2(2∗s − 1)

∫
R3

K(x)φun(x)|un|2∗
s−1dx + on(1).

Thus, we may assume that

‖un‖2 → l,

∫
R3

K(x)φun |un|2∗
s−1dx→ l

for some l > 0. Furthermore, from Lemma 2.2, we can obtain l ≥ S
3
2s , and so

c = Jλ(un) + on(1)

=
1
2
‖un‖2 − 1

2(2∗s − 1)

∫
R3

K(x)φun(x)|un|2∗
s−1dx + on(1)

=
2s

3 + 2s
l + on(1)

≥ 2s

3 + 2s
S

3
2s + on(1),

which contradicts the assumption on c.
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Secondly, we assume that the dichotomy occurs. Then for any ε > 0, there exist
α ∈ (0, l), {xn} ⊂ R

3 and Rε > 0 such that for any R > Rε and R > Rε there exist

lim inf
n→∞

∫
BR(xn)

ρn(x)dx ≥ α− ε and lim inf
n→∞

∫
R3\BR(xn)

ρn(x)dx ≥ (l − α)− ε.

Thus, there exist εn → 0, Rn → +∞ and Rn = 4Rn such that∫
BRn(xn)

ρn(x)dx ≥ α− εn and
∫

R3\BRn
(xn)

ρn(x)dx ≥ (l − α)− εn, (5.6)

which implies that ∫
B4Rn(xn)\BRn(xn)

ρn(x)dx ≤ 2εn. (5.7)

Let ξ0(s) ∈ C∞(R+) be a cut-off function such that

ξ0(s) =

{
0 if s ≤ 1 or s ≥ 4,

1 if 2 ≤ s ≤ 3,

and |ξ′0(s)| ≤ 2. Set ξn(x) = ξ0(
|(x−xn)|

Rn
). Since {unξn} is bounded in Hs(R3), and

by J ′
λ(un)(unξn) = on(1), we have∫

R3
(−Δ)

s
2 un(−Δ)

s
2 (unξn)dx +

∫
R3
|un|2ξndx

=
∫

R3
K(x)φun |un|2∗

s−1ξndx + λ

∫
R3

f(x)|un|qξndx + on(1). (5.8)

On the other hand, it can be seen from (5.7)∫
R3

K(x)φun |un|2∗
s−1ξndx ≤

∫
B4Rn (xn)\BRn (xn)

K(x)φun |un|2∗
s−1dx = on(1),

∫
R3

f(x)|un|qξndx ≤
∫

B4Rn (xn)\BRn (xn)

f(x)|un|qdx = on(1),

and ∫
R3
|un|2ξndx ≤

∫
B4Rn (xn)\BRn (xn)

|un|2dx = on(1). (5.9)

It is easy to see that (5.8) and (5.9) imply that∫
R3

(−Δ)
s
2 un(−Δ)

s
2 (ξnun)dx = on(1). (5.10)
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On the other hand, we have∫
R3

(−Δ)
s
2 un(−Δ)

s
2 (ξnun)dx

=
∫∫

R6

|un(x) − un(y)||ξn(x)un(x) − ξn(y)un(y)|
|x− y|3+2s

dxdy

=
∫∫

R6

(
un(x) − un(y)

)2
ξn(y)

|x− y|3+2s
dxdy

+
∫∫

R6

(
un(x) − un(y)

)(
ξn(x) − ξn(y)

)
un(x)

|x− y|3+2s
dxdy

≤
∫∫

R6

(
un(x) − un(y)

)2
ξn(y)

|x− y|3+2s
dxdy

+ C

(∫∫
R6

u2
n(x)|ξn(x) − ξn(y)|2
|x− y|3+2s

dxdy

) 1
2

. (5.11)

In the following, we focus on showing that

lim
n→∞

∫∫
R6

u2
n(x)|ξn(x)− ξn(y)|2
|x− y|3+2s

dxdy = 0. (5.12)

To this aim, we decompose the integral region

R
3 × R

3 = {(R3\B4Rn(xn))× (R3\B4Rn(xn))} ∪ {BRn(xn)×BRn(xn)}
∪ {(R3\B4Rn)×BRn} ∪ {BRn × (R3\B4Rn)}
∪ {(B4Rn(xn)\BRn(xn))× R

3}
∪ {BRn(xn)× (B4Rn(xn)\BRn(xn))}
∪ {(R3\B4Rn(xn))× (B4Rn(xn)\BRn(xn))}

:= X1 ∪ X2 ∪ X3 ∪ X4 ∪ X5 ∪ X6 ∪ X7.

By the definition of ξn, we have∫∫
X1

|un(x)|2|ξn(x)− ξn(y)|2
|x− y|3+2s

dxdy =
∫∫

X2

|un(x)|2|ξn(x) − ξn(y)|2
|x− y|3+2s

dxdy = 0,

(5.13)

and∫∫
X3

|un(x)|2|ξn(x)− ξn(y)|2
|x− y|3+2s

dxdy =
∫∫

X4

|un(x)|2|ξn(x)− ξn(y)|2
|x− y|3+2s

dxdy = 0.

(5.14)
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When (x, y) ∈ X5 := (B4Rn(xn)\BRn(xn)) × R
3, by 0 ≤ ξ0 ≤ 1 and |∇ξ0| ≤ 2,

we infer to∫
B4Rn (xn)\BRn (xn)

∫
R3

|un(x)|2|ξn(x) − ξn(y)|2
|x− y|3+2s

dxdy

=
∫

B4Rn (xn)\BRn(xn)

dx

∫
{y∈R3;|x−y|≤Rn}

|un(x)|2|ξn(x)− ξn(y)|2
|x− y|3+2s

dy

+
∫

B4Rn (xn)\BRn (xn)

dx

∫
{y∈R3;|x−y|>Rn}

|un(x)|2|ξn(x)− ξn(y)|2
|x− y|3+2s

dy

≤ CR−2
n |∇ξn|2L∞(R3)

∫
B4Rn (xn)\BRn (xn)

dx

∫
{y∈R3;|x−y|≤Rn}

|un(x)|2
|x− y|1+2s

dy

+ C

∫
B4Rn (xn)\BRn(xn)

dx

∫
{y∈R3;|x−y|>Rn}

|un(x)|2
|x− y|3+2s

dy

≤ CR−2s
n

∫
B4Rn (xn)\BRn (xn)

|un(x)|2dx

+ CR−2s
n

∫
B4Rn (xn)\BRn (xn)

|un(x)|2dx

= CR−2s
n

∫
B4Rn (xn)\BRn (xn)

|un(x)|2dx. (5.15)

When (x, y) ∈ X6 := BRn(xn) × (B4Rn(xn)\BRn(xn)
)
, then we have |x − y| ≤

|x− xn|+ |y − xn| ≤ 5Rn, and

∫
BRn (xn)

∫
B4Rn (xn)\BRn (xn)

|un(x)|2|ξn(x)− ξn(y)|2
|x− y|3+2s

dxdy

≤
∫

BRn (xn)

∫
{y∈B4Rn (xn)\BRn (xn):|x−y|≤Rn}

|un(x)|2|ξn(x)− ξn(y)|2
|x− y|3+2s

dxdy

+
∫

BRn (xn)

∫
{y∈B4Rn (xn)\BRn (xn):|x−y|>Rn}

|un(x)|2|ξn(x)− ξn(y)|2
|x− y|3+2s

dxdy

≤ R−2
n |∇ξn|2L∞(R3)

∫
BRn (xn)

dx

∫
{y∈B4Rn(xn)\BRn(xn):|x−y|≤Rn}

|un(x)|2
|x− y|1+2s

dy

+ C

∫
BRn (xn)

dx

∫
{y∈B4Rn(xn)\BRn (xn):|x−y|>Rn}

|un(x)|2
|x− y|3+2s

dy

≤ CR−2s
n

∫
BRn (xn)

|un(x)|2dx. (5.16)

2350012-37

B
ul

l. 
M

at
h.

 S
ci

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 1
49

.1
56

.2
01

.2
37

 o
n 

10
/1

4/
23

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



2nd Reading

September 11, 2023 16:30 WSPC/1664-3607 319-BMS 2350012

X. Dou, X. He & V. D. Rădulescu

When (x, y) ∈ X7 := (R3\B4Rn(xn))× (B4Rn(xn)\BRn(xn)), we see that∫
R3\B4Rn (xn)

∫
B4Rn (xn)\BRn (xn)

|un(x)|2|ξn(x)− ξn(y)|2
|x− y|3+2s

dxdy

=
∫

R3\B4Rn (xn)

∫
{y∈B4Rn(xn)\BRn (xn):|x−y|≤Rn}

|un(x)|2|ξn(x) − ξn(y)|2
|x− y|3+2s

dxdy

+
∫

R3\B4Rn (xn)

∫
{y∈B4Rn (xn)\BRn (xn):|x−y|>Rn}

× |un(x)|2|ξn(x) − ξn(y)|2
|x− y|3+2s

dxdy

:= H1 + H2. (5.17)

Using the mean value theorem, we see that if (x, y) ∈ X7 with |x − y| ≤ Rn, then
|x| ≤ 5Rn, and hence

H1 ≤ R−2
n |∇ξn|2L∞(R3)

∫
B5Rn (xn)

dx

∫
{y∈B4Rn (xn)\BRn (xn):|x−y|≤Rn}

|un(x)|2
|x− y|1+2s

dy

≤ CR−2
n

∫
B5Rn (xn)

|un(x)|2dx

∫
{z∈R3;|z|≤Rn}

1
|z|1+2s

dz

= CR−2s
n

∫
B5Rn (xn)

|un(x)|2dx. (5.18)

Observe that for any K > 8 it holds

X7 = {(R3\B4Rn(xn))× (B4Rn(xn)\BRn(xn))}

⊂ {BKRn(xn)× (B4Rn(xn)\BRn(xn))}

∪ {(R3\BKRn(xn))× (B4Rn(xn)\BRn(xn))}.

Then, we obtain∫
BKRn (xn)

∫
{y∈B4Rn(xn)\BRn (xn);|x−y|>Rn}

|un(x)|2|ξn(x) − ξn(y)|2
|x− y|3+2s

dxdy

≤ C

∫
BKRn (xn)

∫
{y∈B4Rn (xn)\BRn (xn);|x−y|>Rn}

|un(x)|2
|x− y|3+2s

dxdy

≤ C

∫
BKRn (xn)

|un(x)|2dx

∫
{z∈R3;|z|>Rn}

1
|z|3+2s

dz

= CR−2s
n

∫
BKRn (xn)

|un(x)|2dx. (5.19)
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And we note that if (x, y) ∈ (R3\BKRn(xn))× (B4Rn(xn)\BRn(xn)), then |x−
y| ≥ |x− xn| − |y − xn| ≥ |x−xn|

2 + K
2 Rn − 4Rn > |x−xn|

2 , we derive that∫
R3\BKRn (xn)

∫
{y∈B4Rn(xn)\BRn (xn);|x−y|>Rn}

|un(x)|2|ξn(x) − ξn(y)|2
|x− y|3+2s

dxdy

< C

∫
R3\BKRn (xn)

dx

∫
{y∈B4Rn(xn)\BRn (xn);|x−y|>Rn}

|un(x)|2
|x− y|3+2s

dy

≤ CR3
n

∫
R3\BKRn (xn)

|un(x)|2
|x− xn|3+2s

dx

≤ CR3
n

(∫
R3\BKRn (xn)

|un(x)|2∗
s dx

) 2
2∗s

×
(∫

R3\BKRn (xn)

|x− xn|−(3+2s)
2∗s

2∗s−2 dx

) 2∗s−2
2∗s

≤ CK−3

(∫
R3\BKRn (xn)

|un(x)|2∗
s dx

) 2
2∗s

. (5.20)

Using (5.19) and (5.20), we infer to

H2 ≤ CR−2s
n

∫
BKRn (xn)

|un(x)|2dx + CK−3. (5.21)

Combining (5.13)–(5.21), we have∫∫
R6

|un(x)|2|ξn(x)− ξn(y)|2
|x− y|3+2s

dxdy ≤ CR−2s
n

∫
BKRn (xn)

|un(x)|2dx + CK−3.

Consequently, we get

lim sup
n→∞

∫∫
R6

|un(x)|2|ξn(x) − ξn(y)|2
|x− y|3+2s

dxdy

= lim
K→∞

lim sup
n→∞

∫∫
R6

|un(x)|2|ξn(x) − ξn(y)|2
|x− y|3+2s

dxdy = 0, (5.22)

and we derive from (5.10)–(5.12) that∫
R3

(−Δ)
s
2 un(−Δ)

s
2 (ξnun)dx

=
∫∫

R6

(un(x)− un(y))(ξn(x)un(x)− ξn(y)un(y))
|x− y|3+2s

dxdy
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=
∫∫

R6

(
un(x) − un(y)

)2
ξn(y)

|x− y|3+2s
dxdy + on(1)

=
∫

R3
|(−Δ)

s
2 un|2ξndx + on(1) = on(1).

(5.23)

Now, we define the cut-off function η0(s) ∈ C∞(R+) by η0(s) = 1 if s ≤ 2,

η0(s) = 0, if s ≥ 3, and |η′
0(s)| ≤ C. Set ηn(x) = η0(|x− xn|/Rn), and

vn(x) = ηn(x)un(x), wn(x) = (1 − ηn(x))un(x).

From (5.6), we have∫
R3

(|vn|2 + K(x)φvn |vn|2∗
s−1 + λf(x)|vn|q)dx ≥ α− εn, (5.24)∫

R3

(
|wn|2 + K(x)φwn |wn|2∗

s−1 + λf(x)|wn|q
)

dx ≥ (l − α)− εn. (5.25)

By (5.22) and (5.23), we have∣∣∣∣∫
R3

(−Δ)
s
2 vn(−Δ)

s
2 (wn)dx

∣∣∣∣
=
∣∣∣∣∫∫

R6

[ηn(x)un(x)− ηn(y)un(y)][(1− ηn(x))un(x)− (1− ηn(y))un(y)]
|x− y|3+2s

dxdy

∣∣∣∣
=
∣∣∣∣∫∫

R6

ηn(x)(1 − ηn(x))|un(x)− un(y)|2
|x− y|3+2s

dxdy

−
∫∫

R6

ηn(x)(un(x) − un(y))(ηn(x)− ηn(y))u(y)
|x− y|3+2s

dxdy

+
∫∫

R6

(un(x)− un(y))(1 − ηn(x))(ηn(x) − ηn(y))u(y)
|x− y|3+2s

dxdy

−
∫∫

R6

(ηn(x) − ηn(y))2|u(y)|2
|x− y|3+2s

dxdy

∣∣∣∣
≤
∣∣∣∣∫

R3
|(−Δ)

s
2 un|2ξndx

∣∣∣∣+ C

[∫∫
R6

(ηn(x)− ηn(y))2|u(x)|2
|x− y|3+2s

dxdy

] 1
2

= on(1), (5.26)

where the second integral of the last inequality tends to zero as n → ∞, by using
[2, Lemma 2.3]. Consequently, we get∫

R3
|(−Δ)

s
2 un|2dx =

∫
R3
|(−Δ)

s
2 vn|2dx +

∫
R3
|(−Δ)

s
2 wn|2dx + on(1). (5.27)
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From (5.7), we have∫
R3
|vn(x)wn(x)|dx ≤

∫
B3Rn(xn)\B2Rn

(xn)

|un|2dx = on(1), (5.28)

and then ∫
R3
|un|2dx =

∫
R3
|vn|2dx +

∫
R3
|wn|2dx + on(1). (5.29)

In the sequel, we need to consider two cases.

Case 1. If {xn} is bounded, it follows from conditions (H1)′ and (H3) that∫
R3

(f(x) − f∞)|wn(x)|qdx ≤ sup
|x−xn|≥2Rn

|f(x)− f∞|C‖un‖q

≤ C sup
|x−xn|≥2Rn

|f(x)− f∞| = on(1), (5.30)

and∣∣∣∣∫
R3

K(x)φwn |wn|2∗
s−1dx−K2

∞

∫
R3

φ̃wn |wn|2∗
s−1dx

∣∣∣∣
=
∣∣∣∣∫∫

R6

K(x)(K(y)−K∞)|wn(x)|2∗
s−1|wn(y)|2∗

s−1

|x− y|3−2s
dxdy

−
∫∫

R6

K∞(K(x)−K∞)|wn(x)|2∗
s−1|wn(y)|2∗

s−1

|x− y|3−2s
dxdy

∣∣∣∣
≤
∫

R3
|K(x)−K∞|φ̃wn |wn|2∗

s−1dx + K∞
∫

R3
|K(x)−K∞|φ̃wn |wn|2∗

s−1dx

≤ (1 + K∞) sup
|x−xn|≥2Rn

|K(x)−K∞|S−2∗
s‖un‖2(2∗

S−1)

≤ C sup
|x−xn|≥2Rn

|K(x)−K∞| = on(1). (5.31)

It follows that

Jλ(wn) = Jλ,∞(wn) + on(1). (5.32)

Moreover, we can obtain that

J ′
λ(un)wn = J ′

λ,∞(wn)wn + on(1) = on(1). (5.33)

In fact, we have the following inequality:∣∣∣∣∫
R3

K(x)φun |un|2∗
s−2wn(x)dx −

∫
R3

K2
∞φ̃wn |wn|2∗

s−1dx

∣∣∣∣
=
∣∣∣∣∫∫

R6

K(x)K(y)|un(y)|2∗
s−1|un(x)|2∗

s−2wn(x)
|x− y|3−2s

dxdy

−
∫∫

R6

K2
∞|wn(y)|2∗

s−1|wn(x)|2∗
s−1

|x− y|3−2s
dxdy

∣∣∣∣
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≤
∣∣∣∣∫∫

R6

(K(x)K(y)−K2∞)|wn(y)|2∗
s−1|wn(x)|2∗

s−1

|x− y|3−2s
dxdy

∣∣∣∣

+

∣∣∣∣∣∣∣∣∣∣
∫∫

R6

K(x)K(y)(|un(y)|2∗
s−1|un(x)|2∗

s−2wn(x)

− |wn(y)|2∗
s−1|wn(x)|2∗

s−1)
|x− y|3−2s

dxdy

∣∣∣∣∣∣∣∣∣∣
:= I1 + I2.

(5.34)

For item I1, by (H2) we have that

I1 :=
∣∣∣∣∫∫

R6

(K(x)K(y)−K2
∞)|wn(y)|2∗

s−1|wn(x)|2∗
s−1

|x− y|3−2s
dxdy

∣∣∣∣
=
∣∣∣∣∫∫

R6

K(x)(K(y)−K∞)|wn(y)|2∗
s−1|wn(x)|2∗

s−1

|x− y|3−2s
dxdy

+
∫∫

R6

K∞(K(x) −K∞)|wn(y)|2∗
s−1|wn(x)|2∗

s−1

|x− y|3−2s
dxdy

∣∣∣∣
≤
∣∣∣∣∫

R3
(K(y)−K∞)φwn |wn(y)|2∗

s−1dy

∣∣∣∣+ ∣∣∣∣∫
R3

(K(x)−K∞)φwn |wn(x)|2∗
s−1dx

∣∣∣∣
≤ 2 sup

|x−xn|≥2Rn

|K(x)−K∞|
∫

R3
φwn |wn(x)|2∗

s−1dx ≤ Cεn‖wn‖2(2∗
s−1) = on(1).

For item I2, by (5.7) we deduce to

I2 :=

∣∣∣∣∣∣∣∣∣∣
∫∫

R6

K(x)K(y)(|un(y)|2∗
s−1|un(x)|2∗

s−2wn(x)

− |wn(y)|2∗
s−1|wn(x)|2∗

s−1)
|x− y|3−2s

dxdy

∣∣∣∣∣∣∣∣∣∣
=
∣∣∣∣∫∫

R6

K(x)K(y)[(1 − ηn(x)) − (1− ηn(y))2
∗
s−1(1− ηn(x))2

∗
s−1]

|x− y|3−2s

× |un(x)|2∗
s−1|un(y)|2∗

s−1dxdy

∣∣∣∣
=

∣∣∣∣∣
∫

B2Rn (yn)

∫
Bc

3Rn
(yn)

K(x)K(y)[(1− ηn(x))− (1− ηn(y))2
∗
s−1(1− ηn(x))2

∗
s−1]

|x− y|3−2s

× |un(x)|2∗
s−1|un(y)|2∗

s−1dxdy + on(1)
∣∣∣∣

≤ C

R3−2s
n

‖un‖2(2
∗
s−1)

2∗
s−1 ≤ C

R3−2s
n

‖un‖2(2∗
s−1) + on(1)→ 0
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as n → ∞, here we have used the fact that |x − yn| ≥ 3Rn, |y − yn| ≤ 2Rn ⇒
|x− y| ≥ Rn, the assumptions on the functions K, η and the boundedness of {un}
in Hs(R3).

Similarly, according to (5.7) and (5.30), we can obtain∣∣∣∣∫
R3

f(x)|un|q−1wndx−
∫

R3
f∞|wn|qdx

∣∣∣∣
=
∣∣∣∣∫

R3

(
f(x)(|un|q−1wn − |wn|q)

)
dx +

∫
R3

(f(x) − f∞)|wn|qdx

∣∣∣∣
≤ sup

|x−xn|≥Rn

|f(x)− f∞|
∫

R3
|wn|qdx

+
∫

R3

[
(1− ηn(x)) − (1− ηn(x))q−1

]
f(x)|un|qdx

≤ sup
|x−xn|≥Rn

|f(x)− f∞|‖un‖qq +
∫

B3Rn (xn)\B2Rn (xn)

f(x)|un|qdx + on(1)

= on(1). (5.35)

Using (5.7) and (5.26), we deduce that∣∣∣∣∫
R3

(−Δ)
s
2 un(−Δ)

s
2 wndx−

∫
R3
|(−Δ)

s
2 wn|2dx

∣∣∣∣
=
∣∣∣∣∫∫

R6

(un(x)− un(y))(wn(x) − wn(y))
|x− y|3+2s

dxdy

−
∫∫

R6

∣∣wn(x) − wn(y)
∣∣2

|x− y|3+2s
dxdy

∣∣∣∣∣
=
∣∣∣∣∫∫

R6

(wn(x)− wn(y))(vn(x) − vn(y))
|x− y|3+2s

dxdy

∣∣∣∣
=
∣∣∣∣∫

R3
(−Δ)

s
2 wn(−Δ)

s
2 vndx

∣∣∣∣ = on(1), (5.36)

and ∣∣∣∣∫
R3

(un(x)wn(x)− |wn(x)|2)dx

∣∣∣∣ =
∣∣∣∣∫

R3
|un(x)|2[1− ηn(x)]ηn(x)dx

∣∣∣∣
≤
∫

B3Rn (xn)\B2Rn(xn)

u2
ndx

= on(1). (5.37)

It follows from (5.34)–(5.37) that

J ′
λ,∞(wn)wn = J ′

λ(un)wn = on(1). (5.38)
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By a similar argument as Lemma 5.2, there exists tn → 1 such that tnwn ∈Mλ,∞
and

βλ,∞ ≤ Jλ,∞(tnwn)

= Jλ,∞(tnwn)− 1
q
J ′

λ,∞(tnwn)(tnVn)

=
(

1
2
− 1

q

)
‖tnwn‖2 +

(
1
q
− 1

2(2∗s − 1)

)∫
R3

K2
∞φtnwn |tnvn|2∗

s−1dx

=
(

1
2
− 1

q

)
‖wn‖2 +

(
1
q
− 1

2(2∗s − 1)

)∫
R3

K2
∞φwn |wn|2∗

s−1dx + on(1)

<

(
1
2
− 1

q

)
‖un‖2 +

(
1
q
− 1

2(2∗s − 1)

)∫
R3

K2
∞φun |un|2∗

s−1dx + on(1)

= Jλ(un)− 1
q
J ′

λ(un)(un) + on(1)

= c + on(1)

< βλ,∞, (5.39)

which raises a contradiction.

Case 2. If {xn} is unbounded, then we have |xn| → +∞ as n→ ∞. According to
condition (H3), for any ε > 0, there exists an R′ > 0 such that

|K(x)−K∞| < ε, for all |x| ≥ R′.

Let 3Rn = |xn| − R′. Then Rn → +∞ and B3Rn(xn) ⊂ R
3\BR′(0) as n → ∞.

Consequently, we have∣∣∣∣∫
R3

K(x)φvn |vn|2∗
s−1dx−K2

∞

∫
R3

φ̃vn |vn|2∗
s−1dx

∣∣∣∣
=
∣∣∣∣∫∫

R6

K(x)(K(y)−K∞)|vn(x)|2∗
s−1|vn(y)|2∗

s−1

|x− y|3−2s
dxdy

−
∫∫

R6

K∞(K(x)−K∞)|vn(x)|2∗
s−1|vn(y)|2∗

s−1

|x− y|3−2s
dxdy

∣∣∣∣
≤
∫

R3
|K(x)−K∞|φ̃vn |vn|2∗

s−1dx + K∞
∫

R3
|K(x)−K∞|φ̃vn |vn|2∗

s−1dx

=
∫

B3Rn (xn)

|K(x)−K∞|φ̃vn |un|2∗
s−1|ηn(x)|2∗

s−1dx

+ K∞
∫

B3Rn (xn)

|K(x)−K∞|φ̃vn |un|2∗
s−1|ηn(x)|2∗

s−1dx
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≤
∫

Bc
R′ (0)

|K(x)−K∞|φ̃vn |un|2∗
s−1|ηn(x)|2∗

s−1dx

+ K∞
∫

Bc
R′ (0)

|K(x)−K∞|φ̃vn |un|2∗
s−1|ηn(x)|2∗

s−1dx

≤ Cε

∫
Bc

R′(0)
φ̃un |un|2∗

s−1dx

≤ CεS−2∗
s‖un‖2(2∗

S−1) ≤ Cε.

(5.40)

Similarly, from condition (H1)′, we can derive∣∣∣∣∫
R3

(
f(x)− f∞

)|vn(x)|qdx

∣∣∣∣ ≤ Cε.

Consequently, one has

Jλ(vn) = Jλ,∞(vn) + on(1). (5.41)

Moreover, we can argue as in Case 1 to show that

J ′
λ(un)vn = J ′

λ,∞(vn)vn + on(1) = on(1) (5.42)

and there exists tn → 1 such that tnvn ∈Mλ,∞. Furthermore, we get

βλ,∞ ≤ Jλ,∞(tnvn)

= Jλ,∞(tnvn)− 1
q
J ′

λ,∞(tnvn)(tnvn)

=
(

1
2
− 1

q

)
‖tnvn‖2 +

(
1
q
− 1

2(2∗s − 1)

)∫
R3

K2
∞φ̃tnvn |tnvn|2∗

s−1dx

=
(

1
2
− 1

q

)
‖vn‖2 +

(
1
q
− 1

2(2∗s − 1)

)∫
R3

K2
∞φ̃vn |vn|2∗

s−1dx + on(1)

<

(
1
2
− 1

q

)
‖un‖2 +

(
1
q
− 1

2(2∗s − 1)

)∫
R3

K2
∞φ̃un |un|2∗

s−1dx + on(1)

= Jλ(un)− 1
q
J ′

λ(un)(un) + on(1)

= c + on(1)

< βλ,∞, (5.43)

which yields a contradiction.
Therefore, the dichotomy cannot occur and {ρn(x)} is compact. That is, there

exists {xn} ⊂ R
3 such that for any ε > 0, there is an R > 0 such that∫

Bc
R(xn)

ρn(x)dx < ε, (5.44)

where Bc
R(xn) = R

3\BR(xn).
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We claim that {xn} is bounded. Otherwise, we suppose that |xn| → +∞ when
n→∞. Let |xn| ≥ R + R′ for large n. Then we have∣∣∣∣∫

R3
K(x)φun |un|2∗

s−1dx−K2
∞

∫
R3

φ̃un |un|2∗
s−1dx

∣∣∣∣
=
∣∣∣∣∫∫

R6

K(x)(K(y)−K∞)|un(x)|2∗
s−1|un(y)|2∗

s−1

|x− y|3−2s
dxdy

−
∫∫

R6

K∞(K(x)−K∞)|un(x)|2∗
s−1|un(y)|2∗

s−1

|x− y|3−2s
dxdy

∣∣∣∣
≤
∫

R3
|K(y)−K∞|φun |un|2∗

s−1dy + K∞
∫

R3
|K(x)−K∞|φ̃un |un|2∗

s−1dx

=
∫

BR(xn)

|K(x)−K∞|φ̃un |un|2∗
s−1dx

+
∫

Bc
R(xn)(xn)

|K(x)−K∞|φ̃un |un|2∗
s−1dx

+ K∞
∫

BR(xn)

|K(x)−K∞|φ̃un |un|2∗
s−1dx

+ K∞
∫

Bc
R(xn)

|K(x)−K∞|φ̃un |un|2∗
s−1dx

≤ Cε

∫
Bc

R′(0)
φ̃un |un|2∗

s−1dx + C

∫
Bc

R(xn)(xn)

φun |un|2∗
s−1dx

≤ C1ε + C2ε ≤ C3ε. (5.45)

In a similar way, we infer to∫
R3

(
f(x)− f∞

)|un|qdx ≤ Cε.

Hence,

Jλ(un) = Jλ,∞(un) + on(1) and J ′
λ(un)un = J ′

λ,∞(un)un + on(1) = on(1).

Moreover, there exists tn → 1 such that tnun ∈Mλ,∞ and

c = Jλ(un) + on(1) = Jλ,∞(tnun) + on(1) ≥ βλ,∞ + on(1),

which contradicts the definition of c.
Since {un} is bounded in Hs(R3), then, there exists u ∈ Hs(R3) such that

un ⇀ u in Hs(R3). From Lemma 2.1 and (5.44), as n→∞, we infer to∫
R3
|un|2dx→

∫
R3
|u|2dx,

∫
R3

f(x)|un|qdx→
∫

R3
f(x)|u|qdx.
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Set Ψn := un − u. Then by Brézis–Lieb Lemma, Lemma 2.2(vi), we have that

‖Ψn‖2 = ‖un‖2 − ‖u‖2 + on(1),

and∫
R3

K(x)φΨn |Ψn|2∗
s−1dx =

∫
R3

K(x)φun |un|2∗
s−1dx−

∫
R3

K(x)φu|u|2∗
s−1dx + on(1).

According to the weak convergence of un ⇀ u in Hs(R3) and Lemmas 2.1 and 2.2,
it is standard to verify J ′

λ(u) = 0, and hence,

1
2
‖Ψn‖2 − 1

2(2∗s − 1)

∫
R3

K(x)φΨn |Ψn|2∗
s−1dx = c− Jλ(u) + on(1), (5.46)

and

on(1) = Jλ(un)Ψn

= (J ′
λ(un)− J ′

λ(u))Ψn

= ‖Ψn‖2 −
∫

R3
K(x)φun |un|2∗

s−3unΨndx +
∫

R3
K(x)φu|u|2∗

s−3uΨndx.

(5.47)

Note that Ψn := un−u ⇀ 0 in L2∗
s (R3) and K(x)φu|u|2∗

s−3u ∈ L
2∗s

2∗s−1 (R3), we have∫
R3

K(x)φu|u|2∗
s−3uΨndx = on(1).

Moreover, one has∫
R3

K(x)φun |un|2∗
s−3unΨndx

=
∫

R3
K(x)φun |un|2∗

s−1dx−
∫

R3
K(x)φu|u|2∗

s−1dx

−
∫

R3
K(x)[φun − φu]|un|2∗

s−3unudx

−
∫

R3
K(x)φu[|un|2∗

s−3un − |u|2∗
s−3u]udx. (5.48)

Since the sequence {(φun − φu)|un|2∗
s−3un} is bounded in L

2∗s
2∗s−1 (R3), and

φun → φu, |un|2∗
s−3un → |u|2∗

s−3u a.e. in R
3,

by [44, Proposition 5.4.7] we have∫
R3

K(x)[φun − φu]|un|2∗
s−3unudx = on(1). (5.49)

Analogously, we derive to∫
R3

K(x)φu[|un|2∗
s−3un − |u|2∗

s−3u]udx = on(1). (5.50)
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Combining (5.49) and (5.50), we conclude∫
R3

K(x)φun |un|2∗
s−3unΨndx

=
∫

R3
K(x)φun |un|2∗

s−1dx−
∫

R3
K(x)φu|u|2∗

s−1dx + on(1)

=
∫

R3
K(x)φΨn |Ψn|2∗

s−1dx + on(1). (5.51)

Thus, by (5.47)–(5.51) we obtain

‖Ψn‖2 −
∫

R3
K(x)φΨn |Ψn|2∗

s−1dx = on(1). (5.52)

Let

‖Ψn‖2 → � and
∫

R3
K(x)φΨn |Ψn|2∗

s−1dx→ �, as n→∞, (5.53)

for some � ∈ [0, +∞). If � = 0, we have directly un → u in Hs(R3). If � 
= 0, then
from Lemma 2.2 we have

on(1) + ‖Ψn‖2 =
∫

R3
K(x)φΨn |Ψn|2∗

s−1dx ≤ S−2∗
s‖Ψn‖2(2∗

s−1),

which indicates � ≥ S
3
2s .

On the other hand, by virtue of J ′
λ(u) = 0, we get

Jλ(u) = Jλ(u)− 1
q
J ′

λ(u)u

=
(

1
2
− 1

q

)
‖u‖2 +

(
1
q
− 1

2(2∗s − 1)

)∫
R3

K(x)φu|u|2∗
s−1dx ≥ 0.

Thus, from (5.53) we obtain

c =
1
2
‖Ψn‖2 − 1

2(2∗s − 1)

∫
R3

K(x)φΨn |Ψn|2∗
s−1dx + Jλ(u) + on(1)

=
1
2
�− 1

2(2∗s − 1)
� + on(1)

≥ 2s

3 + 2s
S

3
2s + on(1) (5.54)

which contradicts the definition of c. Therefore, � = 0, i.e. un → u in Hs(R3).

In the following, we present some useful estimates which are crucially used in
the proof of Theorem 1.2.

Lemma 5.7. There exists λ0 > 0 such that if λ ∈ (0, λ0), then

2s

3 + 2s
S

3
2s < βλ,∞.
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Proof. Suppose by contradictory that there exists a sequence {λn} → 0 such that

βλn,∞ ≤ 2s

3 + 2s
S

3
2s , as n→∞.

For each λn > 0. It follows from [14] that there is un ∈ Hs(R3) such that

Jλn,∞(un) = αλn,∞ and J ′
λn,∞(un)un = 0. (5.55)

Hence, we have

2s

3 + 2s
S

3
2s ≥ βλn,∞ = Jλn,∞(un)− 1

q
I ′λn,∞(un)un

=
(

1
2
− 1

q

)
‖un‖2 +

(
1
q
− 1

2(2∗s − 1)

)∫
R3

K2
∞φun |un|2∗

s−1dx

≥ C‖un‖2,

this means that {un} is bounded in Hs(R3). By Lemma 2.1, we infer to∫
R3

λnf∞|un|qdx ≤ λnC‖un‖q → 0, as n→∞. (5.56)

Using (5.55) and (5.56), we can assume

‖un‖2 → �1 and
∫

R3
K2

∞φun |un|2∗
s−1dx→ �1, as n→∞,

for some �1 ∈ [0, +∞). If �1 = 0, then

β0,∞ = 0.

This is not possible because J0,∞ has a mountain pass geometry. If �1 
= 0, then
from J ′

λn,∞(un)(un) = on(1), by Remark 1.1 we get

on(1) + ‖un‖2 =
∫

R3
K2

∞φ̃un |un|2∗
s−1dx ≤ S−2∗

s‖un‖2(2∗
s−1)

which shows that �1 ≥ (K2
∞)−

3−2s
2s S

3
2s . In view of K∞ < 1 and (5.56), we derive to

2s

3 + 2s
S

3
2s ≥ βλ,∞ = Jλn,∞(un)− 1

2(2∗s − 1)
J ′

λn,∞(un)un + on(1)

=
2s

3 + 2s
‖un‖2 + on(1)

≥ 2s

3 + 2s
(K2

∞)−
3−2s
2s S

3
2s + on(1) >

2s

3 + 2s
S

3
2s + on(1),

which leads to a contradiction.
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Lemma 5.8. There exist a small ε0 > 0 and σ(ε0) > 0 such that for ε ∈ (0, ε0),
we have

sup
t≥0

Jλ(tvε,z) <
2s

3 + 2s
S

3
2s − σ(ε0) uniformly for z ∈M,

where vε,z is defined by vε,z = η(x− z)Uε(x− z) given in Lemma 3.4. In addition,
there exists tz > 0 such that

tzvε,z ∈Mλ for z ∈M.

Proof. Since

lim
t→0

Jλ(tvε,z) = 0 and lim
t→∞Jλ(tvε,z) = −∞,

for z ∈M and small ε > 0, there exist small t0 > 0 and large t1 > 0 such that

Jλ(tvε,z) <
2s

3 + 2s
S

3
2s , for t ∈ (0, t0] ∪ [t1, +∞). (5.57)

Now, we show that

Jλ(tvε,z) <
2s

3 + 2s
S

3
2s ,

for z ∈M and t ∈ [t0, t1]. For this, by (3.1), Lemma 3.2 and Theorem 2.9 we have

Jλ(tvε,z) =
t2

2
‖vε,z‖2 − t2(2

∗
S−1)

2(2∗s − 1)

∫
R3

K(x)φvε,z |vε,z|2∗
S−1dx− λtq

q

∫
R3

f(x)|vε,z |qdx

≤ 2s

3 + 2s

⎛⎝ ‖vε,z‖2Ds,2(∫
R3 K(x)φvε,z |vε,z |2∗

s−1dx
) 1

2∗s−1

⎞⎠
3+2s
4s

+
t2

2

∫
R3
|vε,z |2dx− λC

∫
R3
|vε,z |qdx

≤ 2s

3 + 2s

⎛⎝ S
3
2s + O(ε3−2s)(

S
3
2s −O(ε3−2s)

) 1
2∗s−1

⎞⎠
3+2s
4s

+ C

∫
R3
|vε,z |2dx − λC

∫
R3
|vε,z|qdx

=
2s

3 + 2s
S

3
2s + O(ε3−2s) +

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

O(ε2s) if 2 >
3

3− 2s
,

O(ε2s| log ε|) if 2 =
3

3− 2s
,

O(ε3−2s) if 2 <
3

3− 2s
.

−λCε
3(2−q)+2sq

2 ,

(5.58)
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for z ∈M and small ε > 0. Next, we separate three cases:

Case 1: s < 3
4 ⇔ 2 > 3

3−2s . In this case, we get 3− 2s > 2s > 3(2−q)+2sq
2 and

O(ε3−2s) + O(ε2s)− λCε
3(2−q)+2sq

2 < 0 for ε small enough.

Case 2: s = 3
4 ⇔ 2 = 3

3−2s . In this case, we choose λ = ε
1
2 , by a simple calculation,

we infer that

O(ε
3
2 ) + O(ε

3
2 | log ε|)− λCε

3(2−q)+2sq
2 < 0 if ε small enough.

Case 3: s > 3
4 ⇔ 2 < 3

3−2s . In this case, we have 3(2−q)+2sq
2 < 3 − 2s due to

q > 4 > 4s
3−2s , and so,

O(ε3−2s) + O(ε3−2s)− λCε
3(2−q)+2sq

2 < 0 as ε sufficiently enough.

Combining Cases 1–3 and (5.58), there exists a small ε0 > 0 such that for ε ∈ (0, ε0),

sup
t≥0

Jλ(tvε,z) <
2s

3 + 2s
S

3
2s − σ(ε0),

for z ∈M . In addition, from Lemma 5.2, there exists t−z > 0 such that t−z vε,z ∈M−
λ

for each z ∈M .

Next, we define a continuous map Θ : Hs(R3)\{0} → R
3 as

Hs(R3) � u �→ Θ(u) :=

∫
R3

∫
R3

x|u(x)|2∗s−1|u(y)|2∗s−1

|x−y|3−2s dxdy∫
R3

∫
R3

|u(x)|2∗s−1|u(y)|2∗s−1

|x−y|3−2s dxdy
.

Then we have the following conclusion.

Lemma 5.9. For each 0 < δ < r0, there exist λδ, δ0 > 0 such that if u ∈ N1∞ with
I1∞(u) < 2s

3+2sS
3
2s + δ0, and λ ∈ (0, λδ), then Θ(u) ∈Mδ.

The proof of Lemma 5.8 is similar to that of Lemma 4.4, and we omitted it.

Lemma 5.10. There exists a small λδ > 0 such that if λ ∈ (0, λδ) and u ∈ Mλ

with Jλ(u) < 2s
3+2sS

3
2s + δ0

2 , where δ0 is given in Lemma 5.9. Then Φ(u) ∈Mδ.

Proof. For u ∈ Mλ with Jλ(u) < 2s
3+2s + δ̄0

2 , we have from (5.1) and Lemma 5.1
that

0 < ‖u‖ ≤ C. (5.59)

And there exists a unique tu > 0 such that tuu ∈ N1
∞. We claim that tu ≤ C

for some C > 0 independent of u. Otherwise, there exists a sequence {un} ⊂ Mλ
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satisfying tuun ∈ N1∞ and {tun} → ∞ as n→∞, as a result we have∫
R3

K(x)φun |un|2∗
s−1dx = t

2(2−2∗
s)

un ‖un‖2 → 0, as n→∞. (5.60)

Since un ∈Mλ, from (5.59) and (5.60) we have

‖un‖2 =
∫

R3
K(x)φun |un|2∗

s−1dx + λ

∫
R3

f(x)|un|qdx

≤
∫

R3
K(x)φun |un|2∗

s−1dx + λC‖un‖q → 0,

as n→∞ and λ→ 0, which contradicts Lemma 5.1.
On the other hand, by u ∈Mλ, we have

2s

3 + 2s
S

3
2s +

δ0

2
≥ Jλ(u) = sup

t≥0
Jλ(tu)

≥ Jλ(tuu)

= I1
∞(tuu)− λ

q

∫
R3

(f(x)− f∞)|un|qdx

≥ I1
∞(tuu)− λC‖un‖q. (5.61)

Then

I1
∞(tuu) ≤ 2s

3 + 2s
S

3
2s +

δ0

2
+ λC‖un‖q. (5.62)

By (5.59) and (5.62), there exists λδ > 0 such that for λ ∈ (0, λδ), we have

I1
∞(tuu) ≤ 2s

3 + 2s
S

3
2s + δ0.

By virtue of Lemma 5.9, we get that Φ(u) = Φ(tuu) ∈Mδ.

Set

cλ :=
2s

3 + 2s
S

3
2s − σ(ε0) and Mλ(cλ) := {u ∈Mλ; Jλ(u) ≤ cλ}.

Lemma 5.11. If u is a critical point of Jλ restricted on Mλ, then it is a critical
point of Jλ in Hs(R3).

The proof is almost similar to Lemma 2.4, and we omit it here.

Lemma 5.12. Jλ|Mλ
satisfies the (PS) condition on Mλ(cλ), where Jλ|Mλ

denotes
the restriction of Jλ on Mλ.
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Proof. Let {un} ⊂ Mλ(cλ) be a (PS) sequence. Then, there exists a sequence
{θn} ⊂ R such that

J ′
λ(un) = θnΥ′

λ(un) + on(1).

From (5.3), we know that Υ′
λ(un)un < 0, and so, there exists a subsequence, still

denoted by {un}, such that

Υ′
λ(un)un → l ≤ 0, as n→∞.

If l = 0, by (5.3) we have

0← Υ′
λ(un)un = −(q − 2)‖un‖2 − (2(2∗s − 1)− q)

∫
R3

K(x)φun(x)|un|2∗
s−1dx

≤ −(q − 2)‖un‖2 ≤ 0.

Therefore,

‖un‖ → 0, as n→∞,

which yields a contradiction with Lemma 5.1. Hence l < 0. Since J ′
λ(un)un = 0, we

derive that {θn} → 0 and J ′
λ(un) → 0, as n → ∞. According to Lemma 5.6, we

have the desired conclusion.

Now, we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. Let δ, λδ > 0 be given as in Lemmas 5.9 and 5.10. For
each z ∈ M , let G(z) = tzvε,z . From Lemma 5.8, it belongs to Mλ(cλ). It follows
from Lemma 5.10 that Θ(Mλ(cλ)) ⊂Mδ for λ < λδ. Define the map ζ : [0, 1]×M →
Mδ by

[0, 1]×M � (θ, z) �→ ζ(θ, z) = Θ(tzv(1−θ)ε,z) ∈M−
λ (cλ).

By a direct calculation, we have ζ(0, z) = Θ ◦G(z) and limθ→1− ζ(θ, z) = z. Thus,
Θ ◦ G is homotopic to the injective j : M → Mδ. By virtue of Lemma 5.12,
Proposition 4.1 and 4.2, we obtain that JM−

λ (cλ) has at least catMδ
(M) critical

points in M−
λ (cλ). By Lemma 5.11, we know that Jλ has at least catMδ

(M) critical
points in M−

λ (cλ). Thus, the system (1.8) has at least catMδ
(M) positive solutions

in Hs(R3).
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Vicenţiu D. Rădulescu https://orcid.org/0000-0003-4615-5537

References

[1] A. Ambrosetti, On Schrödinger-Poisson systems, Milan J. Math. 76 (2008) 257–274.
[2] V. Ambrosio and T. Isernia, Multiplicity and concentration results for some nonlinear

Schrödinger equations with the fractional p-Laplacian, Discrete Contin. Dyn. Syst.
38 (2018) 5835–5881.
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