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with multiple competing potentials and a critical nonlocal term, where s € (0,1), ¢ €
(1,2) or g € (4,2%), and 2% = sfzs is the fractional critical exponent. By combining the
Nehari manifold analysis and the Ljusternik—Schnirelmann category theory, we establish
how the coefficient K of the nonlocal critical nonlinearity affects the number of positive
solutions. We propose a new relation between the number of positive solutions and the

category of the global maximal set of K.

Keywords: Positive solutions; critical nonlocal term; fractional Schrédinger—Poisson sys-
tem; Ljusternik—Schnirelmann category; variational method.

Mathematics Subject Classification 2020: 35J62, 35J50, 35B65

1. Introduction

The classical Schrodinger—Poisson-type system takes the form

—Au+V(z)u+ K(x)pu = f(x,u), z€R3,

(1.1)
~A¢ = K(x)u?, z € R3.

This system arises in quantum mechanics and semiconductor theory and it was
introduced by Benci-Fortunato [7], where the unknowns u and ¢ represent the
wave functions associated with the particle and the electric potentials, while V is
an exterior potential and K denotes a nonnegative density charge. The nonlinearity
f simulates the interaction effect among many particles. The Schrodinger equation
coupled with a Poisson equation is usually used to interpret the phenomenon that
a quantum particle interacts with an electromagnetic field [8 [29]. We refer to [I1 [7]
[I0), T2] for more details on the physical background.

It is easily seen that system (I can be transformed into a nonlinear
Schrodinger equation with a nonlocal term, for example, see [7],[12]. Briefly, the Pois-
son equation can be solved by using the Lax—Milgram theorem. For all u € H'(R?),
the unique ¢x ,, € DV?(R?) is given by

_ 1 [ Ehe)P,
Am Jgs |z —yl

Oru()

which solves equation —A¢g ,, = K(x)u?, and that it can be substituted into the
first equation of system (ILI]) to obtain that

~Au+V(2)u + K(2)dr yu= f(z,u), =R

Such equation is variational, and its solutions are critical points of the corresponding
energy functional I defined in H!(R3).

In view of this, system (II]) was extensively investigated in both bounded and
unbounded domains under various assumptions on potentials and nonlinearities.
Some profound results on the existence of solutions of system (I) have been pre-
sented in [T [l 6 10, B6, B39, 46l 0] and references therein. We notice that, in
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[26], 27], Li, Li and Shi considered positive solutions to the following Schrédinger—
Poisson-type system with critical nonlocal term:

—Au+bu + gdluPu = f(u), x€R3,

(1.2)
7A¢: ‘u|5v Y GRga

and the existence of positive solutions to (I.2) was obtained by using variational
method which does not require usual compactness conditions. Since then, several
existence results have been established for the Schrodinger—Poisson systems with
critical nonlocal term in the literature. In [32], Liu studied the following generalized
Schrodinger—Poisson system:

—Au+V(z)u — K(x)dlu]Pu = f(z,u), z€cR3 13
A = K(@)|up, z € RS, '

By using the mountain pass theorem and the concentration-compactness principle,
Liu obtained the existence of a positive solution for (L3). Feng [16] studied the
existence of positive solutions to (IL3) with the critical nonlinearity f(z,u) = |u|*u+
g(u), by the modified concentration-compactness principle and Nehari manifold
method. Li and He [25] studied the existence and multiplicity of positive solutions
for (I3)) and related the number of positive solutions with the topology of the set of
the minimum value points of potential V' (z), by using the Ljusternik—Schnirelmann
theory. Yin, Zhang and Shang [46] studied the existence of positive ground state
solution to Eq. ([L3]) with vanishing potentials by means of variational approach.
Azzollini and d’Avenial [B] proved the existence and nonexistence results of positive
solutions to a Schrédinger—Poisson system with a critical nonlocal term set on
a bounded domain in both the resonance and the nonresonance cases for higher
dimensions.

In the setting of the fractional Laplacian, system (ZI]) becomes the following
fractional Schrodinger—Poisson-type system:

(=A)u+V(x)u+ K(x)pu = f(z,u), =€ R3,

(1.4)
(—A)'p = K (x)u?, x e R3.

System ([[4) is a fundamental equation in fractional quantum mechanics in the
study of particles on stochastic fields modeled by Lévy processes [9, 21, [22].
Recently, there is an increasing interesting in the study of solutions for fractional
Schrédinger—Poisson systems and we quote some existence results available in the
literature. In [48], by using a perturbation approach, Zhang, do O and Squassina
considered the existence and the asymptotical behaviors of positive solutions to sys-
tem (L) with V(z) = 0 and K(z) = A > 0, a parameter, and a general subcritical
or critical nonlinearity f. Teng [42] analyzed the existence of ground state solutions
of () with K (x) =1 and f(x,u) = pulu|?  u+ |u|> ~2u,q € (2,2¥), by combining
Pohozaev—Nehari manifold, arguments of Brezis—Nirenberg type, the monotonicity
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trick and global compactness lemma. Fan, Feng and Yan [I5] studied the existence
and multiple solutions for (I4]) via variational methods. Murcia and Siciliano [37]
studied the semiclassical state of the following system:

e2(=A)u+V(z)u+ K(z)pu = f(u), z€RY,

(1.5)
50(*A)a/2¢:%ﬂt27 x e RV,

and established the multiplicity of positive solutions that concentrate on the minima
of V by the Ljusternik—Schnirelmann category theory. For more results on multi-
plicity and concentration of positive solutions of (LH), we refer to [33, [42], 45] [47]
and references therein.

We notice that in the above-mentioned works for the fractional Schrédinger—
Poisson systems, the second Poisson equation is subcritical growth. After a bibli-
ography review we find that there are only few papers that deal with fractional
Schrodinger—Poisson system with critical nonlocal term. In [19], the second author
of this paper studied the existence of ground state solution of the following frac-
tional Schrodinger—Poisson equations:

(=A)u+V(x)u — K(x)plul* 3u = f(x,u), xcR3,
(—A)*¢ = K(x)lu

1.6
2:_17 T € R3 ( )

with the nonlinearity f(z,u) = u? ~! + h(u), where h is subcritical growth, in this
case, system ([LG) is called doubly critical growth. In [I7], Feng studied the exis-
tence of nonnegative solutions of (LG, by employing the mountain pass theorem,
concentration-compactness principle and approximation method, and extended the
main results of [32] to the fractional Laplacian case.

When K(z) = 0, (L0 simplifies to the following fractional Schrodinger equa-
tion:

(—AYu+V(z)u = f(r,u), z€R. (1.7)

In [40], Secchi constructed solutions to (7)) by variational approach in nature, and
based on minimization on the Nehari manifold. do O, Miyagaki and Squassina [13]
investigated (7)) with critical power nonlinearity f(x,u) = K (x)f(u) + Nu|? 2u,
and the involved potentials are allowed for vanishing behavior at infinity. For more
existence results for problem (7)), we refer to [13 35 0] and references therein.
Motivated by the aforementioned works, in this paper we are concerned with
multiplicity of solutions for the fractional Schrédinger-Poisson system with multiple

competing potentials and a critical nonlocal term
(—A)u+u— K(x)p|u
(—A)*¢ = K(z)|u

2,3y = AH@)|u|9%u, zeR3,

1.8
%1 zeR3 (18)

where s € (0,1), ¢ € (1,2) or q € (4,2%). The function fy(z) is defined by fi(x) =
My (x) + f-(x), where A > 0 is a small parameter and fy(z) = £ max{£f(z),0}.
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Before stating the main results, we introduce some assumptions on the contin-
uous functions fy(z), K(x) as follows:

(Hy) fa(z) € LT (R3), where ¢* = 233(}.

(Hy) limg_.oo K (2) = Koo € (0,+00) and K (z) > Ka for all z € R3.

(H3) There exist a non-empty compact set M := {z € R?; K(2) = max,cps K(z) =
1} and a positive number p € [3 —2s, 3) such that K (z) — K(z) = O(|z — z|?)
as x — z and uniformly in z € M.

(H4) f)\(x) >0 for z € M.

Remark 1.1. Let M, = {x € R3; dist(x, M) < r} for » > 0. Then according to
the conditions (H3)—(Hy), it follows from the continuity of f\ and g that there exist
positive constants Cp, 79 > 0 such that

fa(z) >0, ze€M,CR?
and
K(z) — K(z) < Colz — z|? for x € By, (z)

uniformly for z € M, where B,,(2) = {z € R3; |z — 2| < ro}. Furthermore, given
the conditions (Hz)—(Hs), it is easy to see that Ko, < 1.

Theorem 1.1. Let + < s < 1,1 < g < 2 and assume that conditions (Hy)~(Hy)
are satisfied. Then for each 0 < § < rg, there exists A\s > 0 such that if X € (0, \s),
system (L) possesses at least catyr, (M) + 1 distinct positive solutions, where cat
denotes the Ljusternik—Schnirelmann category.

In the case 4 < g < 2%, we use the following condition on f) instead of condition
(Hy):

(H1) f@) = M (@) and limyy oo f(2) = foo € (0,400) and f(2) > foo, Va € R,

Theorem 1.2. Let3/4 < s < 1,4 < q < 2% and assume that conditions (Hy)', (Hz)
and (H3) are satisfied. Then for each 0 < § < rg, there exists A\s > 0 such that if
A€ (0,)s), system (L8] possesses at least catpr, (M) distinct positive solutions.

Remark 1.2. If we replace (H;)' by condition (H;), the conclusion of Theorem [[.2]
is still valid. In fact, condition (H;) implies that lim|;| .o f(2) = 0, and it becomes
more easier to obtain the compactness of the (P.S) sequence of the associated energy
function, see the proof in Lemma [Z.8 The rest of the proofs is very similar to the
proofs of Theorem [[.2

We summarize the main ingredients and innovations in the proofs of Theo-
rems [[LT] and as follows:

(1) Different from the work mentioned in [2], 3] 20} 23] 25| 28| B3, B7, 45} [49],

we aim to establish a relationship between the number of positive solutions and the
topology of the weighted potential K (x) (not V(z)) in the critical nonlocal term. In
the proof of Theorem [IT1] one of the main difficulties is to find the minimum of the
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associated energy functional constrained on the Nehari manifold. This is because
the variational methods used in the literature, such as |20, [25], [32H34), [37), 38, [45], 48],
are no longer applicable to the case of growth order 1 < ¢ < 2. In order to overcome
these difficulties, we need to introduce new auxiliary functionals to compare their
energy levels to that of the energy functional of system (L8], and more analytical
technologies are involved. As far as we known, the multiplicity of solutions to (L))
has not been studied in the literature, which is where our purpose and interest are
focused.

(2) Since the appearance of a mnonlocal critical convolution term in the
Schrédinger—Poisson system, it would be natural to consider how the interaction
between the nonlocal term and the nonlinear term will affect the existence and con-
centration of solutions of (LJ]). Moreover, when we use the condition (H;) instead
of (Hy), the resultant difficulties in the proof of Theorem become harder to
prove the compactness of the (PS) sequence of the associated energy functional.
For this reason, we propose a new analytical technique to derive an exact estimate
of the (PS) sequence, see Lemma 5.6l

The remainder part of this paper is organized as follows. In Sec. Bl we recall
some relevant preliminary results for fractional Sobolev spaces and present the
variational setting of the problem, and properties of Nehari manifolds. In Sec. [3]
we provide some useful estimates that play a key role in the proof of Theorem [I-11
In Sec. @, we construct a barycenter map and prove Theorem [[LT] by means of
the Ljusternik—Schnirelmann category theory. Section [l is devoted to the proof of
Theorem

2. Preliminary Results

In this section, we present some preliminary results on fractional Sobolev spaces;
we refer to [35] for more details. For convenience, we use — (respectively, —) to
represent strong (respectively, weak) convergence. We will use C, Cy, C1,Cs, .. ., to
represent various normal numbers, and employ L"(RY), 1 < r < co to denote the
usual vector-valued function of Lebesgue space with the usual L™ norm in RV,
denoted by || - ||

For any s € (0,1), the fractional space H*(R?) is defined by the completion of
C2°(R?) under the norm

el = e = ( [ easupan | u|2dx)
R3 R3

Set the homogeneous Sobolev space D*?(R3) as the completion of C§°(R?) under

the norm
2
. b )
s i= [ 1-a)5upde = [ O vy

2350012-6
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The fractional Sobolev best constant is given by

s 2
—A)zu| d
S = inf Joo |[(=2)2 - (2.1)
u€D*2(R%)\{0} (IRS lu 2§dgc)¥
and it is attained by the function
08537223
Ue,z() = (2.2)

(52 + |z — z|2)¥7

for € > 0,z € R3 and a normalized constant Cs > 0. Moreover

HUE,ZMZDs»2 = |Us,z
]RS

Next, we recall the following embedding result.

3
2 dy = Sz,

Lemma 2.1 ([35]). The embedding H*(R3) — L"(R3) is continuous for any r €
[2,2%], and is locally compact whenever r € [1,2%).

For each u € H*(R?), we define the linear operator L, : D%?(R3) — R by

2" -1

Ly,(v) = . K(z)|u

vdzx.

Using the Holder inequality and the Sobolev inequality, there holds

2% —1

: 2;-1
2

_1
275 o]l pess, (2.3)

lv

20 < Ju

L, < K
Lu(0)] < ma K (@)]u

which implies that L, is continuous. Then, by the Lax-Milgram theorem, for given
u € H*(R3), there exists a unique solution ¢, € D*?(R3) solving (—A)*¢, =
K (z)|u|>~"! in a weak sense. From [I4], the function ¢, is represented by

K(y)lu(y)
Rs |z —y[37%

2F -1

bu(z) = ks dy, x€R? (2.4)

res)

——=2— and ¢, has the following properties.
225721 (s)

where kg :=

Lemma 2.2. For each u € H*(R?), the following properties hold:

(i) ¢u : H¥(R?) — D*2(R3) is continuous and maps bounded sets into bounded
sets.

(ii) For each u € H*(R3), one has ||¢u| ps> < 577 ||u 3_1 and
2% -1
* * 23
[ E@ouuP e < mux@s ([ ) T oo
R3 r€R3 R3

< S22,

(iil) ¢p = t% Ly for all t > 0.
(iv) Ifup, — uw in H*(R3), and u, — u a.e. in R3, then ¢, — ¢, in D>2(R3); and
Pup, = up—u — Pu — 0 in DS2(R?).

2350012-7
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(V) If up, — w in H5(R?), then ¢y, — ¢u in D¥*(R?), and [p3 K
dr — [ps K () o |u|> ~da.

vi) If up — u in HS R3) and u, — u a.e. in R3, then
(vi)

[, K@,

—/ K ()¢ |u|* tdz — 0.
R3

2:_1(158 - / K(x)¢u71—u‘un —u
R3

Proof. It is only need to check that (i), (ii), (iv) and (vi) hold.
(i) By the definition of ¢, we have for all v € D*?(R3),

[ 8o a)ivae = [ K@

R3

2 1ydx.

Thus, by Riesz representation theorem, one has
ILull2(po2@3))m) = lldullpoz®s), Vu € H(R?).
In addition, from (Z3]) we get
[6ull D2 (@s) = | Lull oD 2(®3))m)

= sup L ()]
vED*2 (R9)i[|v]| ps,2 <1

2% 1

. BB
<57t ([ Pian) 7 ol
3
23
2 b

_2 2kl
< §7% ul% <

(2.5)

where £(D*?(R3);R) denotes the set of bounded linear operators from D*?2(R?)
to R, and hence ¢, maps bounded sets into bounded sets. In order to prove the
continuity of ¢,, we let {u,} C H*(R3) being such that u,, — u in H*(R?). Then

* *

=t in L2 (R%). By 1)) we have, as n — oo,

‘u 2* 1_)|u

= [Lu, (v) = Lu(v)|

/ (=AY (bu, — bu)vde
RS

ul? || da

SS_EII\unFS —|u 2*_1\\ |

‘/U”DS 2(R3) — 0.

Since v is arbitrary, we obtain that lim,, . ||¢u, — ¢u||Ds‘2(R3) =0.
(i) Using Holder inequality and (Z1]), we deduce to

[ 180, Pde = [ K@l

2350012-8
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5

s 1
< max K (x) (/ u|28dx) (/ |¢u|28dx)
z€R3 R3 R3
(s
R3

s

. 2%
2sdx) Iullpes,

and so
2% —1
. 5 .
foulona <574 ([ ac) 7 = sl
R3 °
Thus, by (Z6)-21) we have
. 1 « 23
/ K(m)¢u|u\25_1d:)§ < Sz (/ u|28d33> |pw || D2
R3 R3
< S7Yfull3 7Y < ST Y.

(2.6)

(2.8)

(iv) From the Sobolev embedding, one has u, — u € L% (R?®) and then

2
[p|? 1 = |ul?*~1in L7

5
S
—1

(R3). Using [26, Lemma 3.2], we have

2F -1 21 lu

21
%71 50 in LT (R?).

[t — |un —u
Therefore, for any v € D*2(R3) < L2 (R?), we get

2 ydy = (du,v),

(Gur) = [ K@ oo = [ K@l

which reveals that ¢,, — ¢, in D*?(R3). Since for every w € D%?(R3).

(6 = 00, = sl = | [ K05 = o5 =

|2:71 _ |vn|2:71 _ |’LL 271

< K < lun
< max K (z)|wll2; - [[[u
then

Gup, — Pup—u — du — 0 in DV(R?),

which implies the assertion.

(2.9)

25/(25-1)

(vi) Since u, — w in L% (R?) and u, — u a.e. in R®, then v, — 0 in L% (R?)

and v, — 0 a.e. in R3. By item (iv) we have ¢,,, — 0 in D*?2(R?). Thus, as n — oo,

2350012-9
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we obtain

[ K@l

2:_1d17

2:_1dx7/ K(x)py, |vn
R3

Ly — / K(z)pyu|u
R3

= . K(x)[(bun - ¢vn - ¢u]|un|2t_1dx

2 — 251 _ lu

2:71}6117

b uy —w

R
+ [ K@on e,

+ [ Ko et [ K@il ~ W e 0.
R3 R3

Remark 2.1. When K(z) = 1, we recharge (Z4) as
251
~ U y s

——————dy, € R3,
e
then the conclusions of Lemma [Z2] still hold, see [I9, Lemma 2.1].

The energy functional associated with the system (L) is defined by

1

D) =5 [ 188+ juP)ds

— ﬁ /R3 K ()¢ |ul* ' da — é/Rg Il |u|?de, (2.10)

where u € H*(RY). It is easy to check that I, € C*(H*(R?),R), and on account of
I, being not bounded from below on H*(R"), we consider the behavior of I on
the Nehari manifold as follows:

Ny = {u € H*(R*)\{0}; I} (u)u = 0}.
Then u € N, if and only if
Julf? - [ K@oulu
]R3

We denote by

Uy (u) = [lulf? /R K(2)bu]ul2~1dz — /R Fa(@)]ul?da. (2.12)

Ly — / fal)|ulfdz = 0. (2.11)
]RS

Then for u € Ny, we have

W =20l - 225 1) [ K@ou@l o —g [ p@llda
— 2= 202~ DllulP + (22 - 1) o) [ p@fultds

=2 - lul® - [2(2; - 1) - g /RS K ()¢ulul*~'da, (2.13)

2350012-10
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and the Nehari manifold N, can be split into the following three parts:
Nt ={ue Nx: W\ (u)u >0}, NY={ue Ny:V\(u)u=0},
and
Ny ={ue N,: ¥\ (v)u < 0}.

Lemma 2.3. I, is coercive and bounded from below on Ny.

Proof. Let u € Ny. By Holder and Young inequalities, it follows from Lemma 2.1

and (210) that

Ii(u) = In(u) — !

2025 — 1)

s ) 1= (5 - 5=y ) [, Prolultas

1 ) 1 1
) 17 (5 ) V-
1 , 1/1 1 ) el
) 3 (67 ) P -

1 1 ) 2
e — — 2—q .14
(2 o 1)> lul)? — CAT=7, (2.14)

where C is a positive constant independent of the choice of u € H*(R?) and
A>0. O

I (w)u

a5 ull?

N|—= N~ N

Y

IV
N = /N /N N

Lemma 2.4. Assume that ug is a critical point for Iy on Ny and ug ¢ NY. Then
we have I} (ug) = 0.

Proof. Since ug € Ny, there holds I} (uo)up = 0. By the principle of Lagrange
multiplier, there exists § € R such that I} (ug) = %) (uo). Thus,

0= I;\(UO)UO = H\P&(U())UQ

As ug ¢ NY, we infer to § = 0 and so I} (ug) = 0. O
Lemma 2.5. There exists Ay > 0 such that N\ =0 for A € (0,A1).

Proof. Suppose by contradiction that there exists a u € NY. It follows from (ZI2)
and Lemmas 2] and that

225 = 1) =2JJul? = 2~ ) —a] [ A@ul'da

<225 = 1) = alll fllg- S 2 |lull?,

2350012-11
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and

(2= )llull” = 227 = 1) = q] /R K (2)gu(@)|uf* ' da

<[220 -1)—ql5™
Consequently, we have

Cy < |Jul < AT Cy,

where C, Co > 0 are independent of the choice of u € H*(R3) and A > 0, which

implies a contradiction, when A is small enough.

By Lemma 25 we have Ny = N, U N, . Define

af = mf IN(u) and o, := inf Iy(u).
uweNY wENy

Lemma 2.6. The following two assertions hold true:

(i) ay <O0.

a

(i) There exists Ay € (0,A1) such that o, > do for some dyg > 0 and X € (0, Asz).

Moreover, af = infyen, Ir(u) for A € (0, As).
Proof. (i) For every u € Ny, it follows (ZI3) that
@=alul > 22; =) =d [ Ko,

from which we have

Iy (u) = In(u) - gmu)u

| |
\
N

?

g

and thus
oz;\" < 0.
(ii) For any u € Ny, it follows ([2.I3) that

Q= alul? <22 -1)=al [ K@), 'de < 205 - 1)~ a)S

and

2—q o*
> | — 5"
> |5

2350012-12

11\, ., (1 1 .
(5 - a) Jull® + (E - m) - K(z)¢u|u|™ ™ dx

*22||u||2(22*1)

(2.15)
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Combining [2I4) and [2I5]), we infer to

1 1 , 1 1 ;
B 2 (5 - g ) 1P =2 (3 - 5=y ) €l SHul

S

= fJull® [(% - ﬁ) Il = A (3 - ﬁ)

for small A > 0 and some constant dy > 0 independent of the choice of
u€ Ny . O

For each u € H*(R3)\{0}, we set
h(t) = 2 Ju]]? — 2271 / K (@)ulul* ' de
R3

for ¢ > 0. Then h(0) = 0, h(t) > 0 for small ¢ > 0 small, and h(t) — —oco as t — oo.
There exists a unique t,.x > 0 such that

h(tmax) = sup h(t) > 0.
z>0

It is easy to see that h(t) is increasing on (0, tmax) and decreasing on (fmax, 00).

Lemma 2.7. For each u € H*(R3),, there exists A3 € (0,A2) such that if \ €
(0,A3), the following two assertions are true:

) If fgs fa(x)|ul%dz < 0, then there is a unique t= = t~(u) > twmax such that
t7u € Ny and I\(tu) is increasing on (0,t) and decreasing on (t~,00).
Moreover, I(t™u) = sup;>q Ix(tu).

(ii) ]fng fa(x)|ul?dz > 0, then there is a unique 0 < tT =11 (u) < tmax <t~ (u) =
= such that t—u € Ny, ttu € N, I,(tu) is decreasing on (0,t%), increasing
on (t*,t7) and decreasing on (t~,00). Moreover, I\(tTu) = info<i<t,,, In(tu);
In(t™u) = sup;,+ Ix(tu).

Proof. For each v € H*(R?)\{0}, by Lemma 22[ii) we infer that

2:_1d:17>

-9 ||u||2 D
_ 2
“\eE D0 Koh @ a)

2(2*71)7

@ — g)llul? RN -
‘((2(2 ) Q) K ¢u|u2*-1dx> /K Julul™"

2350012-13
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2— 2(2f -1)—gq

e | () ()
202 1) g 202 1) g

2D\
<fR3 )Py |ul?— 1d:17>

2-—¢q N
> [ful® 2(2; —-2) 2—q R 1
= 202 —1)—q) \202r - 1) — ¢ 525 |[u] 22 -1

2—gq
2(2% — 2 92— 2(2r-2) 25(2-9)
= e (222 “ SHES o
212:-1)—q) \2(2: —1) —¢q

Next, we consider the following two cases.

Case 1: fR3 fa(@)|ul9dx < 0. In this case, there is a unique ¢~ > tpax

2—gq
2(2% —2)
))

(2.16)

such that

= [gs fa(a)|u|?dz and h/(t7) < 0, which implies ¢t~u € N, . Moreover I (tu)

is mcreablng on (0,¢7) and decreasing on (t~, 00). Hence, we get

I (t"u) = sup I (tu).
>0

Case 2: [, fa(2)|u|?dz > 0. In this case, it follows (2ZI6) that

h(0)=0< /]R3 fa(z)|u

2—q
< Jlul@ 2(2; - 2) 2—q 227-2) Sg%:;*?ig;
u T
22; 1) —q/) \202: - 1) —¢

< h(tmax)

S Jul?

for small A > 0. There are a unique t+ and a unique ¢~ such that 0 < t+ < ta <t~

and

et = [ f@lultds = hie"),

and 1/(t7) > 0 > K/(t~), which implies that t~u € N, , tTu € N}, and I\(t7u) >

I (tu) > I (tTu) for each t € [tT,¢7]. Furthermore, we derive that I\ (tTu) < I)(t
for t € [0,t"]. In other words, I (tu) is decreasing on (0,¢"), increasing on (¢*,¢~

and decreasing on (t7,00). As a result, we obtain

+ = 1 f - =
I(t"u) oif I (tu) and I\(t7u) tszug I\ (tu).

u)
)

Lemma 2.8. I satisfies the (PS). condition for ¢ € (—oo,a} + 25-53:)\{0}.

3+2s

2350012-14
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Proof. Let {u,} C H*(R3) be a (PS). sequence for I, with ¢ € (—oo0,af +

3_15'235%)\{0}. Then we have

¢+ 1+ [lun| = Ix(un) — I'(un)un

225 — 1)

(5537 ) Il = (5 - 55=;) [, hluntias

1 1 2
>l = nl|” = AC
which follows that {u,} is bounded in H*(R?). Thus there exists a subsequence,

still denoted by {u,}, such that u, — u in H*(R?) for some u € H*(R?).
According to (H7), mean value theorem, and Lemma 2] it is easy to check that
/ an(@)|uy|?dx H/ fa(x)|u|fdz, asn — oc. (2.17)
R3 R3
Let U,, = u,, — u. By Brézis—Lieb Lemma [43] and Lemma [Z2(vi), we have

() 1%nl* = fJun]* = [lul* + 0n(1);
(ii) ng K(2)|V,|>dx = ng K(z)|up,

By virtue of Lemmas 2.2l and EJ] and the weak convergence u,, — u in H*(R?),
it is easy to verify that I (u) = 0, and thus,

¢ 5 #lunl|,

2idx + on(1).

Zdr — [os K(2)|u

1 1 .
S0 = gy [ K@ow 0 e = e = L) 0,(1), (238)

(

and

on(1) = I&(Un)\l'n = (I&(un) - I&(U))q}n = ”\PRHZ - /R3 K(z)¢pg, |V,

2:71dI,

(2.19)

as n — 0o. We can assume that

[@,)> =1 and / K(z)py, |U,|% tde — 1, asn — oo,
R3

for some [ € [0,400). If | # 0, we know from Lemma Z2(ii) that [ > S, and from

EI8)-ZI9) we derive that

1 1 1 1 2s 3
=1 |- ———1>af - )l>af Sz
c=hw+3l =55 —ak+(2 2(2;1)) SR e
which contradicts the definition of c¢. Therefore, | = 0, consequently, u,, — u in
H*(R?). O

The following theorem reveals that a local minimum of I is attainable in NV ;‘ ,
and that it is in fact a positive solution of (LF]).

2350012-15
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Theorem 2.9. For every A € (0,A3), As is the same as given in Lemma[2Z1 then
I\ has a minimizer ui m N;r which satisfies:

(1) ul is a positive solution of system (L)).

)
(i) Ia(uy) = af.
(iil)
)

Ux
(uf) — 0 as A — 0.
(iv) [[ui]l — 0 as A — 0.

I
I

Proof. By Lemma and Ekeland variational principle [43], we can obtain a
(PS)aj sequence for I defined by {u,} C Njy. According to Lemma 2.8 there
exists a subsequence, still denoted by {u,}, and u € H*(R?) such that u,, — u} in
H*(R3) when n — oo. Note that N? = ), we have u} € Ny and I, (u}) = o) <0.
From Lemma [2.4] we know that u;\r is a solution of system ([L8)). Following the
proof of [38, Proposition 3.1], we can show that ui is a positive solution of system
([L8). Therefore, the expected results (i) and (ii) are checked.
By Lemma 2.6 and ([2I4]), we have

0> Iy(uf) > —CAT,

which implies Iy (uy) — 0 as A — 0%, and (iii) follows.
By virtue of u € N and (ZI3), we deduce to

202 —
+112 s
It < =3 | e
Since I, is coercive and bounded from below on Ny, {uA } is bounded in H*(R?).

By (Z20), we get

oS Hufl? (2:20)

lux || < CAT,

which means |[u{| — 0 as A — 0%, and item (iv) follows. |

3. Results on Estimates

In this section, we present some estimates that are useful in the proof of Theorem
[Tl For b > 0, we introduce the auxiliary functional

1 b .
Ib [ 2 / K u 25_1d
and the associated Nehari manifold
N’ = {ue H*R*»\{0}: (1) (u)u = 0}.
Lemma 3.1. For each u € Ny , the following two assertions are true:

(i) There is a unique solution t° such that ttu € N8, and

3—2s

b b () = 25y H R
max I (tu) = I3 (tyu) = ———b" =
Jos K

>0 3+ 2s T) Py ulZ—

2350012-16
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(ii) For u € (0,1), there is a unique t. that makes tiu € N1, and

S 2 -
L) < (-~ (B + 20 #ae)
q

Proof. (i) For any u € N, , we define

b t2 9 t2(2271) 9t 1
h(t) .= 12 (tu) = — - bK wlul®s " d

Clearly, h(t) — —o0 as t — oo, and
WO =t = 227 [ K@l s
RS
and

2:_1d$

W0 = Jull - (223 - 32 [ oK@
]R3
It is easy to see that h'(t%) = 0, where

b [|ul® 2252 >0
U\ ps K (2)dy |ul? ~da ’

and h"(t%) = —2(2% — 2)|lul|? < 0. Moreover, t% > 0 is unique such that t2u € N%,
and

2% s uuu2<2* Y :
I8 (tu) = I (thu) = =———b
g (fu) = Lo () = b\ R ) dulaP

(ii) For u € (0,1), from (H;), Lemma [ZT] and Young inequality, we have

JRSACTEEP O b
R3
2—q L4 = 9, 2. g\ 2
< 2T S E ) 7T + St e
9 _
= e Lp 270+ Lyt
Combined with part (i) and b = —H we derive that

In(u) = max I\ (tu)

1

> In(ty " u)
L=y 2 t1“2<2* D _
> Lomyrey 7(2 /K oo (@)l ~de
7—2iqu_7q)\2 e
2q
7y 2

—_qufﬁ)\ﬁC

_1
= (L= )T () - T

2350012-17
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2s

_3-2s . 3-2s
e () ()T
T Tes K (2) 0 (2)|u]%~Tda

= (1—p) 5 I (thu) - =L a7 C, 0

From [41], we define v, () = n(x — 2)Uc .(x),z € M, where U, , is given in
([22), and the cut-off function n € C§°(R?) is such that 0 <5 <1 in R3, n(z) =1
if |z| < 1 and n = 0 if |2| > 2. Then, according to [41l Propositions 21,22], we know
that

(=A)3v. . |2de < S% + O(°7%), Rde = 5% +0(), (3.1

el
@

0(53(27p2?+25p) if p> 325
/ v <P O(** ™ logel) if p = — (3.2)
R3 ’ 3 — 287
O(e (37225)1)) if p < T2
Lemma 3.2. The following estimate holds:
/ K ()¢, 27l > S35 — O(37%).
R3
Proof. Since (—A)*¢,, . = K(z)|v..[* 7%, we have
K (x)|ve .| % da
R3
= [ )0 (8
R
1 o max,crs K () o
i —A)3g, | L/ _A)S 24
o ey v Bt R Sl IICVSE I

IN

1 * 1 S
! / K(2)u. . [ves]? 4+ / (—A)Ysv.Pde,
2 R3 ! 2 R3 !

which shows that
x> 2/ K(x Zid — / |(—A) 2o, . [2dx

[ K@ lu.
R3
=282 + O(e”) — S — O(e372%) = S5 0(£32%),

2350012-18
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where we have used (Hs) and BI)) to get

K(x) 2dr = S3s + O0(e”),

R3

and the fact that p > 3 — 2s in (Hzs). O

Lemma 3.3 ([18]). The following statements hold true:

(i) Ifs € (%, 1), then for all T € (0,1),

K(x )(;5 ++wsz‘u)\ +tv€z|2 Sy

/ K [ K@ lve

o / [ B s P00
o=y

. K () uy ()%~ ug ()% 0.2 (y)
202 = 1)t // |xfy|3*25 dxdy

—0(TT).

(ii) There exists a Co > 0 such that

—1 2r—2, +
// K |v5z |v52(y)| u (y)dxdy>0()€ 257
Q

z—yP2s

2:—1dx

where €} := supp e ;.

Lemma 3.4. There exists eg > 0 sufficiently small such that for € € (0,¢q), there
exists

2s
sup I (ul +tve,) < o +—S2 —o(e
t>1(:)) )\( A g, ) A 3+2 U( 0)

uniformly distributed in z € M. In addition, there exists t; > 0 such that
u;\"th;vE,ZEN)\_ for z € M.
Proof. Note that
~ + S ~ + _
}E%IA(U/\ +tv..) =ay <0 and tlinolo I\(uy +tv..) = —o0,

for small € > 0, there exist a small ¢y > 0 and a large ¢t; > 0 such that

In(u} +tve.) < of + — SS%, Vit € (0,to] U[tr, +00). (3.3)

3+2

2350012-19
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Thus, it suffices to prove for z € M, that

S, V€ [to, ta].

I)\(Ui +tue 2) < aj + 3725

For this aim, by Theorem 2.9] and Lemma [B.3] we derive that

I(uf + tv. )

1

1
= b Hu;\‘r + tvaZH2 B 2(2: _ 1)

1
f—/ fA(x)|u§+tvng|qu
q Jgrs

12 .
= I,\(uj) + 5||v57z +t/RS[(—A)§U§(—A)§Us,z + uivaz]dx

i / [K ()0, s uf 1% 20, . + fa@)uf 7 v ] da
R3

1
2(2; - 1)

+12:-1

Ty

RS K(I) |:¢ui+tv |UA

—2(2: - 1)¢ +|u/\\ (tvg’z)]dx
1
2 [ @t + ot = 1 gl ) do
R

t2 1
= In(uy) + 5””5,2“2 o) /RS K(z) [¢uj+tv5,z‘uj\r

4127 -1
d%g‘u)\ ®

—2(25 — V) v [uf > 2(tve )] dz

= [u{ 17 = qlu "7 (te )] do

1
- —/ Pa@)[luy + toe 2|9
q Jrs
t2 t2(2* 1)
< a;\r + 5””5,2”%52 - — / K(x)py, .
Ct22 -3
+ C/ ‘U’S:Z 2 / K ¢UE z ‘UE Z|2 72
R3 -

1 -
— 2 [ @ bl = 17 = a1 )] do

3+25

+0(E T 7)

=af +i(t) — k(t) + C’/ v .. |2dz 4 o(e
R3

3—2s
=)
)

2350012-20
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where we have chosen 7 = + 0 < 1 for a suitable small # > 0, and

2*1

s

t2 5 t2 2*—1
Z(t) = 5””5@ 8,2 T — / K (bvs z|v5z
Ct22*73
/ K(@)6,. .

) = /R @)l + el = 17— gl 17 tve, )]

By Lemma B3|(ii), we get
[ K@ foecPufds
R3 '

2

K 2:_1 2* 2 + 2s
2// (@) |ve () \“§£2) (”’)dxdy>()e =, (35)
B2(0)x B3(0) o —yP7=

for z € M. Tt follows from Lemma B2l and BI)-B.2]) that

t2 t2(2 -b . -y
i) < Gloecloes = gy [ K@ e e - 04

3420
2 s

< 2s ||’U57z‘ i —CESEQS

3+2s (Jos K(x)do. . 2-1dg) =T

2420

< 2s 523_5 + 0(53_28) : L B 0537223

3+2s (Sf—s — O(e3-25)) %1
<2 g0 (3.6)
~ 3+ 2s ' '

for z € M and t € [to, t1].

Considering condition (Hy), Remark [[Tland the definition of v, ., we know that
A -
k(t) = - Pa@)[luy + tvez|" = [ug |7 — qluf |7 (tve )] do
q Jm,,
A + q +la +g—-1
+E f)\(x) [|u,\ +tvs,z‘ - |u,\| 7q‘u)\| (tvs,z)]dx
Mg,

A _
-2 / Pr@) [ + e 2|7 — | [7 — qlud |7 (0. 2)] da
M.,

)\ tve, 2
2L n@ [ [ s =t

q.Jm,, 0

> 0, (3.7)

for z € M and t € [to, t1].
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Substituting 6] and (1) into (34l), and by % < s < 1 we infer to

2
IA(U;JFW&Z)§a§+3+82852%705 T +o(e JrC/ |ve |2 dx

3
s if s < —
o) irs<?,
2s 3 3—2s 3—2s 3
— Sz —Ce™3 = 2s if s =—
At 39, e 2 +o(e 2 )+ 40(E*|loge|) ifs T
3—2s : 3
O(e°729) if s > —
4

2s 3

+ Sg

A s
(3.8)

for z € M and t € [to,t1]. By B3] and B8], there exists a small €9 > 0 such that
for € € (0,ep), we have

2s
sup In(ut +tv. ) < aFf
tzl(t)) A( A €, ) A 3+2

(eg) for z € M.
To show that there exists the existence of t7 > 0 such that
uj +t v, € Ny forze M,

we define
Uy = {u € H*(R¥)\{0}: 1~ (%) ﬁ > 1} U {0}

and

Uy = {u € H*(R3)\{0}:+~ <”“T”) ﬁ < 1}.

Then we claim that N, split H?® (R?) into two disjoint connected components Uy

and Uy. In fact, if u € Ny, let v = i, then there is a unique t~(v) > 0 such
that ¢~ (v)v € Ny ort~ (Hu\l) Tar% € Ny . Since u € N7, we have ¢~ () i = 1,

[ull/ Tl
which means that

Ny {u € H*(R¥)\{0}: ¢~ ( ) ﬁ _ 1}.

|u

Conversely, let v € H*(R?)\{0} such that ¢t~ (ﬁ)ﬁ = 1. Then

u u
t7 | +— ) +— € Ny .
<IIUI|> lull ~
Therefore, we get

Ny = {u € H*(R*)\{0}:t~ (i) L 1}.

]

2350012-22
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Since uj € Ny, one has 1 < ¢~ (u}) and u € U;. We claim that

+
u, + tv ~
[Juy + tve ||

for some C > 0 and all ¢ > 0. Suppose otherwise that there exists a sequence {¢,}
such that ¢,, — oo and

_ ( U;\r + tne 2

———— | — 00 asn — oo.
[ +fnvs,z||>

Set
Ui + tnvs,z

e ”Ui + tnva.

Recalling that ¢t~ (v, )v, € N, , by the Lebesgue’s dominated convergence theorem,
we have

/ K (@), [va]% " de
RC’)

1

— + 27 -1
B Hu;\‘l’ + tnUg Z“Q(szl) ]RS K(:L‘)(bu;r""tnvg,z ‘UA + tnUE?Z dx
2% —1
1 u;\*‘ °
- Hﬂ + o, |22 Jre K(I)%i/t"*”“ tn ez de
tn 3%

1
AT ECE /RS K(2)¢u. . |ve,2

2:_1d17

as n — oo. Consequently,
I)\(ti (Un)Un) — —00, asn — 0o,
which contradicts the fact that I, is bounded below on Ny. Now we set

Jui || +1/C + [Juf |2
= +1

\ =
[|ve, 2 |l

By a simple calculation, we have
HU;\F + t>\v€’2||2 = HU;\FH2 + ti“%&'”? + 2t>\<u;\r,vm>
> [luf |12 + 3oz 2|12 = 2talluf || [|oe - |
2
[ ()]
[y + tve. ||

which implies that u}f + tve » € Us. Therefore, there exists some 0 < b, <tx such
that uf + ¢, ve . € Ny . O
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Lemma 3.5. The following estimates hold true:

2s 3
1 . ) o 2
ubiy =0 = B0 = 55,8
where
1 1 ~
IOC i 2_ _ - u
() = gl - 5= . ,
and

N> ={u e H*R*)\{0}; (I)'(u)u = 0}.

Proof. Notice that, for a > 0 and b > 0,

max gt2 — 71) 22— 25 Ll o :
>0 \ 2 2(2% — 1) T3+ 2s bT T

We deduce from Remark [[L1] and Lemma that

inf I®(u) = inf sup I
uEN®e ) u€ H*(R3)\{0} t>8 (tu)

. 2s [l
= inf — T
weHs(R3)\{0} 3 + 2s (fRs Gu|u|2—1dx) T

2% -1
> inf 2s [ullDs.2 w=
T ueH(R3)\{0} 3 + 2s (52 H2(2 —1) ) -
25 3
= 2s
3+ 2s
It follows from ([B2) and Lemma B2 that
2% 1
2s Ve o 2 2F 2
sup IL t0..) = =2 Joe.c| _
=0 28\ (Jos K (2)bu, . [ve 2|7~ 1) T
2% -1

9s 523_5 + O(Emin{3—2s,25} 10g5|)
= 3+2s (§% — O(e325)) %=1

2s 3 :
_ 55 min{3—2s,2s} 1
3+2552 +O0(e |logel).
Thus, we have
2
W3 Lo(u) < 3+8235%’ ase 0.

2350012-24
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Since K (x) <1, from (B9) and [BI0), we have

2s 3

35 < i 0
31050 =017
= inf sup I°°(tu
we B BN [0} 130 (tu)
inf sup IL (tu) = inf Il (u) < 25 535 (3.11)
T ueH(RI\{0} 130 weNL VT 34 2s

4. Proof of Theorem [I.1]

In this section, we shall apply the Ljusternik—Schnirelmann category theory to study
multiple positive solutions of system (L)) and complete the proof of Theorem [T

Proposition 4.1 ([I1]). Let M be a C' complete Riemannian manifold (modeled
on a Hilbert space) and assume that F € C*(R,R) bounded from below. Let

—co<infFF<a<b< +oo.
M

Suppose that F satisfies the (PS) condition on the sublevel {u € M; F(u) < b} and
that a is not a critical level for F'. Then we have

H{u e F*;VEF(u) =0} > catpa (F?),
where F* = {u € M; F(u) < a}.

Proposition 4.2 ([I1]). Let Q, QT and Q= be closed sets with Q= C Q, and
¢:Q — QF, 0: Q" — Q be two continuous maps such that ¢ o @ is homotopically
equivalent to the embedding j : Q= — Q. Then

catg(Q) > catg+ (7).

We will apply Propositions.Iland E2lto study the existence of multiple positive
solutions of system ([L])). To argue further, we introduce the following lemma, which
is useful in proving the compactness of the (PS) sequences.

Corollary 4.3 ([24]). Let {u,} C H*(R3) be a nonnegative function sequence with
|unll2: =1 and ||un||3).. — S. Then there exists a sequence {(xn,en)} C R® x RY
such that

1
un(x) = s Uey (33 - xn) + On(l)
4s

in D%%(R3), where uz. = U is defined in [Z2)). Moreover, if x, — T then e, — 0
or it is unbounded.

2350012-25



Bull. Math. Sci. Downloaded from www.worldscientific.com
by 149.156.201.237 on 10/14/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

X. Dou, X. He & V. D. Radulescu

We define a continuous map ® : H*(R3)\G — R? by

—u+ z 2% -1 w —u+ 2% -1
[ e AR E @ ) @I g

ja—yl >

u— D(u) :

B —uf (2))? u —uf -1 ’
[ B S @ ) W g,

ESias

where
o= (v [ P )
e oy

Lemma 4.4. For any fized 0 < § < rq, there exist A\s > 0 and dg > 0 such that if

u e NL with I (u) < 3-?—5235% + 6o and A € (0, As), then ®(u) € Ms, where Ms is

defined in Remark [l

Proof. Suppose by contradiction that there exists a sequence {u,} C N such
that IL (up) < z25-535 + 0,(1) as n — oo, but

3+2s
D(un) & Ms. (4.1)

From {u,} C N1, we have

ol = [ K@,

Recalling Lemma we get

L7 x4 0,(1). (4.2)

Junlfpes < [ K@oufui e < 57l < 57 a4
which implies that
lun] B > S (4.4)
Therefore, we infer to
2s 3 1
n(1 Sz > I (uy) = Ik (un) — =——(I2) (un)un
1 1 )
= (3= =) ol
2s 2s 3
> nllZee > 5325 4 0,(1), 4.5
> e unlbes 2 575 5% +ou(1) (45)

which shows that {u,} is bounded in H*(R?). Moreover, from ([@2)-{3X), we see
that

21z 4 0,(1) = 53 + 0,(1). (4.6)

fanllpes = [ K@

Define

Un

7

)
*
25
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then [lv,|l2x = 1. By 0 < K(7) < 1, Lemma 2.2l and Remark 2.1] we have
2
Un || Ds.
S S an”?Dsl == H ||D 2
lunllz:
[nlDe.
=
(Sf]R?» (bUn 2271d$) T
2 2
nllDe S35 4+ 0,(1
< ”U ||D2 _ 2+0()1 ZS—I—On(l).

(S fRs )P, [Un|?~ 1dx) T (Ssgfs + on(l))z’iﬁ—*l

Therefore,

Ly = Ve 4 0,(1)

(4.7)
and  ||vg]| ez = S + on(1).
It follows from Corollary 3] that there is a sequence {(xn,e,)} C R® x RT such
that
1
vp () = @u&“mn (z) + o, (1). (4.8)

4s
In addition, z, — T or |x,| — oo as n — oco. We need to consider two situations

below.

Case 1. Assume that |z,| — oo as n — oo. From ([@T) and (@8] we derive that

f]RS ¢un|un|2 «da on(1) = fR3 ¢vn|vn|2 «da
* n *
fRs ¢un |Un|2371d17 fRs ¢vn ‘Un| »~tda

K(z)K Uey ap (T 251 Uey ap 25-1
o KO iy 0 s W

ff |ue,, zn(m)lz* 1|u5n In(y)lz* 1dxdy

[z—y[3=2¢

+on(1)

+ On(l)

[ o Kot Kutoalluc, 0@ jue, o @I g, g,

|r y|3—25

s |tte 0 (2)]%5 ~ qugs,o(y)\zz’ldxdy

[z—y[3

+ On(l)

=K fo + on (1)
which contradicts the definition of Ko

Case 2. Assume that z,, — Z as n — oo. We infer from Corollary E3] that &,, — 0
as n — oo. By 1) and (LF]) we have

fRS d)un |Un|2* 1d17
f]R3 (bun

fRs ¢v |Un|2 “lda
f]R?’ (bvn

+ On(l)

+ On(l)
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K(xz)K Ue,, ,z z)|2s Ve, » 25-1

[y KWy O e 0) bty

- e () %ty P2 o
ffRs —2s zray

[z—y3

ff K (VeEna+a) K(VEry+oa)|ui,o(@)]? ~ uo(y)|% dxdy
R6

[z—y[3—2¢
ff Jug, o(ﬂﬂ)|2 1||u1 o= d:zcdy o ( )
[z—y

= K*(z) + on(1),

which implies that & € M, where uq o(z) = u. o(x) for ¢ = 1. Furthermore, we have

2% -1 —ut 2% -1
ff]RG Z|un () — Uy (I)| \ungy) A(y)| d{Edy

‘f y‘372b

CID(un) - 2% —1 + 2% 1
ffRs [un (2)— (r)\‘w_y‘lgg(sy) uy (y)] dzdy
2% -1 Un 2% —1
@y Tox(d)
ff = \w y‘gf% dxdy
2% -1 Vn, 2% -1
ff w‘vn(gj)‘lm y‘éiz(f/)‘ dxdy
[ (@)%~ [ ()% Tod)
ff = \w y‘gf% dxdy
ff T|Uey a0 (w = y|l>lis2n T (y)\ d.’Edy
[t oon @)% iz, o ()% +oa(l)
JJpa S dxdy
Tpty/Enm ) [uro(@))?  uro(y)) !
ff]Rﬁ ( - ) Ilac0 y[3—2e - drdy
- ur0(@) % uro ()% +ox(l)
ffRG - |I yl —2s dIdy
—xeM
as n — 00, A — 0, which is a contradiction with (.TI). O

Lemma 4.5. There exists a small \s > 0 such that if A € (0,\s) and v € N, with

I\(u) < 3-25-525525 + % 8o is given in LemmadZAl Then we have ®(u) € Ms.

Proof. For u € N, with I)(u) < 3+SQSS + % we can derive from Lemma BI(ii)

that there exists a unique tb such that tlu c N;c and
s 2 _

I;o(tiu) < (1 —M)_% (I)\( )+ Tquﬁ)\zz_qc>7
q

for any p € (0,1). Therefore, there exists a sufficiently small A\s > 0 such that if
X € (0, Ag), then

2s 3
IL (tlu) < ——=—8325 + 4. 4.9
From the last inequality and Lemma [£.4] we obtain the expected results. O
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Define the notations

C) ::oz++ 2s
A 34 2s

S% —o(ep) and Ny (cx) :={u€ Ny;Ih(u) < cr}.

Lemma 4.6. If u is a critical point of I\ restricted on N, , then it is a critical
point of I, in H*(R3).
Proof. Let u be a critical point of I, on IV, . Then we get
Iy (u) = 7} (u)
for some 7 € R, where ¥} is defined in (2.I1)). Since v € Ny, we know
0=10L(uu=7Y\(v)u and V\(u)u <0,

which means that 7 =0, i.e. I{ (u) = 0. m|
Denote by I, the restriction of Iy on N, .
A

Lemma 4.7. IN; satisfies the (PS) condition on Ny (cy).
Proof. Let {u,} C Ny (c\) be a (PS) sequence. There exists a sequence {6, } C R
such that

Iy (un) = 0,05 (un) + 0n(1).

Since u, € N, , we have ¥\ (u,)u, < 0 and so, there exists a subsequence, still
denoted by {u,}, such that

U (up)u, — 1 <0, asn— oo.

If I = 0, combining (2I0) and [ZI2)), we infer to

I(upn) = In(uy) — é]f\(un)un

(4-2) o+ (- ) [

2:—1dx

q—2 2 2(2:_1)_(1/ 2:-1
= n K wn | Un|™ 7 d
[g—2(2r - 1D](2: - 2) 21
- K(2)by. [un|> " dz 4 0, (1
<0

)

which leads to a contradiction with o, > 0 (see Lemma 2.6]ii)). Thus [ < 0. By
I} (un)uy, = 0, we derive that 6,, — 0 and I} (u,,) — 0 as n — co. Applying Lemma
28 we get the desired results. O

Now, we are in a position to prove Theorem [I-1l
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Proof of Theorem [I.Il Let §, A\s > 0 be given as in Lemmas [£.4] and To
prove that I has at least catys, (M) critical points in N, (cx) for A € (0, As) and
z € M, by Lemma [3.4] we define the map

h(2) == u} 4+t v € Ny (cr).
If follows from Lemma .5l that ®(N; (cx)) C M;s for A < As. Define £ : [0,1] x M —
Ms by

5(07 Z) = (I)(’LL;\’_ + t;”(l—@)a,z%
where @(uj +t;fu(1_9)57z) € N, (cx). By a simple calculation, we have £(0, z) = ®o
h(z) and limgy_,1- £(0, z) = z. Thus, ®oh is homotopic to the injective j : M — Ms;.
Based on Lemma [£7] Propositions 1] and L2, we deduce that I NS (en) has at least

catpzs (M) critical points in Ny (cy). By Lemma 6] we know that I has at least
catpz; (M) critical points in Ny (cy). Hence the system (L8] has at least cataz, (M)
positive solutions in Ny (cy). By virtue of Theorem and Nyf NNy = 0, we
obtain the desired result.

5. Proof of Theorem

In this section, we study the existence of multiplicity of solutions to (L&) with
fa(z) := Af(z). In this situation, the energy function associated with the system
(CH) is defined by

Ja(u) = %/R (\(—A)%u‘Q —l—u?)dx — ﬁ/ﬂw K($)¢u($)‘u|2:_ldx

-2 [ r@hras,

for u € H*(R3).
We define the Nehari manifold for J, as

My = {u € H*(R*)\{0}: J§ (u)u = 0}.
Then u € M) if and only if

u? - [ K@ou@lu de =2 [ j@luds =o.
R3 R3
For uw € M), we have

Ia(u) = Jx(u) — éJg(u)u

(- (- ) o

1 1
>(z-= 2>0 5.1
> (5= 3) Il >0 6.1

which implies that .Jy is coercive and bounded from below on M.

2:_1d[)3
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Let
Ta(u) = flull? - / K(@)gulul? " de — A / f(@)lulda. (5.2)
RS RS
For u € My, we have

Ty =2l =22 ~1) [ K@ouu e =) [ foulrde

Lldr < 0. (5.3)

= a2l - 22~ 1) ) [ K@
R3
Define
B = uler}\fh I (w).

Lemma 5.1. There exists some dg > 0 such that By > dy > 0.
Proof. For any u € M), from Lemma 22 and ([&.3]), we infer to

2ul < 220~ 1) [ K@ou@lul* o +ad [ foulvde

<225 — DSTHulP® 7 + AC|ul, (5.4)
and thus
C < ul*@72) 4+ ACfu)|92

for some choice of C' > 0 independent of u € M). Using (5)) we can obtain the
desired result. O

Lemma 5.2. (i) For each u € H*(R3)\{0}, there exists a unique t, > 0 such that
tyu € My and

Ia(tyu) = max Ja(tu).

(i) Let {un} C H*(R®) be a sequence such that J}(un)u, — 0, and [ps K(x)
bu, |tn|% T + A Jgs f(@)|un|%dz — a > 0 as n — oo. Then, up to a subse-

quence, there exists t, > 0 such that

thun, € My and lim t, — 1.

n—oo

(ili) M= M, .

Proof. (i) Let u € H*(R3)\{0} be fixed and denote the function g(t) := Jy(tu) on
[0,00). Thus, g(0) = 0,¢(t) > 0 for ¢ > 0 small and g(¢) < 0 for ¢ large. On the
other hand, clearly,

gl(t):O@tUEM)\

& |u)? = 2 &E-D-2 /R K ()¢ |u|? ~Tdx + M2 /Rsf(x)\qux.
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which implies that the right side is an increasing function of ¢. Hence, max;>¢ g(t)
is achieved at a unique ¢, = t(u) > 0 so that ¢'(t,u) = 0 and t,u € M.
(ii) We only need to prove that the limit of ¢,, as n — oo. Set

e T ::/ K(2)pu, |un % ey dy, = >‘/ (@) |un|?dz.
R3 R3

Then b, +d,, — a > 0. Up to a subsequence, we may suppose that a,, — a,b, — b
and d,, — d as n — oo, thus a = b+ d. By item (i), we can found ¢,, > 0 such that
JL (tnun )ty = 0, ie.

£l |* = [t 25D /R K (2)u, [un |~ i 4 At /R f(@)lun|da.

A simple estimate shows that there are positive constants 77,75 > 0 such that

Ty < t, < T5. Assume that ¢,, — t*. Passing to the limit in last equality, we obtain
a(t*)2 _ b(t*)2(2:71) +d(t*)q,

which implies that t* =1 and so t,, — 1 as n — .

(ili) My = M, follows directly from (B.3) and 4 < ¢ < 2. m|

Remark 5.3. From Lemma [5.2] it is easy to verify that

inf max Jy (tu).
ueH* (R*)\{0} t>0

Moreover, we have
0<Bx <Br <Po
for Ay > Ay > 0.
We see that the limit problem associated to system (L8] reads as

(=A)u+ u = K2 du|u|® 3u+ Moo|u|?2u, in R3,

(5.5)
u € H*(R3),

and the solution of the system (BX]) corresponds to the critical point of the energy
function defined as

1 K2 . Moo
J o) -5 2> u 2371d — —/ qq
Noo(U) = 2HuH 22— 1) /RS O] i . |u|?dx,

where u € H*(R?).
Define

My oo = {u € H*{R*}\{0}; J} oo (u)u = 0}
and

= inf .
ﬁ)\,oo uEIJ\I/}A,OO J)\,oc(u)
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In order to give a precise description for the (P.S) condition of Jy, we recall the
well-known concentration compactness principle of Lions [30, 3], and the vanishing
lemma of Secchi [40].

Proposition 5.4 ([30, [31]). Let p,(z) € LY(RN),N > 3 be a nonnegative
sequence satisfying

lim pn(x)dx =1> 0.

n—oo JpN

Then there exists a subsequence, still denoted by {pn(x)}, such that one of the
following cases occurs:

(i) (Compactness) There exists y, € RY such that for any e > 0 there exists
R > 0 such that

/ pn(@)de >1—¢, n=12,....
BR(yn)
(ii) (Vanishing) For any fized R > 0, there holds

lim sup / pn(z)dx = 0.
Br(y)

n—oo yERN

(ii) (Dichotomy) There exists a € (0,1) such that for any e > 0, there exist ng > 1
and ,0,(11)(36), pt? (z) € LY(RYN), for n > ng there holds

[ A -a
RN

o — (05 + P L1 vy < e, <e,

/ P (z)de — (1— )| < e
RN
and
dis‘c(supppgll)7 suppp,(f)) — 00, asn — 00.

Lemma 5.5 ([40]). Assume that {u,} is bounded in H*(RY) and it satisfies

lim sup/ |u(z)|?dx = 0,
Br(y)

n— oo yERN

where R > 0, N > 3. Then u, — 0 in L"(RN) for every 2 < r < 2%.

3

Lemma 5.6. Jy satisfies the (PS). condition for ¢ € (0, min{0 c, %52—})

Proof. Let {u,} C H*(R3) be a (PS). sequence for J\ with ¢ € (0, min{f oo,

BiSQSS%}). From (B.), it is easy to check that {u,} is bounded in H*(R?). Next,
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we aim to show that u,, — u for some v € H*(R3). For this purpose, set

pu(@) = [un]® + K (2)du, (@) un [+ Af(2)|ual?,

which belongs to L'(R?). We may assume that

loals =120, asn — oo
Then, we claim that [ > 0. Otherwise, we have ||u,|| = [ps pn(z)dz + 0, (1) — 0 as
n — oo, and then Jy(u,) — 0 as n — oo, which clearly contradicts the assumption
of ¢ > 0.

It is sufficient to prove the compactness of {p,} by means of Proposition [£.41
Firstly, we assume that {p,} vanishes. Then, there exists R > 0 such that

lim sup/ [, |?dx = 0.

N yeR? J Br(y)
By Lemma 55 one has u, — 0 in L"(R3) for 2 < r < 2%, and so

/ f(@)|un|?dz — 0, asn — oco.
R3
Hence, we have
I3 (un )t = [|un? _/ K(x)(bun|un|2:ildx +on(1),
R3
and
() = 3l = 5y [ K@, @lual e+ 0,(0).
2 2025 — 1) Jgs .

Thus, we may assume that

2 gy — 1

P =1, [ K@)

for some [ > 0. Furthermore, from Lemma 2.2] we can obtain [ > S%, and so

1, 1 .

- = n e e—— K u n| ° d nl
sl = 5y |, K)o, (@l P+ 0,(1)
2s

= l n (1
3+2s +on(1)
2s 3

> S2: +0,(1),

255300 Tl

which contradicts the assumption on c.
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Secondly, we assume that the dichotomy occurs. Then for any € > 0, there exist
€ (0,1), {z} C R3 and R. > 0 such that for any R > R. and R > R. there exist

n—0o0 n—oo

lim inf/ pn(x)dr > a—e and lim inf/ pn(x)de > (I —a) —e.
Br(zn) RS\Bﬁ(In)
Thus, there exist €, — 0, R,, — 400 and R,, = 4R,, such that
/ pn(x)de > o — e, and / pn(x)dx > (1 — a) — e, (5.6)
By, (zn) R\ By, (zn)
which implies that

/ pn(z)de < 2¢e,. (5.7)
BiRy, (wn) \BRn (Tn)

Let &(s) € C*°(R) be a cut-off function such that

() 0 ifs<1lors>4,
U1 ir2<s<s,

and [§(s)| < 2. Set &u (@) = fo(l(mgzn)l)- Since {u,&,} is bounded in H*(R?), and
by J} (tn)(uné&n) = 0n(1), we have

/(—A)%un(—A)%(unfn)dx—i—/ |2, d
R3 R3

- [ K@ lu,

e da + )\/ F(@)|un|"énda + 0n(1).  (5.8)
R3
On the other hand, it can be seen from (5.7

% e = 0, (1),

/ K@), [un|* nde < / K (@), lun
]RB B4Rn($n)\BRn(wn)

/ F(@) |9 da < / F(@) unlidz = 0, (1),
R3 Bar,, (£n)\BR,, (Tn)

and

/ |t |2Epda < / [un|?dz = 0,(1). (5.9)
R3 B4Rn (In)\BRn (9371)

It is easy to see that (5.8) and (B3] imply that

/R?)(fA)%un(fA)%(ﬁnun)dx = o0, (1). (5.10)
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On the other hand, we have

/ (—A) b (—A)E (€ )

i (2) — ()]} (@)1 (2) — En ) ()
/. PR ey

Un — UnlyY 2571
/ /]RG Iw - y|3+) 2) iy
+ // dxdy

x — y[3+2s

un _un ))2§n(y)
//]R6 |z — y3+es drdy

+C<//RG |§” 3+2:( )2dacdy)%. (5.11)

In the following, we focus on showing that

lim // 2)lén () = Enly )|2d:1cdy =0. (5.12)
n—oo | Jre |z — 1/|3+2S

To this aim, we decompose the integral region

R® x R® = {(R*\Bug, (zn)) X (R*\Bug, (¥n))} U {Bg, (zn) X Br, (zn)}
U{(R*\Bur,) x Br,}U{Bg, x (R*\Bir,)}
U{(Bar, (22)\Br, (zn)) x R}
U{Br, (zn) x (Bar, (2n)\Br, (,))}
U{(R*\Bir, (z)) X (Bar, (#n)\Br, (zn))}
=X UXUX3UXyUXs UXgUX5.

By the definition of &,, we have

//Xl ‘3+25 d dy = - ‘3+25 drdy = 0,

(5.13)

//Xg \x — ‘3+25 dxdy = . |x — |3+28 dxdy = 0.
(5.14)
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When (z,y) € X5 := (Bug, (v2)\Br, (z,)) x R}, by 0 < & < 1 and |V&| < 2,
we infer to

2 o 2
[ [ Il ) G,
Bar, (2n)\Br, (zn) Y R? |$ - y|

2 o 2
_ / " / |un (2)] Ifn(xg+2sén(y)l dy
Bar, (2n)\Br,, (zn) {yeR3;|z—y|<R,} ‘./L' - y‘
2 _ 2
N / i / |un ()| \ﬁn(fc:)msfn(y)\ dy
Bar,, (xn)\Bg,, (zr) {y€eR%;|z—y|>Rn} |1‘ B y|
2
< ORIV oo re) / dzx / 7‘“"(331)'”8
Bary (on)\Bry (en)  J{yeR%lo—y|<R.} [T = V]
2
+C / da / %dﬂ
Bany (en)\Ba, (2n)  J{yeR%[a—y|>Ra} 1T~ Yl
<cr [ ()2 da
Ban, (2n)\Br,, ()
+C’R;25/ |t (x)|?d
Barg,, (fn)\Ban (fﬂ)
= CR;QS/ [, (2) |2 de. (5.15)
Ban, (2n)\Bg,, ()

When (z,y) € X¢ := Bg,(2n) X (Bar, (2n)\Bg, (%)), then we have |z — y| <
|z — 2| + |y — zn| < B5R,, and

2 _ 2
[ i PI6a(5) = a7 1,
Bgr,, (zn) Y Bagr, (xn)\BRr,, (zn) ‘CL’ - y‘

o — g7

< / / dxdy
Br,, (zn) Y{yEBaRr,, (xn)\BR,, (zn):|z—y|<Rn}

|z — y[3+2s

+/ / dxdy
Br, (mn) {y€B4Rn (fn)\BRn (In)3|m7?¥|>Rn}

_ |un(2)?
SRn2‘V§TL‘%°°(]R3)/ d{L‘/ | — |1+28 Y
Br,, (zn) {y€Bar, (zn)\Br,, (z):lz—y|<R.} 1T~ Y

Lo / de / un@)l®
Bry(zn)  J{y€Bany, (xa)\Ba, (zn):la—y|>Ra} 1T = Y1*T2°
gCR;%/B ( )\un(as)Fdx. (5.16)
Rnp (Tn
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When (x,y) € X7 := (R*\Byr, (z1)) X (Bar, (#,)\Bgr, (¥)), we see that

2 B 2
[ [ i PI6a(5) = a7 1
R3\Bar,, (tn) Y Bar,, (xn)\Br, (n) |$ - y|

= dxdy
/RS\an(m /{yean(mn)\BRn (zn):lz—y|<Rn} |z —y[3+2s
s
RS\B4Rn (In) {y€B4Rn ($n)\BRn (wn):|I_y|>Rn}
x lz — yPr2 dady

Using the mean value theorem, we see that if (z,y) € X; with |z — y| < R,,, then
|z| < 5R,,, and hence

2
Uy (T
Hy < R;2‘V§n‘%°°(R3)/ dl‘/ ol 1)J|r2sdy
Bsr,, (zn) {y€BaRr,, (xn)\BRr,, (Tn):|z—y|<Rn} |l' o y|
1
< CR;2/ |un(x)\2dx/ ——dz
Bany (2) {zer3;jzl<Ra) 21720
= CR;QS/ |ty (2) |2 da. (5.18)
BSRn(fn)

Observe that for any K > 8 it holds
X7 = {(R°\Bar, (zn)) % (Bar, (2n)\Br, (zn))}
C {Bkr,(xn) x (Bar, (n)\Bg, (xn))}
U{(R*\Bxr, (wn)) x (Bir, (xn)\Br, (2n))}-

Then, we obtain

2 -~ 2
Bicrn () J {y€Bany, (2n)\ Bay, (2n)ilo—y|>Ra} |z -yl
2
< C/ / %dwdy
Bk ry, (xn) J{y€Bar, (#n)\Br,, (zn);|z—y|>Ry} |z — 1y
1
<C \un(as)|2dx/ ——dz
Bk R, (zn) {z€R3;|z|> Ry } |Z|3Jr25
= CR;%/ |, ()| dex. (5.19)
Bkr, (zn)
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And we note that if (z,y) € (R®\Bgr, (,,)) X (Bar, (2,)\Bg, (¥)), then |z —
yl > e —xn| — |y — 20| > w + &R, — 4R, > W_Q—m”‘, we derive that

/]R3\1'3KRn (zn) /{yeBéan (zn)\Br,, (zn);|lz—y|>Rn}

|.’L‘ _ y|3+2s
<C / i / un@®
R3\BkR,, (Tn) {y€Bar,, (zn)\Br,, (zn);lz—y|>Rn} ‘LL’ - y‘3+2s

2
com [  lm@r o,
R

_ 3+2s
S\Bk Ry, (Tn) |1‘ x”‘

2

2f
2o dx

<CR / fun ()
R3\ Bk Rr,, (zn)

%
<CK~3 / lun (z)[*dx | . (5.20)
RS\BKRTL(CB”)

Using (.19) and (E20), we infer to

Hy < CR;2S/ | (z)[2dx + CK 3. (5.21)
Br Ry (Tn)
Combining (5I3)-(E21]), we have
2
// [un (@) lon (@ 2+2 W jray < CR;QS/ lup () ?dz + CK 2.
R6 “/L. - y‘ s BKRn(In)

Consequently, we get

1 dxd
lmsup//]RG |xfy|3+25 xdy

n—0o0

2
— lim hmsup// [n@)P1en (@) = n )P ), (5.22)
RG

K00 ppone |z — y[3+2s

and we derive from (BI0)-(EI2) that
[ (- 2) )i
R3
[ )= ) (0) = a0
RS

o~y
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//]RG e |33— |3+)2)s el )dxderOn(l)

B /R (= 8) 2w *énd + 0, (1) = 0n(1).

(5.23)

Now, we define the cut-off function 79(s) € C*(Ry) by no(s) = 1 if s < 2,
no(s) =0, if s > 3, and |n(s)| < C. Set ny(z) = no(|Jz — zn|/Ry), and

’Un(LL') = nn(x)un(x)7 wn(x) = (1 - ﬁn(ﬂf))un(fﬂ)
From (54), we have

/ (|Un‘2 + K(x)¢vn ‘Un‘inl + )\f(as)|vn\q)dx > o —ép, (5~24)

RS

/ (le0al? + K (@)6u, [wal* 71 4+ Af (@) wn]?) do > (1= @) = 2. (5.25)
]RS

By (22)) and (B23]), we have

850 (-a) w)ds
‘// N (2)tn (2) = 0 (y)u n(y)][(l—nn(w))un(w)—(1—nn(y))un(y)]dxdy
]RG

o=y

‘//RG 1 ()(1 ﬂ;(_)ilr;igf) *un(y)\r“dxdy

[ mlelon) ~ ) = ),
R6

|.’L‘ _ y|3+2s

(un (@) — un(¥))(L = nn(2))(n(z) — 10 (y))uly)
+//RG dxdy

o =y

N () = 0 (y))? [u(y)|?
dzd
//RG e oy

(@) = )2 u(@)]? | 1?
re| ff, P ey

= on( ) (5.26)

2un| &dx

where the second integral of the last inequality tends to zero as n — oo, by using
[2, Lemma 2.3]. Consequently, we get

\(—A)gun\2dx:/ |(7A)%vn\2dx+/ |(—A)2w,|?ds + 0,(1).  (5.27)
R3 R3 R3
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From (B.1), we have

/RS |vn (2)wy, (x)|de < /B |un|*dx = 0,(1), (5.28)

3Rn(ln)\Ban (zn)

and then
/ |ty |?dz = / |on|?d + / [wy|2dz + 0, (1). (5.29)
R3 R3 R3
In the sequel, we need to consider two cases.

Case 1. If {z,} is bounded, it follows from conditions (H;)" and (Hs) that

[L0@ = folua@tde < s 15@) = fulCllu

|z—zn|>2R,

<C  sup  [f(@) = fool = 0n(1),  (5.30)

|z—2,|>2R,
‘ K2 g
_ / K (@)(K(y) - Koo»wn(x) R T
Ro o =y
Ro o =P
/ K () — Koo|duw, |wn|> ~'dz + Koo/ 1K () — Koo|puw, |wn|?dz
RS
(1+Ks)  sup | K (x) —Koo\S*22 unHZ(Té*l)
|z—2n|>2R,,
<C sup |K(z)— K| =o0,(1). (5.31)
|z—2n|>2R,
It follows that
In(wy) = Jx,c0(wp) + 0n(1). (5.32)
Moreover, we can obtain that
I\ (un)wn = J) oo (Wn)wn + 0n (1) = 0, (1). (5.33)

In fact, we have the following inequality:

‘/ K(I)¢un|un 2:_2wn(x)dx7/ Kzo~
R3 R3

2% —2

s

’/ K(z y)|un(y)|* 3_211(55) w”(x)dxdy
RO |z — y[3—2

1|wn( ) 2% -1

K2 |w,(y)|%~ s
7/ 2 |waly) z drdy
Ro |z — y[3-2
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(K (2)K (y) — K2)|wa(y) [~ wn ()

§‘//RG o — g2 dxdy
K (2)K (y)(Jun ()%~ un (2) % 2w, (2)

- |wn(y) 2:71"&1”(1') 2:71) dxdy

ke

o=y

= Il + IQ.
(5.34)
For item Iy, by (H2) we have that
g2 271 271
LR S Pl A
RS |z —yl~
_ 271 271
|, KO~ Kl
RS |z —y[32s
_ 271 271
. o=
< /3(K(y) - Km)¢wn |wn(y) 2:1dy‘ + /S(K(I) - Km)¢wn |wn(x) 2:71dx
R R
<2 sup |K(x) - Koo‘ / (rbwn‘wn(x) 2:71dx < C€n||wn||2(2;71) = On(l)
|z—2,|>2R,, R3

For item I, by (B1) we deduce to

K(z)K (y)(lun(y) 2:_1|un($) 22_2“’11(55)
__ — Jwn (y) 2w, ()| 7)
Iy = //]Rﬁ PRWERCR dxdy

X [un (@)%~ un(y)]

/;ZRn (yn) / an (yn)

%y, (y)

X Jun()

C 2(2:-1)

s gl s
n

2r-1 =

/ K(@)K@)[(1 = nu(z) — (1 = gu(y)> 11 = na(x)> Y
RS

o= yP>

2:1dxdy‘

K@) K @)= (@) = (1= 6))* 711 = ()]
\x — y‘3—2s

% dudy + on(l)’

C

—s l[un |23 + 0, (1) — 0
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as n — 00, here we have used the fact that |z — y,| > 3R, |y — yn| < 2R, =
|z —y| > Ry, the assumptions on the functions K, n and the boundedness of {u,}
in H*(R3).

Similarly, according to (51) and (530), we can obtain

‘/ f(x)\un\qflwndxf/ foolwn|?dx
R3 R3

/ (F(@) (fun T 1w — 100 ])) s + / (F(@) — foo)wnlide
R3 R3

< s 1f@) = ful [ funltda

|z—2,|> Ry,

+ / [(L = 70(@) — (1= 7 (@)7] F(@)]untde
RS

< swp (7@ - fulluly+ [ F@)ua[1dz + 00 (1)
|z—2n|>Rn B3r,, (xn)\B2r, (n)

=o,(1). (5.35)
Using (B.7) and (520), we deduce that

—A)2u, (—A)Fw,dx — [(—A) 2w, |2dx
R3

_ ‘ [ fnle) el 2) - el

. !wnx_y3:2g>!2dxdy
‘ / /R 6 Wn (T "(y);(;}ff)_vn(y)) dxdy‘

= 0, (1), (5.36)

R3

and

< / u%dw
Bsr, (n)\B2R,, (zn)
= on(1). (5.37)
It follows from (B34)—-(E37) that
I o0 (Wn)wn = J} (tun)wn = 0 (1). (5.38)
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By a similar argument as Lemmal5.2] there exists ¢, — 1 such that t,w, € M) o
and

ﬁ)\,oc S J)\,oo (tnwn)

1
= J)\,oo(tnwn) - gjg\pc(tnwn)(tnvn)

11 1 1
=35 = thwn”2 Tl - =55 / Kc%oﬁbtnwn‘tnvn
2 q qg 22:-1)) Jps
1 1 1 1
N N -y - / K26 [
2 q q 2(25 - 1) R3
11 , (1 1 )
- n T Alas 4N K u n
<(3-3) 1w+ (G -z =) [ Kaonn

= ) = £ I3 (wn) 1) + 0n(1)

2:71d17

2 e + 0, (1)

2 de + 0,(1)

=c+o0,(1)
< B0, (5.39)
which raises a contradiction.

Case 2. If {x,} is unbounded, then we have |z,,| — +00 as n — oo. According to
condition (Hs), for any € > 0, there exists an R’ > 0 such that

|K(z) — K| <&, forall |z|] >R

Let 3R, = |z,| — R'. Then R,, — +oc0 and Bsgr, (z,) C R*\Bgr/(0) as n — oo.
Consequently, we have

‘/ K(x)“b””'””'?:_ldx—f(zo/ Gu, vl da
R3 RS

_ 251 251
RS |z — y[32
_ 2r -1 251
[ Kl o
Ro o=y

2:_1d$

< [ V@)~ el onf® e+ Ko [ (0) ~ Kixl o,
R3 R3

- / K (@) — Kool [un = ()2~ d
Ban (rn)

+ Koo |K () — Koo|o, [tin 2%y

B3g,, (zn)

= i (2)
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2 g ()P

< / K (2) — Kool [un
B2, (0)

2:—1dx

+ Koo |K () 7KOC‘$'UTL‘UTL 2:_1‘77n(x)

B, (0)

< CE/ q~5un|un|2:_1dx
Bt (0)

< CeS™% ||u, |25~V < Ce.
(5.40)
Similarly, from condition (H;)’, we can derive
[, 0@ = 1) (alvas| < e
Consequently, one has
Ixn(vn) = Ix 00 (Vn) + 0n(1). (5.41)
Moreover, we can argue as in Case 1 to show that
Ty (Un)vn = J§ oo (Un)n + 0, (1) = 0 (1) (5.42)

and there exists ¢, — 1 such that t,v, € M) «. Furthermore, we get

ﬁ)\,oc S J)\,oc (tnvn)

1
= J)\,oc(tnvn) - _Jg\ oo (tnvn) (tnvn)
g™

1 1 1 1 ~ N
(57 ) Iwwal+ (5 = 53 ) [, KBt taval5 1

2 q qg 22:-1)) Jgs o

1 1 1 1 ~
(57 ) Il + (5 = e ) [ K% lon

2 g q 22:-1)) Jgs

11 , (1 1 )~

-~ n T A as 4N K u n
- <2 q> renll” + (q 2(25 - 1)> /]R3 oo

— J(un) gJ;wn)(un) + on(1)

2V + 0,(1)

2 dx + 0, (1)

=c+o,(1)
< B0 (5.43)

which yields a contradiction.
Therefore, the dichotomy cannot occur and {p,(z)} is compact. That is, there
exists {z,,} C R3 such that for any ¢ > 0, there is an R > 0 such that

/ pn(x)de < e, (5.44)
BCR(In)
where B, (x,,) = R3\Bgr(z,).
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We claim that {z,} is bounded. Otherwise, we suppose that |z,| — 400 when
n — oo. Let |x,| > R+ R’ for large n. Then we have

[ @i e = K [ G
R3 R3

K _ o " 2:71 " 2;71
_|f[ K@)~ Ko@) a2
ks o=y
Koo K - [e%¢] n 2:71 n 2271
- [[| Kl )~ Ko )2
RS |z — y[3-2

< /]R?» K (y) — Kw|¢un‘un‘2;_ldy + Koo /]R?» K (x) — KOO|$un‘un‘22_1dx

2:71d17

- / K (@) — Kool Jun
BR(Tn)

+ / K (@) — Kool lunl de
B

R (@)

+ K |K () *Km|$un‘un|2:71dx
BR(Tn)

+Koo/ K (2) — Koo|bu, |un|> 'dx
BC

R(zn)

S CE/ él\gun |un|2:71dl‘ + C/ ¢Un ‘un|2:71d{1}
BIC%,(O) B

R(an) (Tn)

< Chre + Cae < Cse. (5.45)
In a similar way, we infer to
/ (f(@) = foo)|un|%dz < Ce.
R3
Hence,
In(un) = Ixoo(tin) +0n(1) and  J} (un)tn = J3 oo (tn)tn + 0n(1) = 0n(1).
Moreover, there exists ¢, — 1 such that ¢,u,, € M) » and

c= Jk(un) + On(l) = Jk,oo(tnun) + On(l) > ﬁ)\,oo + On(1)7

which contradicts the definition of c.
Since {u,} is bounded in H*(R?), then, there exists v € H*(R3) such that
up — v in H*(R?). From Lemma Bl and (5.44), as n — oo, we infer to

/|un|2dxﬂ/ luf2dz, /f(x)|un|quﬂ/ () ulda.
R3 R3 R3 R3
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Set U,, := u,, — u. Then by Brézis-Lieb Lemma, Lemma [22vi), we have that
10 ]1* = llunl® = [l + 0 (1),

and

1
/ K(2)dw, [0, x— / K(2)gu
R3 R3

According to the weak convergence of u,, — u in H*(R?) and Lemmas 2.1l and 221
it is standard to verify Jg(u) = 0, and hence,

S /K Ybu,

L de + 0,(1).

Tlde = ¢ — Jy(u) +on(1),  (5.46)
and
on(1) = Jx(un)¥y,
= (JA(un) — J3(w)¥

=[] - %300, da.

2573un\11nd:17+/ K(x)py
]R?)
(5.47)

2
Note that ¥,, := u, —u — 0 in L% (R3) and K ()¢, |u|? ~3u € L% (R?), we have
/ K ()¢ |u|? PuW,de = 0,(1).
]RS
Moreover, one has

/ K (@), ttn| Py Uil
RC’)

= | K(2)du,|un|* " dz — / K(z)¢
R3 R3
- K(2)[¢pu, — Hun| “SBunudz
RS
— [uf* ~Puludz. (5.48)

25
2: =3y, } is bounded in L2 -1 (R3), and
273

Since the sequence {(¢n, — du)

¢un — Qu,
by [44l Proposition 5.4.7] we have

/ K(2)[¢u, — dulltn]® Sunude = 0,(1). (5.49)

2:73y  a.e. in R3,

Up —

Analogously, we derive to

2 ufuds = o0, (1). (5.50)

,|u
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Combining (5:49) and (550]), we conclude

K(x)bu, |un 203y, dx

]R3
:/ K(x)%\un\?:*ld%/ K (2)pu|u)? " Tda + 0, (1)
R3 R3

:/ K(2)6w, [Un[E =1z + on(1). (5.51)
RS
Thus, by (47)—(EE5I) we obtain
O A O A ) (5:52)
RS

Let

Llde — 0, asn — oo, (5.53)

H\IJnHQHZ and /K(x)¢q,n|\1'n
]R?)

for some ¢ € [0, +0c0). If £ = 0, we have directly u, — u in H*(R3). If £ # 0, then
from Lemma 22 we have

on(1) + [0, % = / K(2)gu, | a2~ Nde < §72 [0, 23D,
]R?)

which indicates £ > S 35
On the other hand, by virtue of J} (u) = 0, we get

Ia(u) = Jx(u) — é]f\(u)u

- (3= (G- s ) [ K@l

Thus, from (53] we obtain

1 1
= P | K v,

21y > 0.

L lda + Jy(u) 4 on(1)

1 1
- 0+ on(1
s ottt
252 1 on(1) (5.54)
3+2s° " '

which contradicts the definition of c. Therefore, £ =0, i.e. u,, — v in H¥(R3). 0O

In the following, we present some useful estimates which are crucially used in
the proof of Theorem [I.2

Lemma 5.7. There exists A\g > 0 such that if A € (0, o), then

2s

S35 < -
3+ 2s P,
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Proof. Suppose by contradictory that there exists a sequence {\,,} — 0 such that

2s

379 52%, as n — 0o.
s

ﬁ)\n,oo S

For each ), > 0. It follows from [14] that there is u,, € H*(R?) such that
Iano0(un) = @r, 00 and ngoo(un)un =0. (5.55)

Hence, we have

2s
3+ 2s

1
SZ% > ﬂ)\n,oo = J)\n,oo(un) - glg\moo(un)un

1 1 1 1
(L DY (o /Kzo%\un
2 q q 22:-1)) Jgs

> C||unH27

2:71d.’£

this means that {u,} is bounded in H*(R3). By Lemma 1] we infer to

/ Anfooltnllde < XpCllug||? — 0, asn — oo. (5.56)
R3

Usin and we can assume
b

*_
27 e — 0y, asn — oo,

|wn||®> — €1 and / K2 ¢, Jun
R3
for some ¢4 € [0, +00). If £; = 0, then

ﬁO,oo =0.

This is not possible because Jy o has a mountain pass geometry. If ¢; # 0, then
from Jy  (un)(un) = 0,(1), by Remark [T we get

21y < 52 unH2(2j:—1)

on() + el = [ K2,

3—2s

which shows that ¢; > (K2)~ "z §2:. In view of Ko, < 1 and (5.56), we derive to

2s 3 1
ST‘ > oo — J o0 n) — 7~]/ n n n 1
3+23 2 - /8)\7 )\n7 (u ) 2(2:71) An,oo(u )u +0 ( )
2s 9
p— 1
> 2 (K2)EEGE Lou(1) > —2 8% 4 on(1)
3425 " 3+ 2s LA
which leads to a contradiction. O
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Lemma 5.8. There exist a small £g > 0 and o(eg) > 0 such that for e € (0,e9),
we have

2
sup Jx(tve ) < °_gar o(eo) uniformly for z € M,

t>0 3 + 2s

where v, , is defined by ve . = n(x — z)U:(x — 2) given in Lemma BAL In addition,
there exists t, > 0 such that

t.ve,. € My forze M.
Proof. Since
}in(l) Ja(tve ,) =0 and tlim Ia(tve ») = —o0,

for z € M and small € > 0, there exist small ¢y > 0 and large ¢; > 0 such that

2s 35
Ta(tvez) < 37 2852‘1, for ¢ € (0, to] U [t1, +00). (5.57)
Now, we show that
25 3
In(tve ) < S2s,
A Ve, ) 3+ 2s

for z € M and t € [to,t1]. For this, by (1)), Lemma B2l and Theorem 29 we have

12 12(25—1) . At
In(tve.) = —|lv]? — —— | K(2)o, 25714 f—/ _|%d
A(tve,2) 5 [|lve,- || 20— 1) /RS (7)o, . |ve 2| x 7 e [ (x)|ve - |Tdx
342s

1
2s ||Us,zH2Ds,2 )

3+ 2s (ng K(2)py, |0z 23*1d$) 7T

t2
+—/ \v572|2d177 )\C/ |ve, - |9dx
2 RS R3

3+2s
4s

IN

2s S2 4 O(3729)
3+ 2s ($% — O(e3-24)) o

+C/ ‘UE7Z|2d{L‘—>\C/ Ve, »|Ydx
RS R3

IN

3
O(e2s if2>——
(e2%) i >3725’

2s 3 3

— S35 o) 3—2s 25|, T
g SF 0 1+ { 0 logel) 2=
O(32)  if2< -
3—2s
C\Ce ?»(2—<12)+25q7

(5.58)
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for z € M and small € > 0. Next, we separate three cases:

3(2—q)+2sq

5 and

Case 1:s<%<:>2>ﬁ.Inthiscase,weget3—2s>2s>

3(2—q)+2sg
2

O(e7%) + 0(e*) — \Ce < 0 for € small enough.

Case 2: s = % 2= % In this case, we choose A = sé, by a simple calculation,
—4S8

we infer that

3(2=a)+2sq
2

0(5%) + O(sg |loge|) — A\Ce < 0 if € small enough.

Case 3: s > % &2 < 3—3ﬁ In this case, we have ?@_éﬂ < 3 — 2s due to
q>4>3fﬁ,amdso7

3(2—q)+2sg
2

O(e372%) + 0(e*7%%) — \Ce < 0 as ¢ sufficiently enough.

Combining Cases 1-3 and (5.58)), there exists a small ey > 0 such that for e € (0, &¢),

2
sup Jx(tve ) < 5 S35 — o (o),

>0 3+ 2s

for z € M. In addition, from Lemmal[5.2] there exists ¢t > 0 such that t;v. , € M
for each z € M. |

Next, we define a continuous map O : H*(R3)\{0} — R3 as

2511y 2% -1
_ fRs fRs alulz)[ |L‘°>7(2ys)| dxdy

[z—y

- w(z)|25 1y 2% —1 .
Jis o L@UE W@

o=y

H*(R®) 3 u s O(u) :

Then we have the following conclusion.

Lemma 5.9. For each 0 < § < rg, there exist s, 00 > 0 such that if u € NL with

IL(u) < 3-21555% + 60, and X € (0,)s), then ©(u) € Ms.

The proof of Lemma [5.8]is similar to that of Lemma L4l and we omitted it.

Lemma 5.10. There emﬁsts a small A5 > 0 such that if A€ (O,X;) and u € My
with Jx(u) < %523—5 + %‘), where &y is given in Lemma 9. Then ®(u) € M;.

Proof. For u € My with Jy(u) < 31525 + ‘%0, we have from (5 and Lemma 5.1
that

0< ful <C. (5.59)

And there exists a unique ¢, > 0 such that t,u € Ngc. We claim that t, < C
for some C' > 0 independent of w. Otherwise, there exists a sequence {u,} C M,
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satisfying t,u, € NL and {t,,} — 0o as n — oo, as a result we have

Ly = ti(f_?:)HunH2 — 0, asn— oo. (5.60)

[ K@,

Since u,, € My, from (559) and (B60) we have

w2 = / K(@)éu, [unl 1dz + A / £ ()] tde
R3 R3

2 de + \C|un |7 — 0,

< [ K@ lu,

as n — oo and A — 0, which contradicts Lemma [5.1]
On the other hand, by u € M), we have
5o

2s 3
S2s +— > J = Jx(t
3125 25 4 5 2 A(u) 312110) A (tw)

ZJA(tuu)

— 7! _ é _ q

= I(t) =2 [ (@) = fo)lu 1

> I (tu) = AClun 0 6:61)

Then

2% 3 3
i % + 3+ AC . (5.62)

IL (tyu) <
3+ 2s

By (5:59) and (562), there exists As > 0 such that for A € (0, \s), we have

2s

IL (tyu) < S + 3.
woltutt) S 375085 + 0
By virtue of Lemma [5.9] we get that ®(u) = ®(t,u) € Ms. O
Set
6= o SF —o(e)) and Ma(ea) i= {u € My; Ja(u) < o2}
C)\.—3+2S gl&p an AC)) ‘= u A JANU) S Chye

Lemma 5.11. If u is a critical point of Jx restricted on My, then it is a critical
point of Jx in H*(R3).

The proof is almost similar to Lemma 2.4 and we omit it here.

Lemma 5.12. Jy|p, satisfies the (PS) condition on Mx(Sy), where Jx|ar, denotes
the restriction of Jyx on M.
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Proof. Let {u,} C Mx(¢x) be a (PS) sequence. Then, there exists a sequence
{0,} C R such that

JA(un) = 0, (un) + 0n(1).

From (5.3]), we know that Y’ (u,)u, < 0, and so, there exists a subsequence, still
denoted by {u,}, such that

T4 (up)u, — 1 <0, asn— oo.

If I = 0, by (B3) we have
0 = Thlun)tn = ~a =2l = 22 =D =) [ K@), (@)lunPF'da

< —(q = 2)[lunl* < 0.
Therefore,
lun| — 0, asmn— oo,

which yields a contradiction with Lemma 5.1l Hence [ < 0. Since J3 (un)u, = 0, we
derive that {#,} — 0 and J}(u,) — 0, as n — oo. According to Lemma [.6] we
have the desired conclusion. O

Now, we are ready to prove Theorem

Proof of Theorem Let 8, As > 0 be given as in Lemmas and 5.101 For
each z € M, let G(z) = t v, .. From Lemma 58 it belongs to My (¢y). It follows
from LemmaBTI0lthat © (M (¢y)) C Ms for A < As. Define the map ¢ : [0, 1] x M —
Ms by

[Oa 1] x M > (072) = 4(072) - @(tZU(I—Q)E,z) € M;(EA)

By a direct calculation, we have {(0,2) = © o G(2) and limy_,;- {(0, z) = z. Thus,
O o (G is homotopic to the injective j : M — Mjy. By virtue of Lemma (.12
Proposition @] and B2l we obtain that J M (@) has at least catyg, (M) critical
points in M, (¢x). By Lemma[5.11] we know that Jy has at least catys, (M) critical

points in M (€x). Thus, the system (L8] has at least catyy, (M) positive solutions
in H*(R3). O
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