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ABSTRACT

We study parametric nonlinear elliptic boundary value problems driven
by the p-Laplacian with convex and concave terms. The convex term ap-
pears in the reaction and the concave in the boundary condition (source).
We study the existence and nonexistence of positive solutions as the pa-
rameter A > 0 varies. For the semilinear problem (p = 2), we prove
a bifurcation type result. Finally, we show the existence of nodal (sign
changing) solutions.
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1. Introduction

Let Q C RY be a bounded domain with a C?-boundary 9. In this paper we
study the following nonlinear parametric boundary value problem:

—Apu(z) = f(zu(2)in Q, 1<p< oo,

P,
(B3) Ou _ AB(2)u(z)? ! on 0Q, u > 0.
ony

In this equation, by A, we denote the p-Laplacian differential operator defined
by
Ayu = div (|DulP~2Du) for all u € WHP(Q).

Also 6’9:17 denotes the generalized normal derivative corresponding to the
p-Laplacian and defined by aasp = |Du|P~2(Du,n)g~, with n(-) being the out-
ward unit normal on 0€). The reaction f(z,x) is a Carathéodory function
(that is, for all x € R, z — f(z,z) is measurable and for almost all z € Q,
x —> f(z,x) is continuous), which is (p — 1)-superlinear near +oo. In the
boundary condition, A > 0 is a parameter, § € L*(Q);, 8 #0and 1 < ¢ < p.
So, problem (Py) is an alternative version of the well-known “concave-convex”
problem (problem with competing nonlinearities) in which a “convex” (super-
linear) reaction f(z,z) is coupled with a “sublinear” parametric source term.
The original “concave-convex” problem had both the competing nonlinearities
in the reaction, which had the form Az?~! 4+ 27! for all z > 0, with A > 0
being the parameter and
Np
l<g<p<r<p={N-»p
+o00 if N <p,

if p <N,

where p* is the critical Sobolev exponent.

The study of such problems was launched with the pioneering works of Garcia
Azorero and Peral [10], and Ambrosetti, Brezis and Cerami [2]. In the first
paper, among other results, the critical case is considered for small values of
the parameter. Ambrosetti, Brezis and Cerami [2] investigated the following
semilinear Dirichlet problem:

—Au(z) = u(2)T +u(z)" M in Q, wulpg =0, u >0,

with 1 < ¢ < 2 < r < 2*. They proved bifurcation-type results describing
the set of positive solutions as the parameter A > 0 varies. Their work was
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extended to equations driven by the p-Laplacian, by Garcia Azorero, Manfredi
and Peral Alonso [8] and Guo and Zhang [13]. Further extensions with more
general reactions can be found in Filippakis, Kristaly and Papageorgiou [6]
and Iannizzotto and Papageorgiou [15]. We also refer to Boccardo, Escobedo
and Peral [4], who studied the branch of minimal solutions without growth
hypotheses. Problems in which the competing nonlinearities come from both
the reaction (the convex term) and the source (the concave term) were first
considered by Garcia Azorero, Peral and Rossi [9] for semilinear problems with a
reaction of the form f(z) = 2" ! for all z > 0, where 1 < 2 < r < 2*. Semiliear
problems with a more general reaction were studied recently by Furtado and
Ruviaro [7]. Generalizations to p-Laplacian equations with a reaction of the
form f(x) = 2"~ for all x > 0, where 1 < p < ¢ < p*, can be found in the work
of Sabina de Lis [21]. We stress that in all of the aforementioned works, the
differential operator (left-hand side of the equation) has the form —Aju+uP~!
(with p = 2in [7], [9]). This operator is coercive and this facilitates the analysis.
In contrast, in problem (Py) the differential operator is not coercive.

In Section 3, for problem (P)), we prove a theorem concerning the existence
and nonexistence of positive solutions, depending on the value of the parameter
A > 0. We also show the existence of a minimal positive solution u, and
investigate the properties of the map A — u,. If p = 2 (semilinear problem),
then we prove a bifurcation result describing in a more precise way the existence
and multiplicity of positive solutions as the parameter A > 0 varies. It is an
interesting open problem whether such a bifurcation result is also possible for
the p-Laplacian equation. In Section 4 we prove the existence of nodal (sign
changing) solutions.

In the next section, for easy reference we recall the main mathematical tools
which we will use in the sequel and fix our notation.

2. Mathematical background

In what follows X is a Banach space and X* is its topological dual. By (,-) we
denote the duality brackets for the pair (X*, X). Let p € C}(X). We say that
o satisfies the “C-condition” if the following is true:
“Every sequence {u,}n>1 C X, such that {¢(un)}n>1 C R is bounded and
(1 + |Jun|)¢’ (un) = 0 in X* as n — oo,

admits a strongly convergent subsequence”.
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This is a compactness-type condition on the functional . It is needed because
the ambient space is not in general locally compact (since X in general is infinite
dimensional). With this compactness-type condition on ¢, one can prove a
deformation theorem which leads to a minimax theory for the critical values
of . One of the main results in this theory, is the so-called “mountain pass
theorem” due to Ambrosetti and Rabinowitz [3]. Here we state it in a slightly
more general form (see Gasinski and Papageorgiou [11, p. 648]).

THEOREM 1: Assume that ¢ € C1(X) satisfies the C-condition, ug,u; € X,
|lur = wol| < p <0,

max{p(uo), ¢(u1)} < inflp(u) : |lu—uol| = p] =m,
and ¢ = infyer maxogi<1 ©(7(t)), where
I'= {7 € C([Oa 1]5X) : 7(0) = an’Y(l) = ul}‘
Then ¢ > m, and c is a critical value of .

In the study of problem (Py), in addition to the Sobolev space W1?(£2), we
will also use the Banach space C'(Q). This is an ordered Banach space with
positive cone Cy = {u € CY(Q) : u(z) > 0 for all z € Q}. This cone has a
nonempty interior given by

intCy ={u e Cy :u(z) >0 for all z € Q}.
By || - || we denote the norm of the Sobolev space W1P(Q). We recall that
llull = [llullf + [[Dul F]'/7 for all u € WHP(Q).

On 99 we consider the (N —1)-dimensional Hausdorff (surface) measure o(-).
With this measure, we can define the Lebesgue spaces LP(99) (1 < p < 00).
From the trace theorem, we know that there exists a unique continuous linear
map o : WHP(Q) — LP(05), with the property that vo(u) = u|gqn for all
u € C1(Q). The trace map is compact into L(99Q) with 1 < ¢ < ]X,p:; and we
have

imyy = W ’P(aﬂ)(; + ;/ = 1), kervyy = Wol’p(ﬂ).

In the sequel, for notational simplicity, we drop the use of the trace map ~g.
Every Sobolev function defined on 92 is understood in the sense of traces.

Let fo: 2 x R — R be a Carathéodory function such that

|fo(z,2)| < ap(2)(1 + |x|""") for almost all z € Q, all z € R
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with ag € L®(Q)4 and 1 < r < p*. We set Fy(z,2) = [; fo(z,s)ds. Let
B € L>*(09) and consider the C*-functional g : WHP(Q2) — R defined by

1 1
wo(u) = " [|Dul[b— / ﬂ(z)|u(z)|qdo—/ Fo(z,u(2))dz for all u € WHP(Q).
p q.Jo Q
From Papageorgiou and Radulescu [19], we have the following result.

PROPOSITION 2: If ug € W1P(Q) is a local C'(Q)-minimizer of g, that is,
there exists po > 0 such that

¢o(uo) < po(ug + h) for all h € CH(Q) with Bl o1y < pos

then ug € C1(Q) for some « € (0,1) and g is also a local WP (Q)-minimizer

of g, that is, there exists p1 > 0 such that
wo(uo) < wo(ug + h) for all h € WYP(Q) with ||h]| < p1.

Let A: WhP(Q) — W1P(Q)* be the nonlinear map defined by

(A(u),h) = | |Du|P~%(Du, Dh)gndz for all u,h € WHP(Q).
Q

From Papageorgiou and Kyritsi [18, p. 314], we have:

PROPOSITION 3: The map A : WIP(Q) — WLP(Q)* is continuous, strictly
monotone (hence maximal monotone too) and of type (S), that is, if u, — u
in WHP(Q) and limsup,,_, . (A(un), u, — u) < 0, then u, — u in WHP(Q).

Finally, let us fix our notation. For ¢ € C'(X), by K, we denote the set of
critical points of ¢, that is, K, = {u € X : ¢'(u) = 0}. Also, if # € R, then
T = max{0, £z}. Given u € W'P(Q), we set uT(-) = u(-)* and we have

uF e WhP(Q), w=ut—u", |ul=u"+u".

By | - |n we denote the Lebesgue measure on RY. Also, if h: @ x R — R is
a measurable function (for example, a Carathéodory function), then

(the Nemytskii map corresponding to h). Evidently, the mapping
z— Ni(u)(2) = f(z,u(2))

is measurable.
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3. Positive solutions

In this section, we study the existence and nonexistence of positive solutions for
problem (Py) as A > 0 varies. We also prove the existence of a minimal positive
solution u, and examine the properties of the map A — u,.

The hypotheses on the reaction f(z,x) are the following:

Hy: f:Q xR — Ris a Carathéodory function such that for almost all z € Q,
f(z,0) =0 and

Q) |f(z,2)] < a(z)(1 + 2"1) for almost all z € Q, all x > 0, with
a€ L°°(Q)+, p<r<p
(i) if F(z,2) = [; f(z,s)ds, then there exists n > p and M > 0 such that

0<nF(z,z) <f(z,x)x for almost all z € Q, all x > M,
essinf F'(-, M) > 0;
(i) limg_,o+ (f ) = 0 uniformly for almost all z € Q and for all 7 > 0,
f(z,z) =2 pr >0 for almost all z € Q, all x > 7
(iv) if p = 2, then for every p > 0, there exists £, > 0 such that for almost
all z € Q, the map = — f(z, ) + &, is nondecreasing on [0, p].

Remark 1: Since we are interested in positive solutions and the above hypothe-
ses concern the positive semi-axis Ry = [0, +00), without any loss of generality,
we may assume that f(z,2) = 0 for almost all z € Q, all 2 < 0. Hypothesis
H, (ii) is the well-known Ambrosetti-Rabinowitz condition (AR-condition for
short) (see [3]). It implies that

(1) 1z < F(z,z) for almost all z € Q, all x > M, some ¢; > 0

(see, for example, Papageorgiou and Kyritsi [18, p. 424]). It is an interest-
ing open problem whether we can replace the AR-condition by a more general
superlinearity condition, like the one employed by Gasinski and Papageorgiou
[12] and Tannizzotto and Papageorgiou [15]. The noncoercivity of the differential
operator together with the boundary term \3(z)x4~! for all (z,2) € 9 x R,
raise serious technical difficulties and make the use of more general superlin-
earity conditions problematic. Hypothesis H;(iv) is satisfied if, for almost all
z€Q, f(z,-) € CYR) and f.(z,x) is locally L>(2)-bounded.
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Example 1: The following functions satisfy hypotheses H;:

fi(z) =2 ! for all z > 0, with p < r < p*,

0 if z <0,

fo(x) =R exs 1 =271 fOo<a<]l, withe>1,p<s<r7andp<n<p’,
(c—1Dz"t  ifl<uz,

0 if z <0,

fa(x)=<a™ 1 if0<xe<1, withp<7,nandn<p”

271 if 1 < x,
The hypotheses on the boundary term are:

H: BeC%(09) witha € (0,1], 820, B#0and 1 < ¢ < p.
We introduce the following Carathéodory function:

. 0 if £ <0,
(2) fz,2) =
flz,z)+ 2P~ if 0 < .

Let
F(z,2) = /I f(z,s)ds
0

and, for every A > 0, we consider the C'-functional $y : W1P(Q) — R defined
by
o 1 po L p_ A +(,\a ol
ea(u) = [|Dullp + [lull}) — Blz)u" (2)do— | F(z u(z))dz
p p q Joq Q
for all u € WHP(Q).

PROPOSITION 4: If hypotheses Hi (i), (ii), (iii) and H hold, then the functional
@ satisfies the C'-condition.

Proof. Let {u,}n>1 € WHP(Q) be a sequence such that

(3) [P (un)] < My for some My >0, alln > 1,
4) (1 + [Jun|)PA (un) — 0 in WHP(Q)* as n — oo.
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From (4) we have

enl|hl]
1+ {[unl|

+ / [P~ 2y hdz
Q

B(z)(u

o
en|hl|
1+ [|uall

In (5) we choose h = —u,, € W1P(Q). Then

N

(@A (un), B)| <
= ‘(A U
-2

) hdo — | f(z,un)hdz
Q

for all h € WHP(Q), all n > 1.

~X

1
©) p||Du;||g+ ||u I[F < €, foralln > 1 (see (2)),

=u, — 0in WHP(Q) as n — oo.

From (3), (6) and hypothesis H; (i), we have

for all h € WHP(Q), with e, — 07,

(| D[l —

RE
Also, in (5) we choose h = u,®

ﬂummg+x/ B(z)
oN

(7)

(8)

Lv@mmqﬂm@mmw

é(nfp)/QF(z,uf{)dz<

+)u;’{ - nF(Za

ul)dz < Mo

do — / pF(z,
Q

for some My >0, alln > 1

€ WhHP(Q) and obtain

do Jr/ flz,uutdz <
for all n > 1 (see (4)).
<M+A(P=1) [ B (wh)do
q [}9)

for some M3 >0, alln > 1

ca2(1+]|uf||?) for some c2 >0, all n>1

(use the trace theorem),

uy)ldz + (n—p)/ F(z
Q
< o1+ |uft]|?) for all n > 1

u)dz
ca(1 4 |ut||?) for all n > 1

(see hypothesis Hi(ii)).

Isr. J. Math.

)
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From (1) and hypothesis Hj (i), we have
(10) a1z — cg < F(z,z) for almost all z € Q, all z > 0, some c3 > 0.
Using (10) in (9), we obtain
(b [P <ea(1 + [[u||9)P/" for some ¢4 > 0, all n > 1
(11) <Sea(L+ [Juf||%/7) ( recall p < 1)
<es(1+ [|ut]|?) for some 5 > 0, all n > 1.

From (3), (6) and hypothesis H; (i) we have

n + )‘77/ + / +
Du||P — B(z)(uy)ido — | nF(z,u,))dz < M.
12) plPully =0 ] B ) G u) 4

for some My >0, alln > 1.

Adding (8) and (12), we obtain
n
(L=l + [ [#Geeuys = n e

<Mz + 2" =1) | BG)(uf)do
for some M5 > 0, alln > 1,
= Duf | [P <o (1 4 |Ju,f||7) for some ¢g >0, all n > 1
(see hypotheses Hj (i), (ii), recall that p<n and use the trace theorem)
From (11) and (13) and recalling that w — ||ul|, + ||Dul|, is an equivalent

norm on W1P(Q) (see, for example, Gasinski and Papageorgiou [11, p. 227]),
we infer that

[|[uF )P < er(1+ ||uf|]9) for some ¢z > 0, all n > 1.
Since ¢ < p (see hypotheses H ), we conclude that
(14) {uf 1 € WHP(Q) is bounded.

From (6) and (14) it follows that {u,},>1 € W'P(Q) is bounded. Using
the Sobolev embedding theorem and the trace theorem and by passing to a
subsequence if necessary, we may assume that

(15) up = win WHP(Q) and  w, — u in L"(Q) and in LP(9S) as n — oo,
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In (5) we choose h = u,, —u € WP(Q), pass to the limit as n — oo and use
(15). Then

lim (A(up),un —u) =0,

n—oo

=u, — u in WHP(Q) as n — oo (see Proposition 3),

=, satisfies the C-condition.

This completes the proof.

PROPOSITION 5: If hypotheses Hy (i), (i), (iii) and H hold, then there exists
A4 > 0 such that for every A € (0, A1), there exists py > 0 for which we have

inf[@x(u) : [[ul[ = pa] = x>0 = $2(0).

Proof. Hypotheses H; (i), (iii) imply that given e > 0, we can find cg = cg(e) > 0
such that

(16) F(z,2) < exP 4+ cga” for almost all z € Q, all z > 0.
Then for every u € W1P(Q), we have
5 1 1 1
(A7) @a(w) = N Dullpllul[p = Acol[ull” = eroffull" =ellul["=_[[ull” (see (2)).
Since ¢ < p < r, we have
[Jull? < MJul|? + c11]]ul]” for some c11 = ¢11(A) > 0.
Returning to (17) and choosing € > 0 small, we have
Pa(u) Zcraflul[P = Acws|[ul]? — craf[ul]"

1 1
(].8) with c19 = 012(6) >0, ci3=cg+ >0, ciu=cio+ >0
p p

=lere = (Aeas[ul[T7F + cral[u][77)][[ul[P.

Let 95(t) = Ac13t?™P + c14t" 7P for all t > 0. Evidently 9, € C*(0,+o0) and
since ¢ < p < r, we have

Ir(t) = +ooast — 0" and as t — +o0.



Vol. 212, 2016 PARAMETRIC NONLINEAR ELLIPTIC PROBLEMS 801

So we can find ¢y € (0, +00) such that
Ox(to) = inf Ix(2),
él%\ (to) =0,
=Ap — q)erz = (r — p)eiaty™?,

Alp — Q)013} riq_

=ty = to(A) = { (r—p)cia

Evidently, we have
Ia(to) — 0Fas A —07.
So from (18) we see that we can find AL > 0 such that

19)\(250) < ¢19 for all A € (0, )\+)

Therefore

Vv

a(u) = 1my > 0= px(0) for all uw € WHP(Q) with |Jul| = px = to(N).

An immediate consequence of the AR-condition (see (1)) is the following
proposition.
PROPOSITION 6: If hypotheses H; (i), (ii), (iii) and H hold A > 0 andu € int Cy.,
then

Oa(tu) - —oco0  ast — +o0.
We introduce the following sets:

L ={\>0: problem (Py) admits a positive solution},
S(N) = set of positive solutions for problem (Py).

PROPOSITION 7: If hypotheses Hi (i), (ii), (iii) and H hold, then £ # @ and,
for every A >0, S(\) CintCy.

Proof. Let Ay > 0be as in Proposition 5. We fix A € (0, A\;.). Then Propositions
5 and 6 imply that the functional ¢y satisfies the mountain pass geometry. This
fact, together with Proposition 4, permit the use of Theorem 1 (the mountain
pass theorem). So, we can find ug € W1P(Q) such that

(].9) Ug € K@A and (,5)\(0> =0<my < gb)\(uo).
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From (19) we see that ug # 0 and
@ (uo) =
(20) /|u0|P 2uohdz=A /ﬁ o= 1hdo+/ﬂf(z,u0)hdz
for all h € WP (
In (20) we choose h = —ug € W'P(2). Using (2), we have
1D |12+ |2 = 0
=up =0, ug # 0.

So, (20) becomes

(A(ug),h) =X | B()ud 'hdo + [ f(z,u0)hdz
(21) a0 Q
for all h € WHP(Q) (see (2)).

In what follows, by (-,-)o we denote the duality brackets for the pair

W@ =Wy W) () + = 1),
From the representation theorem for the elements of the dual space
WL () = W ()"
(see, for example, Gasinski and Papageorgiou [11, p. 212]), we have
Ayug € WHP(Q).

Then integration by parts gives
(22) (A(uo), h) = (—Apug, h)o for all h € WyP(Q) € WHP(9Q).

We return to (21) and use (22). Recall that ker vy = Wol’p(Q). So we have

(—Apuo, h)o :/ f(z,u0)hdz for all h € W, ()
23) = —Apup(z) :f(Qz, up(2)) for almost all z € Q
(recall L™ (Q) < W17 ().

Hypothesis H; (i) implies that f(-, ug(-)) € L™ (Q). Since Wy () < WyP(Q)
continuously and densely (recall p < r), we have W12 (Q) — W1 (Q) con-
tinuously and densely (see, for example, Gasinski and Papageorgiou [11, p. 141]).
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Then because of (23) we can apply the nonlinear Green’s identity (see, for ex-
ample, Gasinski and Papageorgiou [11, p. 210]) and have

o1 (A(ug), h)+ /Q (Apuo)hdz:<gzo,h>m for all he WL (Q)— WLP(Q)
P

(see (23)).
Here, by (-, -)on we denote the duality brackets for the pair
(W=7 (0Q), W P(69)).
If we use (21) and (23) in (24), we obtain
< Oug

A B(z)ul hdo = ,
0 ony,

h> for all h € WhP(Q)
(25) o9 l9)

recall W7 (Q) is dense in W'P(Q)).
Recall that
Yo (WHP(Q)) = W' ().
So from (25) it follows that
Oug

on, = AB(2)ud ™" on 99,

=wup € S(A) and so (0, A1) C L, hence L # &.

From Winkert [22] we have ug € L>°(£2) and then Theorem 2 of Lieberman
[16] implies that ug € C1\{0}.

Let p = ||uo||o- Hypotheses Hi(i), (iil) imply that we can find &, > 0 such
that

(26) flz,z) + épa:p*l > 0 for almost all z € Q, all z € [0, p].
From (23) we obtain
Apug(2) gépuo(z)p_l for almost all z € Q,
=g € int Cy (by the nonlinear maximum principle, see [11, p. 738]).
The above argument shows that
S(A\) CintCy forall A >0
(of course, if A ¢ L, then S(\) = @).

Next we prove a useful structural property of the set £, which shows that £

is an interval.
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PROPOSITION 8: If hypotheses Hy (i), (ii), (iii) and H hold, A € £ and v € (0, \),
thenv € L.

Proof. Since A € L, we can find uy € S(A) C int C; (see Proposition 7). We
introduce the following Carathéodory functions:

f(z,x) + (at)P~1 if © < ux(z)

27) k(z,x) =
1) k) f(zun(z)) +ua(z)Pt ifuy(z) <z

for all (z,2) € QxR,

vB(2)(xzt) 1l if x <wun(z

28) v(z,x) =
28) () vB(2)ux(2)4 1 ifun(z) <

for all (z,z) € 09 x R.

Let K(z,x) = [, k(z,s)ds and T, (z,2) = [ 7 (2,s)ds. We consider the
C-functional ¢, : WP(Q) — R defined by

. 1 1
G = 1D+ ey~ [ Toeue)do- [ K(zu()ds
p p o0 Q
for all u € WHP(Q).
From (27) and (28), it is clear that v, (-) is coercive. Also, using the Sobolev
embedding theorem and the compactness of the trace map, we have that 7,/3,, is

sequentially weakly lower semicontinuous. So the Weierstrass theorem implies
that we can find u, € W1P(2) such that

(29) Uy (1) = inf[y, (u) : u € WHP(Q)].

Let my = minguy > 0 (recall that uy € intCy). Because of hypothesis
H, (iii), given € > 0, we can find 6 = d(e) € (0,my) such that

(30) F(z,xz) > — “ 2P for almost all z € Q, all 7 € [0, 9].
p

Let w € int Cy and choose ¢t € (0,1) small such that tu(z) € (0,4] for all
z € Q. Then we have

A tP p vtd q etP »
) < 7 1Dull qéﬁ@uw+pmm
(see (27), (28) and (30)).

(31)
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Since ¢ < p, from (31) we see that by choosing ¢ € (0,1) even smaller if
necessary, we can have

Wy (tu) < 0,
= 1, (u,) < 0 =1),(0) (see (29)), hence u, # 0.

From (29) we have

1/}1//(11’7/) = 07
62 = (A + |

Q

[y, [P~ 2u, hdz = /

vl,(z,u,,)hda—i—/ k(z,u,)dz
o9

Q
for all h € WhP(Q).
In (32) first we choose h = —u,, € W1P(Q). We obtain

[1Duy (5 + [l [[5 = 0 (see (27), (28)),

= u, >0, u, #0.

Next in (32) we choose (u, —ux)* € WHP(Q). We have

(A(uy), (uy —un)™) + /Q uP " u, —uy)Tdz

:/ vB(2)ul (u, — up)tdo —|—/ f(zyun)(uy —uy)tdz
o9 Q
+/ u? " (u, — up)Tdz (see (27),(28))
Q
g/asz AB(2)ud ™ (u, — upn)Tdo + /Q Fzun)(u, —uy)dz

_|_/ u’;_l(uu —uy)tdz (since v < \ and see ﬁ)
Q

=(A(uy), (uy —ux)™) + /Q ui_l(uy —uy)tdz,

= {Alw) = Aur), (uy — UA)+>+/Q(“5_1—Uﬁ_l)(uu—ux)+dz<0,
= [{u, > ur}|n =0, hence u, < uy.

So we have proved that

u, € [0,uy] = {u € W'P(Q) : 0 < u(z) < ux(z) for almost all z € Q}.
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Using (27) and (28), equation (32) becomes

Aw) by =v [ Bt hdo + [ f(zu)hdz,
o0 Q
= u, € S(v) Cint C; (see the proof of Proposition 7),
= v e L and so (0,\ C L.

The proof is now complete.
Remark 2: As a consequence of Proposition 8, we see that £ is an interval.
An interesting byproduct of the above proof is the following corollary.

COROLLARY 9: If hypotheses Hy (i), (ii), (iii) and H hold,
AeL, uyeSWA\)CintCy and v e (0,N),
then there exists u,, € S(v) C int Cy such that u, < uy.
In the semilinear case (p = 2), we can improve the above corollary by bringing

into play hypothesis Hj(iv). We will need this result in order to produce a
second positive solution for problem (Py) when A € (0, \* = sup £).

PROPOSITION 10: If p = 2 (semilinear problem), hypotheses Hy and H hold,
A€ L, uy €S\ CintCy and v € (0, ), then there exists u, € S(v) C int Cy
such that uy —u, € int Cy.

Proof. From Corollary 9, we already have a solution u, € S(v) C int C; such
that
(33) u, < uy.
Let p = ||ualloo and let £, > 0 be as postulated by hypothesis Hi(iv). Then
—Apu,(2) + Epun(2) =F(2,un(2)) + {pun(2)
<fz,un(2)) + Eun(z) (see (33) and hypothesis H (iv))
=—Auy(2)+&ux(z) for almost all z€Q (since ureS(A)),
= Aux —uy)(2) <Ep(ur — uy)(2) for almost all z € Q,
= u) —u, € int Cy (from the maximum principle, see [11, p. 738]).
Remark 3: In the nonlinear case (p € (1,00)), it is this strong comparison

result that we are missing in order to have a bifurcation-type theorem. It is an
interesting open problem whether Proposition 10 is still valid when 1 < p < co.
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Such a result will lead to a bifurcation-type theorem for the general nonlinear
problem (Py).

Let \* = supL. We will show that \* < co. To this end we will need
some preparation. Note that hypotheses H; (i), (ii), (iii) imply that there exists
c15 > 0 such that

(34) f(z,2) > —c152P 7! for almost all z € Q, all z > 0.

We consider the following auxiliary parameter nonlinear problem:

ou

= M\3(2)u(z)7? on 092, u > 0.
Np

~Apu(z) +esu(2)P P =0 inQ, 1<p< oo,
(35) { }

0

For this problem we have the following existence and uniqueness result (see
also Sabina de Lis [21, p. 472]).

PROPOSITION 11: If hypotheses H hold, then for every A > 0 problem (35)
admits a unique solution 1y € int C,

iy = Ar-aily, @iy — 0 in C'(Q)as\ — 0" and @y < ufor allu € S(\) C int Cy.

Proof. Let ¢y : WHP(Q2) — R be the C'-functional defined by
1 C15 A + 1
Ya(u) = [|Dullp + 7 |ul[h — B(z)u™(z)4do for all u € WHP(Q).
p p q Joo

Since g < p, the functional v is coercive. Also, it is sequentially weakly
lower semicontinuous. So we can find (@), € WP(Q2) such that

(36) Ya(tiy) = inf[ihy (u) : w € WHP(Q)].

Let u € int Cy and t > 0. We have

Cl5tp

P
Ya(tu) = ||Dullf +
(tu) p|| 17 »

A
ul 5 — 0 / B(2)u(2)do
q
(37) : aQ

tp
= [[|Dul[5 + cisl|ul[5] =t c16
P P P q
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where ci16 = ci16(u) = [, B(2)u(z)do > 0 (see hypotheses H). Since q < p,
choosing t € (0,1) small, from (37) we have

Ya(tu) < 0,
= Pa(ar) <0 =1,(0),
= Uy # 0.
From (36) we have
Yy (tr) =0,
(38) = (A@a), h) + 15 /Q [@xPPahde = X | B()(@)" hdo

for all h € WHP(Q).
In (38) we choose h = —ay, € WP(Q2). Then
1Dy |7 + ewsllax [l =0,

=ay =0, 4y #0.

Therefore @) is a positive solution of problem (35) (see the proof of Proposi-
tion 7) and, as before, the nonlinear regularity theory (see Lieberman [16]) and
the nonlinear maximum principle (see [11, p. 738]) imply @y € int C.

Next we prove the uniqueness of this positive solution. So we consider the
integral functional Jy : L*(Q2) — R defined by

1
|| Dut/?|p — A/ B(z)u(z)Pdo if u >0, ul/P € WLP(Q),
In(u) =P q Joa
+o0 otherwise.
Let uy,us € dom Jy = {u € WHP(Q) : Jy(u) < co}. From Lemma 1 of Diaz
and Saa [5] we see that u — ;||Du||1/p||g is convex. Since ¢ < p, the map

ur— — A B(z)ut/Pdo
q Joa
is convex. Therefore J is convex and by Fatou’s lemma it is also lower semi-
continuous.
Suppose ), Uy are two positive solutions of (35). From the first part of the
proof we have @y, 05 € int Cy. Hence @}, 0§ € dom Jy. Also, if h € C*(9), then

for all t € (—1,1) with [¢| small we have

@} +th € domJy and o} +th € domJ),
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Moreover, via the chain rule and Green’s identity, we have

1 —A, U
T () (h) = / P hz,
pJlao @

1 [ —A
Jy (08 (h) = / jf?fk hdz for all h € C*(9).
P Ja Uy

The convexity of Jy implies the monotonicity of J5. Hence

0 </ (7%“A + AP”)(af;*l — % )dz
Q

~p—1 ~p—1
LD Ux

_ / crs (B — ) (@1 — #)dz (see (35)),
Q
= U\ = Vy.

This proves the uniqueness of the positive solution @y € int C'y of problem
(35).

Clearly ity = Ar-a iy for all A > 0.

Let A\, — 0" and let @, = @), € intCy be the corresponding positive
solution of (35). Then from Lieberman [16, Theorem 2] we can find o € (0,1)
and c1g > 0 such that

(39) iy, € CH(Q) and  [in||p1,e ) < c16 for all n > 1.
Exploiting the compact embedding of C1:*(Q) into C*(2), we obtain
(40) Up — @ in CH(Q).
We have
(A(@n), h) + c15 / abtdz =\, (z)al *hdo

Q o0
for all h € WHP(Q), alln > 1,

= (A(@), h) + c15 /Q P~ hdz =0 (see (40)).

Let h =4 € WYP(Q). Then

IDalf; + ers|lall; = 0,

= u=0.

So we conclude that @y — 0 in C1(2) as A — 0.
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Finally, let u € S(A\) and consider the following Carathéodory functions:

e(z $) _ (015 — 1)(;54‘);0—1 if # < ’U,(Z),
(15 = Du(z)P~!ifu(z) <z,

(41) and

AB(2)(x Tt if 2 < u(z),

DEDT Mot ) <

We set E(z,z) = [ e(z,s)ds and Dy(z,x) = [ dx(z,s)ds and consider the
Cl-functional ¢y : WHP(Q) — R defined by

1 p 1 p z.ou(z))dz — 2. u(z))do
() =p||Du||p+p||u||p+/QE<, (2))d Da(z,u(2))d

oN
for all u € W'P(Q).

It is clear from (41) that ¢y is coercive. Also, it is sequentially weakly lower
semicontinuous. So we can find @ € W1P(Q) such that

(42) Y (@) = inf[ey(u) : u € WHP(Q)].

Since ¢ < p, as before we have that 1) (@) < 0 = ¥,(0), hence @ # 0. From
(42) we have

Pa(a) =0,
= (A(@), h) + / |a[P~2ahdz + / e(z,W)hdz = / M3(2)a? ™ hdo
Q Q aQ
for all h € WhP(Q).
Choosing h = —a~ € WhP(Q) and h = (@ — u)* € W1P(Q), using (34) and
reasoning as in the proof of Proposition 8, we show that
€[0,ul,a#0
= 14 € int C is a positive solution of (35),
=S U=U\<SU

Now let & € L™(Q) with essinfoa > 0 and b € L(9Q). We consider the

following nonlinear eigenvalue problem:

~Ayu(z) = Pa(=)[u(x)"Pu(z) i Q,
(43) { 2 b)) () on 9. }

P
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PROPOSITION 12: Problem (43) has a similar eigenvalue 61 with positive eigen-
functions. No other eigenvalue has positive eigenfunctions and 6, is simple (that
is, if u1,ug are both eigenfunctions for ¥1, then u; = us with £ € R\{0}).

Proof. Let M = {u € W"P(Q) : [, a(z)lu(z)[Pdo = 1}. The Sobolev embed-
ding theorem implies that M is weakly closed in WP (Q).
Let j : WLP(Q) — R be the C'-functional defined by

1 1 A
(44) Jjlu) = ||Du||§ — / b(2)|u(2)|Pdo for all u € WHP(Q).
p P Joa

From Ehrling’s inequality (see [18, p. 695] and [21]), we have that, given
€ > 0, we can find ¢ > 0 such that

(45) [ tupdo < dipa +
o0
Also note that, if m = essinfga > 0, then
(46) 1= / a(2)|ufPdz = 1mllul[b for all u € M.
Q

From (44), (45) and (46) it follows that j|as is coercive. Also, by the Sobolev
embedding theorem and the compactness of the trace map, we see that j(-) is
sequentially weakly lower semicontinuous. Since M is weakly closed, we can
find @1 € M such that

ol :_j(’&l) = 1nf[j(u) U e M]

Replacing @1 by |u1] € M, we see that j(|@1]) = 61 and so, without any loss
of generality, we may assume that #; > 0 and of course @1 # 0 since u; € M.

From the Lagrange multiplier rule (see, for example, Papageorgiou and Kyritsi
[18, p. 361]), we have

A ) - [

[2}9)

b(z)il " hdo = m / ()22 hdz for all h € WHP(Q)
Q
gz; = b(2)a2"" on 90

(see the proof of Proposition 7).

= —A,ii(2) = ma(z)ai(2)P ! for almost all z € €,

As before, the nonlinear regularity theory and the nonlinear maximum prin-
ciple imply 4; € int Cy.
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That every other eigenvalue ¢ > 191 has nodal (sign changing) eigenfunctions
and that ¥, is simple, follows exactly as in Gasinski and Papageorgiou [11,
pp. 741, 743].

Now we are ready to show the finiteness of \* = sup L.

PROPOSITION 13: If hypotheses Hi (i), (ii), (iii) and H hold, then \* < cc.

Proof. Let A € L. We show that we can find uy € S(A) C int Cy (see Proposi-
tion 7). From Proposition 11, we know that

(47) iy < uy.
We have
—Apun(z)=F(z,ua(z)) = X(uf (Zl)) A(2)P~ ! for almost all z€Q,
o { OUx _ \B(2)ut™t = AB(2)ulPul = on 9. }

ony

We set a(z) = f(z(z)*p(z)) and b(z) = AB(z)ux(2)9"7. Then

a €L>°(Q) and essinfoa > Hor _, with 7\ =minuy >0
[l Q

(recall uy € int Cy and see H;(iii)),

b €L>°(R) (see hypotheses H and recall uy € int C.y).

So problem (48) has the form of problem (43). Since uy € int Cy solves
problem (48), according to Proposition 12 we must have ©; = 1. Moreover,
from the proof of Proposition 12 we have

||Du||p fasz z)|u|Pdo

(49) 1<
fQ 2)|u|Pdz

for all u € WHP(Q).

From (1) and hypotheses H(ii), (iii) we see that we can find ¢;7 > 0 such
that

f(z,2) > c172" ! for almost all z € Q, all 2> 7y, >0
(50) (recall that 7, = minuy and that uy € int C).
Q
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Then we have
>c17un(2)"7P (see (50))

2170, (2)"7P (see (47))

\

(51)
n—p ~ _
2Ar-acirn(z)"P

for almost all z € Q (see Proposition 11).

We return to (49) and use (51). Then since b > 0, we have

- DullP? + ||u
iy Pl + all w € WhP(Q),
(52) = Jg e T ulpdz
:>AZ:Z <’71a

where v, > 0 is the principle eigenvalue of

—Apu(2) + [u(2)P2u(z) = yerria ()7 u(=)P2u(z) in O
Ly |

(see Mugnai and Papageorgiou [17]). Since A € L is arbitrary, from (52) we
conclude that \* < oo.

PROPOSITION 14: If hypotheses H(i), (ii), (iii) and H hold, then \* € £ and
so L = (0, \*].

Proof. Let {\,}n>1 C £ such that A, T A* and let u,, € S(\,) C int C;. From
the proof of Proposition 8 and Corollary 9, we know that we can assume that
{un}n>1 is increasing (that is, u, < upy; for all n > 1) and

(53) &, (up) <0 forallm > 1
We have

(54) (A(un), h) = i F(z,un)hdz 4\, . Bz)us~hdo

for all h € WHP(Q), all n > 1.

Using (53) and (54) and reasoning as in the proof of Proposition 4, we can
show that {u,},>1 € W1P() is bounded. So by passing to a subsequence if
necessary, we may assume that

(55)  Up — uy in WHP(Q) and  w, — u, in L7(Q) and in LP(99Q).
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In (54) we choose h = u,, — u, € WHP(Q), pass to the limit as n — oo and
use (55). Then
lim (A(up), un — us) =0,
= U, — U, in WHP(Q) (see Proposition 3).
Evidently u, (recall {un}n>1 C int C4) is increasing.

If in (54) we pass to the limit as n — oo and use (56), then

(A(us),hy = | f(z,us)hdz + Ay (2)ud™thdz for all h € WHP(Q),
Q [219)

= u, € S(As) Cint Cy (see the proof of Proposition 7) and so A, € L.

Therefore by virtue of Proposition 8 and 13, we have £ = (0, \*].

Next, we show that for every A € £ problem (Py) admits a minimal positive
solution.

PROPOSITION 15: If hypotheses Hi (i), (ii), (iii) and H hold and A € £ = (0, \*],
then problem (Py) admits a smallest positive solution u, € int C.

Proof. From Filippakis, Kristaly and Papageorgiou [6], we have that S(\) is
downward directed, that is, if uy,u2 € S(X), then we can find u € S(X) such
that v < w1, u < ug. Since we are looking for the smallest positive solution of
S(A), without any loss of generality, we may assume that

(57) [|ul|loo = €18 for some c15 > 0 all uw € S(A).
From Hu and Papageorgiou [14, p. 178], we know that there exist
{untn>1 €SN
such that

(58) inf S(\) = inf wu, and @y < uy, for all n > 1 (see Proposition 11).

nz1

We have

(59) (A(un),h) = [ f(z,un)hdz + (2)ulthdo for all h € WHP(Q).
Q o0

In (59) we choose h = u,, € W'P(Q). Then using (57) and hypotheses H, we
have

(60) [[Dun|[h < cr9(1 + [|un]|?) for some c19 >0, all n > 1.
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From (57) and (60) it follows that {u,},>1 € W1P(Q) is bounded. Hence,
we may assume that

(61)  wu, = uyin WHP(Q) and  w, — u, in L7(Q) and in LP(09).

If in (59) we choose h = u,, —u, € WHP(Q), pass to the limit as n — oo and
use (61), then
lim (A(up), w, —uy) =0,
=u, — uy in WHP(Q) (see Proposition 3) and iy < u, (see (58)).

So if in (59) we pass to the limit as (59), then

(A(uy),h) = /Qf(z,u)\)hdz +A n (2)ul " hdo for all h € WHP(Q),

= uy, € S(A) CintCy (see (62)) and uy = inf S(A).
We examine the map A — u,.

PROPOSITION 16: If hypotheses Hi(i), (i), (iii) and H hold, then the map
A — uy from £ = (0, \*] into C*() is

e increasing (that is, if v < A, then u, < u,),
e left continuous.

Proof. Let A\,v € [0, \*] with v < A. From Corollary 9 we know that there exist
u, € S(v) such that

Uy <’LL)\,
= u, < Uy,

= A\ — wu, is increasing.

Next, let {Ap}n>1 C £ such that A\, T A € L. We can find u, € S(A,) n > 1
such that

(63) {tun}n>1 C int Cy is increasing and @y, (u,) <0 for all n > 1
(see the proof of Proposition 7). We have
(A(un), h) = / Fzun)hdzAN, | B(z)ut ' hdo

Q G19)

for all h € WHP(Q), all n > 1.

(64)
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Using (63) and (64) and reasoning as in the proof of Proposition 4, we have
{tn}ns1 € WHP(Q) is bounded.

From Lieberman [16], we know that there exist a € (0,1) and co9 > 0 such
that
u, € CH*(Q) and ||un||clva(52) < ego for all m > 1.

Because of the compact embedding of C*(Q) into C*(Q) and since
{u,}n> Cint Cy
is increasing (we have already established that A — u, is increasing), we have
(65) u, — @ in C*(Q) as n — oco.

By passing to the limit as n — oo in (64), we see that @ € S(\). Suppose
% # uy. Then we can find 29 € 2 such that

uy(20) < t(z0)
= uy(20) < u,(20) for all n > ng (see (65)),

which contradicts the monotonicity of A — wu, established in the first part of
the proof. This proves the left continuity of A — u, from £ = (0,\*] into
CL(Q).

In the semilinear case (p = 2) and A € (0, A*), we can prove a multiplicity
result for the positive solutions of (Py).

PROPOSITION 17: If p = 2, hypotheses Hi and H hold and \ € (0, A*), then
problem (Py) has at least two positive solutions,

Up, 0 € it Cy  and wug # 4.

Proof. Let v < A < pu < A*. From Proposition 8 we know that v, A\, u € L.
Also, from Proposition 10, we know that we can find w, € S(v) C intCy,
up € S(A) Cint Cy and u, € S(p) C int C4 such that

(66) o € inb e g [uy,; .

From the proof of Proposition 8, we know that if we consider the truncated
functional 4, € CT(H'()) (see (27), (28) with uy replaced by u,, and v by \),
then

(67) up is a minimizer of 1/;#.
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We consider the following Carathéodory functions

Fzuu(2) tu(z) if o <uy(z)
z,x) = for all (z,z) € 2 xR
(68)  g(zx) ) 42 ifu,(2) < 2 (z,2) € A xR,
(69) wi(z,z) = AB()un ()11 i @ < (2) for all (z,z) € 0 x R.

AB(z)z01 if uy(2) <z
We set
G(z,x) = /0z 9(z,8)ds and Wy(z,s) = /OI wy(z,8)ds
and introduce the C'-functional &) : H'(Q) — R defined by

. 1 1
aa(u) = |1 Dull3 +  [ull3 - / Gz u(z))dz— [ Wi(z,u(z))do
2 2 Q G19)
for all u € H*(Q).
From (68) and (69), we have
(70) 6x = @ + & with £ € R for all u > u,,.
From (70) it follows that
(71) e &) satisfies the C-condition (see Proposition 4);
(72)  eforallueintCy, 6x(tu) - —oo as t — +oo(see Proposition 6).
Moreover, note that

O\ [wyu] =PAl[uy u, (see (68), (69) and the proof of Proposition 8),
= wy is a local C''(Q)-minimizer of &
(73) (see (68), (69) and the proof of Proposition 8),
= g is a local H'(Q2)-minimizer of ) (see Proposition 2).
Let
[u,) = {u € H Q) : u,(2) < u(z) for almost all z € Q}.

We can easily check that

(74) Kz, Cluy).
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We may assume that K, is finite, or otherwise we already have infinitely
many distinct positive solutions (see (68), (69), (74)). Then because of (73), we
can find p € [0,1) small such that

(75) Ia(up) < inf[oa(u) : [|u — uol| = p] = M

(see Aizicovici, Papageorgiou and Staicu [1] (proof of Proposition 29)). Then
(71), (72) and (75) permit the use of Theorem 1 (the mountain pass theorem).
So we can find @ € W1P(Q) such that

(76) aeKs, and 1y < 6x(Q).
From (68), (69), (74) and (76), we see that
€ S(A\) CintCy,
while from (75) and (76) it follows that @ # ug.

We can summarize our investigation of the positive solutions for problem (Pj)
with two theorems. The first concerns the nonlinear equation (1 < p < 00).

THEOREM 18: If hypotheses Hy (i), (i), (iii) and H hold, then there exists
A* € (0,+00) such that for every A € (0,\*], problem (P\) has a positive
solution, in fact it has a smallest positive solution vy € int Cy and the map
A = uy from £ = (0,\*] into C1(Q) is increasing and left continuous. For
A > \* problem (P)) has no positive solution.

For the semilinear equation (p = 2), we have a bifurcation-type result.

THEOREM 19: If p = 2 and hypotheses Hy, and H hold, then there exists
A* € (0,+00) such that

(a) for every A € (0, \*) problem (Py) has at least two positive solutions,
ug, & € int Cp, ug # ;

(b) for A = \* problem (Py~ ) has at least one positive solution, u, € int C;

—
o
~

for A > \* problem (Py) has no positive solution;

(d) for every A € L = (0, \*] problem (Py) has a smallest positive solution,
uy, € intCy, and the map X — u, from £ = (0,\*] into C1(Q) is
increasing and left-continuous.
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4. Nodal Solutions

In this section we produce nodal (sign changing) solutions, by imposing bilateral
conditions on f(z, ).
The new conditions on the reaction f(z,x) are the following:

Hy: f:Q xR — Ris a Carathéodory function such that for almost all z € §,
f(z,0) =0 and

Q) |f(z,2)] < a(z)(1 + |z|"71) for almost all z € Q, all z € R, with

2z € L®(Q)4, p<r <p%
(ii) if

F(z,x) :/ f(z,98)ds
0
then there exist n > p and M > 0 such that
0 < nF(z,z) <f(z.z)x for almost all z € Q, all |z| > M,
essinfo F(-,=M) > 0;

(iil) limg—o ‘i ‘(jfg)m = 0 uniformly for almost all z €  and for all 7 > 0,

flz2)x = pr >0

for almost all z € Q, all |z| > 7;
(iv) if p = 2, then for every p > 0 there exists £, > 0 such that for almost
all z € Q, the function

x— f(z,x)+ &

is increasing on [—p, p].

Arguing as in Section 3, this time on the negative semi-axis (—oo, 0], we can
produce a critical parameter value A* > 0 such that for all A € (0, ;\*] problem
(Py) has a maximal negative solution vy € —intC4. So for A € (0, \*] with
A; = min{\*, \*}, problem (Py) admits extremal constant sign solutions

uy €intCy and vy € —intCy.
Using them, we can generate a nodal solution.

PROPOSITION 20: If hypotheses Ho(i), (ii), (iii) hold and A € (0,\}], then
problem (Py) admits a nodal solution yy € [vx,uy] N C ().
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Proof. Let u, € intCy and vy € —int Cy be the two extremal constant sign
solutions. We introduce the following Carathéodory functions:

F(z,00(2)) + [oA(2)|P7 20 (2) if 2 < Dr(2
(77) Jj(z,2) =% f(z,2) + |z|P~ 22 if 5(2) <z < uy(2)
F(zu)(2)) + uy ()P~ if uy(z) <z

AB(2)|oa(2)[7 205 (2) if 2 < Da(2

(78) (2, %) = ¢ A\3(2)|z]|9 2%z if 95(2) <z < uy(2)
AB(2)uy (2)47 1 if uy(2) <
for all (z,z) € 90 x R.

We set
J(z,z) = / j(z,8)ds and Th(z,z)= / Tx(z, 8)ds
0 0

and consider the C'-functional vy : W1P(2) — R defined by

1 1

@ = Dullp o flally~ [ Ju@)d- [T u()do
p p Q o0
for all u € WHP(Q).

Also, we consider the positive and negative truncations of j(z,-), ma(z,),
namely the Carathéodory functions

ji(z,2) = j(z,22%) and 7i(2, 1) = Ta(z, £2F).
We set
Ji(z,2) = / ja(z,8)ds and TE(z,z)= / (2, 8)
0 0

and introduce the C''-functionals 13 : W'?(Q) — R defined by

1 1
vt = IDul+ fully— [ el uds- [ TEGa)do
p p Q o0
for all u € WHP(Q).
As in the proof of Proposition 8, we can see that

Ki/Jx < ['DMUAL K

vt € [0, u,], Kw; C [Ba,0] (see (77) and (78)).
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The extremality of Uy and u,, implies that
(79) Ky, C [ox,uy], Kwi ={0,uz}, Ky, ={0,0:}.
CrAamM 1: 7y € —intC4 and uy, € int Cy are both local minimizers of 1.

Note that (77) and (78) imply that ¢} is coercive. Also, it is sequentially
weakly lower semicontinuous. So we can find @, € WP(Q) such that

Yy (@y) = inf[yy (u) : u € WHP(Q)].
As in the proof of Proposition 8 and since ¢ < p, we show that
Yy (@) <0 =5 (0),
= Uy #0.
Since @, € Kyt from (79) we have @, = uy € int C;. But
Uale, =¥,
= u,, € int Oy is a local C*(Q)-minimizer of 1y,
= u, € intCy is a local WP(Q)-minimizer of 1 (see Proposition 2).

Similarly for vy € —int Uy, using this time the functional v, . This proves
Claim 1.
Without any loss of generality, we may assume that

YA (Ux) < Pa(uy)

(the reasoning is similar, if the opposite inequality holds). By virtue of Claim
1, we can find p € (0,1) small such that

(80)  ¥a(0a) < ¥aluy) <infa(u) : |lu —uyll = p] =mx, [[ox —uyl[ > p
(see [1]). Since vy is coercive (see (77) and (78)), we have
(81) @) satisfies the C-condition.

Then (80) and (81) permit the use of Theorem 1 (the mountain pass theorem).
So we can find y, € W1P(£) such that

(82) Yx € Kwk and my < 1/))\(y)\).
From (79), (80) and (82) it follows that

yx & {Ux,uy} and y, is a solution of (Py).
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Note that y, is a critical point of mountain pass type for ¢, . If
~ 1 p 1 q
Palu) = |[Dully — | F(z,u(z))dz - B(2)[u(z)|"do
p Q a4 Joq
for all u € WHP(Q), then

Vx| [or,us] = Pallos,uy) (see (77), (78)).

Since vy € —intCy, u, € intCy and C1(Q) is dense in WHP(Q), we see
that y, is a critical point of mountain pass type for ¢, too (see Gasinski and
Papageorgiou [11, p. 645]). On the other hand, since ¢ <p, u=0 cannot be a
critical point mountain pass type for ¢. Therefore y) #0 and, since y € [Ux, u, |
(see (79)), the extremality of vy and u, implies that y, is nodal. Finally, the
nonlinear regularity theory of Lieberman [16] implies yy € C1(Q).

So we can state two multiplicity theorems for problem (Py). First the non-
linear case (1 < p < o).

THEOREM 21: If hypotheses Ha(i), (i), (iii) and H hold, then there exists
A > 0 such that for all A € (0,\}] problem (Py) has at least three nontrivial
solutions:

up €int Cy, wo € —intCy, yo € [vg,uo] N CH(Q) nodal.
In the semilinear case (p = 2), we can improve this multiplicity result.

THEOREM 22: Ifp = 2 and hypotheses H; and H hold, then there exists A\ > 0
such that for all A € (0, \) problem (Py) has at least five nontrivial solutions:
ug, U GthCJr, ug < U, Uo#’&,

up,0 € —intCy, < vy, vy #0,
and
Yo € intcl(sz) [vo,up] nodal.

Remark 4: An interesting open problem is whether we can extend the work
of this paper to equations driven by the more general nonlinear, nonhomoge-
neous differential operators used by Papageorgiou and Radulescu [20]. Such an
extension will require new methods and techniques.
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