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We give an existence result for a double eigenvalue problem in Hemivariational Inequalities whose energetic
functional is not locally Lipschitz. It is used a finite dimensional approach based on Kakutani’s fixed point
theorem.
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1. INTRODUCTION AND FORMULATION OF THE PROBLEM

The concept of hemivariational inequality has been introduced by Panagiotopoulos as a
natural extension of the variational inequalities to the case of nonconvex functionals.
This extension is strongly motivated by many problems arising in Mechanics,
Engineering or Economics. For a comprehensive overview on this subject we refer to
the monographs [9,10].

In this article we deal with a new type of hemivariational inequalities called
“double eigenvalue problems” which has been introduced by Motreanu and
Panagiotopoulos in an article where there are considered three different approaches:
minimization, minimax methods and (sub)critical theory on the sphere (see [7]).
Other results on this type of hemivariational inequalities can be found in [1]
(multiplicity results) and [2] (a perturbation result).

Let V' be a Hilbert space and let 2 C R” be an open bounded subset of R,
m > 1, with aQ2 sufficiently smooth. We shall suppose that V" is compactly embedded
into L/(S;RY), N> 1, for some p e (l,+00). In particular, the continuity of
this embedding implies the existence of a constant C,(€2) > 0 such that
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lullr < Cp() - llully, forallueV, ()

where by || - ||, and || - ||, we have denoted the norms in L7(; RY) and V respectively.
Throughout the article the symbols V*,(-,-);, and (.,-) will denote the dual space
of V, the inner product on V' and the duality pairing over V* x V, respectively. We
suppose that VN L®($; RY) is dense in V. Let aj,a>: V x V — R be two bilinear
and continuous forms on V' which are coercive in the sense that there exist two
real valued functions ¢, ¢; : Ry — R, with rlirgo ¢i(r) = 400, such that for allve V'

ai(v,v) z ¢i(vlly) - vlly, =12

We denote by 4,4, : V — V the operators associated to the forms considered
above, defined by

(Aiu, v) = ai(u,v), =12

The operators 4; and A4, are linear, continuous and coercive in the sense that for each
i=1,2 we have

(Ai,w)y> ci(llully) - lully, forallue V.

In addition we shall suppose that the operators 4, and A, are weakly continuous, i.c., if
u, — u, weakly in V then Au, — A;u,also weakly in V, for each i=1,2. Let us
now consider two bounded selfadjoint linear and weakly continuous operators
Bi,B,:V — V.Let j: 2xRY - R be a Carathéodory function which is locally
Lipschitz in the second variable for a.e. x € Q. Thus, we can define the directional
derivative

jO(x; é:, 7]) — limsup j(xag—i_h + M)) _j(x’s—i_h)’ for E,Tl c [RN,
[, 1]=[0, 0%] A

and the generalized gradient of Clarke [5]

;&) ={meR:n-y <%x,&y), Yy e RV},

fora.e. x € Q and for all £ € R". Here, the symbol - means the inner product on R".

In order to ensure the integrability of j(-,u(-)) and j°(C;u(-),v(-)) for any
u,v € VN L*(Q; RY) we admit the existence of a function g: Q x Ry — R fulfilling
the conditions

(B1) B(-,r) € L'(), for each r > 0;
(Bo) if r; < rp then B(x,r1) < B(x,r2), for almost all x € 2, and such that

|](x,;;-‘) _j(xa 77)| SIB(X’V). |S_n|9 V&UGB(OJ), VZO, (l)

where B(O,r) = {€ e RY: |g] <r}, “|-|” denoting the norm in R".

Concerning the conditions above, it is important to point out that in the homo-
genous case (when j is not depending explicitely on x € Q) they are negligible (see
also [9], p. 146).
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Let 1 <s<pandlet k: Q2 — R, and «: Q2 — R, be two functions satisfying the
assumptions:

k() € LY(2), where 14—1 =1, 2)
P 4
a(-,r) € L'(Q), for each r > 0, where ¢ :p — (3)
and

if 0 <r; <rpthen a(x,r)) < a(x,r;), for almost all x € Q. 4

We shall impose the following directional growth conditions:
Fx, €, — &) < k(x) - €], for all £ € RY and a.e. x € ; (5)
S =8 < a1+ [§), for all &y € RY, ©)

with n € B(O,r),r > 0, and a.e. x € Q.

Remarks

1. We must pay attention to the fact that the growth conditions (5) and (6) do not
ensure the finite integrability of j(-,u (-)) and j°(; u(-), v(-)) in Q for any u,v e V.
We can remark, also, that they do not guarantee that the functional J: V — R
given by

J) = fﬂ . v,

is locally Lipschitz on V. In fact, (5) and (6) do not allow us to conclude even that
the effective domain of J coincides with the whole space V.

2. Notice that we do not impose any coerciveness assumption on the operators B;
(i=1,2), as done in [7], Section 4, for the case of a double eigenvalue problem on
a sphere. We suppose however that these operators satisfy the additional hypothesis
of weak continuity.

Let us consider two nonlinear monotone and demicontinuous operators
C,Cy 1 V — V. We are ready to consider the following double eigenvalue problem:

(P) Find u;,u; € V and Ay, 1, € R such that
ay(uy, v1) + ax(uz, v2) + (Ci(ur1), v1) y+(Ca(ua), v2)

+ / jo(x; (ur — u2)(x), (vi — v2)(x))dx = A (Biui, vi)p+ra(Bauz, v2)y, Vv, v e V.
Q

From Remark 1 we derive that in order to find a solution for the Problem (P) we
cannot follow the classical technique of Clarke [5] and for this reason, the Problem
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(P) is a nonstandard one. First of all we have to point out what we shall mean by
solution of the problem considered above.

Definition 1 We say that an element (11, uz, A1, A2) € V x V x R x R is a solution of
(P) if there exists x € L'(Q2; RY) N ¥ such that

ar(ur, v1) + ax(uz, v2) + (C1 (1), v1) y +H(Co(2), V2)1/+/ x(x) - (v1 — v2)(x)dx
Q

= M(Biut, 1) p+ra(Bata, v2)y, Vv, v € VN LP(Q;RY) (7N
and
x(x) € 9j(x; (uy —ux(x)), forae. xe Q. (3)

The aim of this article is to prove the following existence result concerning the double
eigenvalue Problem (P).

THEOREM 1 We assume that the hypotheses considered in this section are fulfilled. Then
the double eigenvalue Problem (P) has at least one solution.

The difficulties mentioned in the Remark 1 will be surmounted by employing the
Galerkin approximation method combined with the finite intersection property. For
the treatment of finite dimensional problem we shall use Kakutani’s fixed point
theorem for multivalued mappings. This technique has been introduced by Naniewicz
and Panagiotopoulos (see [9]).

2. A FINITE DIMENSIONAL APPROACH

Let A be the family of all finite dimensional subspaces F of ¥ N L>(Q; RY), ordered by
inclusion. For any F € A we formulate the following finite dimensional problem

(Pr) Find uip, uzp € F, A1, 4o € R and xp € L'(2; RY) such that
ar(uir, v1) + ax(uar, v2) + (Ci(uir), v)y H(Ca(uzr), va)y
+ /Q xF(x) - (v = »)(x)dx = A (Biurp, vi)y+ro(Batiap, v2)y,  Yvi,va € F - (9)
and
xr(x) € 9j(x; (urr — wap)(x)), for a.e. x € Q. (10)

Let Ty : F — 2L'(%RY) defined by
Tr(vr) = {\IJ e L'(; [RN):/ Wwdx < /jo(x; vie(x), w(x))dx, Yw € L®(R; IRN)}.
Q Q

It is immediately that if ¥ € I'z(vr) then we have W(x) € 9j(x; vg(x)), fora.e. x € Q. Let
vp € F for some F € A. It is proved in [8] (see Lemma 3.1) that ['(vr) is a nonempty
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convex and weakly compact subset of L!'($2;R"Y). For F e A, we shall denote by
irp:F— V and by i} : V* — F* the inclusion and the dual projection mappings
respectively. Throughout, by (-, -) we mean the duality pairing over F* x F. Let us
define yp : L'(S; RY) — F*, by

(YPV, V) p = /‘l’-vdx, Vv eF.

We consider the map Ty : F — 2f" given by
Tr(vr) = yrTr(vE).
The main properties of Ty are pointed out by the following result which has been

established in [8].

Lemma 1 For each vy € F, Tp(vp) is a nonempty bounded closed convex subset of
F*. Moreover, Ty is upper semicontinuous as a map from F into 2F .

We are now prepared to formulate the existence result for the finite dimensional
Problem (Pp).

THEOREM 2 Suppose that the hypotheses made in Section 1 are fulfilled. Then, for each
F € A, there exist uip,urp € F, A, A € Rand xp € L'(S2; RY) which solve the Problem
(Pr). Moreover, there exists a positive constant M, independent by F such that

lurrlly + lluzrlly < M. (1D
Proof In what follows we shall be able to find a solution of the Problem (Py) by

restraining the searching area for A;, i € {1,2} on the class of all those numbers
A1, A2 € R which satisfy the relation

2
5 — inf S [(Cilwi), wi)y = Ml Billlwill 3] .
w1, w2 €V NLS(2RY) llr I + [z |l

(12)
Define A\r = i} A1ip, Aor = iy Arip,and let G:V x V — V be the map given by

G(vy,v2) = vi — »a.

Fix F € A. We denote by G the map G restricted to F x F. Let us consider the multi-
valued mapping A : F x F — 2I"7*F" " defined by

Aur,up) = (Aipur + (Cr(un), )y =iy (Biui, ),
Aspiy + (Co(2), )y —ha(Boua, -) ) 4+ (G* o T 0 G)(ur, u2),

where by (G* o T o G)(u;, u) we mean the set

{(G*(f): f € Tp(uy —up)} C F* x F*.
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The first step is to prove the upper semicontinuity of G* o Tr o G. For this aim,
let us consider u! — wuy, u2 — wup, strongly in F and W, € G*(Tr(u! — u2)) converging
strongly to We F*x F*. It must be proved that W e G*(Tr(u' — u?)). First we
observe that G fulfills the set of conditions which permits to apply the Theorem II. 19
from [3]. From there we draw the conclusion that R(G*) = {G*0: 0 € F*} is closed. This
implies that W € N(G*) (we have used the fact that ¥, € W(G*), Vn > 1 and ¥, - V¥ in
F* x F*). Thus we obtain the existence of a £&* € F* such that ¥,, = G*(yrx,). We have

(G*VEXns Vs W) o r — (Y, (v, W))pyp, forall v,w e F,

which implies that (ypx,, v — w)p tends to (§*,v — w)p, Yv,w € F and thus, due to the
fact that dim F < 400 we get the strong convergence of yry, to & in F*. Since T is
upper semicontinuous (see Lemma 1), we obtain that there exists x € I'p(u; — up)
such that & = yrx. Thus, ¥ = G*(yrx), which means that W € (G* o Tr)(u; — uz).
This ends the proof of the upper semicontinuity of G* o Tr o G.

On the other side, the weak continuity of 4, and A4, implies the continuity of 4, and
Ap from F into F*. The hypotheses on B; and C; (i = 1,2) and the above considera-
tions lead us to the upper semicontinuity of A from F x F to 2f"*F" By using again
Lemma 1 and the hypotheses made on B;, C; and A4;, we can simply derive that for
each (u1,up) € F x F, A(uj,uy) is a nonempty, bounded, closed and convex subset of
F* x F*. Moreover, from the coercivity of a; and a, and from the definition of T
we have

(A(ur, u2), (ur, u2)) por = cr(llunll)llurlly + c2(luall )l lly + (Ci(ur), ur)y
+(Co(wa), )y =1 | Byl - lur I3 — 2211 Ball - Nua 3,

+/ W(u; — up)dx,
Q

where W € I'p(u; — up). By (%) and (5) we obtain

(A(ur, uz), (U1, 2)) o = cr(llur i)l lly + c2(luzll) w2 lly + (Ci(ur), ur),,
+(Co(wa), )y =1 | Byl - lur I3 — 2211 Ball - a3,

- /Q P 1 — () — (1 — ()

> ci(lur i) llurlly + c2(lluall )z lly + (Cr(uy), ur)y
+(Ca(wa), )y —r1 By || - lur 3 — A2 Ball - a3,
— Cy (Il (1l + Nuall ).

Taking into account the relation (12) we easily obtain the coercivity of A. Thus, A
fulfills the conditions which allow us to apply Kakutani’s fixed point theorem (see [4],
Proposition 10, p.270). Thus R(A) = F* x F*, which implies the existence of
up,uyr € F such that 0 € A(ujr, upr). From the definition of A we have that there
exists xr € L'(Q; RY) such that (9) and (10) hold. In order to prove the final part of
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Theorem 2 we use the estimates:
Ml B uiell3 + 22l Balllltar I3 = 2 (Biuir, uir)y+ra(Batiar, uzr)y
= ai(uip, uir) + ax(uop, uar) + (Cr(uir), uir)y
+ (Co(uar), uar)y +/ xF(uir — uap)dx
Q

> ci(lurrll)lurelly + ea(lluarlly)lluzrlly
+ (Ci(urr), ur1r)y + (Cauar), uzr)

= [ e = ). = G = )N
Q
Taking into account the relations (5) and (12) we get

cillur i) lwelly + ca(luarlly) luar |l
luirlly + lluarlly

= G(Dkllze — 6,

which by the properties of ¢; and ¢, implies the existence of a positive constant M such
that (11) holds.

LEMMA 2 For every F e A, let ujp,upp € F, A, A € R and xr € LY(Q; RY) which
solve the Problem (Pr). Then the set {xz: F € A} is weakly precompact in L'(2; R").

Proof The proof is based on the well-known Dunford—Petis theorem. We have to
prove that for each € > 0, a §. > 0 may be determined such that, for any w C Q with
meas(w) < S,

/lxpldx <€, FeA.

Fix r>0 and let n € RY be such that |y <r. From yxz € 9j(x; (u1p — tar)(x)),
for a.e. x € Q we derive that

xr - (0 — (i — uap)(x)) < /°Cxs (urp — wap)(X), 0 — (uir — uzp)(X)).
Taking into account the relation (6) it follows that

xF(X) -1 < xr(x) - (uiF — uar)(X) + alx, 1)(1 + |uip(x) — upr(x)|), for ae. x € Q.
(13)

Let us denote by xg(x), i=1,2,..., N, the components of xg(x) and set
r

N(x) = —= (sgnxp (x), . .. 58N ().
VN

We can easily verify that |n(x)| <r a.e. x € Q and that

X (x) - n(x) > ﬁ X
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From (13) we obtain

r

NG IxF(O)| < xp(x) - (uir — uap)(x) 4+ a(x, P)(1 + up(x) — uzp(X)]°).

Integrating over w C Q2 the above inequality yields

f IxF()ldx < {N/ XF(x) - (uip — uap)(x)dx + @ lloe-, Pl (o - MCAS(0)*”
VN

o )y + e = 7 ey,

Thus, from (*) and (11) we obtain

/ |xF(x)ldx < \/TN/ xF(x) - (uip — wap)(x)dx + @ lloe(-, ) 14 (g - Meas(w)*’”

VN
+ =l Dl - (G - Nl = war Iy

< VN xr(X) - (uiF — uap)(x)dx + g loeC-. 1)l 1o () - meas(w)™”?
—f-@lla(-,l’)llm/(w) H(Cp(Q)° - M5, (14)

We shall continue by observing that (5) implies
XF(X) - (u1p(x) — upp(x)) + k(x) - (1 + [u1p(x) — war(x)]) > 0, for ae. x € Q.

Thus we have

/ Gr) - 1 — 1p)() + K + [107(x) — war(x) )

< /Q (r(¥) - (i — 1))+ KGO+ () — () D)

and we derive that

/ XF(X) - (uiF — upp)(x)dx < / XF(X) - (uir — upp)(x)dx + ||kl oy - Cp(2) - llurr — warlly
w Q
+ lkll Lo - meas(2)'7”
< / 2 -t — )X+ (K] oy - meas()7
Q

+ 1kl o) - Cp(£2) - M.
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We have

/ gt — tp)dx = —(Ayitrps th )y —(Astiog 1) y—(C1 (1), 1)
Q

—(Co(uar), urp)y+A1(Bruip, uip)y+ra(Battarp, uar)y .

Taking into account that C; are monotone operators and that A4;, being weakly contin-
uous maps bounded sets into bounded sets, the relation

2

/ Xr(r — wp)dx <y {nAin luwie I3 + Al Bill i |15, — (Cilwir), u,-F)V},
Q

imply that there exists a positive constant C such that
/ xr(uip — upp)dx < C. (15)
Q

Now, from (14) and (15) we obtain

/ IxF()ldx < £ C +£ lloC, M)l o () - meas(w)””
+ @ e, 1)l oy - (Cp(2)° - M5, (16)

where we have denoted
C = C + ||kl Loy - meas()” + |1kl Luey - Cp(R) - M.

Let € > 0. We choose r > 0 such that (v/N/r) - C < €/2. Since o(-,r) € LY () we can
determine §, > 0 small enough such that if meas(w) < 8., we have

VN v VN e
~ =l Dl gy - meas(@)” + == o, Dl - (Cp(R)° - MP <

By the relation (16) it follows that
[ 1xronax <e.

for any w C Q with meas(w) < 8.. This means that the weak precompactness of
{xr: F € A} in L'(Q; RY) is established.
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3. PROOF OF THEOREM 1

We are ready to prove Theorem 1, which is our main existence result. We shall follow a
procedure introduced by Naniewicz and Panagiotopoulos (see, for example [9]). For
every F € A let

Wr = J{@r, wop, xe)) €V x V x LN RY),

FleA
F/oF

with (v, uyp, xp) being a solution of (Pr). Moreover, let

z=Jtxr) € L'@:RY).
FeA

Denoting by weakcl(Wy) the weak closure of Wy in V x V x LY(Q;R"Y) and
by weakcl(Z) the weak closure of Z in L'(S2; R") we obtain, taking into account the
relation (12)

weakcl(Wr) € By(0, M) x By (0, M) x weakcl(Z), for every F € A.

Since V is reflexive it follows that By (0, M) is weakly compact in V. Using Lemma 2
we get that the family {weakcl(Wr): F € A} is contained in a weekly compact set of
V x V x L'(2; RY). It follows that this family has the finite intersection property
and we may infer that

() weakel(Wr) # 0.

FeA

We choose (u;,us, x) belonging to the nonempty set above. In what follows we shall
prove that this is the searched solution for the Problem (P).

Let vi, vy € L°(Q; RY) and let F be an element of A such that (v, ) € F x F. We
note that such an F exists, for example we can take F = span{v;,v}. Since
(1, u2, x) € (\pep Weakel(Wp) it follows that there exists a sequence {(u1r,, u2r,, XF,)}
in Wg, simply denoted by (uy,,uz, x,) converging weakly to (uj,up, x) in
V xV x LY [RN). We have u;;, — u;, weakly in V' (i =1,2) and x, — x, weakly in
LY IRN). Since (uy,, uzn, Xn) 1 @ solution of (Pg) we get

(Arurn, v1)y + {Asuzn, v2) y + (Cr(u1n), v1) y+H(Co(u2,), VZ)V+/ Kn(v1 — v2)dx
Q

= AM(Biuin, v1)y+r2(Bautan, v2) -

The hypotheses on A4;, B;, C; (i = 1,2) and the convergences above imply the equality

2
Z {(Aiuia vidy + (Ci(up), vi)y—ri(Biu, Vi)V} + / x(vi = v)dx =0,
i Q
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which is satisfied for any v, v, € V' N L®(Q; RY). By the density of ¥ N L>(L; RY) in
V" we draw the conclusion that the relation (7) is valid for any v;, v, € V.

In what follows we shall prove the relation (8). Due to the compact embedding
V c LP(S; RY) it results from the weak convergences u; — u; in V' that we have

uyy —> u; strongly in L7(; RY), for each i=1,2.
So, by passing eventually to a subsequence we have
Uy — u; a.e. in Q.

From the Egoroff theorem we obtain that for any € >0 a subset w C Q with
meas(w) < € can be determined such that for each i € {1, 2}

Uy, — u; uniformly on Q\w,

with u; € L®(Q\w; RY) for every i € {1,2}. Let v € L®(\w; R"Y) be arbitrarily chosen.
The Fatou’s lemma now implies that for any p > 0 there exists §,, > 0 and a positive
integer N, such that

[ Al = )09 =0t () 05 s~ 1)) )
Q\w A

< / P — ), v + o, (17)
Q\w

for every n> N, 6] <é, and A e€(0,8,). Taking into account that yx, e
9j(x; (u1y — uzy)(x)) for a.e. x € 2 we have

| v = [0 = ). s (18)
Q\w Q\w
Passing to the limit as A — 0 in (17) and employing the relation (18) it follows that
| v = [P o = w00 +
Q\w Q\w

From the relation above and the weak convergence of x, to x in L'(Q;RY) we
derive that

[ $() - v(x)dx < / P (1 = )0, v + .
Q\w Q\w
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Since ;1 > 0 was chosen arbitrarily,
/ x(x) - v(x)dx < / 720 () — w)(x), v(x))dx, Vv e L®(Q\w; RY).
Q\w Q\w

The last inequality implies that
x(x) € 9(x; (ur —ux)(x)), forae. x € Q\w,
where meas(w) < €. Since € > 0 was chosen arbitrarily we have that
x(x) € 9j(x; (u; — up)(x)), fora.e. xeQ,

which means that the relation (8) holds. The proof of Theorem 1 is now complete.

4. APPLICATION: THE MULTIPLE LOADING BUCKLING

We consider two elastic beams (linear elasticity) of length / measured along the axis Ox
of the coordinate system yOx, and with the same cross-section. The beams, numbered
here by i = 1,2, are simply supported at their ends x =0 and x = /. On the interval
(L, b), I < b, <, they are connected with an adhesive material of negligible thickness.
The displacements of the ith beam are denoted by x — u;(x), i = 1,2, and the behavior
of the adhesive material is described by a nonmonotone possibly multivalued law
between —f(x) and [u(x)], where x — f(x) denotes the reaction force per unit length
vertical to the Ox axis, due to the adhesive material (cf. [9] p. 110 and [10] p. 87) and
[u] = u; — up is the relative deflection of the two beams. Recall that u; is referred
to the middle line of the beam i (the dotted lines in Fig. 1) and that each beam has
constant thickness which remains the same after the deformation. The adhesive
material can sustain a small tensile force before rupture (debonding). In Fig. 1 a rupture
of zig-zag brittle type is depicted in the (—f,«) diagramm. The beams are assumed
to have the same moduli of elasticity £ and let / be the moment of inertia of them.
The sandwich beam is subjected to the compressive forces P; and P, and we want to
determine the buckling loading of it. This problem is yet open problem in
Engineering. From the large deflection theory of beams we may write the following
relations which describe the behavior of the ith beam:

u,-W(X) _i_% ul.”(x) =fi(x) on (0,/); (19)

w(0)=u()=0, w/(O)=u/()=0 i=12. (20)

Here a? :=IE/P;. We assume that the (—f,[u]) graph results from a nonlocally
Lipschitz function j : R — R such that

(%) € Y([ux)], Vxe(,h), 21
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where 9 denotes the generalized gradient of Clarke. We set

V= H Q)N H() Q=1(0,1). (22)

It is a Hilbert space with the inner product (see [6], p. 216, Lemma 4.2)

a(u,v) := fol ' (x)V'(x)dx.
Let L: V — V* be the linear operator defined by

(Lu,v) :== /01 U (x)W(x)dx, Yu,velV. (23)
We observe easily that L is bounded, weak continuous and satisfies
(Lu,v)y = (Lv,u), forall u,vel .
The superpotential law (21) implies that

P ) = =fx)y, V¥xe(h,h),Vy eR. 24)

Multiplying (19) by v;(x) — u;(x), integrating over (0,/) and adding the resulting
relations for i = 1,2, implies by taking into account the boundary condition (20), the
hemivariational inequality

u={u,mlelVxV,
: ! " " " 2 1 { , . )
; /0 W OV (x) — o] (x)]dX—;a—% /0 D) — (0l

)
+/ P )L )] = [u()Ddx =0, Vv={v,n}eV x V. (25)
/)

Thus buckling of the beam occurs if A; := (1/a?) (i =1,2) is an eigenvalue for the
following hemivariational inequality

2 2 h
> i, vi — ) = 3 G v — ) + fl P ]~ [u)Ddx =0, (26)
i=1 i=1 1

for all v = {v}, n} € V x V. According to the Theorem 1 the present problem admits at
least one solution {uy, us, A1, A2}, provided that j fulfills the growth assumption given in
Section 1, i.e., (1), (5) and (6).
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