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This paper is devoted to studying a complicated implicit obstacle problem involving a
nonhomogenous differential operator, called double phase operator, a nonlinear convec-
tion term (i.e. a reaction term depending on the gradient), and a multivalued term which
is described by Clarke’s generalized gradient. We develop a general framework to deliver
an existence result for the double phase implicit obstacle problem under consideration.
Our proof is based on the Kakutani—Ky Fan fixed point theorem together with the theory
of nonsmooth analysis and a surjectivity theorem for multivalued mappings generated by
the sum of a maximal monotone multivalued operator and a bounded pseudomonotone

mapping.
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1. Introduction

Assume that € is a bounded domain in RY, N > 2, such that its boundary 92 is
Lipschitz-continuous. Let 1 < p < ¢ < N and z :  — [0, 00) be a bounded function,
7 1 2xR — R be locally Lipschitz continuous with respect to the second variable. In
this paper, we consider the following nonlinear partial differential inclusion problem
involving implicit obstacle effect, a nonlinear convection term and a multivalued
term which is formulated by the generalized Clarke subgradient
—div(|Vul|P~2Vu + p(z)|Vul|i=2Vu) € hdj(z,u) + f(z,u, Vu) in €,
u=20 on 09, (1.1)
T(u) <U(u),

where h € R, T : Wy™(Q) — RU{—oc} and U : W (Q) — R U {+o0} and
f: QxRxRY — R are given functions, which will be specialized by the appropriate

conditions in Sec. Bl Here, W, "(Q) is a closed subspace of the Sobolev-Musielak-
Orlicz space W1 (Q) (see Sec. B).

Definition 1.1. We say that u € WOI’H (Q) is a weak solution of problem (ITJ), if
there exists w € L (Q) such that w(z) € 8j(z, u(x)) for a.a. z € Q and

/Q (IVulP~2Vu + p(z)|Vu|T*Vu, V(v — u))RN dx

= h/ﬂw(w)(v(w) —u(z))dz + /Q flz,u, Vu)(v(z) — u(x))dz

for all v € W™ (Q) with T(v) < U(u), where L 4+ 1 =1.
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To highlight the general form of our problem, we list the following particular
cases of problem ([ITJ).

(i) If h = —1 and f is independent of u, then problem (II]) reduces the following
one:
—div(|Vul[P72Vu + p(z)|Vu|?T2Vu) + 0j(z,u) 3 f(z) inQ,
u=0 on 99, (1.2)

which has been studied by Zeng et al. [59].
(ii) When j = 0, then problem (1) becomes the following double phase implicit
obstacle problem involving convection term:

—div(|VuP72Vu + p(x)|Vu|?2Vu) = f(z,u, Vu) in Q,
u=20 on 0},

(iii) If j =0, U =0 and T'(u) = [, (u(z) — ®(x))" dz, where ® : @ — R is a given
obstacle function, then problem (II) becomes the following elliptic obstacle
problem:

—div(|VuP=2Vu + p(x)|Vu|?2Vu) = f(z,u, Vu) in Q,
u=20 on 0},
O(x) on ),

which has been investigated by Zeng et al. [58].
(iv) If j = 0 and U = 400, then problem (II]) becomes the following double phase
problem:

—div(|VuP=2Vu + p(x)|Vu|?2Vu) = f(z,u, Vu) in Q,
u=20 on 0},

which has been studied by Gasinski and Winkert [31].

Indeed, under the assumption that 95 satisfies relaxed monotone, Zeng et al. [59]
applied Kluge fixed point theorem to explore the existence of solutions to problem
(C2). However, an interesting question arises on how to prove the existence of
a solution of problem ([2)) without the relaxed monotonicity condition on the
subgradient operator dj. One of the main aims of the current paper is to give a
positive answer to this open question. Besides, the method applied in this paper is
completely different from that used in [59]. More precisely, our approach is based
on the Kakutani—-Ky Fan fixed point theorem.
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Note that the double phase operator defined by
—div(|Vw|P "2 Vw + u(z)|[Vw|!2Vw), we Wy Q) (1.3)

is related to the energy functional
w /(|Vw|p + p(x) | Vw|9)dz. (1.4)
Q

Functionals of type (I4]) have first been studied by Zhikov [62H64] in order to
provide models for strongly anisotropic materials. The main characteristic of the
functional defined in ([4]) is the change of ellipticity on the set where the weight
function is zero, that is, on the set {x € Q : u(z) = 0}. To be more precise, the
energy density of (4] exhibits ellipticity in the gradient of order ¢ on the points
x where p(z) is positive and of order p on the points x where p(x) vanishes. After
that, Bahrouni et al. [5] found that double phase operators (L3) can be applied
exactly to study the transonic flow with nonlinear patterns and stationary waves;
Colombo and Mingione [20] proved sharp regularity theorems for minimizers of a
class of variational integrals whose integrand switches between two different types
of degenerate elliptic phases; Baasandorj et al. [4] proved Calderén—Zygmund type
estimates for distributional solutions to non-uniformly elliptic equations of general-
ized double phase type in divergence form. Further results on the topic concerning
the theory and applications of double phase operators can be found in the papers of
Zhikov et al. [65], Baroni et al. [7,[8,[10], Baroni et al. [9], Cupini et al. [22], Migdrski
and Zeng [46], Colombo and Mingione [19], Marcellini [41], 42], Colasuonno and
Squassina [18], Gasiniski and Papageorgiou [27], Gasinski and Winkert [30, 31], Liu
and Dai [30], Farkas and Winkert [25], Perera and Squassina [55], Biagi et al. [IT],
Carl et al. [13], Cencelj et al. [16], Papageorgiou et al. [50,52], Zhang and Rédulescu
[61], Gasinski and Papageorgiou [28| [29], Radulescu [56], Bahrouni et al. [6].

It is well known that, in a single or a multiphase fluid flow, the convection effect
may appear spontaneously because of the combined effects of material heterogene-
ity and the influence of body forces on a fluid (commonly density and gravity).
Whereas, the reaction terms which depend on the gradient of unknown functions
can precisely model the convection effect for various fluids flow. Such reactions are
usually called convection terms. Whereas, the second interesting phenomena in this
paper is the appearance of a nonlinearity on the right-hand side which also depends
on the gradient of the solution. The essential difficulty with the gradient dependent
term is the nonvariational character of the problem. Based on this motivation,
in the past years, several interesting works have been published with convection
terms, for instance, Liu et al. [39] applied the Leray—Schauder alternative princi-
ple, method of sub-supersolution, nonlinear regularity, truncation techniques, and
set-valued analysis to examine the existence of positive solutions for a nonlinear
Dirichlet problem of p-Laplacian type with combined effects of nonlinear singular
and convection terms; via employing a topological approach based on the Leray—
Schauder alternative principle together with suitable truncation and comparison
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techniques, Papageorgiou et al. [51] proved the existence of a positive smooth solu-
tion to a nonlinear Neumann problem driven by the p-Laplacian, in which the
reaction has the competing effects of a singular and a convection term. For more
representative references on the topics related to nonlinear elliptic problems with
gradient dependence, we refer to the recent works Faraci et al. [23], Gasinski and
Papageorgiou [29], Faraci and Puglisi [24], Figueiredo and Madeira [26], Araujo and
Faria [1], Cen et al. [14], Cen et al. [15], as well as to the monograph Papageorgiou
et al. [53].

Moreover, the third and fourth interesting phenomena are implicit obstacle effect
and the appearance of a multivalued term which is described by Clarke’s general-
ized gradient, respectively. Originally, the study of obstacle problems is due the
pioneering contribution by Stefan [57] in which the temperature distribution in a
homogeneous medium undergoing a phase change, typically a body of ice at zero
degrees centigrade submerged in water, was studied. However, in many critical
situations arising in engineering and economic models, such as Nash equilibrium
problems with shared constraints, semipermeability problems with free boundary
conditions and transport route optimization with feedback control, the constraint
conditions, usually, depend implicitly on the unknown solution. Some interesting
and challenging problems have been considered and studied, for example, in order
to answer the question of F. Camilli et al. mentioned in [12], Gomes and Serra [33]
used the methods from the theory of viscosity solutions and weak KAM theory to
extend the notion of Aubry set for the systems of weakly coupled Hamilton-Jacobi
equations with implicit obstacles that arise in optimal switching problems. On the
other hand, the theory of hemivariational inequalities was initially introduced by
Panagiotopoulos [47H49] to study the nonsmooth mechanical problems in which the
main idea behind hemivariational inequalities is to remove the hypotheses on dif-
ferentiability and convexity of energy functionals with the help of the generalized
subgradient of Clarke. More recently, the problems with implicit obstacle effect
and Clarke’s generalized gradient have been studied extendly, such as Migorski
et al. [44] studied an identification inverse problem in a complicated mixed elliptic
boundary value problem with p-Laplace operator and an implicit obstacle condition
by using Kluge fixed point theorem combined with the theory of nonsmooth analy-
sis and the Minty technique. For more details on this topic, the reader is referred to
Alleche and Radulescu [2], Liu et al. [37], Liu et al. [38], Aussel et al. [3], Migérski
et al. [45], Liu et al. [40], Gwinner [32], Zeng et al. [60], and the cited references
therein.

The primary objective of this research is to develop a general framework for
examining the existence of a (weak) solution of problem (ILI)) by applying a sur-
jectivity theorem for multivalued mappings, the theory of nonsmooth analysis and
Kakutani-Ky Fan fixed point theorem. In fact, to the best of our knowledge, this
is the first work which combines a double phase phenomena along with Clarke’s
generalized gradient, an implicit obstacle and a nonlinear convection term (i.e. a
reaction term depending on the gradient).
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The paper is organized as follows. In Sec. 2l we recall the definition of the used
function spaces, some embedding results and we state the surjectivity results of Le
[34] for multivalued mappings as well as Kakutani-Ky Fan fixed point theorem. In
Sec. Bl we provide the full assumptions on the data of problem (II]), and introduce
an auxiliary problem defined in ([B.6]). Then, we show that the auxiliary problem
([B0) is unique solvability, see Theorem B and deliver a priori estimate result for
the solutions of problem ([IT]). Moreover, we introduce a solution map L of (3.6) and
a multivalued mapping J, and prove that the graph of (L, J) is weakly sequentially
closed. Taking these results and Kakutani-Ky Fan fixed point theorem into account
we are able to prove our main result which says that the solution set of (IIJ) is
nonempty and weakly compact in WO1 ’H(Q), see Theorem

2. Mathematical Prerequisites

Throughout the paper, we assume that 2 is a bounded domain in RY with Lipschitz
boundary Q. For any 1 < r < oo fixed, we denote by L"(Q2) and L"(Q;RY) the
usual Lebesgue spaces equipped with the norm | - [|,. Set W' (Q) and Wy ()
the Sobolev spaces endowed with the norms || - ||1,, and || - ||1,7,0, respectively. Let
1 <7 < +o00, we adopt the symbol ' > 1 for the conjugate of r, namely, %—i— L=1.

r’

We, first, recall a critical inequality, its detailed proof can be found in [I7, Sec. 4].

Lemma 2.1. Let v > 2 and N € N. Then there exists a constant k(r) > 0 such
that

(2|22 = |y|" 2y, & — y)ry = k(r)lz —y["
for all z,y € RN,

In what follows, we suppose that the weight function p enjoys the following
conditions (see e.g., [21]).

H(p): p e L*°(Q) with p(z) > 0 for a.a. 2 € Q and 1 < p < ¢ < N are chosen such
that

q 1
- <14+ —.
P N

We, further, consider the modular function H : Q x Ry — R, defined by
H(z,t) =t + p(z)t? for all (x,t) € Q x Ry,

where Ry := [0, 00). Let us recall the Musielak—Orlicz space L*(), which is for-
mulated by

L7(Q) = {u : Q — R is measurable

pr(u) == /QH(:E, |u])dx < —l—oo}

and equipped with the Luxemburg norm

|lu|l#¢ = inf {T >0

m(®) <1}
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Obviously, the function space L™ () is uniformly convex, so it is a reflexive Banach
space. Additionally, let us introduce the seminormed function space L,(),

/ p(x)|ulfde < —l—oo}
Q
endowed with the seminorm

o= ( [ u<x>|u|qu)%

Whereas, Colasuonno and Squassina [I8, Propositions 2.15(i), 2.15(iv) and 2.15(v)]
point out that the following embeddings:

LL(Q) = {u : Q — R is measurable

LY(Q) — L™(Q) — LP(Q) N LL(Q)

are both continuous. Besides, it is not difficult to verify that the following inequal-
ities are valid:

min{lull7, [lullz} < llullp + [lullg

G < max{[[ull7 w3} (2.1)

for all u € L™(Q).
Moreover, we review the Sobolev—Musielak—Orlicz space W17 () given by

WhH(Q) = {u € L™(Q) | |[Vu| € L™(Q)}
and is equipped with the norm
lullr2e = [[Vulln + llullx,

where ||Vullx = |||Vul|lx-
The Sobolev—-Musielak—Orlicz space with zero traces, denoted by I/VO1 H (Q), is
the completion of C§°(2) in W1H(Q), namely,

1,H
Wit =ty @

It follows from g : © — R in H(u) and Colasuonno and Squassina [I8, Proposition
2.18] that Wol’H (©) endowed the norm

lull1.2,0 = || Vullz  for all u € Wy (Q)

becomes a reflexive and separable Banach space. Therefore, ||-||1,7,0 is an equivalent
norm on Wol’H(Q). So, in the sequel, we use || - ||1,7,0 to be the norm of Wol’H(Q).
Using (21)), it is easy to get that

min{[ull{ 3, 0, [ullf 500} < IVl + [Vullg,, < max{[ullf 500, lull] 70} (2.2)

for all u € W, 7 (€2). Observe that W™ (Q) and W, " (Q) are uniformly convex,
therefore, they are both reflexive.
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Colasuonno and Squassina [I8, Proposition 2.15] indictes directly that the
embedding

Wy Q) — L7 (Q) (2.3)

is continuous for all 1 < r < p*, and is compact for every 1 < r < p*, where p*
stands for the critical exponent to p given by
«._ Np

p= o

We, now, pay our attention to recall some critical properties of the eigenvalue

problem for the r-Laplacian (1 < r < oo) with homogeneous Dirichlet boundary
condition given by

(2.4)

—Ayu = Au|""2u  in Q,
u=0 on 0N).

We denote by o, the set of all eigenvalues of (Z1]). It is known that the set o, has a
smallest element Aq, which is positive, isolated, simple and it can be variationally
characterized through

)\1,7« = inf {

(2.5)

[Vull7 .

[l

ue Wy (Q),u# O},

see Lé [33].

Let us introduce a nonlinear operator A : W, Q) — Wy H(Q)* given by
(A(w), vy = / (IVulP~2Vu + ()| V"2 V) - Vo da (2.6)
Q

for u,v € Wy (2), where (-,-)» stands for the duality pairing between W, "*(€2)
and its dual space Wol’H(Q)*. The properties of the operator A : Wol’H(Q) —
W,y " (Q)* can be summarized as follows, for more details see Liu and Dai [36].

Proposition 2.1. The operator A defined by (Z6)) is bounded, continuous, mono-
tone (hence mazimal monotone) and of type (S4).

Given a real Banach (E, || - ||g), we say that a function j : E — R is locally
Lipschitz at « € E, if there is a neighborhood O(z) of x and a constant L, > 0
such that

() = J(2)| < Lolly — zllp for all y, 2 € O(x).
We denote by 5°(x;y),

)
() = lim sup LE A =3()
z—x,A\ |0 )\

)

the generalized directional derivative of j at the point x in the direction y and
9j: E — 2F

dj(x) = {6 € E*|j%(x;y) > (£, y)pexp forally € B} forallz € E

the generalized gradient in the sense of Clarke of j.
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We next collect some critical properties for the generalized gradient and general-
ized directional derivative of a locally Lipschitz function as follows, see for example,
Migérski et al. [43] Proposition 3.23].

Proposition 2.2. Letj: E — R be locally Lipschitz with Lipschitz constant L, > 0
at x € E. Then we have the following:

(i) The function y — j°(z;y) is positively homogeneous, subadditive, and satisfies
7°(x:9)] < Lallylle for all y € E.

(ii) The function (z,y) — j°(z;y) is upper semicontinuous.

(iii) For each x € E, dj(x) is a nonempty, convex, and weak®™ compact subset of
E* with ||€||g+ < Ly for all § € 0j(x).

(iv) j%z;y) = max{(§,y)p+xp | € 0j(x)} for ally € E.

(v) The multivalued function E > x — 0j(x) C E* is upper semicontinuous from
E into w*-E*.

Furthermore, let us recall the Kakutani-Ky Fan fixed point theorem for a
reflexive Banach space, see e.g., [54] Theorem 2.6.7], which will be applied to
prove the main result in the paper concerning the existence of solutions to

problem (ITJ).

Theorem 2.1. Let Y be a reflexive Banach space and D C'Y be a nonempty,
bounded, closed and convex set. Let A : D — 2P be a multivalued map with
nonempty, closed and conver values such that its graph is sequentially closed in
Y X Yy, topology. Then A has a fized point.

Finally, we end this section by recalling the following surjectivity theorem for
multivalued mappings in which its detailed proof can be found in Le [34, Theorem
2.2]. Set Br(0) :={u € X : |Jul|x < R}.

Theorem 2.2. Let X be a real reflexive Banach space, let F : D(F) ¢ X — 2% be
a mazimal monotone operator, let G : D(G) = X — 2% be a bounded multivalued

pseudomonotone operator and let | € X*. Assume that there exist uy € X and

R > Jlug||x such that D(F) N Br(0) # 0 and
(€+n—1lLu—ug)xxx >0

for all w € D(F) with ||u||x = R, for all £ € F(u) and for all n € G(u). Then the

mnclusion
F(u)+ G(u) 21

has a solution in D(F).
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3. Main Results
We, first, impose the following assumptions for the data of problem (LIJ).
H(f): f: QxR xRN — Ris a Carethéodory function such that

(i) There exist a;,b; > 0 and a function ay € LT (Q) ;4 satisfying

pla1—1)

|f(z,5,)] < ajlé] T +byls|" ™ + ay(a)

for a.a. x € Q, for all s € R and for all ¢ € RY, where 1 < ¢; < p* with
the critical exponent p* given in (Z4).

(ii) There exist c¢f,df > 0, 61,02 € [1,p] and a function By € L'(Q)4
satisfying

f(@,s,€)s < erlel™ +dyls|™ + B (a)
for a.a. x € Q, for all s € R and for all £ € RV.
(iii) There exist ey, hy > 0 such that
(f(z,5,8) = f(2,1,6))(s =) < epls —t]",
[f(2,5,6) = flz,5,&2)] < hylér — &fP ™"
for a.a. x € €, for all 5,¢ € R and for all £,&;,& € RV,
H(j): j: QxR — R is such that

(i) = — j(x,s) is measurable on ) for all s € R and there exists a function
I € L?() such that the function x — j(z,1(x)) belongs to L' ().
(ii) s+ j(z,s) is locally Lipschitz continuous for a.a. z € €.

_P_
(iii) there exist ¢; > 0 and v; € LI (Q2) satisfying

[l < ¢5lr[P~" + ()

for a.a. x € Q, for all n € Jj(x,s) and for all s € R.

H(T): T: Wol’H(Q) — R U {—o0} is positively homogeneous and subadditive such
that T'# —oo and

T(u) < limsup T (u,) (3.1)

whenever {u,} ¢ Wy™(Q) is such that u, —— wu in Wy (Q) for some
ue Wy ().

HU): U : Wol’H(Q) — (0, +o0] with U # 400 is sequentially weakly continuous,
that is, for any sequence {u,} C Wy (Q) such that u,, —— wu for some
u€ WOI’H (€2), we have

U(un) — Ul(u).
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H(0): h € R and the inequalities hold
efAin +hydy b < k(p)
and
cpd(61) + dpAy6(02) + |hle; AL, < 1,
where k(p) > 0 is given in Lemma[ZTl and ¢ : [1,p] — {1,0} is defined by

5(6) = {1 if 0 =p,

0 otherwise

and A; , denotes the first eigenvalue of the Dirichlet eigenvalue problem for
the p-Laplacian, see (Z3]).

Remark 3.1. Recall that T is positively homogeneous and subadditive, so, we can
see that 71" is also a convex function. Obviously, when T : WO1 Q) — R is lower
semicontinuous, then inequality ([BI]) holds automatically.

Let p = 2. Then, it is not difficult to apply Young inequality to see that the
function f: Q x R x RY — R defined by

N
flx,8,8) =X (Z ni&i + Br(x) + s) for all (z,s5,&) € Q x RNVFL

i=1
satisfies hypotheses H(f) and H(0), when A > 0 is small enough, where n =
(M,...,nn) € RN and B € L?() are given.

Let us introduce the following multivalued map K : W, ) — 2Wo (@)
defined by

K(u) == {ve W™ Q)| T(v) — U(u) <0} (3.2)
for all u € VVO1 H(Q) Then, we have the following useful properties for function K.

Lemma 3.1. Let U : W) ') — (0,+00) and T : W)™ (2) — R satisfy hypothe-
ses H(U) and H(T), respectively. Then, we have

(i) for each u € Wy (Q), the set K (u) is nonempty (more precisely, 0 € K (u)
for all w € Wy (Q)), closed and convex in Wy T (Q).

(ii) the graph GrK of K is sequentially closed in Wy ™' (Q)y x Wy (Q)w, i.e. K
1s sequentially closed from VVO1 H (Q) endowed with the weak topology into the
subsets of Wol’H(Q) with the weak topology.

(iti) if {un} € Wy "' (Q) and u € Wy "' (Q) are such that

w . 1
Uy — uin Wy Q) as n — oo,
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then for each v € K(u), we are able to find a sequence {v,} C Wol’H(Q) such
that

vp € K(up) and v, — v in Wol’H(Q) as n — oo.
Proof. (i) It is a direct consequence of Zeng et al. [59, Lemma 3.2].
(ii) Let {(un,vn)} C GrK be such that
(Un,Un) —= (u,v) in Wy H Q) x Wy (Q) as n — oo (3.3)

for some (u,v) € Wy '(Q) x W, " (Q). Then, for each n € N, it has v, € K (uy,
that is, T'(v,) < U(u,). Recall that U is weakly continuous on Wy (Q) (see H(U
it yields

),
)

)

lim U(u,) = U(u). (3.4)

On the other side, we apply hypotheses H(T') to get
T(v) <limsup T (v,,). (3.5)

Taking into account (84]) and (B3], we have
T(v) <limsupT(v,) < limsup U(u,) = U(u).
Hence, v € K(u), namely, (u,v) € GrK. So, the graph GrK of K is sequentially
closed in W(}’H(Q)w X W(}’H(Q)w.
(iii) Let {un} € W™ (Q) and u € W (Q) be such that

Up — u in Wol’H(Q) as n — oo.

Let v € K(u) be arbitrary. Recall that U(z) > 0 for all z € VVOI’H(Q)7 we consider
the sequence {v,} C Wy " (Q) defined by

~ Ulun)
Uy = 0w v
However, the following estimates guarantee that v,, € K(u,) for each n € N,
U(un) U(un) U (un)
T n) — T = T < == njs
o) < U(u) ) O = g U =

where we have used the fact that v € K(u) (i.e. T(v) < U(u)). Additionally, a
simple computation gives

U(Un)
Ul(u)

—1 HUHLH,O =0.

[vn = vll1,70 = ‘

Therefore, it concludes that v, — v in Wy"*(Q) as n — oo. This completes the
proof of the lemma. O

Let p’ > 1 be the conjugate index of p, i.e.
1 1
p P
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For any w € LP () and z € W, Q) fixed, consider the following intermediate
problem:

—div(|Vul[P=2Vu + p(x)|Vu|72Vu) = hw(z) + f(z,u, Vu) in Q,
u=0 on 092, (3.6)
T(u) <U(2).
The following theorem provides the unique solvability of problem (B.6]).
Theorem 3.1. Assume that H(u), H(f), H(T) and H(0) are fulfilled. Then, for

each pair of functions (z,w) € Wol’H(Q) x L¥(Q), problem @BB) has a unique
solution u € Wy (Q2).

Proof. Uniqueness. For any (z,w) € Wy (Q) x LP (Q) fixed, let u,uy €
Wy (Q) be two solutions of problem (B8) corresponding to (z,w) € Wy (Q) x
LP' (). Then, we have

—div(|Vu;|P~2Vu; + pu(z)|[Vui |9 2Vu,;) = hw(z) + f(z,u;, Vu;)  in Q,
u; =0 on 0,
T(u;) <U(z)

for i = 1,2. A simple calculation gives

/ (Vs P2V + p(z) | V|92 Vg, V(v — w;) v de
Q

i [ w@)(oo) ~ui)do+ [ flous us)(o(a) — ui(a) ds
Q Q

for all v € K(z) and i = 1,2. Inserting v = ug and v = uy into the inequalities
above for ¢ = 1 and i = 2, respectively, we sum up the resulting inequalities to
obtain

/Q (IVur [P~ Vs + () |V |97 Vg, V(ug — us))p da
B /Q<IW2I”‘2W2 + 1) Vuz|" > Vs, V(w1 — ug))an da
= /Q<f<w’m» Vur) = f(w, uz, V) (ur () — uz(w)) da
= /Q<f<w’m» V) = f(w, uz, Vur)) (un () — uz(w)) da

+/(f(w,uQ,Vu1) — f(x,uz, Vuz))(ug(x) — uz(x)) da.
Q



1026 S. Zeng et al.

It follows from Lemma 2] H(p) and H(f)(iii) that

K Vr =Vl < [ eslun(e) —walo)l do + [ hylTusa)
— V()P Huy () — ua(z)]| de.
This combined with Holder inequality deduces that
k(p)IVur — Vua||? < efllur — uallh + hygl|Vur — Vua| B~ [uy — uall,
< ef)\i}oHVm — Vua |5 + hf)\l_j [Vur — Vua|[b,

namely,

1

(k(p) — efA;; — hy DIV — Vg < 0.

1
From the inequality k(p)—ey Al_,glj_hf)\l,;)ﬂ > 0, we conclude that u; = us. Therefore,
problem (3] has at most one solution u € W, Q).

Existence. If u € Wol’H(Q) is a solution to problem (B.0]), then we have u € K(z)
and

dx

/Q (IVulP2Vu + p(z)|Vu|!*Vu, V(v — u)) gy

= h/ﬂw(w)(v(w) —u(z))dx + /Q flz,u, Vu)(v(z) —u(x))de  (3.7)

for all v € K(z). Let Ny : Wy (Q) € L% (Q) — L% (Q) be the Nemytskii operator
associated to f and i be the embedding operator from Wol’H(Q) to L7 () with
its adjoint operator i* : L% () — Wol’H(Q)*. Also, let us introduce the function
M = W) — Wy TN Q) Mu = Au — i*Ny(u) for all u € W, (), where
AWy THQ) — Wy H(Q)* is defined by ([Z8). Let Ixc.) : Wy () — R be the
indicator function of the set K(z), thus,

{O if u e K(z),

Tr (o (u) =
K )( ) +00  otherwise.

It is not difficult to prove that problem ([B.7) is equivalent to the following inclusion
problem: find u € W, 7" (Q2) such that

M(u) + DIy (1) 3 hw in Wy (Q)*, (3.8)

where d.1k ) stands for the convex subdifferential operator of I ().
Arguing as in the proof of [31, Theorem 3.2], we conclude that M is a bounded
and pseudomonotone operator. Since I () is a proper convex and lLs.c. function,

so, its convex subdifferential O.lf(.) : K(2) — 2Wo ()" i3 a maximal monotone
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operator. However, using the same arguments as in the proof of [58, Theorem 3.3],
it finds that there exists Ry > 0 such that
(Mu +n,u) >0

for all 1) € JeIg(»y(u) and for all uw € Wy () with |ju]|1,2,0 = Ro.

Therefore, all conditions of Theorem are verified. Using this theorem, we
could find an element u € W, (Q) such that (38) holds, i.e. problem (B:6) admits
a solution.

Consequently, we conclude that for every (z,w) € W, Q) x LT (Q) problem
B6) has a unique solution. |

Especially, if U(z) = +oc for all z € W7 (Q), then problem (B8) reduces to a
non-obstacle problem. So, we have the following proposition.

Proposition 3.1. Assume that H(p), H(f) and H(0) are fulfilled. Then for each
w € LP (), the following problem has a unique solution u € Wol’H(Q):

— div(|VulP~2Vu + pu(2)|Vu|T2Vu) = hw(z) + f(z,u, Vu) in Q,
u=0 on 0Q.

Remark 3.2. More particular, if w = 0, p = 2 and U(z) = +oo for all z €
Wy (Q), then our result, Theorem Bl reduces the one [31, Theorem 3.4] with
k(2) = 1. Besides, it should be mentioned that in Theorem Bl we do not require f
to satisfy the following condition:

o there exist p € L (Q) with 1 < r/ < p* and ¢ > 0 such that & — f(z, s,£) — p(z)
is linear for a.a. x € §, for all z € R and

|f(l',8,§) - p(‘T)l < C2|€|
for a.a. x € Q, for all s € R and for all £ € RV,
which is used in [31] Theorem 3.4] for verifying the uniqueness of solution.

Theorem ] allows us to introduce the function L : Wy (Q) x L (Q) —
Wy (Q) defined by
L(z,w) == u(z,w) for all (z,w) € Wy (Q) x LP (Q), (3.9)

where u(z,w) € W, Q) is the unique solution of problem (BB) corresponding
to (z,w) € Wy Q) x LP'(€2). Moreover, we consider the multivalued mapping

T WET(Q) — 25 @) defined by
J(u) = {w € L* (Q) |w(z) € j(z,u(x)) for a.a. z € N} (3.10)
for all w € W, 7 (). Indeed, for each u € W,"*(Q) fixed, it is not difficult to

apply hypotheses H (j) for showing that x — 0j(z, u(x)) is measurable. Employing
Yankov—von Neumann—Aumann selection theorem (see e.g., [54, Theorem 2.6.8]),
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there exists a measurable selection w : @ — R such that w(x) € 9j(x, u(x)) for a.a.
2 € . However, by virtue of H(j)(iv), we can see that w € L? (). Hence, .J given
in (3I0) is well-defined.

The following lemmas deliver the closedness of J and continuity of L, respec-
tively, which will play the significant role to show the existence of a solution for

problem ([ITJ).
Lemma 3.2. Suppose that H(j) hold. Then, the graph GrJ of J is sequentially
closed in Wyt () x LP' (Q)..
Proof. Let sequence {(un,w,)} C Wy (Q) x L' () be such that
(Un, wp,) —= (u,w) in Wol’H(Q) x LV () as n — oo

for some (u,w) € Wy (Q) x L¥' (). Recall that the embedding from W, " (Q) into
LP(Q) is compact, so, it has

Up, — u in LP(2) as n — oo. (3.11)

Employing Mazur’s theorem, we are able to find a sequence {(,} of convex combi-
nations of {w,,} such that

(o — w in LP () as n — oco. (3.12)
From BII) and (BI2), without loss of generality, we may assume that
up(z) — u(z) and (,(x) — w(x) as n — oo for a.a. x € Q. (3.13)
The convexity of 0j(z, un(z)) implies
Cu(x)s < 3%z, up(x);s) for all s € R.

Passing to the upper limit as n — oo to the inequality above, we utilize Proposi-
tion 2Z2(ii) and BI3) to get

w(z)s = lim ¢, (x)s < limsup j°(z, un(z); ) < 7%(z,u(x);s) for all s € R

n—oo

for a.a. x € Q. This means that w(z) € 9j(z,u(z)) for a.a. x € Q, i.e. w € J(u).
Therefore, the graph GrJ of J is sequentially closed in W(}’H(Q)w x LP' (Q),. O

Lemma 3.3. Assume that H(p), H(f), H(T), H({U) and H(0) are fulfilled. Then,
the function L : Wol’H(Q) x LP'(Q) — Wol’H(Q) is completely continuous.

Proof. Let {(z,,w,)} € Wy (Q) x L¥' () be such that

(zn,wn) —= (z,w) in Wy™(Q) x LP (Q) as n — oo
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for some (z,w) € Wy () x L¥ (Q). For every n € N, set u,, = L(zn, w,). Then,
for each n € N, we have u,, € K(z,) and

/Q (|Vun P72V, 4+ p(@) |V, |72V, V(v — Un))gn

= h/Q wy, () (v(z) — up(x)) de + A f(x,un, Vuy,)(v(x) — uy(z))de
(3.14)

for all v € K(zy).

We assert that {u,} is bounded in Wol’H(Q). Note that U(z) > 0 for all z €
Wy Q) and T is positively homogeneous and subadditive, it has that 0 € K(2)
for all z € WOI’H (). Taking v = 0 into (BI4), we have

[ (900072 V 4 s) V11Vt V) o
Q

:h/ﬂwn(x)un(x) d:z:Jr/Qf(x,un,Vun)un(x)dx. (3.15)

Because the embedding from W™ (Q) into L% (£2) is continuous, it follows from
Hoélder inequality to find

h/ﬂwn(w)un(x) dx < |h|Hwan’Hun”p < /C\Olhmwn”p’”un”l,H,Oa (3.16)

where ¢y > 0 is such that

110 forall uw e W, H(Q). (3.17)

[ullp < @ollul

Applying hypothesis H(f)(ii), we have

/ f(zyun, Vug)uy(z) de < / cj|Vun(:1c)|‘91 + dj|un(ac)|92 + By (z) de.
Q Q

Let us distinguish the following cases:

o 01 =0 =np;
o 01<92:p;
o Oy <0 =p;
e (1 < pand by <p.

Let € > 0. If #, = 6> = p, then we have
/Q F (@t Vit Y () d < [ Veun |2 + dyJunll? + (15112

< cp||Vun |+ deAr |

V|| + 11871 (3.18)
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When 6 < 6 = p, we use Young inequality to find

/Q F (&t Vit Yn() d < g V]| + dplfunl2 + 187

< el[Vunlh + df)\i}oHVuan +[|Bflli +ci(e)  (3.19)
for some ¢;(¢) > 0. Likewise, for 6 < 61 = p, it has

/Qf(z,un,v’un)un(x) dr < cf || Vunllp + dyllunllg2 + 185111

< crIVunlly + ellVunlly + 185l +22(e) — (3:20)
for some ¢a(e) > 0. Assume that 6; < p and 03 < p, we have

61 9
/Qf(x,umVun)un(x) de < cfl|Vunllg; + dillunllg; + [15¢llx

< 2| Vun b + [|Bflr +€1(e) + c2(e) (3.21)

for some ¢ (), ¢2(¢) > 0. Taking into account (BIH)—(B.2I)) and letting £ > 0 small
enough, we conclude that

c([IVully + 1Vullg,.) < Colhlllwnllpllwnllrz.o + €

for some ¢3,¢4 > 0. The latter combined with inequality ([2:2)) implies that

esllunlly 0.7 < Colhlllwnlpllunll1.0 + €

for all n € N. Because of p > 1, from the estimate above, it is not difficult to see

that {u,} is bounded in W, " (Q). Passing to a subsequence if necessary, we may
assume that

Uy, —= u in Wy H(Q) as n — oo (3.22)

for some u € Wol’H(Q).

Next, we are going to show that u is the unique solution of problem (B8]
associated with (z,w) € Wol’H(Q) x L (Q), i.e. u = L(z,w). Because the graph
GrK of K is sequentially closed in W(}’H(Q)w X WOI’H(Q)w (see Lemma BIii)).
Note that {(tn, 2,)} € GrK and (un, 2,) —— (u,z) in Wy H(Q) x Wy (Q) as
n — oo, we have u € K(z). However, Lemma B.[(iii) allows us to find a sequence
{yn} € W3 Q) such that

Yn —u in Wy Q) as n — oo. (3.23)

Inserting v = y,, into ([BI4) and passing to the upper limit as n — oo to the
resulting inequality, we have

hmsup/ (|Vun|p72Vun + ,LL(ZE)|Vun|q72VUn, v(un - yn))RN dx
Q

n—oo

< lim Suph/Q Wy () (un (x) — yn(z))dx

n—oo

+ limsup/Q (@, wn, Vug) (un (z) — yp(x))de.

n—oo
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Recall that the embedding from W, Q) into LP(Q) is compact and the sequences
{w,} and {f(-,un, Vuy,)} are both bounded in L (Q) and L% () (see hypothesis
H(f)(1)), respectively, it finds

lim sup /Q () (ttn () — yn(z)) dt

n—oo

+limsup/Q f(@yun, Vuy) (un(z) — yn(z)) dz = 0.

n—oo

Hence, one has

limsup/ (IVun P2 Van + ()| Vtin |17 Vg, V(un, — u)) oy do
Q

n—oo

< hmsup/ (IVun P72V, + (@) Vg |7 * Vg, Vi, — u)) gy dx
Q

n—oo

n—oo

+ 1iminf/ (IVun P2V, 4+ u(2) |V, 97>V, V(v — Yn))gn da
Q

< hmsup/ (|Vun|p72Vun + ,LL(ZE)|Vun|q72VUn, v(un - yn))RN dx
n— oo Q
<0.
The latter together with Proposition 2] (i.e. A is of type (S4)) implies that

U, —u  in Wy H Q) as n — .

For any v € K(z) fixed, it follows from Lemma B(iii) that there exists a sequence
{v,} € Wy (Q) satisfying

v, € K(z,) and v, — v in Wy(Q) as n — oco.

Putting v = v, into (BI4), and passing to the limit as n — oo for the resulting
inequality, we use Lebesgue dominated convergence theorem to obtain

/ (|Vu|P~2Vu + p(z)|Vul|??Vu, V(v — u))g~ dz
Q

= lim [ (|Vun|P "2V, + p(2)|Vn|T 2V, V(v, — up))gy do

n—oo Q
~ Jim b /Q W () (0 () — n () da

+ lim [ f(z,un, Vu,) (v (x) — up(2)) de

—h /Q w(@)(v(@) — u(z)) dz + /Q e, Va) (0(x) — u(z))da.

Since v € K (z) is arbitrary, so, we conclude that u is the unique solution of problem
BH) corresponding to (z,w), namely, u = L(z,w). Notice that every convergent



1032 S. Zeng et al.

subsequence of {u,} converges to the same limit u, so, we conclude that the whole
sequence {u, } converges strongly to u in W, "*(2). This means that L : Wy " (Q) x
LP () — W, "(Q) is completely continuous. m|

Furthermore, we deliver a priori estimate for the solutions of problem ([ITJ).

Lemma 3.4. Suppose that H(p), H(f), H(T), H{U), H(j) and H(0) are satisfied.
If, the solution set of problem (L)) is nonempty, then there exists a constant M > 0
such that

[ulli, 7,0 < M.

Proof. Let u € Wy (Q) be a solution of problem (LI). Then, there exists a
function ¢ € LP (Q) with ¢(z) € 9j(x, u(x)) for a.a. x € Q such that

/Q (|IVulP>Vu + p(z)|Vu|T*Vu, V(v — u))RN dx

= / h¢(x)(v(z) —u(x))de+ | flx,u, Vu)(v(z) —u(z))dx (3.24)
Q Q
for all v € K(u). Owing to 0 € K (u), we take v = 0 for the inequality above to get

/ (IVulP 2V + ()| Vul* 2V, Va)gr de
Q

_ /Q he (2)u(z)de + /Q Fa,u, Vuyu(e)de.

Employing hypothesis H (j)(iii) deduces

/hC( ) dz < |h|/ C(@)ua)| da
< |h|/ cj|u(x)|03 + 7 (z)|u(zx)| dz
< [hlesllullgd + [hllv; llog lluellos-
Then, we have

/QhC(fc)U(w) da < [hlej|lully + [Pl lullp

< RleATSIVul + Bl AL, IIVqu (3.25)

For the term fQ f(z,u, Vu)u(z) de, we could carry out the same arguments as in
the proof of Lemma [3.3] for obtaining similar estimates as (BI8)—(32I]). Because of
cro(6h) + df/\izlﬁ(ﬁg) + |h|cj/\i117 < 1, it is not difficult to find a constant M > 0
such that [Jul1 2,0 < M. |
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Under the analysis above, we are now in a position to provide the main result
of the paper concerning the existence of a solution to problem () as follows.

Theorem 3.2. Assume that H(u), H(f), H(T), H{U), H(j) and H(0) are sat-
isfied. Then, the solution set of problem (1) is nonempty and weakly compact in
wyQ).

Proof. For any u € W, () and w € J(u), from H(j)(iii), we have
/Qw(x)U(fE)dfl7 < |hlejllully + [Rllvillp lullp- (3.26)
We assert that there exists a constant Cpy > 0 such that
|L(Byya. 52y (0, €0, T (Bt (0. Co))) .0 < Cos (3.27)

where ¢+ : W'"H(Q) — L¥'(Q) is the embedding operator from Wy " (Q) to L¥ ()
and By (g (0,Co) == {u € Wy " ()| ||ull1.2.0 < Co}. Arguing by contradiction,
for each n € N, there are functions u,, = L(z,,w,) such that w,, € J(z,) and

lznlli0 <n and  funll1,2,0 > n.

Let € > 0. From ([B.20) and hypothesis H(f)(ii), we can find a constant C; > 0
such that

0 > [[unllf 20— / w(x)u(z)de — | f(z, un, Vugp)u, dz
Q Q

(1= cf = dpA I Vunllh + [Vua |2, if 61 =62 = p,
(1—e—dA )IVualb + [[Vualls,,  if 61 <63 =p,
(L =cr=)Vunll} + Vunl,, if 0 < 61 =p,
(1 =28)[[Vun|b + [[Vun|, , if max{61,602} < p,

—/Qw(x)u(x) dx — Ch.

Therefore, by (3:20)), it yields

02> (1~ ¢r8(61) = dpA7pd(02) — |hleATp0) [unllf 50 — Cr-

Passing to the limit as n — oo for the inequality above, it gives a contradiction.
So, we conclude that there exists a constant Cp > 0 such that (827 holds.
Let us introduce a multivalued mapping I : W, '(Q) x LF'(Q) —

oW " @OXL” (@) defined by
(z,w) = (L(z,w),J(2)) forall (z,w) € Wy (Q) x L¥ (Q).

We are going to apply Kakutani-Ky Fan fixed point theorem, Theorem 211 for
examining the existence of a fixed point of II. It follows from hypothesis H(j)(iii)
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that there is a constant Cy > 0 such that ||J(BW01,H(Q) (0,Co))|ly < Ca. Set

D = {(z,w) € Wy () x L () | [|z]l1,2,0 < Co and wlly < Ca}.

By (B21), it is easy to verify that IT maps D into itself.

We next shall show that the graph of II is sequentially closed in (W, Q) x
LV ()0 x (W3 TH() x LP'(Q))w. Let sequences {(zn,wn)} € Wy™(Q) x L' ()
and {(un, v,)} C Wy Q) x LP' () be such that v, € J(zp), tn = L(zn, w,) and

(zn,wn) —= (z,w) in Wy™H(Q) x L' (Q) as n — oo,

(Un,vn) —= (u,v) in Wy Q) x LV (Q) as n — oo

for some (z,w), (u,v) € Wol’H(Q) x L¥ (). Employing Lemma B3, we conclude
that

Up = L(2n,wy) — L(z,w) =u in W (Q) as n — oc.

It follows from Lemma that the graph of u — J(u) is sequentially closed
in W, "(Q), x LP (Q),. Therefore, we conclude that IT : W, 7' () x L¥' () —

OWo T XLP (D) Y8 nonempty, closed and convex values, and its graph is sequen-

tially closed in (W (€2) x LP'(Q))w x (W TH(€2) x LV (Q)),.

All conditions of Theorem 2.] are verified. Applying this theorem, we conclude
that II has at least a fixed point, say (z*,w*). Hence, it has (z*,w*) € II(z*, w*),
ie. z* = L(z*,w*) and w* € J(z*). From the definition of L and .J, we can see that
FANS Wol’H(Q) is a solution to problem (1)

The boundedness of solution set of problem (] is a direct consequence of
Lemma 34 We will illustrate the weak closedness of the solution set of problem
(@CI). Let {u,} be a sequence of solutions to problem (1) such that u, — wu in
W, () asn — oo. So, there exists a sequence {w, } C L¥' () such that (u,, w,) €
II(uyp, wy). But, the growth condition H(j)(iii) guarantees that {w,} is bounded
in L¥ (Q). Passing to a subsequence if necessary, we may suppose that w;, 5w
in L? (Q). Recall that II is weakly sequentially closed, (tn,wy,) € I(ty,w,) and
(U, wn) —= (u,w) in Wy (Q) x LY (Q), so, we have (u,w) € II(u,w). This
means u is a solution to problem (III). Consequently, the solution set of problem
([T is weakly compact. O
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