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1. Introduction

In this paper, we are interested in the existence and multiplicity of smooth nodal (that is, sign-changing)
solutions for the following nonlinear Robin boundary problem:

—div (a(|Vu(2)[)Vu(z)) + a(ju(@))u(z) = f(z,u(z)), =€

du(z) ) (P)

a(|Vu(z)]) o +b(2)|u(z) P "u(z) =0, x € 02,
where 2 C R? (d > 3) is a smooth bounded domain, Aju := div (a(|Vu|)Vu) is the Orlicz g-Laplace
operator, % = Vu - v, v is the unit exterior vector on 92, p > 0, b € C*?(9R2) with § € (0,1) and

infxeBQ b(l‘) > 0.
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Very recently, the authors in [1] proved the existence of one smooth sign-changing solution of problem (P).
The multiplicity question of smooth nodal solutions has been treated by many authors, see for instance [2—4].
None of the aforementioned works study the multiplicity of smooth nodal solution for the Orlicz—Sobolev
problems (with Dirichlet, Neumann, or Robin boundary conditions). Hence, a natural question is whether or
not there exist multiple smooth nodal solutions. Based on regularity results obtained in [1,5], and Kajikiya’s
theorem [6], we show that problem (P) has infinitely many smooth nodal solutions.

Before stating our main result, we need the following class of hypotheses on the functions a : (0, +00) —

(0, +00) and the N-function (see [7] for details) fo s)ds, where g(t) :== a(|t|)t if t #0 and ¢g(t) =0
ift=0.
(Hy) (g1) :a(t) € C*(0,+00), a(t) >0 and a(t) is an increasing function for ¢ > 0.

1< p<g =infig %Sft))t < gt =sup,~q GS(Z; < d,

(91)
(92)
(g2) : 0 < g™ =1 =a" =infi>0 Et; <gt-1= a+ = SuP;> 98
(94)

1
it G (\/f) is convex on [0, +00), fo (G’Et)) dt < oo and f (%) T g o0, for some
constants 3,§ > 0.

g4

We assume that f: 2 x R — R is a Carathéodory function, f(z,.) is odd and f(z,0) =0, for a.a. z € {2,
and satisfies the following class of assumptions:

(Hyf) (f1) There exist an odd increasing homomorphism h € C'(R,R), and a positive function a(t) € L>(12)
such that |f(z,t)| < @(x) (1+ h(|t])), for all t € R, = € £,

h(t)t h(t)t  g»
1 h~ f <ht = < 2=
<g'< %I>10 H(t) — 228 H(t) — g’
— . R ()t R (t)t
1<h™ —1:=inf <ht-1.=
< >0 h(t) = =0 h(t)
and G(kt) H(kt)
t;glmm = tl>u+noo .0 =0, forall k >0
where H(t fo ) ds is an N-function, g, = ddf’gi, and G, is defined in Section 2.

(f2) limy 100 T(l”;f) = 400, uniformly in 2 € 2, where F(z,t) fo z, s)ds.

(f3) There is an odd increasing homomorphism ¢ € C*(R,R), and constants ¢y > 0, § > 0 such that

coq(t)t < f(z,t)t < gt F(x,t), for a.a. x € 2 and all 0 < [t| < 0,

_eat)t q(t)t -
1< =inf —= < =sup —~~<p<g ,
T Rem ~ ! TR
/ /
1<q —1::infq<t)t§q+—1: ¢ (1)t
>0 q(t) >0 q(t)
and it
im M:O, for all k£ > 0,
t—+o0 G(t)
where Q(t) fo s)ds is an N-function.

(f4) There ex1st n- <0 and 1+ > 0 such that
flz,my) <0< f(x,n-), foraa. ze .

Now, we can state our main result
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Theorem 1.1.  Suppose that hypotheses (Hy) and (H,) are satisfied, then problem (P) has a sequence
{tnnen € CH(2) N WEE(0) of distinet nodal solutions such that u, — 0 in C1(22) as n — oco.

To the best of our knowledge, this is the first work deal with the existence of infinitely many smooth
nodal solutions for problem (P). The main theorem of this note extends the result obtained in [1]. We would
like to mention that condition (g4) is weaker than the assumption assumed in the aforementioned reference.
The new assumption (g4) leads us to prove some important propositions (Propositions 3.1 and 3.2) to keep
all the results obtained in [1,5] valid for problem (P).

2. Preliminarie and main result

In this section, we present the main space for the study of problem (P) and some notions needed in the
sequel. The assumptions made on @ and G ensure that G is an even N-function (see [7]). Moreover, G and
its conjugate N-function G satisfy the well-known As-condition. Therefore, we can define the Orlicz space
LY(£2) as the vectorial space of all measurable functions u : 2 — R such that p(u) = [, G(|u(z)]) dz < co.

Definition 2.1. On the Orlicz space LZ(£2) we define the Luxemburg norm by the formula
. U
lull () = 1nf{)\ >0 p(3) < 1}.
In our case, the space LG(Q) is a separable reflexive Banach space under the above Luxemburg norm.

Now, from the Orlicz space L% (2), we define the Orlicz—Sobolev space W (£2) by

W€ () = {u e LY(): g—“ e LY(), i= 1,...,d}.

Lq

Here, the space W1 (£2) is a Banach space and it inherits the separability and reflexivity from the space
L%(£2) with respect to the norm

ul| = inf{)\ >0 zc(g) < 1},
where

IC(u):/QG(|Vu(x)|)dx+/QG(\u(x)|) dx. (2.1)

Next, we mention the following optimal fractional Sobolev inequality introduced by A. Cianchi [8]. The
optimal N-function for embedding theorem is defined by

G.(t) = G(M~Y(t)), forallt>0, (2.2)

M(t) = (/Ot (G‘(SS)>H ds) i , forall £ > 0. (2.3)

The optimal embedding is the next result [8].

where

Theorem 2.2. Under the assumptions (g1) — (ga), the continuous embedding W () < LG (12) holds,
where G, is defined in (2.2). Moreover, for any N-function B, the embedding W4C(2) — LB(12) is compact
B(kt)

if and only if limy—, 4 oo oo = 0, for allk > 0.

The above result is optimal in the sense that if the embedding holds for an N-function B, then the space
L%+ (£2) is continuously embedded into LZ(£2).

In the following lemma, we give some properties of the N-function and the relationship between the norm
of the Orlicz—Sobolev space and its module.
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Lemma 2.3. (see [9]) Let B(t) := lt‘ b(s)ds be an N-function such that b € C* (0,+00) and

_ b(t)t b(t)t
1<b 1nf—<b+:su—<+
20B() i Bl

Then
(1) min §#* tb+} B(z) < B(tz) < max {tb_ tb+} (2), forallt,z>0.
(2) min { [[u]%, ||uH(B)} plu) < maX{HuH(B), ||u||(B } for allu € LB ().

(3) min { Jull* ul*} < f, B(Vu(@))dz + [, Bu(@)]) dz < max {|lul®", [ul" }, forall u ¢
WLB().

B(t
<

Let u,v : 2 — R be two measurable functions such that u(z) < v(z) for a.a. x € £2, then we introduce the
order interval [u,v] = {y € WHC(02) : u(z) < y( ) <v(z) for a.a. x € 2}. Recall that C'(£2) is an ordered
Banach space with a positive order cone Cl )y = {u € CY(R2), u(z) >0 forall x € ﬁ}. This cone has a
nonempty interior given by int(C(2) {u € CY(2)4, u(z) >0 for all z € 2}.

3. Proof of the main result

First, we give some important properties of the optimal N-function G, which will be useful in the proof
of Theorem 1.1.

Proposition 3.1. Under the assumptions (g1) — (g2) and (ga) the following inequality holds
min {tg;,tgj} G«(z) < Gi(tz) < max {tg:,tgj} G.(2), forallt,z>0,

- +
where g, = dd_gg_ and g7 = d‘ig?.

Proof. According to the definition of M(t) (see (2.3)), for all ¢ > 0 and z > 0, we have

v ([ (ai) ™) - ([ ()™ )

Using Lemma 2.3-(1), for all 0 < ¢ < 1 and z > 0, we obtain

d—1 d—1
1 e d_1 ot_1 1 e
d—1 i ts a-1 (T*QT> /Z< s )dl
M(tz) <t 4 _— d =1 d
= </ (76w) > o \Gw) @
_qt
— 5 M(2)
and
N NS
_ z a—1 a—1_g -1 z a1
itz ([ (o)) T ([ () e
0 t9 G( ) 0 G(S)
— 5 M(2)
Thus, - .
S M(2) < M(t2) < "4 M(2), forall 0 <t < 1 and all z > 0. (3.4)

4
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By the same way, we get

dfg+ d—g—

t—d M(z) < M(tz) <t~ d M(z), forallt > 1 and all z > 0. (3.5)

By (3.4) and (3.5), it follows that

Co(t)M(z) < M(tz) < (1(t)M(z), forallt,z>0, (3.6)
where e s ek
Co(t) = min {tf,tdg} and (1(t) = max {tdg,t K } . (3.7)

Putting in the inequality (3.6) 7 = M(z) and x = (o(t) that is, z = M~Y(r) and t = ¢; *(k), we get
kT < M (¢ (k)M ~1(7)). Since M~ is non-decreasing, we infer that

M~ (k) < ¢ (k)M (7), for all k,7 > 0. (3.8)
Similarly, putting in (3.6) 7 = M(z) and & = (;(t) that is, 2 = M~'(7) and ¢ = ¢; *(k), we obtain

GCHRE)M () < MY (kT), for all k,7 > 0. (3.9)
From (3.7), (3.8) and (3.9), it yields that

d d

_d  _d_ _d  _d_
min {tdg ,td—gt }Ml(z) < M7Y(tz) < max {tdg ,td—gt }Ml(z), for all ¢,z > 0. (3.10)

From Lemma 2.3-(1), we deduce that

min {tg;,tgj} G.(2) < G.(tz) < max {tg;,tgj} G.(z), forallt,z >0

O

where g, = ddg and g =

The function G, inherits the As-condition from the function G. Indeed, we have the following property.

Proposition 3.2.  Under the assumptions (g1) — (g92) and (ga) the following inequality holds

g«(1)t
NG

G, satisfies the /\y-condition and

t
<gl, forallt>0, where G.(t) = / g« (s)ds.
0

m1n{|u||9 o ||uH(G* } / Gi(u)dr < max{||u|| Gy ||uH(G* }, for allu € LY (12).

Proof. From Proposition 3.1, we have
195 G (2) < Gu(tz) < 9 Go(2), forallt,z> 1, (3.11)
and .
19« Gu(2) < Gi(2) < 19+ Gi(2), forall z > 0. (3.12)

Putting together (3.11) and (3.12), we find
- - + +
19+ — 19+ G.(tz) — Gu(z) _ t9+ — 19+
—G.(2) < <
=1 G- s t—1 T

5

G.(z), forallt,z > 1. (3.13)
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Passing to the limit as t — 1 in (3.13), we deduce that

~_g«(2)2
Gy < G (2)

< g, forall z >0, where G,(z) = / g« (s)ds.
0

Hence, G, satisfies the As-condition and

min{||u||?a*), [l |7 () } / Gi(u)dr < max{||u|(gé*), ||u||(G* } , for all u € LY*(2).

Thus the proof. O

Remark 3.3. From Propositions 3.1, 3.2 and Theorem 2.2, all the results obtained in [1,5] are valid for
problem (P) with the new assumption (g4). In particular, from [1, Theorem?2.20], we have

0+# S Cint (C'(2);) and 0 #S_ C —int (C*(2)4) . (3.14)

Here, S; := {u: w is a non-negative solution of (P)} and S_ := {u: w is a non-positive solution of (P)}.
Moreover, by [1, Proposition 4.5], we have that problem (P) admits a smallest positive solution u* €
int (C1(£2)4) N[0,m4] and a biggest negative solution v* € —int (C*(£2)) N [7—,0].

Proof of Theorem 1.1. Let p > max{—n_,n+}. Then [n_,n4] C [—u, p]. Let () € C(R) be an even
function such that

0<¢(t) <1, £| =1 and supp(¢) C [—u, . (3.15)

1]

Using the function £(+), we define a Carathéodory function f:2xR—>Rby
f(x, t)=&(t)f(z,t) + (1 —&(@1))q(t), forallz € 2 andallteR (3.16)
where ¢(t) is defined in (f3). From (3.15)—(3.16) and hypothesis (f;), we have

]?(ac7 )‘ = f(x, )| for all z € £2, (3.17)
[r—m+] [n—m+]

‘f(a:,t)) <C(1+q(lt]) foraa. ze 2, allteR where C > 0. (3.18)

Now, we consider the following Robin problem

{ —div(a(|Vu(@)|)Vu(x)) + a(u(@)Ju(z) = f(z,u(@)), e (R)
a(|Vu(@)|) 242 + b(a) u(x) [ *u(z) = 0, x €012,
Let F(x,t) = [3 f(x,5)ds and define the energy J : Wh(Q2) — R by
1 P [l 1,
J(u) = K(u) + , /89 b(x)|ul"dy — /Q F(x,u)dz for all u e WhHY(02).

We know that J € C* (W19(2),R). Moreover, J is even and coercive (see (3.17) and recall that ¢* < g7).
It follows, by [10, Proposition 5.1.15, p. 369], that J is bounded from below and satisfies the Palais—Smale
condition. So, J satisfies hypothesis (A;). It is remain to verify that J satisfies hypothesis (As) of [6,
Theoreml1].
To this end, we consider V'C W1 (£2) as a finite-dimensional subspace. So, there exists o € (0, 1) small
such that
weV, lu| <o = |u(x)| <4 foraa. ze (3.19)

6
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where § > 0 is defined in hypothesis (f3). Let u € V such that ||u|| = ¢. From (3.17)—(3.19), hypothesis (f3),
Theorem 2.2 and Lemma 2.3, we deduce that

1 _
I < K+ [ by -G [ Quiw)is
P Jag av Jo
-1 qa . - +
<+ /6 oy = Co i { g g }
_1 -
<|lul)? + 50b01||u||p — COCQZ_+|‘U||q+ (since all norms are equivalent on V), (3.20)

for some Cj, C1, Co > 0. Since g7 < p < g~, we can choose ¢ € (0, 1) even smaller if necessary such that
J(u) <0 for all w € V with [Jul| = e. (3.21)

It follows that sup {J(u) : u €V, |lul]| = o} < 0. So, we conclude that J satisfies hypotheses (A1) — (A2) of
Theorem 1 of Kajikiya [6]. Then, there exists {u, }neny C Ky = {u € Wh9(2), J'(u) =0} such that

u, — 0in WHE(02). (3.22)
From [5], there exist o € (0,1) and C5 > 0 such that
u, € CH*(02) and [unllgrag) < Cs, for alln € N. (3.23)

The compact embedding of C*(§2) into C1(£2) (see [11]) and (3.22)—(3.23) imply that u, — 0 in C'(£2).
Thus, there exists ng € N such that u,, € [n_,n.] N [v*,u*] N CL(2), for all n > ng. Tt follows, by (3.17),
that {uy}n>n, are nodal solutions of (P). This ends the proof of Theorem 1.1. O
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