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Abstract

In this paper, we study three-dimensional Kirchhoff equations with critical growth and
singular nonlinearity. We are concerned with the qualitative analysis of solutions to
the following nonlocal problem

—(a+b/ |Vu|2dx> Au=)u"" +u’, in Q,
Q

u >0, in Q,
u=>0, on 0£2,

where © C R3 is a bounded domain with smooth boundary,0 <y < 1,and a, b, A
are positive constants. By combining variational methods with some delicate decom-
position techniques, we obtain the existence of two positive solutions in the case of low
perturbations of the singular nonlinearity, namely for small values of the parameter A.
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1 Introduction and Main Result

In this article, we consider a class of Kirchhoff-type equations with critical growth
and singular nonlinearity including the following important prototype:

—<a+b/ |Vu|2dx> Au=ru"? +u’, in Q,

Q

u >0, in Q, (1.1)
u=0, on 02,

where Q C R3 is a bounded domain with smooth boundary, 0 < y < 1, a, b, A are
positive constants.

In recent years, a great attention has been focused on the study of singular elliptic
problemslike (1.1),see[2,3,6,7,9,13-15,18,21,22,26, 28,29, 34, 35] and references
therein. This type of problems is related with a model proposed by Kirchhoff [20] in
1883 as an extension of the classical d’ Alembert’s wave equation for free vibrations
of elastic strings. More precisely, taking into account the change in length of the string
produced by transverse vibrations, Kirchhoff studied the following model

uy — (a+b [o |[VulPdx)Au = h(x,u), in Qx (0, 7),
u=>0, on 02 x [0, T],
u(x,0) =up(x), u;(x,0) = u(x),

where the function u denotes the displacement, the nonlinear term A (x, ) denotes
the external force, while the parameter a denotes the initial tension and the param-
eter b is related to the intrinsic properties of the string (such as Young’s modulus).
For more details of the physical background of the Kirchhoff equation we refer the
reader to [3] and references therein. The driving force for the singular nonlinearity in
Eq. (1.1) with y € (0, 1) arises in several physical models such as fluid mechanics,
pseudo-plastic flows, chemical heterogeneous catalysts, non-Newtonian fluids, bio-
logical pattern formation, as well as in the theory of heat conduction in electrically
conducting materials; for more details about these subjects, we refer to [10, 12,27, 32].
On the other hand, the motivation for the critical nonlinearity arises in some variational
problems in geometry and physics where the lack of compactness occurs, such as the
Yamabe problem, isoperimetric inequalities, Hardy-Littlewood-Sobolev inequalities,
trace inequalities, Plateau problem, H-systems, Yang-Mills-Higgs systems, immersed
minimal surfaces problem and so on, see [4, 30, 36]. As for combined effects of sin-
gular and critical nonlinearities, there are a lot of works since the seminal paper of
Crandall-Rabinowitz-Tartar in [8] with singular nonlinearity, for example, the exis-
tence of multiple solutions for Eq. (1.1) without Kirchhoff term was investigated in
[16], by using the variational methods and the Nehari method. Our goal in this paper
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is to employ some novel decompositions to study the existence of multiple solutions
for Eq. (1.1) in the Kirchhoff setting.
Eq. (1.1) has a variational structure given by the functional:

a 2 b 2 ?
I(u) == | |Vul|"dx + - |Vu|“dx
2 Ja 4 g

1 A
—-/ |u|6dx——/ lul'""dx (1.2)
6 Ja -y Ja

foru € H(} (£2). Due to the singular term #~" (0 < y < 1) contained in Eq. (1.1), the
functional / is only continuous in HO1 (£2). A possible way to deal with such problems
is to use the critical point theory for nonsmooth functionals, which has been rigorously
developed; see [5, 17, 19, 24]. In this paper, we apply another approach, namely the
Ekeland variational principle [11], which has extensive applications, in particular it
was used to give a short proof of the famous Mountain Pass Lemma [1] even for
nonsmooth functionals (see [31] and references therein).

Besides Eq. (1.1), we would like to consider the following more general Kirchhoff-
type equation:

—M([q |Vul?dx)Au = )u™" +u3, in Q,
u >0, in €, (1.3)
u=020, on 0%2.

Clearly, if M (s) = a + bs, Eq. (1.3) reduces to Eq. (1.1).

In this paper, we impose the following assumptions on the Kirchhoff function M:
(M) M e C'(R*T,Rt), M(s) > a > 0, a is a constant, M (s) is increasing in s;
(Ma) 2M (s) = sM’(s), and lim_, 4 oo MS © =0
(M3) M(s)— %sM(s) > 25‘—S, and %(M((s) — %sM(s)) is nondecreasing in s, where

M(s) = [y M(1)dt.
Obviously, the simple example M (s) = a + bs? with1 <0 < 2,a,b > 0, satisfies
the above conditions.

Eq. (1.3) has also a variational structure given by the functional

Ik(u)le (/ |Vu|2dx>—l/ |u|6dx—L/ u'Vdx  (1.4)
2 Q 6 Jo -y Ja

forall u HO1 ().

Notice that 6 is the critical Sobolev exponent for a domain € in R3. In their cel-
ebrated work [4], followed by enormous papers, Brézis and Nirenberg studied the
following semilinear equation with critical growth

Au+ Au +u? ! =0, in 2,
u >0, in Q, (1.5)
u=>0, on 0%2,
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where Q@ € R (N > 3)is a bounded domain with smooth boundary, 2* = 2N /(N —
2) (2* = 6 for N = 3) is the critical Sobolev exponent, 0 < A < Ap, and A; is the
first eigenvalue of the Laplacian operator in €2. It turns out that there exists a threshold
value, only below this threshold value the functional associated with the problem (1.5)
satisfies the Palais-Smale condition. Furthermore, the threshold value is related to the
energy of solutions for the limit problem

—Au=u>"! in RV,
u>0, in RV, (1.6)

u(x) — 0, as |x| — oo,

which is satisfied by the so-called bubble solutions.

Due to the nonlocal property, the limit problem for the Kirchhoff equation (1.3) with
critical growth is a system of coupled equations, satisfied by the weak limit function
and the bubbles (see the system (2b) of Lemma 2.5 below). Since M is an abstract
function in our paper, it is more difficult than problem (1.1) to determine the threshold
value of the energy functional.

In this article, the nonlocal term M ( fQ |[Vu|?dx) causes a serious difficulty in
determining the threshold value. To overcome this tricky difficulty, by a concentration-
compactness analysis on the Palais-Smale sequence, we decompose the bounded
Palais-Smale sequence, and by decomposing the energy functional (see (3.10) below),
we find an exact threshold value (see (3.7) below) and prove that the functional 7,
(I, is defined in (1.4)) satisfies the Palais-Smale condition under the threshold value.
Finally, we estimate the critical value level of the energy functional, it is just the
threshold value that we found. To the best of our knowledge, this paper uses for the
first time the above decomposition techniques to deal with Kirchhoff-type problems.

Our main result establishes the following multiplicity property in the case of small
perturbations of the singular term.

Theorem 1.1 Assume that (M) — (M3) hold, then there exists L, > 0 such that for
0 < A < Ay, problem (1.3) has two positive solutions.

Remark 1.1 (i) In[21], the authors proved the existence of two positive solutions for
problem (1.1), one being a local minimizer, the second one being a Mountain-
Pass type solution. However, we point out that the Mountain-Pass type solution
cannot be obtained. The reason for this is that, they cannot estimate accurately
the threshold value of the energy functional / since we found that the accurate
threshold value of the energy functional / is not

b L
’522%53 _S6+ b2S4 + 448 +_ b2S54 + 4a8 — T+y

where D > 0 is a constant. Indeed, from Lemma 3.3 in [21], we notice the
following key inequality

16(1—y)—(1-p)?
B(tsve) < —Cae 64 ,
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where constant C» is dependent on the parameter «. Since « — 0, we have
C> — 0. As aresult, it leads to an inability to prove that the critical level value
of I is below ¢. Therefore, the perturbation approach in [21] becomes invalid to
obtain the Mountain-Pass type solution. In this sense, Theorem 1.1 is the first
contribution to obtain the existence of two positive solutions for problem (1.1).
Moreover, in this paper we take a quite different approach from that of [21].

(ii) In the equation (1.3), since the singular term u~7 has a low order growth, which
makes estimations of the critical value level of energy functional more difficult.
Therefore, in this paper, we shall give some new estimates so that problem (1.3)
has at least two positive solutions. We believe that our methods can be applied to
seek the existence of two positive solutions for the other elliptic problems when
the energy functional involves critical and low order growth (below second order),
for example:

e Critical and concave-convex nonlinearities:

—M([o, |VulPdx)Au = )ud~" +u’, in Q,
u>0, in Q,
u =0, on 0€2,

where 1 < g < 2.
e Nonhomogeneous and critical nonlinearities:

—M([q |VulPdx)Au = A f(x) +u°, in Q,
u >0, in Q,
u=0, on 082,

where f € L$(Q), f > 0.

This paper is organized as follows. In Sect. 2, we develop the concentration-
compactness analysis and we establish the concrete Palais-Smale condition. In Sect. 3,
we demonstrate the threshold value and conclude Theorem 1.1. In Sect. 4, we give
two lemmas in the Appendix.

Throughout this paper, we use the same character C to denote several positive
constants. Denote u4 := max{0, #} and u_ := min{0, u}.

We refer to the monograph [25] for some of the abstract methods used in this paper.

2 Concentration-Compactness Analysis

In this section we first recall some concepts adapted from the critical point theory
for nonsmooth functionals, especially the concept of concrete Palais-Smale sequence
(CPS sequence in short). Then we make concentration-compactness analysis on the
CPS sequences of the functional 7). The results will be used to deduce the system
of coupled equations satisfied by the weak limit function of a CPS sequence and the
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bubbles, and to prove the existence of the local minimizer and the Mountain-Pass type
solution in the next section.

Let (X, d) be a complete metric space, f : X — R be a continuous functional in
X. Denote by |Df|(u) the supermum of § in [0, co) such that there exist » > 0 and a
continuous map o : B, (u) x [0, r] satisfying

flo, 1) < f(v) —6t,

do(v,t),v) <t 2.1

for (v,t) € B, (u) x [0, r].

A sequence {u,} of X is called Palais-Smale sequence of the functional f, if
|IDf|(up) — 0 asn — oo and f(u,) is bounded. In this paper, however, we use
another concept instead, namely the so-called concrete Palais-Smale sequence for our
functional [,. Since we are looking for positive solutions of the equation (1.5), we
consider the functional 7 as defined on the closed positive cone P of H(} ()

pP= {u|u € Hl().u(x) 20, ae.x e sz} . 2.2)
Evidently, P is a complete metric space and [, is a continuous functional on P. We

first introduce the following definition.

Definition 2.1 Define the concrete weak slope of the functional I, at u € P, denoted
by |d I |(u), by the infimum of ¢ > 0 such that

A/ uw?’(—udx <M (f |Vu|2dx>/ VuV @ — u)dx
Q Q Q

—f w (v —u)dx + ¢llv — ul (2.3)
Q

for all v € P. If there is no such a number ¢, we understand |d 1, |(u) = +oo. In
particular, a sequence {u,} of P is called a concrete Palais-Smale sequence of the
functional I, if |dI, (u,)| — O and I, (i) is bounded. The functional I, is said to
satisfy the concrete Palais-Smale condition at the level c, if any concrete Palais-Smale
sequence {u,} with I) (u,) — c possesses a convergent subsequence.

It turns out that if | DI, |(u) < 400, then u=V¢ € L'(Q) for any ¢ € HO1 (2) and
it holds that

k/ uVw—udx <M (/ |Vu|2dx>/ VuV(v —u)dx
Q Q Q

—/ u (v — u)dx + | DL | (u)llv — ul|
Q

for v € P. Soin general |d1,|(u) < |DI,|(u). We have the following lemma.

Lemma2.2 Ifu € P, |dI,|(u) = 0, then u is a weak solution of problem (1.5), that is
u=v¢ e LNQ) for all ¢ € Hy(Q) and it holds that
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M(f |Vu|2dx)/ VuVedx =/ u5<pdx+k/- uVodx. 2.4)
Q Q Q Q

Proof By the definition of |d I, |(u) = 0, we have

)L_/ uw?’(—udx <M (/ |Vu|2dx>/ VuV (@ — u)dx
Q Q Q

—f w (v — u)dx (2.5)
Q

forv € P.For ¢ € Hé (), s € R, taking v = (u + s¢)+ € P as test function in
(2.5), one has

o<Mm (/ |Vu|2dx> f VuV((u + s¢)+ —u)dx
Q Q

—/ 1w ((u + s@)4 — u)dx — )»f uV((u+s@)y —u)dx
Q Q

<s |:M (/ |Vu|2dx>[ Vquodx—/ us(pdx —k[ u”gz)dxi|
Q Q Q Q
—sM (/ |Vu|2dx>/ VuVdx.
Q {u+sp<0}

Since Vu = 0 for a.e. x € Q with u(x) = 0 and meas{x € Qu(x) 4+ s¢p(x) <
0,u(x) >0} > 0ass — 0, we have

/ VuVedx = / VuVedx — 0 ass — 0.
{u+sp<0} {u+sp<0,u>0}

Therefore

0<s [M </ |Vu|2dx>f VuVedx —/ us(pdx — )L/ u_dex] + o(s)
Q Q Q Q

as s — 0. We obtain

M(/ |Vu|2dx>/ Vqupdx—/ uswdx—A/ uVedx > 0.
Q Q Q Q

By the arbitrariness of the sign of ¢, we obtain

M(/ |Vu|2dx>/ Vquodx—/ uswdx—A/ uVodx =0
Q Q Q Q

forall ¢ € H(} (£2). The proof is thus complete. O

Lemma 2.3 Any concrete Palais-Smale sequence of I, is bounded in HO1 ().
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Proof Let {u,} C HO1 (2) be a concrete Palais-Smale sequence of [, namely,
|dI,|(u,) — 0, I (up) — c as n — oo. By the definition of |d 1, |(u,), we have

)L/ u, (v—uy)dx <M </ |Vu,,|2dx>/ Vu,V(v — u,)dx
Q Q Q
—f MZ(U —up)dx + |d L (up)llv —upll.  (2.6)
Q
Taking v = 2u,, € P in (2.6), we have
x/ uy Vdx < M(/ |Vun|2dx)f |Vitn |2dx
Q Q Q
- /Q uSdx + 1d 1| ()l . @.7)

By (M3), we obtain

1 1 1
L) 4 = |d I | (un) |un || = =M f |Vun|*dx ) — - M f Vi, |*dx
6 2 Q 6 Q
2 1 1 I—y
X | Vuyl“dx — | —— — = ) A [ u, "dx
Q -y 6 Q
a _
> guunn2 — CMlun |7, (2.8)

which implies that {u,} is bounded in HO1 (2) since 0 < 1 — y < 1. Thus, the proof
is complete. O

To make the concentration-compactness analysis, we introduce the dilation group
D inR?

D = {ga,y|go,yu(') = G%U(U(' —¥), Y€ RS, o € R+] . 2.9)

The dilation g in D is an isometry in both L®(R?) and ©® = D"?(R?), the completion
of Cgo (R?) with respect to the norm

1

2 2
lello = (/ Vol dx) :
R3

Let {u,} C P be aconcrete Palais-Smale sequence of the functional 7, . By Lemma
2.3, {u,} is bounded in HOl (€2). By Theorem 3.1 and Corollary 3.2 in [33], {u,} has a
profile decomposition

=+ ) kUi + 1. (2.10)
keA
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where u € Hj (), Ux € D, gnk = Zoysys € D> Ok > 0, yuk € 1y €D, Ais
an index set, satisfy:

(1) up—u in HH(Q), g;}{un—\Uk in®,asn — 00,k € A;

(2) guk—0inD*, g 1 gu—0inD* asn — oo, k.l € Ak #1;
B3) Nunllzy = lulzy + Xen 1Ukl% + llralz +o(1), as n — oo;
4) r, — 0in LO(R?) and

/ugdx =[ u6dx+Z/ |Ui|%dx + o(1), asn — oo.
Q Q R3

keA

Here for a sequence {g,} of D, we say g,—0 in ©*, if for all v € ©, g,v—0in D.
Moreover since {u,} is bounded in H(} (2), wehave 0, y — cocasn — 00,k € A.

We deduce the system of coupled equations satisfied by the weak limit function u
and the bubbles Uy, k € A.

Lemma 2.4 Let {u,} be a concrete Palais-Smale sequence of the functional I, A, £

Jo IVu?dx — Aasn — oc.

(1) Assume u,—u in H(} (R2), then u satisfies the equation:
M(A)/ VuVedx :/ u5<pdx+,\f u=pdx, for e Hj(Q). (2.11)
Q Q Q

(2) Let gy = go,,y, € D, 0y — 00, asn — 00, y, € Q. Assume i, = gn_lun—\U #
0in ®. Then U satisfies the equation:

M(A)/ VUV¢dx =/ Updx, forp e®D. (2.12)
R3 R3
Proof (1) By the definition, u,, satisfies the inequality (2.6), namely
X/ u, " (v —up)dx <M (/ |Vu,,|2dx>/ Vu, V(v — uy)dx
Q Q Q
—f 4 (v — w)dx + |d L] ()l — u|
Q

forv € P. For ¢ € P, taking v = u, + ¢ as test function in (2.6) and letting
n — oo, by Fatou’s lemma, we obtain

A/ updx < M(A)/ VuV(pdx—/ wWodx, forg € P.  (2.13)
Q Q Q

Denote u! = min{u,, T}, T > 0. Taking v = u,, — ul € P as test function in
(2.6), we have
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—k/ u[yu,{dx <-M (/ |Vun|2dx>/ VunVu,{dx
Q Q Q

+/ wuldx +|d 1| (uy) |ul ||
Q

Taking the limit n — oo first, then T — o0, we obtain

—x/ u'"vdx < —M(A)/ |Vu|2dx+/ udx. (2.14)
Q Q Q

It follows from (2.13) and (2.14) that

k/ u V(o —u)dx < M(A)/ VuV(go—u)dx—/ uS(go—u)dx, forp € P,
Q Q Q

which implies the equation (2.11), as in the proof of Lemma 2.2.
(2) Denote

dp = o,dist(yy,, 092).

We first assume d, — oo. Let o > 0, ¢ € Cgo (R3). For n large enough, g,¢ €
C(‘)>O (2). Taking v = u,, + gn@ € P as test function in (2.6) and making a variable
change

Yy =0n(x — y).
Setu, = gn_lun. In view of

1
-1 -2 -1
8y, Un = Oy 2’/ln((Tn - +x,)

we see that
, _1
Vg, up =oy 2 —Vu,.
Opn
Consequently, let o, (x — x;,,) = y, we have

1 i 1
/ Vu,V(g,p)dx = f 0,02Vg, Y02 onVo—dy
R3 o

Qn n

:/ Vgn_lu,,Vgodx

n

= f Vii, Vodx,
o

5 1

51 y 1
/ 0y gnpdx =/ o (On 2ty (= + x2))’ gap(x) —dy
R3 Q, 0 0,

n n
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5 _1 y 1 1
= / o (On “un(— +xn))50n2(/’(y) 3dy
Q, g, (o2

n n
~5
= / u,pdx.
Qn

Then, we get

1,5 _ ~
Aoy, 2772 / Wy pdx <M (/ IVunlzdx>/ Vi, Vodx
Q, Q Q2

_/Q ipdx + d 1] ) |, (2.15)

where
Qy = {yly R x=0,y+ye Q}

Taking the limit n — oo, we have
0< M(A) /R3 VUVedx — /R3 Udpdx, for ¢ € CR?), ¢ > 0.
By a density argument, we obtain
0< M(A)/ VUVVdx — f U’Vdx (2.16)
R3 R3

forVe®,V>0.
Taking pg > 0, pg € C(‘)’O(R3) such that

pr =1, for |x| <R,
pr =0, for |x| > 2R,
|Vor| < 2.

Taking
v = gn(ln — () Qr) = un — gu (@) 9r) € P

as test function in (2.6) and making a variable change, we have

1

_ 1,5
—ha, 22 f i (i) prdx < —M < / |wn|2dx) + / i (i) prdx
Qll QVL QI’L
Hd L ) | @) or]l- (2.17)
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Notice that
/ 0 @) ordx — f U 77UTgrdx < 400, asn — o0o.

Q R3

Letting n — oo in (2.17) first, then T — 0o, R — 0o, we obtain
M(A)/ |VU|2dx—/ U®dx < 0. (2.18)
R3 R3
It follows from (2.16) and (2.17) that
0< M(A)/ VUV(V — U)dx —/ U>(V — U)dx, forVe®, V>0,
R3 R3

which in turn implies (2.12) in a similar way as we prove Lemma 2.2.
Finally, we assume

~

iy = g, 'uy—U in D and d,, = o, dist(y,, Q) — d < +0oo.

Without loss of generality we assume d = 0. In this case we can prove that U satisfies
U =0inR*\R3 and

M(A) /3 VUVVdx = / U’Vdx, for V.e®,V >0,V =0in R*\R3.
IR‘+ R

3
T

By the uniqueness theory for positive solutions of equation (1.6) (see [23]), U = 0 in
R3, which is a contradiction. Hence the proof is complete. O

Next we continue to make the concentration-compactness analysis on concrete
Palais-Smale sequences.

Lemma 2.5 Let{u,} be a concrete Palais-Smale sequence of the functional I,. Assume
the profile decomposition (2.10) holds, namely

Up =u + Zgn,kUk +ry.
keA

Then the following conclusions hold:

(1) The index set A is finite, say A = {1,2, ..., N} (A may be empty if N = 0).
(2) There exist Vy € ® and gn € D, k = 1,2, ..., N such that 2a) Uy = gu.xVn,
k =1,2..., N and the profile decomposition (2.10) reduces to

N
Un :u+zgn,kVN + . (2.19)
k=1
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(2b) u and Vy satisfy the system

M([q |Vul?dx + N [p3 |VVy[2dx) [q VuVedx = [ow’ + Y )dx, ¢ € HL(Q),
M([q |Vul?dx + N [p3 |VVy[2dx) [gs VVNVdx = [p3 Vigdx, ¢ € D.

(2¢) There holds that

Jo |Vup?dx = [ |[Vul?dx + N [53 |VVy|2dx + o(1),
Jo ubdx = Jo uldx + N [g3 V;\S,dx +o(1), as n — oco.

Proof (1) By Lemma 2.4, we have the system

[M(A) Jo VuVedx = [ u’pdx + 1 [qu™" pdx, ¢ € H} (), 2.20)

M(A) [ps VUVodx = [ Ulpdx, ¢ € D, k € A,

where A = lim,,_, fQ |Vun|2dx. Taking ¢ = Uy as test function in the second
equation of (2.20), by (M) we have

3
a/ |VU|2dx < M(A)f |VUk|2dx=/ Ubdx < §73 (/ |VUk|2dx> ,
R3 R3 RN R3

where S is the Sobolev constant for the embedding ® < L®(R?). Hence
2 1.3
VU |“dx > a28§2. (2.21)
R3

By the property (3) of the profile decomposition (2.10), A is a finite set, say
A={1,2,..,N}

(2) By the uniqueness theory of the positive solutions of equation (1.6) (see [23]) and
the second equation of (2.20), there exist Vy € ®,and g, x € D,k =1,2,..., N
such that Uy = g,.x Vn and Vy satisfies

M(A)/ VVyVdx =/ Vypdx, €D,
R3 R3

and

N

Up = u + Zgn,kVN + ry,
k=1

and so (2a) is proved. Since u, satisfies the inequality (2.6), namely
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A/ u, " (v —up)dx <M (/ |Vun|2dx>/ Vu,V(v —u,)dx
Q Q Q

- fQ uS (v — wn)dx + 11 @) v —

for v € P. Taking v = 2u, and v = 0 as test function in the above inequality
respectively, it yields that

‘M(f |Vun|2dx>f |Vun|2dx—/ ugdx—kf u,ll_ydx
Q Q Q Q

< [d | (un) |unll = o(1). (2.22)

By (2.20), there holds

M(A) [o |VulPdx = [qubdx + A [qu'~7dx, 2.23)
M(A) [p3 IVUrPdx = [ps Ubdx, k € A, '
By the property (4) of the profile decomposition (2.10), one has
N
/ ubdx =/ udx + Z[ Ubdx + o(1). (2.24)
Q Q i VR

Notice that

/|Vu,,|2dx—>A, /u},_ydx%/ulfydx
Q Q Q

as n — oo. It follows from (2.22), (2.23) and (2.24) that

N
/|Vun|2dx=/ |Vu|2dx+2/ VU dx + o(1). (2.25)
Q Q o VR

Finally since g, x € D,k = 1,2, ..., N are isometry in both LO(R3) and D, we
have

/|VUk|2dx:/ [V Vy|?dx,
R3 R3

and

/V,fdx:/ vidx,
R3 R3
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where k = 1,2, ..., N. Hence, from (2.24) and (2.25), we obtain

fqun|2dx=/ |Vu|2dx+N/ IVVy|2dx + o(1),
Q Q R3

and

/ugdxzf u6dx+N/ Vidx 4 o(1)
Q Q R3

as n — 00, and hence (2c) is showed. In particular,

A= lim [ |Vu,|dx =/ |Vu|2dx+N/ |V Vy|2dx,
Q Q R3

n—oo

and u, Vy satisfy the system (2b). This finishes the proof. O

3 Threshold Value and Multiple Positive Solutions
In this section, we determine the threshold value, below which the functional 7, sat-
isfies the concrete Palais-Smale condition. Then we apply the Ekeland’s variational
principle to obtain a concrete Palais-Smale sequence at the Mountain-Pass level, and
show that this level is less than the threshold value. Consequently, we can prove the
existence of a Mountain-Pass type solution and a local minimizer.
Assume that {u,} is a concrete Palais-Smale sequence of the functional 7, and the
profile decomposition (2.19) holds, namely
N
Uy, =u+ Zgn,kVN + 1.
k=1

By Lemma 2.5, we have
lim I (up)
n— oo
1 A
=-M (/ |Vu|*dx +N/ |VVN|2dx) ———— | u'ax
2 Q R3 -y Ja
1 6 6
3 (/Qu dx + N - VNdx>
1 2 2 1 1 1-
=-M |Vu|°dx + N IVVnIFdx | = —— — = ) A | u' Vdx
2 Q R3 l—y 6 Q
1
——M(/ |Vu|2dx+N/ |VVN|2dx) </ |Vu|2dx+N/ |VVN|2dx>.
6 Q R} Q R3

3.1
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Here we have used the fact that,

M(/ |Vu|2dx+N/ |VVN|2dx>/ |Vu|2dx=/u6dx+xfu‘—ydx,
Q R3 Q Q Q

and

3
-3 2 _ 6
S </RS IVVyl dx) _/RB VSdx

=M(/|Vu|2dx+Nf |VVN|2dx>/ IVVy|?dx. (3.2)
Q R3 R3

Using the following lemma, we can solve the equation (3.2) for fR3 |VVy |2dx.

Lemma3.1 Given s > 0, the equation M(s + Nt) = S73t* has a unique posi-
tive solution t := Fy(s). The function Fy is continuously differentiable. Moreover,
Fn(s) = F1(0) := T, where T is the unique positive solution of the equation
M(t) = S73%

Proof By (M>), we deduce that the function

L M(s +Nt)  M(s+ Nt) (s + N1)?
g( 7S) - t2 - (S +Nt)2 tz

is strictly decreasing in ¢, and
lim g(,s) =0, lim g(t,s) =+o0.
t——+00 t—0+t

Hence there exists a unique ¢ > 0, denoted by Fy (s), satisfies the equation g(¢, s) =
S73, that is,

M(s + Nt) = S73¢2.
Since M is a continuously differentiable function and
d 1 ,
Eg(t’ s) = ﬁ(NtM (s 4+ Nt) —2M(s + Nt)) < 0,

so the function is t = Fy (s) by the implicit function theorem. Finally by (M), for
t = Fn(s) we have

M(T) 5 M(s+Ni) _ M@)
= S = >

and by (M3), it yields that Fy(s) =t > T = F1(0). This completes the proof. ]
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Using Lemma 3.1, we solve the equation (3.2) and obtain

/ IVVy|2dx = Fn </ |Vu|2dx)
R3 Q

and rewrite the formula (3.1) as follows:

1
lim I (u) = =M (/ |Vu|*dx —i—N/ |va|2dx>
n—00 2 Q R3
A

—— | u'"7dx
l—y Ja
1 6 6
—8</Qu dx + N RNVNdx>
£ Iy(u),

where

3
/ Vidx =573 (/ |VVN|2dx> =ST3F (f |Vu|2dx).
RN R3 Q

Also we rewrite the equation (in Lemma 2.5 (2b)) satisfied by u as follows:

M (/ |Vul’dx + NFy </ |Vu|2dx>>f VuVedx
Q Q Q

:/(u5+ku_y)¢dx
Q

for ¢ € HJ (Q).
Define

YN = {ulu € P, u satisfies the equation (3.5)},
un = inf{Iyu)|u € Ty}

The following lemma gives the lower bound for py.

Lemma 3.2 There exists a constant Cy (independent of N ) such that

2
UN > ND — CiAH7,

(3.3)

(3.4)

(3.5)

(3.6)
(3.7)

where D = LM(T) — %M(T)T and T as defined before is the unique solution of

the equation M(t) = §7342.

Proof Let u € Xy, then we have

M(/ |Vul’dx + NFy (/ |Vu|2dx>>/ |Vu|2dx=/ uﬁdx+x/ u'~"dx.
Q Q Q Q Q
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It follows from relations (3.2) and (3.3) that

M </ |Vu|’dx + NFy <f |Vu|2dx>> =ST3F% (/ |Vu|2dx> .
Q Q Q

Hence, by relation (3.4), we have

Iy@) = v (A) — L/ W Vax— 1 </ ubdx + NST3F, (/ |Vu|2dx>>
2 -y Ja 6 \Ja Q

_1 (.t ot 1=y, 1
= SM ) x(l_y 6)/914 dx — M (A) A, (3.8)

where A = [, [Vu|*dx + NFy ([ |Vul*dx).
Let

1 1
f(s) = EM(S) — EM(s)s.

By (M3), it follows that A S) is increasing in s. Hence we have

_ fla+Db) fla+b) fla) [l
f(a+b)—a~—a+b +b 7 za-— +b 5
= f(a) + f (D). (3.9)

In view of (3.8) and (3.9), we have

In(u) > %M (/Q |Vu|2dx> — X (ﬁ — é) /Qul_ydx
Ly </ |Vu|2dx)/ |Vul>dx + I <N]-'N (f |Vu|2dx)>
6 Q Q 2 Q
Ly <N]-'N </ |Vu|2dx>> (N;EN (/ |Vu|2dx>)
6 Q Q
£ Inw) + Gy, (3.10)
where

1 1 1
Inu) = =M /|Vu|2dx A —== /ul_ydx
2 Q l—]/ 6 Q
1
—-M (/ |Vu|2dx)/ |Vul?dx,
6 Q Q

and
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Gy(u) = %M (NfN (/Q |Vu|2dx>)
—éM <N}"N </Q |Vu|2dx>> (N;fN (/Q |Vu|2dx)). (3.11)

By (M3), (3.6) and the Sobolev embedding theorem, we obtain

-y
I A Es
‘—’/ \VulPdx —a(—— — — ) s Q) /qu|2dx
3Ja l—y 6 Q

2
> —CIAT7, (3.12)

In(u)

v

where the constant C; = C(y, a, |2], §) > 0. By Lemma 3.1, it follows that

Fn (/ |Vu|2dx> >T.
Q

Suppose N > 1, indeed, if N < 1, this means that N = 0. Consequently [ satisfies
the (PS), condition. Then

NFy <f |Vu|2dx> > NT >T.
Q

Hence by (M3) again, one has

IM(NFy ([ IVulPdx)) — tM (NFn (o IVul?dx)) NFn ([ Vul?dx)
NFn([o | Vul?dx)
IM(NT) - tM(NT)T
NT
M - tmr
T

>

>

As a result, by (M3) again, from (3.11) it follows that

NFN (fg IVul?dx)
T

Gn(u) = [%M(T) - éM(T)T}

> N BM(T) - éM(T)T} 2 ND. (3.13)

By the definition of (3.7), the estimate for uy follows from relations (3.10), (3.11),
(3.12) and (3.13)

2
un = inf{Iyw)|lu € Xy} > inf Jyw)+ inf Gy(u) > ND — C|ATHr .
UEXN UEXN

As claimed. |
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Lemma 3.3 There exists A1 > 0 such that for A < Ay, (1 (Where oy is asin (3.7)) is
achieved and 11 < D.

Proof Choose p, A1 > 0 such that

1
ap® — S35 =0, %’p —l—s**|sz| AT =0, (B.14)
-y

Assume A < A1. If u € ¥1 (21 asisin (3.6)) and ||u|| > p, then proceeding as the
proof of Lemma 3.2, we get

L) > Ji(w) + G1(u)

/|Vu|2dx— <——é> s Q) (/ |Vu|2dx>2y+D

I \/

+y

2 T 2 X tr

</ |Vu| dx) (/ |Vu| dx> —I—SfilﬁlT + D
Y

= A
= /Wulzdx Loty - 2l s |+ D
Q 3 l—y
1
6

1
ap 7V + D = ga,oz + D. (3.15)

v

Foru € P,u € ¥ and ||u|| = p, notice that

1 A 1
) = =M (/ |Vu|2dx+f1(/ |Vu|2dx>> ——/ ul—de—ff ubdx
2 Q Q 11—y Ja 6 Jo
1
—7M(/ |Vu|2dx+f1(/ |Vu|2dx)> (/ |Vu|2dx+f1(/ |Vu|2dx)>
6 Q Q Q Q
1
+—M(/ |Vu|2dx+.7-"1(/ |Vu|2dx)>/ |Vu|?dx,
6 Q Q Q

then according to (3.13) and (M7), we have

1
hw = M(/ |Vu|2dx>——/ - ydx__/ 64
6 Jo
1
—cM <f |Vu|2dx)/ |Vu|?dx
1
+-M <f |Vu|2dx+f1 /|Vu|2dx))/ |Vu|?dx
6 o o o
1 5 1 )
oM (71</Q|W| dX)) - 3M< (/ |Vul dx)) fl(/glvm dx)
A 1
= ﬂ/ |VM|2dX——/ ul_ydx——/ ubdx + D
2 Q 1—}/ Q 6 Q
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—Y
A T
f/ Vul ! /|Vu|2dx
2 Jo 1—)/
1 3
—-5*3 (/ |Vu|2dx> +D

=—p ——s—*|sz| —15—3p6+1)
2 1—y 6
1

8ap2 + D. (3.16)

v

Define
=inf{/1(u)|u € B,}, (3.17)

where B, = {u|u € P, |lu|| < p}. Now we claim

(1) uy < D;
(2) wj is achieved at an interior point u of B,, which is a solution of the equation
(3.5), thatisu € X.

Therefore, taking into account the fact that for u € X with |ju|| > p, it follows from
(3.15) and (3.16) that I1(u) > éa,o2 + D. By (3.17), we conclude that

= .
D — CiA™ <y <inf{l(w),u € Iy, flull < p} < Li(w) = puj < p1.

Hence py = p} < D and p is achieved at u € X1 with |lu| < p.
We are going to prove the claim via the Ekeland’s variational principle. For
fQ |Vu|>dx small enough, we have

Fi (f |Vu|2dx> = F1(0)+ 0 (f |Vu|2dx> =T+0 (/ |Vu|2dx>,
Q Q Q

so that
Ly |Vu|2dx+f( 2 L 2
1 |Vul|“dx STH |Vul|“dx
2 Q Q 6 Q

1 1
=_-MT)--S13+0 (/ |Vu|2dx)
2 6 Q

2

:D+0<f |Vu|2dx),
Q
I) = (/ |Vu|2dx—|—f1 f|Vu|2dx))

= lM(T) — éM(T)T +0 (/ |Vu|2dx>
Q

and
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1 6 3.3 / 2 A -
dx+ S°F Vu|“d -— Yd
6</u x 1( |Vu| x) 1=y QM X

2 1 6 A -
<D+C | |VulPdx — = | ubdx — —2— | uw'7ax. (3.18)
Q 6 Jo Q

Since 0 < 1 —y < 2 < 6, from relation (3.18) we have I;(tu) < D — Ct'~7 as
t — 0T, and wi < D. By Ekeland’s variational principle, there exists a sequence
{u,} of B, such that

Ii(un) < i+ 1,
{ 1(n) < i+ 5 (3.19)

Li(uy) < Ii(v) + %Ilv —uyl|l, forve B,.

By the estimate (3.16), I1 (1) > l“—z,oz—i—D near a neighborhood of d B,,. We can assume
that there exists 0 < p; < p such that |lu,|| < p1. For v € P and sufficiently small
t>0,un; = uy +1t(@—uy,) € By. By (3.19) we have

t
Li(uy) < Ii(up +t(v —uy)) + ;”U — upll,
that is,
t
Ii(uy) < Ii(un,) + ;”v — uyl.

Note that

1
L) = ~M (/ |Vu|?dx +]-'1(/ |Vu|2dx>>
2 Q Q
1 6 -3 3/ 2 A -
—— d S Vul|“d - — Vdx.
6</;2u x+ .7-'1< Q| ul x) =y Qu X

Furthermore, we have

1— 1—
A / U, — Uy de
11—y t

1
=M (/ IVun,flzdx+f1 f|wn,,|2dx))
——M (/ V| dx+f1 /IVun|2dx)>

6 6
—= /Q(”n,z —u,)dx + ;Hv — un||

—éS% |:]__13</Q |Vun,z|2dx> _}‘f(/g |Vun|2dx)i|.
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Lett — 0T, by the Fatou lemma again, we obtain

A/ u, V(v — up)dx
Q

<M (/ Vitn 2dx +]—'1</ |Vun|2dx)>/ VinV (v — up)dx
Q Q Q
M (f |Vun|2dx+}'1</ |Vun|2dx)) f{(/ |Vun|2dx>/ Vin V(v — un)dx
Q Q Q Q
—S_3}'12(/ |w,,,,|2dx)f;(/ |Vun|2dx>/ Vitn V(v — un)dx
Q Q Q

1
—/ W3 = un)dx + ~ v — un]
Q n

- M (/ |Vien|2dx +]—'1</ |Vun|2dx))/ Vin V(v — un)dx
Q Q Q

5 1
— | up(v—up)dx + —|lv—unl.
Q n
(3.20)

In the above we have used the fact that

M (/ Vit |2dx +]—"1</ |Vun|2dx)) _ S‘3]-"12</ |wn,t|2dx).
Q Q Q

The inequality (3.20) means that {u,} is a concrete Palais-Smale sequence of
the functional 7y, which is defined on the complete metric space P. By the
concentration-compactness analysis, as we did for the functional 7, there exists a
profile decomposition for the sequence {u,},

Up = u+ Zgn,kUk +ry
keA

satisfying the properties as in (2.10). In particular, we know:

(1) Uy satisfies the equation
M(A+]—'1(A))/ VU Vodx =/ U,f(ﬁdx, ¢ eD, (3.21)
R3 R3

where A = lim, . [, |Vun|*dx.
(2) The following equalities hold:

/ |Vu,,|2dx=/ |Vu|2dx+2/ IVULPdx + |l 5 + o(1), (3.22)
Q Q keA R3
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and

/ugdx — / uﬁdx-i—Z/ Ubdx + o(1). (3.23)
Q Q R3

keA

By (3.21), it is easy to see that
af IVUi*dx < M(A+ Fy (A))/ VU [*dx
R3 R3

3
= / U,?dx <s3 (/ |VUk|2dx) ,
R3 R3

and so
/ VU Pdx > a?S3.
R3

If A # {J, then by (3.22) and (3.14)

22 g 2 2 13 9
p; = lim |Vu,|“dx > VU |“dx > a282 = p~.
n—o0o Q ]R3

Hence we arrive at a contradiction since 0 < p; < p. Consequently, A = ¢, and
so by (3.22) and (3.23), we have

/|Vu,,|2dx—>/ |Vu|2dx, /uf‘ldx—>/u6dx.
Q Q Q Q

Taking the limit n — oo in (3.20), by Fatou’s lemma we obtain
A/ w7V (v —uwydx <M (f |Vu|2dx +]-‘1(/ |Vu|2dx>> / VuV (v — u)dx
Q Q Q Q
—/ u (v — u)dx (3.24)
Q

for v € P. As in the proof of Lemma 2.2, (3.24) implies that u V¢ € L'(Q) for
¢ € H}(Q) and it holds that

M(/ |Vu|2dx+f1(/ |Vu|2dx)>/ VuVodx
Q Q Q

:/ u5<pdx+A/ uVodx
Q Q

for ¢ € HO1 (2). That is, u € 2. On the other hand, by (3.19) it follows that

PLT <L) < lim Ii(u,) = /LT-
n—00
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This concludes the proof. O

Proposition 3.4 There exists Ay > 0 such that if A < Ay and ¢ < p1 = n1(X), then
the functional I, satisfies the concrete Palais-Smale condition at the level c.

2
Proof By Lemma 3.2, uy > ND — C1{A™. By Lemma 3.3, there exits A; > 0
2

such that for A < Aq, u; < D. Choose Ag such that D = ClA(;”. Denote Ay =
min{Ag, A1}. For A < Ao, uy < uy forall N.

Now, let {u,} be a concrete Palais-Smale functional I, at the level ¢, {u,} has the
profile decomposition (2.19) as follows:

N
Up =1u +Zgn,kVN + ry.
k=1

If N # 0, then
c= lim I, (uy) > uy = p1 > c.
n—0o0o

We arrive at a contraction. Hence N = 0 and fQ |Vu,|*dx = fQ IVul2dx + o(1),
which means that u, — u in H} (Q2). As desired. ]

Now we are in a position to prove Theorem 1.1, First we prove the existence of a
local minimizer. Let p be as defined in Lemma 3.3 (see (3.14)). Define

¢y = inf I (u). (3.25)
ueB,

We have the following lemma.

Lemma 3.5 Let A» be as defined in Proposition 3.4. For A < A», I achieved its local
minimum c§j at an interior point ufy in By, ug is a solution of the equation (1.3).

Proof Assume A < Ay, u € P, ||ul]| = p. We have

-y

A — 2
‘—l/ \Vuldx — 1 s=50 1o (/ |Vu|2dx>
2 Ja I—y Q
1 3
—=53 (/ |Vu|2dx)
6 Q

a Al
l—y

L.(u)

v

_1=y Sty g 1 3 6 1 2
ST2|R2| Yy —_§ = - . 3.26
3 12176 p g P =gar (3.26)

For u # 0, I (tu) ~ —Ct'™7 ast — 07, hence ¢y < 0 (cf is given in (3.25)). As
we did for the functional 71 in Lemma 3.3, we find a sequence {u,}, by the Ekeland’s
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variational principle such that

1
¢y < Li(un) < ¢ —li- 0 (3.27)
L (uy) < I, (v) + 7;”” —uyll, forv e B,.
Consequently, {u,} satisfies the inequality
x[ uy (v —up)dx < M ([ |Vun|2dx)f Vu, V(v — up)dx
Q Q Q
1
—/ (v — up)dx + = [lv — uy|| (3.28)
Q n

forv € P. Therefore, it follows from (3.27) and (3.28) that I, (u,) — ¢§, |d 1| (u,) <
% asn — oo. The sequence {u,} is a concrete Palais-Smale sequence of the functional
I, at the level cg < 0. Assume A < A,. By Proposition 3.4, I, satisfies the concrete
Palais-Smale condition at the level c;. Hence {u,, } possesses a convergent subsequence,
say u, — ug in HOl (), I (ug) = cj, |dI|(ug) = 0. This implies that uj is a local
minimizer of [, and satisfies the equation (1.3). Hence the proof is complete. O

We define the Mountain-Pass value

cf = inf sup L (o(1)), (3.29)

o€l 1e10,1]

where
I'={olo € C(0,1], P): 6(0) =u, I,(c(1)) <0, |lo(1)] > 100p}, (3.30)

and u is the local minimizer of the functional /1 obtained in Lemma 3.3 and p is as
defined in (3.14).
By the relation (3.26), we have

ci > inf Li(u) > la,o2
1= ueos, -6

In the following two lemmas we show that ¢f < w1 and there exists a concrete Palais-
Smale sequence of I; at the level c]. Therefore there exists a Mountain-Pass type
solution u7 of the equation (1.3) with I (u}) = cJ.

Lemma 3.6 There exists a concrete Palais-Smale sequence of I) at the Mountain-
Pass value CT, that is, a sequence {u,} in P such that I, (u,) — CT, |dI|(u,) — 0O

asn — OQ.

Proof The proof is an application of the Ekeland’s variational principle, and will be
given in Appendix. O
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Let u be the local minimizer of the functional 7, obtained in Lemma 3.4, I} (1) =
and u satisfies the equation (3.5). Similar to the proof of Lemma 11 in [16], we can
deduce that u € L°°(2). By the weak Harnack inequality, we have u > 0 in Q. By
regularity theory, u € Clzoc(Q).

Denote

B

11
331g2

3

= Ut)=————, xR} e>0. (33D
(1+1x]%)2 (&2 + Ix%)?

U(x)

U (and U,) satisfies the limit equation
AU +U°=0, U>0inR>3

Choose 1 € C80(35 (x0), [0, 1]) where Bs(xg) C €2 such that n(x) = 1 near x = xg
and u(x) > m > 0 for all x € Bs(xg), where m is a constant. Denote ¢, = U,n.

Lemma 3.7 There holds ¢ < sup,~o I (u+tge) < puy— cs%for some constant ¢ > 0
and sufficiently small ¢ > 0.

Proof From [4], we know
/ﬁwm%x=f|vm%m+mw=5%+0@,
]R3
oCdx = / USdx + 0(3) = S7 + 0(e3),
Q R3
f IVgeldx < Ce?,
Q

and

C53*%, 3<qg<6,

q _ 3
/%dx_ Ce3llnel, g =3,
& Cs%, 0<qg<3.

Let u be the local minimizer of the functional /|, we have

1 1
Ly(u+tee) = EM (/;2 |V (u+ t‘ﬂe)|2dx> - 6 /Q(M + t¢£)6dx

A
——/(u+t(p£)l_”dx.
-y Ja

Since M(t) = o(t?), M(t) = o(t3) as t — +o0, I (u + t¢;) — —o0 ast — 00.
Moreover, I, (1) < 0, we can assume there exist 0 < #; < t, such that

sup I (u +t9e) = sup L(u+1¢e).
>0 telty ]
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Note that

lM (f IV (u + t¢8)|2dx>
2 Q

1

=-M <f |Vul|?dx + sz VU |>dx + Zt/ VuVg.dx + O(s))
2 Q R3 Q

1
=-M </ |Vu|’dx +t2/ |VU|2dx>
2 Q R3
+tM (/ |Vu|2dx+t2/ |VU|2dx)/ VuVedx + 0(e),
Q R3 Q

and

1 6
— | (u+1¢e)dx
6 Jo

1 16
—/ u6dx+t/ usgogdx—i—tsf ugogdx—i——/ <p66dx
6 Ja Q Q 6 Jo

1 16
—/ u6dx+t/ usgogdx—FCtS/ q)gdx+—/ Ubdx + 0(e%).
6 Ja Q Q 6 Jrs

v

v

Moreover, we have

1
—/(u—f—t(pg)l*ydx
l-y Ja

1
> — ul_”dx+t/ u_y<psdx—Ct2/ u_”_lgoszdx
-y Ja Q Q
1
> — ul_ydx+t/ u_yqogdx—C/ <p$2dx
-y Ja Q Q
1
> — | u'vdx —i—tf uVg.dx — Ce,
-y Ja Q

where ¢ > 0 is a constant. In the above, we have used the inequality
A+ >14 (1 —y)s—cs® fors > 0.

Hence

1 10 1
L(u+1¢e) < =M / |Vu|2dx+12/ VU |?dx | — 7/ USdx — 7/ ubdx
2 Q R3 6 Jr3 6 Jo

A I-y 2 2 2
- u dx—|—t[M (/ \Vul2dx + 1t / vU| dx)/ VuVgedx
I—vJa Q R? Q

—/ uswgdx—kf u_ytpgdx] —Ct5/ o3dx + O(e). (3.32)
Q Q Q
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Define

1 10
8(1) = ;M /Ivulzdxwz/ VU Pdx ——/ USdx
2 Q R3 6 R3

A
/ ubdx — —— | w'7dx.
Q -y Ja

1
6
Then

g =tM <f |Vu|2dx+t2f |VU|2dx)/ |VU|2dx—t5/ USdx

Q R3 R3 R3
:t/ VU |*dx [M (/ |Vu|2dx+t2/ |VU|2dx)
R3 Q R?
2
—573 (ﬂ/ |VU|2dx> }
R3

Let 79 > 0 be the unique positive zero, according to g’(f9) = 0, one has

2
M([ |Vu|2dx+r§/ |VU|2dx) =53 (r&/ |VU|2dx> . (333)
Q R3 R3

By the definition of /7 in Lemma 3.1, we have

tgf VU |*dx = F (/ |Vu|2dx> =/ |VV|2dx,
R3 Q R3

and then

2 2
tg/ Ubdx = §73 (r&/ |VU|2dx) =53 (/ |VV1|2dx) =/ [V11%dx.
R3 R3 R3 R3

Since u satisfies the equation (3.5), combining the above equalities, one has

O:M(/ |Vu|2dx+;f1</ |Vu|2dx))/ VuVg.dx
Q Q Q
—/ u5<pgdx—kf u " p.dx

Q Q

/|W|2dx+r§/ |VU|2dx>/ VuVgedx
Q R3 Q
5

—/ wedx —A/ uVgedx, (3.34)
Q Q

=M
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and

1 18 1
g(to) = =M / |Vu|2dx+t§/ VU |>dx —2/ U6dx——/ u®dx
2 Q R3 6 R3 6 Q

1 1
=-M /|Vu|2dx+/ IVVi|2dx | — = / 6dx+ |V1|6dx
2 Q R3 6 Q

A
——= | u'7ax
11—y Ja
= I (u) = p1. (3.35)

Moreover, we have

g”(z):M</ |Vu|2dx—|—t2/ |VU|2dx)/ VU |>dx
Q R3 R3
2
+22M’ (/ |Vu|2dx+t2/ |VU|2dx> (f |VU|2dx> —5;4/ USdx.
Q R3 R3 R3

Note that

0=g'(to) = toM (/ |Vu|2dx+t2/ |VU|2dx>/ |VU|2dx—t3/ Ubdx.
Q R3 R3 R3

Hence by (M) and (M3), we have

¢ (ty) = —4M (/ |Vu|2dx+t§/ |VU|2dx>/ VU *dx
Q R3 R3
2
+25 M’ (/ |vu|2dx+t02/ |VU|2dx> (/ |VU|2dx>
Q R3 R3
< —23M’ (/ |w|2dx+r§/ |VU|2dx)/ |Vu|2dx/ VU |>dx
Q R3 Q R?

<0

provided that M’ ([, |Vu|*dx + 13 [33 IVU|*dx) > 0. 1In case

M’ (/ |w|2dx+t§/ |VU|2dx> =0,
Q R3

then

¢ (to) = —4M (/ |Vu|2dx+t§/ |VU|2dx>/ VU dx.
Q R3 R3
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Again we obtain g” (f) < 0. Since 1 is the unique stationary point of g and g (o) < 0,
there exists a positive constant C such that

g(t) < g(ty) — C(t — 19)?, fort € 1, 12). (3.36)

Therefore, by (3.32),(3.34), (3.35) and (3.36), we have for ¢ € [t1, 2]

1 10 1
L(u+tge) < - M / [Vu|?dx +z2/ VU |?dx ) — —/ USdx — 7/ ubdx
2 Q R3 6 Jr3 6Jo

A
- wﬂux+{M(f|WM¢m+ﬂ/ WUFMJ/YMV%M
1—v Jo Q R3 Q

—/ us(pgdx—kf uiV(pgdx]—CIS/ @ldx 4 O(e)
Q Q Q
6

1 t 1
< -M / |Vu\2dx+t02f VU %dx | — 2/ UCdx — 7f u®dx
2 Q R3 6 JRr3 6Jo

A
-t ul—de—C(z—to)z—C/ @2dx + O(e)
-y Jg Q

—H[M(/ |W|2dx+r§/ |VU|2dx)/ VuVpedx

Q R3 Q

_f us(pgdx—,\/ u_V(pde]—l—CU—to\ ‘/ VuVeedx
Q Q Q

1 1
< —Ct—1t9)?+Clt —tgle2 — Ce2 + O(e)

1
< py—Ce2,

for some C > 0. In the above, we have used the following inequality:

[M(/Q \Vul2dx + 12 fR} |VU|2dx)

—M(/ |Vu|2dx+t§/ |VU|2dx>]f VuVeedx
Q R3 Q

< tzM/(u)|t2—t§|/3 VU >dx f VuVe.dx
R Q

5th’(v)(t2+t0)|t—t0|/W|VU|2dx / VuVgsdx
J Q

t

< Clt—fOI/ ViV, |dx
Q
< Clt —1ole?,

where v is between [, [Vu|?dx +12 [53 [VU [*dx and [, |[Vul?dx +13 [53 IVU *dx.
This leads us to the proof. O

Proof of Theorem 1.1 Assume 0 < A < A := Aj. By Lemma 3.5, [, has a local
minimizer ufj in B, with I, (ug) = ¢5 < 0, |dI|(ug) = 0. By Lemma 3.7, 0 <
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¢l < 1. By Proposition 3.4, I, satisfies the concrete Palais-Smale condition at the
level ¢]. By Lemma 3.6, there exists a concrete Palais-Smale sequence {u,,} such that
|d L. |(un) — 0, I.(u,) = ¢ asn — oo. Up to a subsequence, u, — uj in HOI(Q),
and

L) = 1im L) = ¢, 10 () = 0.

By Lemma 2.2, ug, uj satisfy the equation (2.4). By the weak Harnack inequality,
we have ugj, u7 > 0in Q. By regularity theory, ug, u7 € Clzoc(Q) and they are positive
solutions of the equation (1.3). The proof is now complete. O
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4 Appendix

This appendix contains two lemmas. In Lemma A, we give the proof of Lemma 3.6,
which is an application of the Ekeland’s variational principle, and adapted from [31].
In Lemma A;, we show that the functional 7, fails to satisfy the concrete Palais-Smale
condition at the level w1, by finding a sequence {u,} of I, such that I, (u,) — ui,
|dI)|(u,) — O, but {u,} possesses no convergent subsequence in HO1 (€2). Conse-
quently, 141 is exactly the threshold value for 7;, since we have proved in Proposition
3.4 that below 11, the functional [, satisfies the concrete Palais-Smale condition.

Lemma Aj. Let c¢i be the Mountain Pass value as defined in (3.29). Then there exists
a concrete Palais-Smale sequence of I, at the level c}, that is a sequence {uy,} such
that I) (u,) — ¢} and |d 1, |(u,) — 0 asn — oo.

Proof We first recall (3.30) as follows:
['={olo € C([0,1], P) : 0(0) = u, I (o(1)) <0, lo(1)] = 100p}.
As a closed subset of C([0, 1], P), I' is a complete metric space. For g € I', define

F(g) = sup L, (g()).
tel0,1]
Then F is continuous in I'. By relation (3.26), we have

1
F(g) > inf L(u) > —ap’.
(8) _uéng A () > cap
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Therefore, F'(g) is bounded from below.
Given ¢ > 0, by Ekeland’s variational principle, there exists g € I" such that

F(g) <infyer F(h) + & =c] +e,
F(g) < F(h)+¢lg—hll, hel.

Denote

M(g) = {t € [0, 1[L.(g(1) = F(g) = 'S[%pl] 1,.(g(s))

Then
¢} < L(g() <cf+e, forteM(g).

We claim that there exists 7; € M (g) such that |d1,|(g(te)) < &, which completes the
proof. Otherwise, for all t € M (g), |d1,|(g(t:)) > ¢. By the definition, forr € M(g),
there exists v(z) € P such that

k/Qg”’(t)(v(t) —g(t)dx > M </Q IVg(t)Ide)/QVg(t)V(v(t) —g(1)dx
- /Q g (1) — gM))dx + ev(t) — g0l (4.1)
By the Fatou lemma, in a neighborhood Bj)(¢) of ¢ in [0, 1], it holds that
k/Qg_”(S)(v(t) —g()dx > M (/Q IVg(S)Ide> /QVg(S)V(v(t) — g(s))dx
- /Q ()W) — g()dx + e|v(t) — g(s)||

fors € Bg([)(l‘)

We may assume Bs()(1) N {0, 1} = @, since ,(g(0)) < 0, Li(g(1) < O,
{Bsih(D|t € M(g)} is an open covering of M(g) There exists a finite covering
B; = Bs(;;)(t;),i = 1,2, ...,n. Let

n
@o(t) = dist (t, U B,-) , @i(t) =dist(#,[0, 1\B;),i =1,2,...,n
i=1
po(t) =0fort € M(g) and ¢; (0) = ¢;(1) =0fori =1, 2, ..., n. Also define

A0 1018 ) = Y Y w) - g@). 1 € 10,11

vi(t) = ST o) t 2

@ Springer



9 Page340f38 Applied Mathematics & Optimization (2023) 87:9

For t € M(g), by (4.1) we have
M(/ |Vg(t)|2dx>/ Vg(t)Va)(t)dx—/ gs(t)w(t)dx—A/ ¢ 7V (Dw(t)dx
Q Q Q Q

<—e) Yi®lv@) — 0]

i=1

< =&l YY) — g)] = —ello@®].

i=1

Hence w(r) # 0fort € M(g). There exists § > 0 such that | (#)|| > 8 fort € M(g).

Let ¢(f) = min {1, uw’STw}f € [0, 1], then ¢ € C([0, 1], R*). Define

h(t) = (D (1), t €[0,1],
Il =8, )| =8, e M(g).

Since #(0) = h(1) = 0, for T small enough, g + th € I', we have
F(g) < F(g+rth)+elth|| = F(g+th) + €714. 4.2)
Choose t = t(1) € 1\71(g + th), one has
L(g(t (1)) + th(t(v))) = L(g(s) + Th(s)), fors € [0, 1].
Let 7, — 0%, t, = t(t,) — t,, we have
Ii(g(te)) = 1.(g(s)), fors €0, 1].

Thus, £, € M(g). It follows from (4.2) that

1 1
—&d < T—[F(g +wh) — F(g)] = T—[I/\(g(tn) + 1ph(tn)) — L(g(ta))]. (4.3)

n

Taking the limit n — oo in (4.3), by the Fatou’s lemma we obtain
—ed <M ( / |Vg(rg)|2dx> / Vg(t:) Vh(t:)dx
Q Q
- / & (te)h(t:)dx — A / g 7V (te)h(t)dx
Q Q
< w(tg){M ( /Q |Vg<zg>|2dx) /Q V(i) Vort)dx

— f & (t)w(t:)dx — / g‘V(rg)wag)dx}
Q Q
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< —p(te) - ellow(te)|| = —&d,

which is a contradiction. Hence, the proof is completed. O

Here we use the notations U, Ug, 1, ¢ = nU, and tp as in Lemma 3.7. In particular,
U, to satisfy the equation (3.33), and let u be the local minimizer of /; obtained in
Lemma 3.3.

Lemma A,. Let u, = u + toge. Then I (ue) — w1, |dL|(ug) — 0, ug—u, but
Jo IVuel?dx = [o |VulPdx+13 [53 IVU*dx+o(1). Hence u, (¢ — 0) is a concrete
Palais-Smale sequence of I, at the level |11, but possesses no convergent subsequence
in H ().

0

Proof Using the estimate for the integrals involving ¢., we have

/|Vug|2dx=/ |Vu|2dx+t§f VU dx + o(1).
Q Q R3

Hence we deduce as ¢ — 0

i) > M </ |Vu|2dx+]-'1(/ |Vu|2dx)) —1/ ubdx
2 Q Q 6 Jo

A 1
—— | u'"Vdx — =$73F} <f |Vu|2dx) = u1.
-y Ja 6 Q

For v € P, denote
We =V — Ug.

By estimating, we show

M(/ |Vus|2dx>/ wgva)gdx=/ uiwgdx+A/ u;” wedx + o(1)|we |,
Q Q Q Q

which means
|dI)|(ug) = o(1) ase — 0.

Note that u, = u + t¢, and ¢, = nU,. Then we have

‘M(/ IVuSIde)/ Vu,Vogdx

Q Q
—M(/Q|Vu|2dx+f1(/S2|Vu|2dx)></;2Vqu5dx+to/;2VU5Va)£dx)

M(fn|wg|2dx)—M(/Q|Vu|2dx+7-‘1(/ﬂ|Vu|2dx))‘ ’LVMEVdex
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+‘M(/Q|Vu|2dx+]-'1(/;2|Vu|2dx)>/QV(u5 — W) Vawedx

—M(/Q|Vu|2dx—|—f1(/g|Vu|2dx))t0/QVUEVwde

< o()|lwe |l +M</Q |Vu|2dx+7-‘1(/Q |Vu|2dx))t0

X

/ [V(nUe) — VU Vwedx
Q

1
2
<o(D)|lw|| +C (/” | 8](|VUE|2 + Uﬁ)dx) lwell = o(1)[lwell. (4.4)

In the above we assume n(x) = 1 for |x| < §. Moreover, we also have

/uga)gdx—/ uswgdx—tgf Ugsa)adx
Q Q Q

§C/ u4<pg|w8|dx+C/ u3<p62|a)8|dx+C/ u2<pg|a)g|dx
Q Q Q

+c/ ug?we|dx + c/ |(nUe)> — U2 ||we|dx
Q Q

< o(D)lwe | + cf Ulweldx = o(1)wsl @5)
{Ix|=8}

and

‘/ u;”wgdx—/ u" Y wedx
Q Q

< C/ u_y_1<p§|a)s|dx
Q

<c / Ploeldx = oDllwel.  (46)
Q

Since u, U, solve the system:

M(A)/ Vqusdx—/ usa)gdx—)»/ u ' wgdx =0,
Q Q Q

M(A)t()/ VU Vw.dx =t3/ Ugsa)gdx,
R3 R3

where A = [, [Vu|?dx + F\ ([, |Vul*dx), the estimates (4.4) and (4.5) follow from
(4.6). The proof is thus complete. O
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