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Abstract

We consider a nonlinear elliptic equation driven by a nonhomogeneous differential
operator plus an indefinite potential. On the reaction term we impose conditions only
near zero. Using variational methods, together with truncation and perturbation tech-
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1 Introduction

Let Q € RY be a bounded domain with a C%-boundary 9<2. In this paper we study
the following nonlinear nonhomogeneous Robin problem

—diva(Du(z)) + £(2)|u(z)|P"2u(z) = f(z,u(z)) ing,
‘ ey
;TLZ+/3(Z)|M|1)72M=0 ondf.

In this problem, the map a : RY — RN involved in the differential operator is a con-
tinuous, strictly monotone (thus maximal monotone operator, too) map which satisfies
certain other regularity and growth conditions listed in hypotheses H (a) below. These
conditions are general enough to generate a broad framework that incorporates many
differential operators of interest, such as the p-Laplacian and the (p, g)-Laplacian
(that is, the sum of a p-Laplacian and a g-Laplacian, with 1 < ¢ < p < 00). Note
that in general, the differential operator u +— diva(Du) is not homogeneous. The
potential function £(-) € L°°(£2) and in general, £(-) is nodal (that is, sign changing).
So, the left-hand side of problem (1) needs not be coercive. The reaction term f(z, x)
is a Carathéodory function (that is, for all x € R, the mapping z — f(z, x) is mea-
surable, while for almost all z € €2, the mapping x — f(z, x) is continuous). The
special feature of our paper is that no global growth condition is imposed on f(z, -).
The only conditions imposed on f(z, -) concern its behavior near zero and that f(z, -)
must be locally L°°-bounded. In the boundary condition, zfn—”a denotes the generalized
normal derivative corresponding to the map a(-). It is defined by extension of the map

_ 9
@) sum— 8“

Ng

= (a(Du), n)Rry,

with n(-) being the outward unit normal on d€2. This kind of conormal derivative is
dictated by the nonlinear Green identity (see Gasinski and Papageorgiou [9, p. 210])
and was also used by Lieberman [15] in his nonlinear regularity theory. The boundary
coefficient is B € C%¥(92), with 0 < o < 1 and B(z) > 0 for all z € 9.

The aim of the present paper is to prove a multiplicity theorem for such equations,
providing sign information for all solutions produced. Wang [32] was the first to
study elliptic problems with a general reaction term of arbitrary growth. The equation
studied by Wang [32] was a nonlinear problem driven by Dirichlet p-Laplacian with
zero potential. Using cut-off techniques and imposing a symmetry condition on f(z, -)
(that is, assuming that f(z,-) is odd), Wang [32] produced an infinity of nontrivial
solutions. More recently, Li and Wang [14], using similar tools, improved this result by
producing an infinity of nodal solutions for semilinear Schrodinger equations. Their
result was extended by Papageorgiou and Rddulescu [21] who considered nonlinear,
nonhomogeneous Robin problems with zero potential (that is, § = 0). Assuming that
the reaction term f (z, -) has zeros of constant sign and that it is odd, they produced an
infinity of smooth nodal solutions. We also mention the recent work of Papageorgiou
and Winkert [23], who considered a reaction term of general growth and with zeros.
Under stronger conditions on the map a(-) and with zero potential, they produced
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constant sign and nodal solutions. We refer to Pucci et al. [2,4] for eigenvalue problems
associated to p-Laplacian type operators. Related results in the framework of problems
with unbalanced growth are due to Fiscella and Pucci [8], and Papageorgiou et al. [26].
Finally, we also point out the papers of He et al. [11] on nonlinear, nonhomogeneous
Neumann problems with nonnegative potential (that is, & > 0, & # 0), Iturriaga et al.
[12] on parametric equations driven by Dirichlet p-Laplacian with zero potential and
areaction with zeros, and Tan and Fang [30] on nonlinear, nonhomogeneous Dirichlet
problems using the formalism of Orlicz spaces.

2 Mathematical Background

Let X be a Banach space and X* its topological dual. By (-, -) we denote the duality
brackets for the pair (X*, X). Giveng € C L(X,R), we say that ¢ satisfies the “Cerami
condition” (the C-condition for short), if the following property holds:

“Every sequence {u,},>1 € X such that {¢(u,)},>1 € R is bounded and
(1 + llunlD¢'(up) — 0 in X* asn — oo,

admits a strongly convergent subsequence”.

This compactness-type condition on the functional ¢, leads to a deformation the-
orem from which one can derive the minimax theory for the critical values of ¢. A
fundamental result in this theory is the so-called “mountain pass theorem”.

Theorem 1 Let X be a Banach space and assume that ¢ € C'(X,R) satisfies the
C-condition, ug,u; € X, ||luy — ugl| > p > 0,

max{g(uo), p(u1)} < inf{p@) : |lu —uo|| = p} =m,
and

c=inf max @(y@)) withlT ={y € C([0, 1], X) : y(0) = ug, y(1) = uy}.
yel 0<r<1

Then ¢ > m, and c is a critical value of ¢.

Let k € C1(0, 00) with k(7) > 0 for all # > 0. We assume that

k/
0<c< ()1
k()

<coand o1 tP 7V < k() <er@® 4+ 4P~ forall + > 0, withey, ca > 0.
2
forl<s<p
We introduce the following conditions on the map «/(-) (see also Papageorgiou and

Ridulescu [20,22]):
H(a) :a(y) = ap(]y|)y forall y € R with ag(¢) > O for all # > 0 and
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() ap € C1(0,00),t +> ap(r)t is strictly increasing on (0, 00), ap(t)t — 07 as
t — 0" and

ay ()t
1m
=0+ ap(t)

)

(1) |Va(y)| < cﬂ% for all y € RN\{0}, and for some ¢3 > 0;
(i) (Va(y)§, &g > “BL g forall y € RM\(0}, & € RY;
@iv) for Go(t) = fot ao(s)s ds forall t > 0, we can find T € (1, p] such that
Go(t
lim sup i t(;( ) < ¢,

t—0t

1,
t — Go(t7) is convex.

Remark 1 Hypotheses H (a)(i), (ii), (iii) were dictated by the nonlinear regularity
theory of Lieberman [15] and the nonlinear maximum principle of Pucci and Serrin
[27, pp. 111, 120]. Hypothesis H (a)(iv) serves the needs of our problem. It is a mild
condition and it is satisfied in all cases of interest (see the examples below). Evidently,
Go(+) is strictly convex and strictly increasing. We set G(y) = Go(|y|) forall y € RN
Then G € C'(RV,R), G(-) is convex, G(0) = 0, and we have

VG(0) =0and VG(y) = Gb(lyl)l =ap(lyDy = a(y) forally € R¥\{0}.

[yl

Hence G(-) is the primitive of a(-) and so by a well-known property of convex
functions, we have
G(y) < (a(y), y)gn forally e RY. 3)

The following lemma is an easy consequence of hypotheses H (a) and summarizes
the main properties of a(-) (see Papageorgiou and Radulescu [20]).

Lemma 2 If hypotheses H(a)(i), (ii), (iii) hold, then

(@) y +— a(y) is continuous and strictly monotone (thus maximal monotone operator,
too);

®) la)| < ca(yl ™" +1yIP7) for all y € RY, with ¢y > 0;

© (@) Mgy = 2451y1? forall y € RY (see (2)).

Then this lemma and (3) lead to the following growth restrictions for the primitive
G().

Corollary 3 Ifhypotheses H(a)(i), (ii), (iii) hold, then p(;Ll) yI?P < G(y) <ces(1+

Iy|?) for all y € RN and for some ¢5 > 0.

Next, we present some characteristic examples of differential operators which fitin
the framework provided by hypotheses H (a) (see Papageorgiou and Réddulescu [20]).
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Example 1 (a) a(y) = |y|P~2y with 1 < p < oo.
The corresponding differential operator is the p-Laplacian defined by

Apu = div (|Du|"?Du) forallu € WP ().

(b) a(y) = yIP2y + [yl ?y with 1 < ¢ < p < oo.
The corresponding differential operator is the (p, g)-Laplacian defined by

Apu+ Agu forallu e whe(Q).
Such operators arise in problems of mathematical physics and recently there have
been some existence and multiplicity results for equations driven by such operators,

see Cingolani and Degiovanni [3], Mugnai and Papageorgiou [17], Papageorgiou and
Rédulescu [18], Papageorgiou et al. [24], Sun [28], and Sun et al. [29].

p—2
© a() =1 +[yA7 ywith1 < p < oo.
The corresponding differential operator is the generalized p-mean curvature dif-
ferential operator defined by

-2
div ([1 + |Dul*1'7 Du) forallu € WP (Q).

(d) a(y) = |y|P*2y [1 + W] with 1 < p < o0.
The corresponding differential operator is defined by

|Du|P~2Du

A i+ di
ptt + AV ( 1+ |Dul?

) forallu € WhP(Q).

Such operators arise in problems of plasticity.

Now let A : WP (Q) — WP (Q)* be the nonlinear map defined by
(A(u), h) = / (a(Du), Dh)pndz forallu, h Wl”’(SZ).
Q

Proposition 4 If hypotheses H (a)(i), (ii), (iii) hold, then A is continuous, monotone
(hence maximal monotone, too) and of type (S), that is, if u, X ouin WbhP(Q) and

lim sup(A(up), u, —u) <0,

n— o0
then u, — u in WhHP(Q).

The following spaces will be used in the analysis of problem (1):
WP (), C'(Q) and L1(882) (1 < g < 00).
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We denote by || - || the norm of whr(Q) given by

1
ull = [llullh + | Dul|p]? forallu e W'P(Q).

The Banach space C L(Q) is an ordered Banach space with positive (order) cone
given by

Ci={ueC'(Q):ui) >0 foralze Q).
This cone has a nonempty interior containing the set
D, ={ueCy :u(z)>0 forallz e Q).

On 02 we consider the (N — 1)-dimensional Hausdorff (surface) measure o (-).
Using this measure, we can define in the usual way the “boundary” Lebesgue spaces
L7(02) (for 1 < g < 00). From the theory of Sobolev spaces we know that there
exists a unique continuous linear map yy : WLP(Q) — LP(3S2) known as the “trace
map”, such that

yow) = ulyq forallu € WP (Q) N C(Q).

Hence the trace map assigns boundary values to any Sobolev function. The trace
map is compact into L4 (3S2) forallg € [1, %j’})) if p < Nandforallg € [1, 400)
if p > N. Also, we have

_ L 1 1
imyy=w 7" (asz)(; + = 1) and ker yo = Wy” ().

In what follows, for the sake of notational simplicity, we drop the use of the map
0. All restrictions of Sobolev functions on 92 are understood in the sense of traces.
For x € R, let x* = max{=x, 0}. Then for any function u(-) we define

ut () = u()®.

IfueWhP(Q), thenut e WHP(Q), u=ut —u~ and |u| = ut +u—.
Our hypotheses on the potential function &(-) and the boundary coefficient B(-) are
the following:

o H(£):& € L™(Q);
e H(B): B e CO%HQ) witha € (0, 1) and B(z) = 0 forall x € IQ.

Remark 2 1f B = 0, then we recover the Neumann problem.

Lety : WP (Q) — R be the C!-functional defined by
y (1) =/ G(Du)dz—i—/ E(Z)|u|”dz+/ B(2)|ulPdo forallu € WHP(Q).
Q Q Q2
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Also, let fy : 2 x R — R be a Carathéodory function such that

| fo(z, x)| < ao(z)(1 + |x|"~") for almost all z € Q, and all x € R,

Np .
with ap € L¥(Q)..1 < r < p* where p* = { 7 TP <N (e critical
400 ifp>N

Sobolev exponent). Let Fy(z,x) = fox fo(z, s)ds and consider the C'-functional
Yo : WhP(Q) — R defined by

You) = ly(u) —/ Fo(z, u)dz forallu € WhP(Q).
p Q

The following result is due to Papageorgiou and Radulescu [22] and is an outgrowth
of the nonlinear regularity theory of Lieberman [15].

Proposition 5 Assume that hypotheses H(a)(i), (ii), (iii), H(&), H(B) hold and

ug € WhP(Q) is a local C'(Q)-minimizer of Yo, that is, there exists py > 0 such
that

Yo(uo) < Yoluo +h) forallh € C'(Q), |Ihlleig < po-

Then up € C11(Q) for some 1 € (0, 1) and uy is also a local WP (Q)-minimizer of
Yo, that is, there exists p; > 0 such that

Yoluo) < Yoluo +h) forallh € WP (), ||hl] < pi.

In the special case of semilinear equations (that is, when a(y) = y forall y € RY),
we will be able to improve the multiplicity theorem and produce additional nodal
solutions. In this case we can also relax the requirements on the potential function
£(z) and make use of the spectrum of u +— —Au + &(z)u with Robin boundary

condition.
So, we consider the following linear eigenvalue problem

{—Au(z)+€(z)u(z)=ku(z) inQ, } @

g—':,+,3(z)u=0 ond<2.
Now we assume that
£eL*(Q) withs > Nand B8 € W1’°°(8S2) with 8(z) > 0 for all x € 0L2.

We consider the C!-functional p : H'(Q2) — R defined by
7 @) = 1Dull} + / £uldz + / Boutdo forallu € H'(Q).
Q Fle)
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From D’ Agui et al. [5], we know that there exists u > 0 such that
y(u) + ,lL||M||% > collull> forallu € H'(Q), and some cg > 0. 5)

Using (5) and the spectral theorem for compact self-adjoint operators on a Hilbert
space, we show that the spectrum 6(2) of (4) consists of a sequence {A}r>1 of

distinct eigenvalues which satisfy ik — +ooask — +o00. By E ():k) we denote the
corresponding eigenspace. We can say the following about these items:

(i) A is simple (that is, dim E(A;) = 1) and

A =inf{”(“§ Lue H(Q), u#O}. ©)
u

(i1) For every m > 2 we have

A = inf { Wy e @ EGi),u # 0}
k>m

lull3

)

=sup {29 1y e S EGy), u#0
MNull3 k=1

(iii) For every k € N, E (ik) is finite dimensional, E ()A\k) c cl(Q), arAld it has the
“Unique Continuation Property” (“UCP” for short), thatis, if u € E(A;) vanishes
on a set of positive measure, then u = 0 (see de Figueiredo and Gossez [6]).

In relation (6), the infimum is realized on E(il), while in (7), both the infimum
and the supremum are realized on E (im). Moreover, from the above properties we
see that the elements of £ ():1) have constant sign, while the elements of £ ():m) (for
m > 2) are all nodal (that is, sign changing). By &1, we denote the L?-normalized
(that is, ||&Z1]]2 = 1) positive eigenfunction corresponding to 1. From the regularity
theory of Wang [31], we have that ity € C and using the Harnack inequality (see,
for example, Motreanu et al. [16, p. 211]), we have that i1;(z) > 0 for all z € Q.
Furthermore, if we assume that £t € L%°(Q), then ii; € D (by the strong maximum
principle).

Finally, let us recall some basic definitions and facts from Morse theory (critical
groups), which we will need in the sequel.

With X being a Banach space, let (Y1, Y2) be a topological pair suchthat Y, C Y} €
X. For every k € Ny, let Hi (Y1, Y2) denote the kth relative singular homology group
with integer coefficients for the pair (Y7, Y2). For k < 0, we have Hi (Y7, Y2) = 0.

For ¢ € C'(X,R) and ¢ € R we introduce the following sets:

- ={ueX: o <cl,
Ky, =1{ueX:q¢' =0}
K; ={uekKy,: o) =cj
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Suppose that u € K is isolated. Then the critical groups of ¢ at u are defined by
Cir(p,u) = H (" NU, ¢ NU\{u}) forallk € Ny.

Here, U is aneighborhood of u such that K, Ng“NU = {u}. The excision property
of singular homology theory implies that the above definition of critical groups is
independent of the choice of the isolating neighborhood U'.

Suppose that ¢ € Cl(X, R) satisfies the C-condition and that inf p(Ky) > —o0.
Then the critical groups of ¢ at infinity are defined by

Ci(p, 00) = Hi(X, ¢°) for all k € No, with ¢ < inf ¢(K,).

This definition is independent of the choice of ¢ < inf ¢(Ky). To see this, let
¢’ < inf ¢(K,) and without any loss of generality assume that ¢’ < c¢. Then from
Motreanu et al. [16, Theorem 5.34, p. 110], we have that

<pc/ is a strong deformation retract of ¢,
= Hy(X, ¢%) = Hi(X, ¢¢) forall k € Ny
(see Motreanu et al. [16, Corollary 6.15, p. 145]).

Assume that K, is finite. We introduce the following quantities

M(t,u) = Zrank Ci(p, w)t* forallt e R, u € K,,
keNy

P(t,00) = Zrank Cr (o, oo)tk forallt € R.
kENO

The Morse relation says that

D Mt u) = P(t,00) + (1 + Q). (8)

ueky,

where Q(t) = Y Bit* is a formal series in # € R with nonnegative integer coeffi-
kENo
cients.

Let H be a Hilbert space, u € H, and U a neighborhood of u. Suppose that
¢ e C*U).Ifu € K, then the “Morse index” m of u is defined to be the supremum
of the dimensions of the vector subspaces of H on which ¢” () is negative definite. The
“nullity” v of u is the dimension of ker ¢” (u). We say that u € K, is “nondegenerate”
if 9" (u) is invertible (that is, v = 0). Suppose that ¢ € C2(U) and u € K, is isolated
and nondegenerate with Morse index m. Then

Ci(p,u) = 6k mZ forallk € Ny.
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Here 6, denotes the Kronecker symbol, that is,
1 ifk=m

Sk,m =
0 ifk #m.

3 Solutions of Constant Sign
In this section, we produce solutions of constant sign for problem (1). We assume the
following conditions on the reaction term f(z, x).

H(f)1: f : 2 xR — Ris a Carathéodory function such that f(z,0) = 0 for
almost all z € € and

(i) there exist n > 0 and a, € L°°(2)4 such that
| f(z,x)| < ay(z) for almost all z € 2, and all x € [—n, n];

@i) if F(z,x) = fg f(z, s)ds, then there exist ng > 0,g € (I,7) (r > 1 asin
hypothesis H (a)(iv)) and 8o > 0 such that

nolx|? < f(z,x)x < gF(z, x) for almost all z € 2, and all |x| < J¢;
(iii)) with n > 0 as in (i) we have

fzm) —E@Qn"~ 1 <0< f(z, —n) + E(z)nP~! for almost all z € Q.
Remark 3 We see that no global growth condition is imposed on f(z,-). All our

hypotheses on f(z, -) concern its behaviour near zero. Note that H(f), (ii), (iii)
imply a kind of oscillatory behaviour near zero for x — f(z, x) — £(z)|x|?2x.

Evidently, we can find 99 > 0 such that
f(z,x)x = nolx|? — ¥9|x|?P for almost all z € 2, and all |x| < n. 9)

Then we define

—nond~! + 9onP~! ifx < —n
iz, x) =4 nolx|972x — dolx|P2x  if —np<x <y (10)
non? =1 — donP~! ifn < x.

Note that u(z, x) is a Carathéodory function and for all z € 2, u(z, ) is odd. We
consider the following auxiliary Robin problem

—diva(Du(z)) + |6 loolu(2)|P2u(z) = u(z, u(z)) in<Q,

, (1)
E;’Tt+,3(z)|u|1’*2u=o on 2.
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In what follows, given hy, hy € WLr(Q), we set

[hi, hal = {u € WHP(Q) : hi(2) < u(z) < ha(z) for almost all z € Q).

Proposition 6 If hypotheses H(a), H (&), H(B) hold, then problem (10) admits a
unique positive solution

uel0,n]NDy

and since (10) is odd, then v = —u € [—n, 0] N D is the unique negative solution of
(10).

Proof We first show the existence of a positive solution. So, let ## > 0 be such that
no < (11§ Flloe + 2101
We introduce the following Carathéodory function
0 ifx <0
Az, x) =z, x)+oxP~ 1 ifo<x < (12)

wiz,m) +99P~1ifn < x.

We set M+(z,x) = f(f i+ (z,s)ds and consider the C!-functional (/A
W1P(Q) — R defined by

+
¢+(u)=/ G(Du)dz+w
Q

forallu € WhP(Q).

1 N
||u||§+—/ ﬁ(z)lul”da—/ My (z, u)dz
P Jag Q

Corollary 3, hypothesis H(8) and (12) imply that
Yy is coercive.

Also, using the Sobolev embedding theorem and the compactness of the trace map,
we see that Y/ is sequentially weakly lower semicontinuous. Invoking the Weierstrass-
Tonelli theorem, we can find & € W12 () such that

Y (D) = inf{yry (u) :u € WHP(Q)). (13)

Hypothesis H (a)(iv) implies that we can find ¢; > 0 and § € (0, §g] such that

G(y) < e7]y|t forally € RN with |y| <. (14)
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Let u € D4 and choose small ¢ € (0, 1) such that fu < 8g. Then we have

Y (tu) < 17| Dul |7 + cgt?||ullp — cot?||ul|d
for some cg, cg > 0 (see(12), (14) and hypothesis H(f)).

Recall that 1 < ¢ < t < p. So, by choosing ¢ € (0, 1) even smaller if necessary,
we have

Yy (tu) <0,
= Y1) <0=9y1(0) (see (13)),
=u #0.
From (13) we have
¥ @) =0
= (A(ﬁ),h)+(||§+lloo+19)/ Iﬁlf’_zﬁhder/ B(@)i|P~*ihdo (15)
Q Q

=/ fiy(z, W)hdz forallh € WhP(Q).
Q

In (15) we choose h = —ii~ € WP (). Using Lemma 2, we have
Cl -~ -~
—— 1D~ [y + [ Moo + 21| <O
p—1
=u=>0 u#0.

Also in (15) we choose & = (i — )t € W-P(Q). Then

<A(ﬁ>,(ﬁ—n)+>+[||s+||oo+z9]/ ﬁP*‘(ﬁ—nﬁdH/ B’ @i —n)tdo
Q R
= fﬂ on?™" — Mo — )P~ — n)Tdz (see (12), (10))

< (A, (@ —mT) +[11E oo + 0] fQ nP =l —mtdz + fm B@ar~ @ —n)tdo
(recall that ng < ||€T||cen” ¢ and see hypothesis H(8)),
= (A@@) — A, (i@ — ) + [IE oo + 91 /Qw—l — P Y@ —mtdz <0,

=u <.

So, we have proved that
u€l0,n], u+#0. (16)

Using (10), (12) and (16) in (15), we obtain
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(A B)+IE oo / a7 hdzt [ )i hdo = / o™ — 90?1 hdz
Q Q2 Q

forallh e WhP(Q),

= —diva(Dii(2)) + [|§ |ocii(2)? ™" = noii(z)?™" — Doii(z)P~" for almost all z € L,
90
3 - +B@iP ' =00n9Q (see Papageorgiou and Radulescu [19]). 17
ng

From (17) and Papageorgiou and Radulescu [22], we have
i€ L®(Q).
Then from the regularity theory of Lieberman [15] we have
u € C4\{0}.
From (17) we have
diva(Dii(2)) < [I1E ||eo + z?o]ﬁ(z)pfl for almost all z € 2.

Hence by the nonlinear strong maximum principle of Pucci and Serrin [27, pp. 111,
120], we have

ﬁ€D+.

Next, we show that this positiv_e solution is unique. To this end, we introduce the
integral functional j : L'(Q) — R = R U {+00} defined by

1 4 . 1
Jo GDun)dz + Elle 5 4+ L o poutdo ifu >0, ut e WP (Q)

) = .
+00 otherwise.

Suppose that u1, uy € dom j = {u € L' () : j(u) < 0o} (the effective domain of
J()). 1
Let y; = uf,y> = uj.Then yi, y» € Wh7(Q). We set

y=[tu; + (1 — t)uz]% for every ¢ € [0, 1].

We have y € W7 (). Using Lemma 1 of Diaz and Saa [7], we have
1
|Dy(2)] < [t Dy1 ()" + (1 = )| Dy2(2)["]7,
= Go(IDy(@)|) < Go([t|Dy1 ()" 1+ (1 — t)|Dy2(z)|r)% (since Go(-) is increasing)
<

tGo(IDy1(2)]) + (1 —1)Go(|Dy2(z)|) for almost all z € 2
(see hypothesis H (a)(iv))
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= G(Dy(2)) < tG(Duy(2)7) + (1 — 1)G(Dua(z)7) for almost all z € £,

= ut> / G(Du%)dz is convex.
Q

Also since T < p and 8 > 0 (see hypothesis H(B)), it follows that

1€ " oo
p

r 1 p
domj>umr—> [lull; + —/ ,B(z)ul?dz is convex.
= P Jiq

It follows that the integral functional j(-) is convex and, by Fatou’s lemma, it is
lower semicontinuous.
Suppose that i, i € W!7(Q) are two positive solutions of the auxiliary problem
(11). From the first part of the proof we have
i,u€[0,n]N Dy. (18)
Therefore for every h € C1(S2) and for |¢| small, we have

i+ th €domjandu + th € dom j.

Because of the convexity of j(-), we see that j(-) is Gateaux differentiable at u®
and at " in the direction &. Using the chain rule and the nonlinear Green’s identity
(see Gasinski and Papageorgiou [9, p. 210]), we get

hdz

—di ii i gp-]
j/(ﬁ’xm:% / div a(Di) + [[&||ooil”

—di 1 i gp-]
j/(ft’)(h)=% / diva(Dit) + [|&F||oil”

ﬁr—l

hdz forallh € WP ().

ﬁr—l

Recall that j(-) is convex, hence j'(-) is monotone. Hence we have

o< [—divawm; 6o~ —divatDi + |l|s+||ooﬁp—l}(m_ﬁf)dZ
Q ut- ur—
-/ [“ff’_i‘) e } @ — %)dz (see (11)) (19)
Q u u

= / <770 [ L :| — B [it’kr — 12””]> (@™ — u")dz (see (10) and (18)).
Q

e ]
By hypothesis ¢ < t < p. So, from (19) we infer that
i=a.
This proves the uniqueness of the positive solution

TS [0, n]ﬂD+
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Equation (11) is odd. So, it follows that
9= —ii € [-0,0] N (~Dy)
is the unique negative solution of (11). O

Next, we produce constant sign solutions for (1). For this purpose we introduce the
sets

S+ = the set of positive solutions for problem (11)in the order interval [0, 7],
S_ = the set of negative solutions for problem (11)in the order interval [—7, 0].

Proposition 7 If hypotheses H(a), H(§), H(B), H(f)1 hold, then § # S, C Dy
and¥ # S_ € —Dy.

Proof Let n > 0 be as in hypothesis H(f)(iii) and fix ¥ > ||£|| (see hypothesis
H (£)). We introduce the following Carathéodory function

0 ifx <0
fi@zx) =1 fz,x) +oxP~1 if0<x <p (20)
f,n)+onP~1 ifn < x.

We set ﬁ+ (z,x) = f(f f+ (z, s)ds and consider the C'-functional Ot whr(Q) —
R defined by

1 1 A
¢+(u)=/ G(DM)dZ+*/(S(Z)-i-l?)lulpdz—i——_/ ﬁ(Z)Iulde—/ Fi(z,u)dz
Q pPJa P Jag Q

forallu € WP (Q).
Using Lemma 2, the fact that ¢ > ||£||~0, hypothesis H (8) and (20), we see that
@4 1s coercive.

Also, ¢4 is sequentially weak lower semicontinuous. So, by the Weierstrass-Tonelli
theorem, we can find ug € W7 () such that

br(uo) = inf {9100 1w e W (@) @0
Hypothesis H(f)1(ii) implies that

@4 (up) < 0 =¢@4(0) (see the proof of Proposition 6)
= ug #0.
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From (21) we have

¢ (uo) =0, (22)

= (A(uo), h) +/(E(Z) + ) uolP*ughdz
Q

+ f B(@)|uolP " *uphdo = / fi(z, uo)hdz
a2 Q

forall h € WhP(Q).

In (22) we choose h = —u;, € WP (). Then
P [[Dug |15 + ciollug 15 < 0 for some cjg > 0
(see Lemma 2, (20), hypothesis H(8) and recall that? > ||£]|0)
= ug=0, ug #0.

Next, in (22) we choose & = (ug — )T € WHP(Q). Then

(Auo), (uo —m™) + /Q(E(z) +)ul” wo — )tz
+ / Bul ™ (o — n)tdo
02
_ /Q LF 2o m) + 907 Lo — )" dz (see(20))
< (A, (o — ™) + /Q (E2) + )" (uo — )tz

+ [ peud w -t
IR
(note that A(n) = 0 and see hypotheses H(f)1(iii), H(B)),
= (A(uo) — A(m), (o — ™) + /Q(E(Z) + ﬁ)(uf)’*] — " (o —mtdz <0,

= ug < n (recall that? > ||€]|oo).

So, we have proved that
ug € [0, n], up # 0. (23)

On account of (20) and (23), Eq. (22) becomes

(A(uo). h) + / E@u " hdz + / B@ul ' hdzo = / £z uo)hdz
Q Q Q

d
forall h € WhP(Q),

= —diva(Duo(z)) + S(z)uo(z)"’_1 = f(z,up(z)) for almost all x € 2,

d _
1o + ﬂ(z)ug "'~ 0onaQ (see Papageorgiou and Radulescu [19]). (24)

ong
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From (23), (24), hypothesis H(f)1(i) and Papageorgiou and Radulescu [22], we
have

ug € L*(Q).
Next, applying the nonlinear regularity theory of Lieberman [15], we have
up € C4\{0}.
Hypotheses H(f)1(i), (ii) imply that we can find c¢1; > 0 such that
f(z,x)+ cllxp_l > 0 foralmostall x € 2, andall 0 < x < 7.
Then (23) and (24) imply that

diva(Dup(z)) < [lI€]loo + ci1luo(z)?~! for almost all z € €,
= ug € D4 (see Pucci and Serrin [27, pp. 111, 120]).

Therefore we have proved that # = Sy € Dy.
For negative solutions we consider the Carathéodory function

fz, =) —onpP~!  ifx <0
fr@o =1 f@x)+oxP 2% if—n<x<0 (25)
0 if0 < x

(recall that ¥ > ||€]|~0). Let I:"_(z,x) = f(;‘ f_(z, s)ds and consider the C!-functional
¢_ : WhP(Q) — R defined by

1 1 ~
</L<u>=/ G(Du)dz+f/<s<z>+ﬂ>|u|ﬂdz+f/ B(z)lulpdd—/ F(z, uydz
Q P Jo P Jaq Q

forallu € W' (Q).
Reasoning as above, using this time ¢_ and (25), we produce a negative solution
vo € [=n, 01N (=Dy).

Therefore ¥ # S_ € —D. O

The next result provides a lower bound for the elements of Sy and an upper bound
for the elements of S_. These bounds will lead to the existence of extremal constant
sign solutions.

Proposition 8 If hypotheses H(a), H(&), H(B), H(f)| hold, then it < u forallu €
Sy andv < vforallve S_.
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Proof Letu € S and consider the following Carathéodory function

0 ifx <0
Vi (2, x) = 3 nox?~! — (99 — H)xP~! if0 < x <u(z), ®>0. (26)

nou(2)4~" — (9o — Nuz)?~' ifu(z) < x

WesetT'; (z,x) = [ ¥4(z, s)ds and consider the C'-functional ke whr(Q) —
R defined by

~ 1 ~

k+(“)=/ G(Duw)dz + —[|1E ¥ loo + Pl lull} +/ B@)|u|’do —/ Iy (z,u)dz
Q p IQ Q

forallu e WhP(Q).

Evidently, I€+ is coercive (see Lemma 2, (26) and recall that D > 0). Also, it is
sequentially weakly lower semicontinuous. So, we can find & € W!?(Q) such that

ky(f) = inf{ky(u) : u € WhP(Q)). (27)
By (26) and since g < T < p, we have

12+(12) <0 = 124_(0) (see the proof of Proposition 6),

=u#0.
From (27) we have
K, @) #0,
:><A(ﬁ),h)+[||s+lloo+é]/ |12|p_212hd2+/ B(2)|i|P2ihdz :/ v+ (z, )hdz
Q I Q
forall h € WP (). (28)

In (28) we choose h = —ii~ € WP (). We obtain
a>0,0#0.

Also, in (28) we choose i = (i — u)* € WLP(Q). Then

(A(ﬁ),<ﬁ—u>+)+[||s+||oo+z9]/ ﬁ"—1<ﬁ—u)+dz+f B\ @ — w*do
Q Q2
=(/‘Dmuq_1——ﬁoup_lkﬁ——u)+dz4—§¥/ uP= V@ — uytdz (see (26))

Q Q

< / [f(z, u) + DuP~ @ — u)Tdz (see (9))
Q
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={A@), @ —-w)*)+ fﬂ €@+ DuP o —wyTdz + / . BuP~ (i —u)Tdo
d
(since u € S4)

<A@, @ — ™)+ [1E Nloo + 9] fQ WPV — uydz + /Q BuP~ (@ — u)*do,
0

= (A@) — AW, @ —w)+ 1EH o + 5]/ @' = uP=1) @ — wyTdz <0
Q
(see hypothesis H(8)),
=u<u.

From (26) we see that # is a positive solution of (11) and so

it =i € D4 (see Proposition 6)
=u<u forallu e Sy.

Similarly we show that
v<v forallve S_.

The proof is now complete. O

We are now ready to produce extremal constant sign solutions for problem (1),
that is, a smallest positive solution 4 and a biggest negative solution v_. In the next
section, using #4 and v_ we will produce a nodal (sign-changing) solution.

Proposition 9 Ifhypotheses H(a), H(&), H(B), H(f)1 hold, then problem (1) admits
a smallest positive solution uy € Dy and a biggest negative solution v_ € —D.

Proof From Papageorgiou et al. [25] we know that

e S, is downward directed (that is, if 1, u» € S+, then we can find u € Sy such
that u < uy, u < up).

e S_ is upward directed (that is, if v, v2 € S_, then we can find v € S_ such that
vy < v, 2 < V).

Then as in the proof of Proposition 6 of Papageorgiou and Radulescu [22], we can
find {u,},>1 € Sy such that

inf S = inf u,, u < u, forall n € N (see Proposition 8). (29)

nz

Evidently, {u,},>1 € WP (Q) is bounded. So, we may assume that

up = iy inW'P(Q)and u, — i, inLP () and L (3). (30)

We have

(A(un),h)—i-/ -’E(Z)uf:_lhdz—i-/ ﬁ(z)u,’:_lhdozf f(z,up)hdz (31)
Q FIo) Q
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forallh € WhP(Q), n e N.

In (31) we choose h = u,, — iiy € WHP (), pass to the limit as n — oo and use
(30). Then we have

lim (A(u,),u, —uy) =0,
n—00

= U, —> U4 in Wl’p(Q) (see Proposition 4). (32)

So, if in (31) we pass to the limit as » — oo and use (32), then

(A(ﬁ+),h))+/ g(z)ﬁi‘lhder/ B(2)i" ' hdo :f f(z. ity )hdz
Q Q2 Q

forallh € WhP(Q),

= —diva(Duy(z)) + S(z)[ur(z)”_l = f(z,u4+(z)) foralmostall z € 2,
ouy

ot B(z)i” " =0onoQ

(see Papageorgiou and Radulescu [19]),
= i € C4 (as before, by the nonlinear regularity theory).

From (29) and (32), we have
u < uy, henceuy #0.
As before, via the nonlinear maximum principle, we have

IZ+ S D+,
= I/_l+ S S+ and I/-l+ = inf S+.
Similarly we produce

v_e€S_andv_ =supS_.

The proof is now complete. O

4 Nodal Solutions

In this section, using the extremal constant sign solutions v_ € —D; and uy € D,
we produce a nodal (sign changing) solution. The idea is to use truncation techniques
to focus on the order interval [v_, u]. Using variational tools we obtain a solution
Yo in this order interval, which is distinct from 0, v_, u. The extremality of v_ and
4+ means that this solution yy is necessarily nodal.

Proposition 10 If hypotheses H(a), H(§), H(B), H(f)1 hold, then problem (1)
admits a nodal solutions yg € [v_, u+]N cl(.
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Proof Let v_ € —D, and 4 € D4 be the two extremal constant sign solutions pro-
duced in Proposition 9 and let ¥ > ||€||~. We introduce the following Carathéodory
function

f(Z,0-(2) + - ()P 20-(2) ifx < D_(2)
0z, x) = f(z,x) +0x|P2x ifo_(z) <x<us(z) (33)
(2, i4(2) + iy ()P ! ifii4(z) < x.

We also consider the positive and negative truncations of £(z, ), that is, the
Carathéodory functions

04(z,x) = £(z, £xT) forall(z,x) €  x R.

We set
X X
L(z,x):/ £(z,s)ds and Li(z,x)zf Li(z,8)ds.
0 0
Consider the C'-functionals @, ¢+ : WP (Q) — R defined by
. 1 1
bW = [ 6wzt [ €@+ ourazt— [ peurdo- [ Leud:
Q PJ P Jag Q
- 1
Felu) = / G(Du)dz + — / EQ) + D)lulPdz
Q PJa
1
—i——f ﬁ(z)lulpdo—/ Li(z,u)dz forallu e WhP(Q).
P Jaq Q

Claim1 K; € [0-,441NCY(Q), Ky, ={0,ii4}, K5 ={0,0_}.

Letu € K. We have

(A(ir), h) + / (E(2) + 0)i|P~*ithdz + / B)\a|P 2ihdo = / f(z, i)hdz
Q 02 Q
forallh e WHP(Q). (34)

In(34) leth = (u — i)t € WIP(Q). Then
(AGw). e — a)*) + / EQ) + 0P — ) dz
Q
+ f B@u?~ (u—iy)tdo
aQ

= f [f(z, i) + 0l 1 — i) dz (see (33))
Q
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= (AGip). (u — a)*) + /Q E@ + 0w — i) tdz

+f ﬂ(z)ﬁ{’f‘(u — i) do
Q2
(since u4 € Sy),

= (AW — AGay), u—ap)*)+ / E@ + @™ —al Y — i) tdz
Q

+/ ﬂ(z)(u]]—l - ﬁiil)(u - IZ+)+dO' = 0’
0Q
= u § I/_t+.
Similarly, if in (34) we choose h = (v_ —u)™ € WLP(Q)’ then we obtain that

v_ < u,
=ue€lv_,up]N C! (€) (nonlinear regularity theory),
= K; C [0, 11N C Q).

In a similar fashion we show that
Kj, €10,d11NC' (@) and K; < [0-,01NCH Q).
The extremality of solutions # € Dy and v_ € — D, implies that
Kg, ={0,uy}and K5 = {0, v_}.

This proves Claim 1.
Claim2 uy € Dy and v— € — D4 are local minimizers of ¢.

From (33) and since ¥ > ||&||oo it is clear that ¢ is coercive and sequentially
weakly lower semicontinuous. So, we can find i, € W17 () such that

Gy (iiy) = inf{@y(u) :u € WHP(Q)). (35)
As before, hypothesis H (f)1(ii) implies that

P+ (ug) <0=094(0),
=iy #Oand iy € K5, (see (35)),
= Uy = iy (see Claim 1).

Clearly, ¢|c, = @+|c, (see (33)). Since iy € D, it follows that

u4 isalocal C !(Q) — minimizer of o,

= ii4 is a local W'?(€2) — minimizer of ¢ (see Proposition 5),
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Similarly for v_ € D, using this time the functional ¢_. This proves Claim 2.

We may assume that K is finite. Otherwise, on account of Claim 1 and due to the
extremality of 4 and v_, we already have an infinity of nodal solutions. In addition,
without any loss of generality, we may assume that ¢(v_) < ¢ (i) (the reasoning is
similar if the opposite inequality holds). Claim 2 implies that we can find p € (0, 1)
small such that

$I) < Plis) < inf(@) : [lu — iyl = p) = fiip, [[i- —iisll>p  (36)

(see Aizicovici et al. [1], proof of Proposition 29).
Evidently, ¢ is coercive (see (33)). Therefore

¢ satisfies the C-condition. (37)

Then (36) and (37) permit the use of the mountain pass theorem (see Theorem 1).
So, we can find
yo € Kg and m, < @(yo). (38)

From (38), (36) and Claim 1 we have that

yo € [0_, 141N C'(Q) solves (1) and yo # iy, yo # V.

Since yp € C'(R) is a critical point of mountain pass type for @, we have

Ci(g.y0) #0 (39)

(see Motreanu et al. [16, Corollary 6.81, p.168]).
On the other hand, hypothesis H (f)1(ii) implies that

Ci(9,0) =0 forallk € Ny (40)

(see Papageorgiou and Radulescu [20, Proposition 6]). Comparing (39) and (40) we

infer that yg # 0. Therefore we conclude that yg € [v—, u]NC 1(€©) is alocal solution

for problem (1). O
So, we can formulate the following multiplicity theorem for problem (1).

Theorem 11 If hypotheses H (a), H(§), H(B), H(f)1 hold, then problem (1) has at
least three nontrivial smooth solutions

ug € Dy, v9g € —D, and yy € [vo, up] N Cl(ﬁ) nodal.

5 Semilinear Equations
In this section, we introduce a special case of problem (1) in which a(y) = y for all

y € RV (that is, the differential operator is the Laplacian, which corresponds to a
semilinear equation). So, the problem under consideration is the following
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—Au(z) +§(@u(z) = f(z,u(z)) inL,

u @
K+ Bu=0 on 0€2.

In this case we can also relax the conditions on the potential function £(-) and
allow it to be unbounded. For problem (41) we were able to improve Theorem 11 and
produce a second nodal solution for a local of four nontrivial smooth solutions.

Now the hypotheses on the data of (41) are the following:

o H() :£ e L(Q) withs > N, £T € L®(Q);
e H(B) : p € WI(Q), B(z) > Oforall z € IQ.

Remark 4 Again we can have = 0, which corresponds to the Neumann problem.

H(f), : the function f : Q x R — R is measurable and for almost all z € €,
f(z.0)=0, f(z.-) € C'(R) and

(i) there exist n > 0 and a, € L°°(2)4 such that
| f(z,x)| < a,(z) for almost all z € 2, and all x € [—n, n];
(i1) there existm € N, m > 2 and §y > 0 such
):mxz < f(z,x)x < Xm+1x2 for almost all z € 2, and all |x| < Jo;
(iii) with n > 0 as in (i) we have
f(z,n) —&@n <0< f(z,—n) + &(z)n for almost all z € Q
and there exists én > 0 such that for almost all z € Q
x = f(z,x) +§,7x

is nondecreasing on the interval [—n, n].
We have the following multiplicity theorem for problem (41).
Theorem 12 [f hypotheses H(&)', H(B)', H(f)2 hold, then problem (41) has at least
four nontrivial smooth solutions

ug € Dy, vo € =Dy, and yo, y € intci gy lvo, uol nodal.

Proof Since we have relaxed the conditions on the potential function £(-) and on the

boundary coefficient S(-), we need to show how the solutions of problem (1) exhibit

the global (that is, up to the boundary) regularity properties claimed by the theorem.
So, let u € [—n, n] be a nontrivial solution of (41). Then
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(A(u), h) +/ S(z)uhdz-i—/ B(z)uhdo :/ f(z,u)hdz forall h € HY(Q)
Q a0 Q

= —Au(z) + E(Qu(z) = f(z,u(z)) foralmostall z € , a—u + B(z)u =0 on 92

on
(see Papageorgiou and Radulescu [19]) (42)
Let
0 if lu(@)] <1 fzou(@) iflu@)] <1
aes { et ipjy () > 1 MEE =g i u(2)] > 1.

Note that hypotheses H (f)2(i), (ii) imply that
| f(z,x)| < ci2|x]| for almost all z € 2, all x € [—n, n], some c13 > 0.
Then it follows that g1, g» € L*°(£2). We rewrite (42) as follows:

—Au(z) = (g1(z) — &(@))u(z) + g2(z) for almostallz € €,
g—z+ﬁ(z)u=0 onadf.

Note that g; — & € L*(2) s > N (see hypothesis H (§)’). Invoking Lemma 5.1 of
Wang [31], we have u € L°°(2). Then the Calderon—Zygmund estimates (see Wang
[31, Lemma 5.2]), imply that

ue w>(Q),
l,a /& : N
suecC Q) witha=1——>0
S

(by the Sobolev embedding theorem).

Now the condition near zero (hypothesis H(f)»(ii)) is different. Here, f(z, -)
is linear near zero, while hypothesis H(f)1(ii) implies the presence of a concave
nonlinearity near zero. So, we need to verify that Theorem 11 remains valid also in
the present setting. Note that now, given r > 2, we can find 9y = 9y () > 0 such that

[z, x)x > AmxZ — Polx|" for almost all z € 2, and all |x| < 7.
We introduce the following Carathéodory function

—):mn—l—ﬁon’_l ifx < —n

w(z, x) = 3 Amx — 190|x|’_2x if —n<x<n (43)

7 r—1

Amn — Uon ifn <x

and then consider the following auxiliary Robin problem

{ —Au(z) + £E(@Qu(z) = u(z, u(z)) in<, } 44)

g_z+ﬁ(z)u =0 on o
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(see (10) and (11) for the corresponding items in the previous setting). Reasoning as
in the proof of Proposition 6, we obtain a unique positive solution

uel0,n]N D4
for problem (44). Then v = —u € [—n, 0] N (—D4) is the unique negative solution
of (44).
Infactin this case, due to the semilinearity of the problem, we can have an alternative

more direct proof of the uniqueness of the positive solution of problem (44). So,
suppose that iz, 1 are two positive solutions of (44). We have

i,u€[0,n]N Dy (45)
Let t* > 0 be the biggest real number such that
t*a < a. (46)
Assume that 0 < * < 1. Evidently, we can find §,7 > 0 such that the function
x = (i +&))x — Dolx| x
is nondecreasing on [—n, n]. We have

—Ai(2) + (£(2) + & (2)
= w(z, 4(2)) + &ii(2)
= (hm + Ep)ii(z) — Doii(z) " (see (45) and (43))
> Oun + E)(*(2) — Po(t* ()" (see (46))
> 1" [t (z) — Poit(z) "1+ Eii(2)] (since 0 < t* < 1,7 > 2)
= —-AC"u) + @) + én)(t*ﬁ(z)) for almost all z € Q,
= A —t*0) () < [1EH oo + §,,](ft — t*i1)(z) for almost all z €
(see hypothesis H (§))
= il — t*u € D4 (by the strong maximum principle).

This contradicts the maximality of #*. Hence * > 1 and so
i < i (see (46)).

Interchanging the roles of & and # in the above argument, we also have

<>

u

b N
B
I
<>
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This is an alternative, more direct proof of the uniqueness of positive and negative
solutions of problem (44).
As in the proof of Proposition 7, we introduce the Carathéodory function
0 ifx <0
J+@x) =1 fz,x) +pox fO<x<n
fm) +pon ifn<x
with 1o > |[€"[|o (see hypothesis H (§)").

We set Fi(z,x) = f(f f+(z, s)ds and consider the C'-functional ¢, : H'(Q) —
R defined by

o :
5.0 = 50 + 1B~ [ Foendz forallu e (@)
Q

with 79(u) = [|Dull3 + [ €(2)u*dz + [, B(x)u*do forallu € H'(Q). Using the
direct method of the calculus of variations, we obtain ug € H'(2) such that

G4 (o) = inf{@; () : u € H'(Q)).

Since m > 2 (see hypothesis H(f)2(ii)), we have

¢4 (o) <0 =¢4(0),
= ug # 0.

As in the proof of Proposition 7, we show that
uo € [0,n]1N D4

Similarly, using the Carathéodory function

. f@=n) —pon ifx < —n

fozox) =3 fzx)+pox if —np<x<0

0 if0 < x,
we produce a negative solution
vo € [=1,01N(=D4).
Therefore we have
h#Sy CDyandP#S_C —Dy.

In addition, as in the proof of Proposition 8, we show that

u<u forallu e Sy andv<v forallveS_.
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Moreover, reasoning as in the proof of Proposition 9, we produce extremal constant
sign solution for problem (41)

IZ+ € D+ and v_ € —D+.

As in the proof of Proposition 10, using these two extremal constant sign solutions,
we introduce the functional ¢ and using it we produce a nodal solution. Note that in
(33) we replace ¥ > 0 by ug > 0 and we set p = 2. Claims 1 and 2 in the proof of
Proposition 10 remain valid (as before, since m > 2, we have ¢4 (i) < 0 = ¢4 (0)
and so u4 # 0). Finally, we apply the mountain pass theorem (see Theorem 1) and
obtain

Yo € Ky S 0,10 CY(Q), yo ¢ {0, ity ). (47)

Therefore we have
Ci(@, y0) #0 (48)

(see Motreanu et al. [16, Corollary 6.81, p.168]). In this case, since the condition near
zero is different (see H(f)1(ii) and compare it with H(f)(ii)), relation (40) is no
longer true. We need to compute the critical groups of ¢ at u = 0.

Claim 3 We have C(¢, 0) = & 4, Z for all k € Ny, with d,, = dim lél E():k) > 2.
Let A € ():m, im+]) and consider the C2-functional L/ H'(©) — R defined by
V) = %ro(u) — %||u||% forallu € H' ().
We consider the homotopy
h(t,u) = (1 — @) + ty(u) forallr € [0, 1], allu € H'(Q).
Suppose that we can find {#,,},>1 € [0, 1] and {u,},>1 € H () such that
ty—~>tiu, > 0 inHl(Q) and h;(tn, u,) =0 foralln € N. 49)

From the equation in (49), we have

—Aup(2) + E@un () — (1 = 1), (2) = (1 — 1) f (2, un (2)) + AMpun(z)  in €2,

G+ B@un =0 on 4<2.
(50
From (50) and the regularity theory of Wang [31], we know that we can find o €
(0, 1) and c¢13 > 0 such that

un € C(Q) and [uyllc1agm < c13 foralln € N. 1)
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Exploiting the compact embedding of CL*(Q) into C1(2), we infer from (51) and
(49) that

u, — 0 inCY(Q),
= u, € [U_, 4] NC Q) foralln > n,
= {Un}nzn, € Kg (see Claim 1 in the proof of Proposition 10).

But we have assumed that K is finite (otherwise, on account of the definition of @
and (33) with g > O replacing # > 0 and p = 2 and using Claim 1 in the proof of
Proposition 10, we see that we have an infinity of nodal solutions of (41) and so we
are done). Therefore we have a contradiction and this means that (49) cannot happen.
Then using the homotopy invariance property of critical groups (see Gasinski and
Papageorgiou [10, Theorem 5.125, p. 836]), we have

Ci(¢,0) = Cr(y,0) forallk € Np. (52)

Note that ¥ € C2(H1(Q)). Since A € (im, im+1), u = 0 is a nondegenerate
critical point of ¥. So, from Gasinski and Papageorgiou [10, Theorem 5.106, p. 832],
we have

Cr(Y,0) = 8¢ 4, Z forallk € N,
= Cr($,0) = 8¢.q,Z forallk € Ny (see (52)).

This proves Claim 3.
From (48), (47) and Claim 3, we infer that

yo € {0, uy, v}
= yo is a nodal solution of (41) and yy € [v—, uy] N c! ().

Let én > ( be as postulated by hypothesis H(f),(iii). Then

—Ay0(@) + @ + &)y
= f(z,50(2)) + &y0(2)
< f(z,u+(2) + énﬁ+(z) (see(47) and hypothesis H (f)2(iii))
=—Auy(z)+ EQ@ + é‘,,)ﬁ+(z) for almost all z € €2,

= Ay = y0)(2) < 11§ |loo + &1+ — y0)(2) for almostall z € 2
(see hypothesis H(£))
= U4 — yo € Dy (by the strong maximum principle).

Similarly we show that
Yo — v_ € D+.
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Therefore we conclude that
Yo € intei gy [v—, iy ]. (53)
From (48), (53) and Proposition 5.124 of Gasinski and Papageorgiou [10, p. 836],

we have
Cr(@, yo) = 8k1Z forallk € Ny. (54)

Recall that uy € Dy and v— € —D are local minimizers of ¢ (see Claim 2) in
the proof of Proposition 10. Therefore we have

Cr(@, uy) = Cr(@, v—) = Sk 0Z for all k € Ny. (55)

From the proof of Claim 3, we have
Ci(¢,0) = 6kq,2 forallk e Ny. (56)

Finally, since ¢ is coercive, we have
Cr(@, 00) = 8k.0Z forallk € Ny. &)

Suppose that K5 = {0, uy, v_, yo}. Then from (54), (55), (56), (57), and the Morse
relation with r = —1 (see (8)), we have

(=% +2(=D° + (=" = (-1)°,
= (=1)% =0, a contradiction.

So, there exists § € H'(Q) such that

)A} € K¢7 j} ¢ {0, ﬁ-‘r’ ﬁ—a yO},
= Jelio, ay]NCHRQ), P ¢ {0, iy, v, yo,
= ¥ is a second solution of (41) distinct from yy.

Moreover, as we did for yg, using hypothesis H (f)2(iii), we show that
ye intcl(ﬁ)[f)_, u4].

The proof is now complete. O

6 Infinitely Many Nodal Solutions
In this section we return to problem (1) and by introducing a symmetry condition on
f(z, -), we produce a whole sequence of distinct nodal solutions for problem (1).

The hypotheses on the reaction term are the following:
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H(f)s3:f:Q2xR — RisaCarathéodory function such that for almost all z € €2,
f(z,0) =0and

(i) thereexistn > 0and a, € L°°(2)4 such that for almostall z € Q, f(z, )|[=y, 7]
is odd and

| f(z,x)| < ay(z) for almost all z € 2, and all x| < n;

(i) with T € (1, p) as in hypothesis H (a)(iv) we have

f(z,x)

m 2
x—0 [x|T7=x

= 400 uniformly for almost all z € €2.

Remark 5 The symmetric condition on f(z, -), permits the relaxation of the condition
near zero (compare H (f)3(ii) with H(f)1(ii)). We have also dropped hypothesis
H(f)3(iii).

Fix A(-) an even continuous function such that

® Alj—¢,c) = 1 for some ¢ € (0, n);
e suppA C (—n,n);
e 0K ALK

Let f(z,x) = A(x)f(z,x) + (I — A(x)E()|x|P"2x. Evidently, f(z,x) is a
Carathéodory function with the following properties:

e forall z € 2, f(z, ) is odd;
o f(z,x) = f(z,x)forallz € Q, |x| < ¢;
o f(z.x) =&(2)|x|P2x forall z € Q, |x| > 1.

It follows that f(z, n) — £(@n"~" =0 = f(z, —n) + &P~ (that is, f(z, %)
satisfies hypothesis H (f)1(iii)).

We consider problem (1) with f replaced by f .

Note that given any 77 > 0 and r > p, we can find cj4 = c14(7, r) > 0 such that

f(z,x)x > n|x|" — c4]|x|” for almost all z € 2, and all x € R.

Then we introduce the following Carathéodory function

1

—fin" !+ cran’” ifx < —n

pw(z,x) =3 Alxl*2x —culx|2x if —np<x <y

T—1 1

T —cuan’” ifn <x.

Using this u(-, -), we consider the auxiliary Robin problem (11). As in Proposition
6 we show that the auxiliary problem has a unique positive solution # € [0, n] N D4
and due to the oddness of the equation, v = —u € [—n, 0] N (=D ) is the unique

negative solution of the auxiliary problem.
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Recalling that we consider problem (1) with f(z, x) replaced by f (z, x), as before
we introduce the following sets:

Sy
S_

the set of positive solutions of (1) in [0, 5],

the set of negative solutions of (1) in [—n, 0].
If S+ # ¢ and S_ # @, then we have
u<u forallu € Syandv < v forallv € S_(see Proposition 8).
This leads to the existence of extremal constant sign solutions
Uy € Dyandv_ € —D,.
Using these extremal constant sign solutions, we consider the Carathéodory func-

tion £(z, x) as in (33) with f(z, x) replaced by f (z, x) (see the proof of Proposition
10) and then introduce the C'-functional & : W17 (Q) — R defined by

¢(u)=/ G(Du)dz+l/(E(Z)le?)Iulpderl[ B(2)|ulPdo —/ L(z,u)dz
Q pJa P Jag Q

forallu e WhP(Q).

Here, as before, ¥ > ||€||oo and L(z, x) = f(f (z,s)ds.
We know that -
Kg S -, i ]NC'(Q) (58)

(see Claim 1 in the proof of Proposition 10).

Proposition 13 If hypotheses H(a), H(¢), H(B), H(f)3 hold, n € N and Y, C
WP(Q) is an n-dimensional subspace, then we can find p, > 0 such that

sup{@(u) : u € Yy, |[ul| = pa} < 0.
Proof Hypothesis H (a)(iv) implies that we can find p; > 0 and ¢;3 > 0 such that

Go(t) < ci5tt forallr € [0, p1],
= G(y) < cisly|” forall|y| < pi. (59)

Also, hypothesis H (f)3(ii) implies that given 7 > 0 we can find 0 < p < pj
such that

F(z,x) > |x|” foralmostall z € , and all |x| < p2 (60)

(here F(z, x) = /X f(z, s)ds).
0
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Let p3 = min{ming # 4, min(—v_)} > O (recall that u, € D;,v_ € —D,). We
Q

can always assume that 0 < p» < p3. Since Y, is finite dimensional, all norms are
equivalent and so we can find p, > 0 such that

ue Yy, |lull < pp = lu(z)| < py for almost all z € Q. 61)

Then from (59), (60), (61) we have

@(u) < c15l|Dully — llull; < [c16 — Herlllull®
for some cig, c17 > 0 see (33).

Since 7 > 0 is arbitrary, we choose 7 > % and have that

sup{@(u) : u € Yy, ||ull = pp} < 0.
This completes the proof. O

Now we are ready for the multiplicity result producing a whole sequence of distinct
nodal solutions.

Theorem 14 Ifhypotheses H(a), H(&), H(B), H(f)3 hold, then problem (1) admits
a sequence {uy},>1 C CY(Q) of distinct nodal solutions such that u,, — 0 in C'(Q)
asn — oo.

Proof We know that ¢ is coercive (see (33)). So, ¢ is bounded below and satisfies the
C-condition. Also, ¢ is even. These facts, together with Proposition 13, permit the use
of Theorem 1 of Kajikiya [13]. Hence we can find a sequence {u,},>1 € whr(Q)
such that

()1 € K C [0-, 041N C(Q) and u, — 0 in W"P(Q) (see (58)).  (62)

From (62) and (33) we see that {u,},>1 are nodal solutions of (1). Moreover,
the nonlinear regularity theory (see Lieberman [15]) and the compact embedding of
Cch(Q) (0 < a < 1) into C'(Q) imply that u,, — 0in C'(Q) as n — oo. Since
f (z,-) and f(z,-) coincide near zero, we have thus produced a sequence of distinct
nodal solutions for problem (1). m]

Remark 6 Recently, Papageorgiou and Ridulescu [21] have proved an analogous result
for problems with no potential term (thatis, £ = 0) and with a reaction term with zeros.
Theorem 14 generalizes the result of Papageorgiou and Radulescu [21]. It also extends
Theorem 2.10 of Wang [32] where the equation is driven by the p-Laplacian with no
potential term (that is, & = 0). Wang produced a sequence of nontrivial solutions
{ttn}n>1, not necessarily nodal, such that [|u,||cc — 0.
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