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Abstract
In this paper, we consider the following non-autonomous Schrédinger—Bopp—
Podolsky system

—Au+V@u+q*du = f(u) R
—A¢ 4+ a’A%p = dmu® s

By using some original analytic techniques and new estimates of the ground state

energy, we prove that this system admits a ground state solution under mild assump-

tions on V and f. In the final part of this paper, we give a min-max characterization

of the ground state energy.
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1 Introduction

Consider the following Schrodinger—Bopp—Podolsky system

20 —
_Au+V2(x)2u+q ¢u2— fu) 0 RS, (1.1
—Ap+a"A“¢p =4nu
where u, ¢ : R? > R, w,a > 0,q # 0.

This nonlinear system appears when we couple a Schrodinger field ¥ = (¢, x)
with its electromagnetic field in the Bopp—Podolsky electromagnetic theory, and, in
particular, in the electrostatic case for standing waves ¥/ (¢, x) = ¢/“u(x).

System (1.1) has a strong physical meaning especially in the Bopp—Podolsky theory,
developed independently by Bopp [3] and Podolsky [24]. The Bopp—Podolsky theory
is a second order gauge theory for the electromagnetic field. As the Mie theory [22]
and its generalizations given by Born and Infeld [4-7], it was introduced to solve
the “infinity problem”, which appears in the classical Maxwell theory. In fact, by the
well-known Gauss law (or Poisson equation), the electrostatic potential ¢ for a given
charge distribution whose density is p satisfies the equation

—Ap=p inR>. (1.2)
If p = 4mdy,, withxg € R3, the fundamental solution of (1.2) is G(x — xg), where
1

g('x) = T

|x|

and the electrostatic energy is
1 2
&m@) =5 | IVG|" = +oo.
2 R3

Thus, Eq. (1.2) is replaced by

\Y%
Caiv[—Y2 )=, R
VI=1Ve[?
in the Born-Infeld theory and by
—Ap+a*ANp=p iR’

in the Bopp—Podolsky theory. In both cases, if p = 474y, we are able to write
explicitly the solutions of the respective equations and to see that their energy is finite.
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In particular, when we consider the differential operator —A + a’ A%, we have that
K(x — xp), with

is the fundamental solution of the equation
2024 _
—A¢p+a AP =4nby,.

Then /C has no singularity in xq since it satisfies

1
lim K(x —x9) = —,
X—>X0 a

and its energy is
a2

/ IAK|? < +00.
2 R3

1
Eep(K) = E/W VKL +

Moreover, the Bopp—Podolsky theory may be interpreted as an effective theory for
short distances (see [20]), while for large distances it is experimentally indistinguish-
able from the Maxwell theory. Thus, the Bopp—Podolsky parameter a > 0, which has
dimension of the inverse of mass, can be interpreted as a cut-off distance or can be
linked to an effective radius for the electron. For more physical details we refer the
reader to the recent papers [1,2,9,10,16,17] and to references therein.

The differential operator —A + A appears in various different interesting mathe-
matical and physical situations; see [19] and the references therein.

Before stating our results, few preliminaries are in order. We introduce here the

space D as the completion of C2° (R3) with respect to the norm \/|| Vo ||% +a?||Ag ||%;
see Sect. 2 for more properties on this space.

For fixed a > 0 and g # 0, we say that a pair (u, ¢) € H'(R?) x D is a solution
of problem (1.1) if

/ [VuVv + V(x)uv]dx + q2/ ¢uvdx = / f(wvdx, Vve H'(RY),
R3 R3 R3

/ V¢ngx+a2/ APAEdx :471/ pu’dx, VEeD.
R3 R3 R3

We say that a solution (u, ¢) is nontrivial whenever u # 0; a solution is called a ground
state solution if its energy is minimal among all nontrivial solutions. As described in
Sect. 2, to solve problem (1.1) is equivalent to solving

_ —lrl/a
—Au+V@u+q* (16— % u2> u=f) inR3, (1.3)

x|
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whose solutions correspond to critical points of the energy functional defined in
H'(R?) by

1 2 1 — e Ixl/a
Z(u) = —/ [|Vu|2+V(x)u2] dx—l—q—/ (e*uz uzdx—/ F(u)dx,
2 Jr3 4 Jr3 [x| R3

(1.4)

where F(u) = f(f f(t)dz. A solution is called a ground state solution if its energy is
minimal among all nontrivial solutions.
In this paper, we also consider the following “limit” system with a general nonlin-
earity f
200 —
{ Bt Voot + 01 = £ 1 05
—Ap+a"A“p =4ru

To the best of our knowledge, there is no result on the existence of ground state
solutions for systems (1.1) and (1.5). Inspired by [11,12,14,25], we will seek a ground
state solution of Nehari—-Pohozaev type for systems (1.1) and (1.5).

To state our results, we introduce the following assumptions:

(V1) V e C(R3, [0, 00)) and Vy, := lim|y| 500 V() = sup,cgs V(x) > 0;

(V2) V. e C'R*R), VV(x) - x € L®®R3), 2V(x) + VV(x) - x > 0 and
liminfy| 5 e[2V(x) + VV(x) - x] > 05

(F1) f € C(R, R), and there exist constants C > 0 and p € (2, 6) such that

fol=c(1+1r7"), VieR;
(F2) f(t) =o0(t)ast — 0;
(F3) F(r) > Oforallz € R and limy— oo % = 00;
(F4) the function w is nondecreasing on (—oo, 0) and (0, +00).
Our first result is as follows.

Theorem 1.1 Assume that (V1), (V2) and (F1)—~(F4) hold. Then problem (1.1) admits
a ground state solution.

Remark 1.2 There are many functions which satisfy (V1) and (V2). An example is
sin? | x|
T+x] *

givenby V(x) =1 —
For the constant potential case, we replace the monotonicity condition (F4) with

the super-quadratic condition which is easier to verify:

(F5) f(t)t = 3F(¢) forall t € R, and there exist k > 3/2 and rg, Cy > O such that

K

‘@ < CoLF () —3FD]. Vi = ro.
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Our second result is as follows.

Theorem 1.3 Assume that (F1)—(F3) and (F5) hold. Then problem (1.5) admits a
ground state solution.

Finally, we give the min-max property of the ground state energy of Z. To this end,
we introduce the following monotonicity condition.

(V3) V e C1(R?), and the function 7 > 2[V (tx) — VV (tx) - (tx)] is increasing on
(0, 4+00) for every x € R3.

We define the Nehari—Pohozaev manifold as follows:
M ={ue H®RH\{0} : T () := 27 w)[u] — P(u) = 0}, (1.6)

where P (u) is the Pohozaev functional of (1.3) defined by

Pu) = l||Vu||§ + 1/ [BV(x) 4+ VV(x) - x]u’dx — 3/3 F(u)dx
R.

=l
// s17¢ T L 2w dedy. (1)
w ey | lx—yl/a

If u € H'(R?) is a critical point of Z, then u satisfies P(u) = 0; see [18, A.14]
for more details. Then every nontrivial solution of (1.1) is contained in M. In this
direction, we have the following theorem.

Theorem 1.4 Assume that (V1), (V3), (F1)=(F4) hold. Then problem (1.1) admits a
ground state solution u € H L(R3) such that

Z(m) =infZ = inf maxl'(tzu,) > 0,
M ueH (R3H\{0} 1>0

where u;(x) := u(tx).

Remark 1.5 We observe that the function V(x) = 1 — W with a > 0 satisfies
hypotheses (V1) and (V3).

For the limiting problem related to (1.3), that is, (1.3) with V (x) = Vi, we further
weaken (F4) to the following condition:

4 (1)t—6F (£)—0 Vot

(F4') there exists a constant & € [0, 1) such that the function TS is
nondecreasing on (—oo, 0) and (0, +00).

To state the following result, we define the energy functional in H'(R?) by

1 2 1 — e Xl/a
I®Ww) = 7‘/ [qul2 + Voouz] dx + 4 e *u? ) u?dx —/ F(u)dx,
2 Jr3 4 Jr3 [x] R3

(1.8)
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and the Nehari—Pohozaev manifold by
M® = {u € H'R)\[0} : T®) := 2(Z°°) w)[u] — P®w) =0}, (1.9)

where P>°(u) is the Pohozaev functional defined by

1 3
PPO) = _||vu||§+ -/ Voou>dx —3/ F(u)dx
2 ]R R3
=l

/ f 1 —e a lx—yl 2 2
+e @ |u"(x)u”(y)dxdy.
®Jrs | T Ix—ylja

We have the following corollary.

Corollary 1.6 Assume that (F1)~(F3) and (F4') hold. Then problem (1.5) admits a
ground state solution it € H'(R>) such that

I%W@) = inf 7= inf  maxZ®(’u;) > 0.
M ueH(R3)\{0} >0

Remark 1.7 Our more general conditions (F1)—(F4) or (F4’) on the function f (u)
allow many other examples different to the pure power nonlinearity considered in
[18]. For example, the function f(u) = 3|u|uIn(1 + u?) + 2‘”' + satisfies (F1)—(F4).
The function f(u) = a|u|>?u + blu|"?u witha, b > 0 satlsﬁes (F1)—(F3) and (F4')
with & = 2 when 15v/10a > 14632 > 0 but it does not fulfill (F4).

To prove Theorem 1.4, that is, to obtain a ground solution for Eq. (1.1) with (V1)
and (V3), we first choose a minimizing sequence {u,} of Z on M, which satisfies

Tn) = mi=inf T, Pluy) =0. (1.10)

Next, we show that the sequence {u,,} is bounded in H' (R3).

Due to lack of global compactness and adequate information on Z’ (u,,) and in order
to avoid relying the radial compactness, we establish a crucial inequality related to
Z(u), Z(us) and J(u) (Lemma 3.4), which plays a crucial role in our arguments,
see Lemmas 3.8, 3.9, 3.13, 3.14 and 4.5 . With the help of this inequality, we then
can recover the compactness for the minimizing sequence {u,} and show that {u,}
converges weakly to some u € H L(R3)\{0} and Z(it) = inf M Z by using Lions’
concentration-compactness, the “least energy squeeze approach” and some subtle
analysis. Finally, we take advantage of a quantitative deformation lemma and the
intermediate value theorem to show that u is a critical point of Z, as the Lagrange
multiplier theorem does not work, because M is nota C L_manifold, .

To prove Theorem 1.1, we use the monotonicity technique explored by Jeanjean [21]
to parameterize the nonlinearity f. In such a way, we build a parametrization of the
energy functional associated to (1.1) and give some energy relations of problems (1.1)
and (1.5) which play a key role in getting the critical point of (1.1), see Lemma 4.5.
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Moreover, in order to show that a critical point associated to the parametrization
functional is indeed a solution to the original problem, we also need give a delicate
estimation for the parametrization problem. Finally, we study the constant potential
case by using weaker conditions.

Throughout the paper we make use of the following notations:

e Under (V1), H'(R?) denotes the Sobolev space equipped with the inner product
and norm

(u,v):/ [VuVv + V() uvldx, |ull = u, )", Yu,ve H' (R?);
]R3

L(R¥)(1 < s < oo) denotes the Lebesgue space with the norm |jul|y =
(Jes luldx) "
Foranyx e R¥andr > 0, B,(x) :={y e R¥: |y — x| < r};

S = inf,epragsy oy IVull3/llullg;
C1, Ca, - - - denote positive constants possibly different in different places.

2 Variational setting

We start with some preliminary basic results. Let us consider the nonlinear Schrodinger
Lagrangian density

_ K2
Lse = ihyay — %WW +2F (),

where ¥ : R x R3 — C, h,m > 0, and let (¢, A) be the gauge potential of the
electromagnetic field (E, H), namely ¢ : R> — R and A : R? — R3 satisfy

1
E=-V¢—-3A, H=V xA.
C

The coupling of the field ¢ with the electromagnetic field (E, H) through the minimal
coupling rule, namely the study of the interaction between 1 and its own electromag-
netic field, can be obtained by replacing in Ls. the derivatives 9, and V respectively
with the covariant ones

iq iq
Di=0+—¢, D=V-_—A,

(=0t e he

g being a coupling constant. This leads to consider
— h? 2
Lese =iy Deyr — oD "+ 2F (¥)
L iq h? iq 2
=iy |0 +—¢)|¥v——||V—-—A|Y| +2F).
h 2m he
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Now, to get the total Lagrangian density, we have to add to Lcs. the Lagrangian
density of the electromagnetic field.
The Bopp—Podolsky Lagrangian density (see [24, Formula (3.9)]) is

i

1 2 1 1
+a® [(m + = div B,A) — ‘v x V x A+ =3,(V + —A)
C C C

1 1
Cop = o {|E|2 — H?> +4? |:(divE)2 — ’v xH— ~E
T C

1 1
= — {|v¢ + -9,A”— |V x A]?
8 c

2:| }
Thus, the total action is

S, $,A) = / Ldxdr
R3

where £ := Lcsc + Lpp is the total Lagrangian density.
Let D be the completion of C>° (R3) with respect to the norm || - ||p induced by the
scalar product

(0, ¥)p :=/ V¢V1/fdx+a2f ApAvydx.
R3 R3

Then D is a Hilbert space continuously embedded into D'2(RR3) and consequently in
LO(RY).

We notice the following auxiliary properties; see Lemmas 3.1 and 3.2 in [18].
Lemma 2.1 The space D is continuously embedded in L°°(R3).

The next property gives a useful characterization of the space D.

Lemma 2.2 The space C° (R3) is dense in
A= {qs e D'2R3Y) : Ag € L2(R3)}

normed by /{¢, ¢)p and, therefore, D = A.

For every fixed u € H'(R?), the Riesz representation theorem implies that there is
a unique solution ¢, € D of the second equation in (1.1). To write explicitly such a
solution (see also [24, Formula (2.6)]), we consider

1 — e—lxl/a

Kx) =

x|

We have the following fundamental properties.
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Lemma 2.3 [18, Lemma 3.3] Forall y € R3, K(- — y) solves in the sense of distribu-
tions

—A¢ +a’A’p = 4nsy.

Moreover,

(i) ifg € Llloc(R3) and, for a.e. x € R>, the map y € R> — g(y)/|x — y| is
summable, then K x g € L} (R3);

loc

(i) if f € L*(R3)with1 < s < 3/2, thenKxg € L1(R>) forq € 3s/(3—2s), +o<l.
In both cases, KC x g solves
— AP+ a’A’¢ =4ng 2.1
in the sense of distributions, and we have the following distributional derivatives:
VIKxg)=(VK)xg and AKxg) =(AK)*g ae.in R3.
Fix u € H'(R?), the unique solution in D of the second equation in (1.1) is
S = K # u’. 2.2)

Actually the following useful properties hold.
Lemma 2.4 [18, Lemma 3.4] For every u € H! (R3) we have:

(1) foreveryy € R, ¢u(-+y) = du(- + y);

(2) ¢u = 0;

(3) foreverys € (3,400], ¢, € L* (R3) N Cy(R3);

(4) foreverys € (3/2,40c], V¢, = VK xu* € L*(R?) N Cy(R?);
(5) ¢u€D;

(©) llgulle < Cllul*;

(7) ¢y is the unique minimizer of the functional

1 2 a? 2 2
E(@) =IVel; + —llAdll; — [ ¢u“dx, ¢ €D.
2 2 R3
Moreover, if v,—v in HI(R3), then ¢, —¢, in D.

Under hypotheses (V1), (F1) and (F2), the energy functional defined in H LRHxD
by

1 2 2 q? 2
Sw =3 [ [|Vu|2 FV@u ]dx +5 |

612 2 azqz 2
—— |V - —A — Fud 2.3
Tom Vol T AN /ﬂ§3 (u)dx (2.3)
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is continuously differentiable and its critical points correspond to the weak solutions
of problem (1.1). Indeed, if (u, ¢) € H(R3) x D is a critical point of S, then

0=10,Su,p)v]= / [VuVv 4+ V(x)uv]dx
R3
+q2/ ¢>uvdx—/ fu)vdx, VYwve H'(R?)
R3 R3

and

q2 26]2
0=08,Su, P)[6]1="— f ngx——/ V¢Vedy — —— | ApAEdx, V& eD.
2 8t JR3

2.4)
In order to avoid the difficulty generated by the strongly indefiniteness of the functional
S, we apply a reduction procedure. Noting that 945 is a C ! functional, if G is the

graph of the map @ : u € H'(R?) — ¢, € D, an application of the implicit function
theorem gives

Go = {(u,¢) € H'(R®) x D : ,8(u, §) = 0} and @ e C'(H'RY), D).

Jointly with (2.3) and (2.4), the functional Z(u) := S(u, ¢,) has the reduced form

2
T(u) = %/R? [|w|2 n V(x)uz] dx + % /R% duuldx — fR% Fdx, (2.5)

which is of class C! on H!(R3) and, for all u, v € H!(R3)

' w)[v] = 9, S, @) [v] + dpS(u, Pu)) o @ (u)[v]
= 0,S(u, ®(u))[v]

=/ [VuVv + V(x)uv] dx—i—qz/ ¢yuvdx —/ fu)vdx. (2.6)
R3 R3 R3

Moreover, the following statements are equivalent:

(i) the pair (u, ¢) € H'(R®) x D is a critical point of S, that is, (1, ¢) is a solution
of problem (1.1);
(i1) u is a critical point of Z and ¢ = ¢,,.

Hence, if u € H'(R3) is a critical point of Z, then the pair (i, ¢,) is a solution of
(1.1). For the sake of simplicity, in many cases we just say u € H'(R?), instead of
(u, ¢u) € H'(R3) x D, is a solution of (1.1).

3 Proof of Theorem 1.3

In this section, we give the proof of Theorem 1.3.



Ground state solutions of the non-autonomous Page 11 of 32 17
By a simple calculation, we have the following two lemmas.
Lemma3.1 Letb > 0. Then
Y RIS B ) S

h(t)::t[et—e ]+ —bet =0, Vi>0 G.1)

and
S
1—e " — gbe > 0. (3.2)

Lemma3.2 (i) Assume that (V1) and (V3) hold. Then

3 [V(x) - tV(r‘x)] — =)V =VV)-x] >0, Yie[0, 1)Ul +00).

(i) Assume that (F1) and (F4) hold. Then

2(1 —13)

(3.3)

o+ # —2)F (1) + %F(;%) >0, Vt>0, teR. (34

(iii) Assume that (F1) and (F4') hold. Then

2(1 —13)

: fOT+ @ —2)F(r) + %F(tzr)

0
+€°(1 — 2240Vt >0, V>0, 7 eR.

Note that if + — 0 in (3.4) and (3.5), then
f()t —3F(t) >0, VtelR
and
f(t)t —3F(1) + 9%12 >0, VrtekR.
Lemma 3.3 Assume that (V1) and (V3) hold. Then

IVV(x)-x| — 0 as |x| — oo.

(3.5)

(3.6)

3.7

(3.8)

Proof Arguing by contradiction, we assume that there exist a sequence {x,,} C R? and

6 > 0 such that

|x,| = o0, and VV(x,) -x, >8orVV(x,) -x, <—-6 VneN.



17 Page 120f32 S.Chenetal.

Now, we distinguish two cases: 1) VV (x,) -x, > § foralln € Nandii) VV (x,) - x, <
—4é foralln € N.
Case i) VV(x,) - x, > ¢ for all n € N. In this case, by (3.3), one has

8 < VV(xy) - xpn

Vo) + 5 ] [V(xn>—rV<f‘xn)]

3(1 1) 3
V(xn) + —V( n) + [V(xn) - V@ xn)]

__U—DO+D
T2 4r+1

A

Ve + s VO VT el Vis 1L (39)

Since

(r—=D@E+2)

=0, 3.10
it 21 (3.10)
there exists #; > 1 such that
n—0 +2 8
WVOO <2 (3.11)
4 +1 +1 2
Then it follows from (V1), (3.9) and (3.11) that
(1 — D +2) 31 _ )
5 < Voo + 5[V @) = VT )] < = +o(), (3.12)
i+t +1 -1 2

which is an obvious contradiction.
Case ii) VV (x,) - x, < —6 for all n € N. In this case, (3.3) gives

— 6> VV(x,) - x,
> V) + 5 [tV(r—lxn) — V(xn)]
— V() + FV(M 4 SV ) = V)]
(t— D@ +2) 3 _
= o1 Ve ElVET e = Vel Yo <i <L
(3.13)
From (3.10), there exists 0 < t, < 1 such that
(b=Dn+2), 5 G.14)

B5+n6+1 Vo= 73
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Then it follows from (V1), (3.13) and (3.14) that

th—1)(r +2 3t _ )
—§=> (22)#‘/004‘ 23[V(t21xn)_v(xn)] > —=4o(1),
th+n+1 1—1; 2
(3.15)
which is again an obvious contradiction. This completes the proof. O

Since J (u) = 27" (u)[u] — P(u) for u € H'(R?), we have
Jw) = E||Vu||% + l/ [V(x) —VV(x) xJutdx — / [2f(w)u —3F(u)]ldx
2 2 R3 R3
3612/ 2 612/ / bl o
+— ¢yu-dx — — e o u (x)u“(y)dxdy. (3.16)
e 4a Jp3 Jr3

Define the function

B(x,1) =3 [V(x) - zV(f‘x)] — A=A [VE) —VV()-x], YxeR3 >0
(3.17)

Lemma 3.4 Assume that (V1), (V3), (F1) and (F4) hold. Then

3
— £ 1
Tw) > I<t2u,> + Tw) + -/ B(x, Huldx, Yue H'RY, >0,
3 6 R3
(3.18)
where u; (x) = u(tx).
Proof Foru € H'(R3) and ¢ > 0, one has
2 r 2 ! 152
I(r ut> = S IVul} + 5/R3 V(i oudx
23 I
+q—/ / ST " 2wut(y)dxdy
4 Jr3Jrs |x =yl
1
——3/ F(t*u)dx. (3.19)
1 R3

Thus, (2.5), (3.1), (3.3), (3.4), (3.16), (3.17) and (3.19) imply that for all u € H(R?)
andallz > 0

T(u) — I(tzut)
1 -7

1 B 1
=— ||Vu||%+5v/;&3 [V —va'o] uzclgch/R3 [1—3F(t2u)— F(u)] dx
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Ix 5l 3 (1 _e—\«‘r”—.vl>
f / u?(0)u?(y)dxdy
]R3 R3

[x =yl

é/Ra [3 [V(") - ’V(f_lx)} ~ 1=V - VV @) -x]] u2dx

2(1 —13) 3 1,
+f Fu+ @ = DF @) + 5 FPw) | d
R3 3 t

_ =yl lx=yl

3¢* / / W2 (o ()dxdy
R3 JR3 lx — vl

2
E/W,B(x,t)u dx.

This shows (3.18). O

Remark that (3.18) with  — 0 gives
1 1
T(u) > §j(u) + 6/ 2V(x) + VV(x)-x]u’dx, Yue H'(R?. (3.20)
]R3

For the limiting problem, corresponding to (2.5) and (3.16), we define the following
functionals in H!(R3):

1 2
T®u) = —f <|Vu|2+Voou2> dx+q—/ ¢uu2dx—/ F(u)dx (3.21)
2 R3 4 R3 R3
and

3 Voo
T (u) = 5||Vu||%+7||u||%—/ [2f (w)u — 3F (u)]dx

2
430 / buit 2clx—— / / 22 (dxdy. (3.22)
4 ]R3 ]R3 ]R%

From Lemma 3.4, we deduce the following two properties.

Corollary 3.5 Assume that (V1), (V3), (F1) and (F4) hold. Then for u € M
_ 2
() = max7 (t ut> .
Corollary 3.6 Assume that (F1) and (F4) hold. Then

1—02Q2 +1¢
(u)—{—MVwHuH%, VueH'®RY, t >0

6
(3.23)

I%°w) > I° (tzuf) +
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By using (3.5) instead of (3.4), as in the proof of Lemma 3.4, we have the following
lemma.

Lemma 3.7 Assume that (F1) and (F4') hold. Then

__ 43
T = 7% (Pu) + 5T W

_ A2
+(1 9)(16t) 2+1)

Voollull3, Yu e HY(R?), 1 > 0. (3.24)

Lemma 3.8 Assume that (V1), (V3) and (F1)—(F4) hold. Then for any u €
H'(R3)\{0}, there exists a unique t, > 0 such that t,fu,u e M.

Proof Letu € H'(R?)\{0} be fixed and define the function £ (r) := Z(t>u,) on (0, 00).
Using (3.16) and (1.6), it is easily checked that

1
(=0 & ;j(tzuo:o o u e M.

By (V1) and (F1)—(F3), we have lim,_,o+ ¢(t) = 0, ¢(¢#) > 0 for ¢+ > 0 small and
¢(t) < 0 for ¢ large. Therefore, max;¢(0,00) ¢ (¢) is achieved at #p = t, > 0, so that
¢'(to) = 0 and t3u € M.

Next, we claim that 7, is unique for any u € H l(IR3)\{O}. In fact, for any given
u € H'(RH\{0}, let t1, 1, > 0 be such that ¢'(t1) = ¢'(t2) = 0. Then J (t}u,)) =
J (t3u;,) = 0. Jointly with (3.18), we have

-3 ¢
T(tur) = T(Rur,) + 52 T (Gur) + — / Blx. ta/t)u*dx
32‘] 6 Jr3
2 ! 2
=T(thuy) + — B(x, tr/t))u"dx (3.25)
6 R3
and
2 2 B-t f2 2
T@un) > T(uy) + 2l 7(2uy) + 2 / B(x, 11 /mudx
313 6 Jg3
t
= T(t{uy) + gz / Bl /) u’dx. (3.26)
R;

Then (3.1), (3.25) and (3.25) give t; = t». Therefore, 7, > 0 is unique for any
u € H'(R*)\{0}. o

Combining Corollary 3.5 with Lemma 3.8, w obtain the following min-max prop-
erty.
Lemma 3.9 Assume that (V1), (V3) and (F1)—(F4) hold. Then

m=inf 7 = inf max Z(t%u;).
M ueH' R3N\{0} 1>0
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Lemma 3.10 Assume that (V1), (V3) and (F1)—(F4) hold. Then
(i) there exists p > 0 such that ||u|| > p, Yu € M;
(i) m =infp4Z > 0.

Proof (i). In view of [13, Lemma 2.5], if V satisfies (V1) and (V3), then there exist
01, 02 > 0 such that

2V(x)+VV(x)-x>01, VxeR (3.27)
V(x)—VV(x)-x>p01, VxekR. (3.28)

Since J (1) = 0 for u € M, by (3.2), (3.16), (3.28) and the Sobolev embedding
theorem, we have

min{3, 02} 3 1
mnt, 02h i < 2wl ¢ —/ V@) — VV(x) - xluldx
2 2 2 Jes
[x—y| _ [x=y|
3q2 l—e o — bkoyl,—3
+i/ f 3a W2 ()i (y)dxdy
4 Jps Jrs |x — ]

< f 2 () — 3F (w)]dx
R3

min{3,
< %nun2 +Cilul?, YueM,
which implies
in(3. 0]\ /(P
lull > p = <M> . VueM. (3.29)
4C,

(ii). Let {u,} C M be such that Z(u,) — m. There are two possible cases: 1)
infuen [lunll2 > 0 and 2) infen [[un |2 = 0.
Case 1) inf,en |lun |2 := p1 > 0. In this case, (3.20) and (3.27) yield

1
m+o(1) = Tuy) = Tluy) = 3.7 0n) = 2p} > 0. (3:30)
Case 2) inf,en |lun|l2 = 0. By (3.29), passing to a subsequence, we have

1
lunllz = 0,  [Vunl2 > 5P (3.31)

Lett, = |Vu, ||2_2/3. Then (3.31) implies that {¢,} is bounded. Using (F1), (F2)
and the Sobolev inequality, there exists C> > 0 such that

/ F(u)dx
R3

Since J (u,) = 0 for all n € N, then (3.18), (3.19), (3.31) and (3.32) give

3

S
SQIIHII%-FZIIMIIESC2||M||§+ |VullS, VueH'(R?.

(3.32)

! |
4
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m+o(1) = T(uy) > T(t2(un)s,)

3
! 2, b “1.\.2
= %||Vun||2 + %A@ Vit x)utdx
[x=yl

2.3 -

q-t, l—e @ 5 2

— _ dxd
RN R

1

—= | Ft7u)dx

1, JRr3
y 2 2 I 6
n n
EIIVunllz = Catyllunll; — ZIIVMnllz

v

13 2 3 2\? 1
Va3 | 2= (1Vual3) | +o() = 7 +o(D.

Cases 1) and 2) show that m = inf o4 Z > 0. This completes the proof. O

Lemma 3.11 Assume that (V1), (V3) and (F1)—~(F4) hold. Then m*® := inf pqoc Z°° >
m.

Proof Arguing by contradiction, suppose that m > m®. Let ¢ := m — m®. Then
there exists u;° such that

&

u® € M® and m™ + g > T°u). (3.33)

In view of Lemma 3.8, there exists 7. > 0 such that t2(u%°),, € M. Thus, it follows
from (V1), (2.5), (3.3), (3.21), (3.24) and (3.33) that

m™ + 2 > T°W®) > T2 W®),,) = T(2u®),,) = m.

This contradiction shows that m* > m. O

By combining [18, Lemma B.2] and [23,26], we obtain the following Brezis-Lieb
type lemma, see [8].

Lemma 3.12 Assume that (V1), (V2), (F1) and (F2) hold. If u,—ii in H'(R3), then
up to a subsequence

T(un) =Z(u) +Z(up — ) + o(1),

T wn) = J @) + T (up —u) +o(1) (3.34)
T'(up) =T () + I’ (up — ) + o(1), (3.35)
T (un)[un] = Z'@)[a] + ' (uy — w)[un — ] + o(1). (3.36)

Lemma 3.13 Assume that (V1), (V3) and (F1)-(F4) hold. Then m is achieved.
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Proof Let {u,} C M be such that Z(u,) — m. Since J (u,,) = 0, then (3.20) and
(3.27) yield

1
m—+o(l) =Z(u,) =Z(u,) — gj(un)

1
> 1 / RV + YV aliddy > Ll (337)
6 R3 6

This shows that {||u,||»} is bounded. Now we assert that {|| Vi, ||} is also bounded.
Arguing by contradiction, suppose that ||Vu,|2» — oo. From (F1), (F2) and the
Sobolev inequality, there exists C» > 0 such that

/ F(u)dx
R3

2 3,116 2
< Collull; + S7Nullg < Callullz

1
2(8m)?

+

2 IVullS, Yue H'RY). (3.38)

Lett, = (8m/|Vun)12)">. Since J (u,) = 0, it follows from (3.18), (3.19) and (3.38)
that

m+o(1) = T(up) > Z(t2(un)s,)

3
t t
- i||wn||§ + E/R V(tn—lx)uﬁdx

—————up ()u; (y)dxdy

R3 JR3 -

_E/H@ F(tnu,,)dx

v

3
t 1 3
21Vun 13 = Cotallunl13 - iy (1vual3)

2| V|
~t3 V13 1—5(8—,””2 +o(1)

=2m + o(1). (3.39)

This contradiction shows that {||Vu, ||2} is also bounded and the assertion holds. Hence
{un} is bounded in H'!(R3). Thus, there exists i € H'(R?) such that, passing to a

subsequence, u, —u in HY(R?), u, — ii in LfOC(R3) foralll <s <6andu, — u

a.e. in R3. There are two possible cases: i) # = 0 and ii) i # 0.
Casei) it = 0,ie. u,—0in H'(R®), u, — 0in L{ (R®) forall 1 <s < 6 and

loc

u, — 0a.e.inR3. Using (V1) and (3.8), it is easily checked that

lim [voo V(o)luldx = lim VV(x) - xuldx = 0. (3.40)

n—0oQo n—0oQ0 R3
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From (2.5), (3.16), (3.21), (3.22) and (3.40), we derive

I°(u,) — m and J*°(u,) — 0. (3.41)
From [26, Lemma 1.21], we deduce that there exist § > 0 and a sequence {y,} C R3
such that fBl(yn) lun|?dx > 8. Let i1, (x) = un(x + y,). Then we have [|ii, || = [lu||
and
T ,) = o(l), I%(i,) — m, / |iin|>dx > 6. (3.42)
B (0)

Therefore, there exists # € H'(R?)\{0} such that, passing to a subsequence,

hp,—i, in HY(R3);
i, = i, in LS _(R3), Vs €[l, 6); (3.43)

loc 3
i, — u, ae. inR’.

Let w, = i1, — u. Then (3.43) and Lemma 3.12 yield

I®(in) = I3 +I%(wn) +o(1),  T>(n) = T* @) + T (wa) + o(1).

(3.44)
We define the functional ¥ : H!(R?) — R by
1
W (u) = I%(u) — gjoo(u)

= i+ [ 1o =3P

=3 lula +3 [ 1fGu u)]dx (3.45)
q2 lx—yl 2 2

+ —/ / e a u (x)u“(y)dxdy.

12a Jg3 Jg3

By (3.21), (3.22), (3.42), (3.44) and (3.45), we have
WP (wy) =m —WX@) +o(1), and J>(w,) = —J @) +o(1). (3.46)
If there exists a subsequence {wy, } of {w,} such that w,, = 0, then
I°w) =m and J*°@) = 0. (3.47)

Thus, we assume that w,, # 0 for all n € N. We claim that 7°°(zz) < 0. Otherwise,
if 7%°(@) > 0, then (3.46) implies 7 *°(wy) < O for large n. In view of Lemma 3.8,
there exists ¢, > 0 such that t,%(wn),n € M® for large n. From (3.21), (3.22), (3.23),
(3.46) and Lemma 3.11, we obtain
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rn—wmm>+oaw=wmuw)=zwwm»—§JWWm)

3 1— )22 +1,)V,

(1 = 1)%Q2 + 1) Vo
6

2
llwall2

’;
E
> m™ = 2% (wn) + llw, |3

>m,

which contradicts the fact that W°°(z) > 0. Hence, 7 (1) < 0 and the claim holds.
In view of Lemma 3.8, there exists f5c > 0 such that tc%oﬁtoo € M. Now (3.23),
(3.41), (3.42), (3.45), Fatou’s lemma and Lemma 3.11 yield

= Jim W) 2 W@ = T — 1TV
(1 = 100)> (2 + to0) Voo
6
(1 = 100)> 2 + to0) Voo
6

3
- 13 N N
= T (i, ) — 2T + lall3

3
A
= m™ = 2T + a3 = m,

which implies again the validity of (3.47) also in this case. In view of Lemma 3.8,
there exists 7 > 0 such that fzﬁ; € M. Moreover, it follows from (V1), (2.5), (3.21),

(3.47) and Corollary 3.5 that
m < I(f*0;) < T°(#%a;) < I®() = m.

This shows that m is achieved at #2ii; € M.
Case ii) it # 0. We define the functional ¥ : H'(R3) — R by

1
V() =Z(u) - §J(u)

1

=—/[HKM+VV@%xM%x+%f[fww—3ﬂwwx64&
6R3 3R3

2 _
+ q—/ / e_‘ a”uz(x)uz(y)dxdy.
12a R3 JR3

In this case, similarly to the proof of (3.47), by using Z, 7 and V¥ instead of Z°°, 7*°
and W™, we deduce that Z(i) = m and J (i) = 0. O

Lemma 3.14 Assume that (V1), (V3) and (F1)—(F4) hold. If u € M and T(u) = m,
then u is a critical point of T.

Proof Assume that Z’(iz) # 0. Then there exist § > 0 and p > 0 such that

lu—ill <38 = 1T = p.
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It is easy to check that

lim Hﬁﬁ, —i| =0
t—1
Then there exists §; > O such that
It — 1| < 8 = ||r2a, — il <. (3.49)

Using (V1), (V3) and (F1)—(F3), it is easy to prove that there exist 77 € (0, 1) and
T> € (1, o0) such that

J (leﬁTl) -0, J (TzzﬁT2> <o. (3.50)
In view of Lemma 3.4, we have
2- o1 _>
I(z u,) <T@@) — -/ B(x, Hiitdx, Vi > 0. (3.51)
6 ]R3

The rest of the proof is similar to that of [11, Lemma 2.14]. For the sake of com-
pleteness, we give the details. Let

Bo = min{/ ,B(Tl,x)ﬁzdx,/ ,B(Tz,x)ﬁzdx},
R3 R3

and ¢ := min{By/24, 1, p6/8}. From [26, Lemma 2.3], there exists a deformation
n € C([0, 1] x HY(R3), H'(R?)) such that

1) n(l,u) =uifZ(u) <m —2eorZ(u) > m + 2¢;

(i) n (1,27 N B, §)) C I,

(i) Z((1,u)) < Z(u), Yu € H'(R?);

(iv) n(1, u) is a homeomorphism of H'! (R3).
Note that Corollary 3.5 implies that Z (t%it;) < Z(ii) = m for all # > 0. Then (3.49)
and ii) give

I(n (1,z2a,))5m—e, Vi>0, [t—1] <38 (3.52)
On the other hand, (3.51) and iii) yield

I(n (1, ﬂﬁ,)) < I(ﬂﬁ,) <m— é/ﬂ@ B(t, x)ii2dx

)
<m-— —

— s

Vt>0, |[t—1| >4y, (3.53)

where

8y 1= min{/ Bl —81,x)ﬁ2dx,/ B(1 +81,x)17tzdx} > 0.
R3 R3
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Combining (3.52) with (3.53), we have

max T (n (1, t%‘t,)) <m. (3.54)
tel[T,T>]

Define the function Wo(¢) := 7 (n (1, %)) for all > 0. It follows from (3.51) and
i) that (1, r%it;) = t%it, for t = Ty and t = T», which, together with (3.50), implies

Wo(T)) = T (T]2ﬁ71> =0, WD) =J <T22ﬁ72> <o0.

Since W (?) is continuous on (0, co), then we have that n (1, tzﬁt) NM # @ for some
to € [T, Tz], contradicting the definition of m. O

Proof of Theorem 1.4 In view of Lemmas 3.13 and 3.14, there exists iz € M such that

I =m= inf maxZ(t’u,), Z'(it)=0.
ueH'(R3)\{0} >0

This shows that i is a ground state solution of (1.1) such that Z(z) = m = infaZ. O

Remark 3.15 As in the proof of Theorem 1.4, by replacing Lemma 3.4 with
Lemma 3.7, we then obtain Corollary 1.6.

4 Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1. Without loss of generality, we
consider that V (x) # V.

Proposition 4.1 [21] Let X be a Banach space and let J C R be an interval, and
D, (u) = Au) —AB(u), Viel,

be a family of C'-functionals on X such that

(1) either A(u) — +oo or B(u) — +o0o, as ||u|| — oo;
(i) B maps every bounded set of X into a set of R bounded below,
(iii) there are two points vy, vz in X such that

¢ = inf max @, (y (1)) > max{P,(v1), P, (v2)}, 4.1)
yer 1€l0.1]

where
['={y ecC(0,1],X):y(0) = vy, y(1) = vp}.

Then, for almost every A € J, there exists a sequence {u, ())} such that

(1) {un (M)} is bounded in X;
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(i) @) (un(A) — C;
(ili) @} (u,(1)) = 0in X*, where X* is the dual of X.

For A € [1/2, 1] we introduce two families of C !_functionals on H'(R?) defined
by

2
I(u) = 1/ (|Vu|2 + V(x)uz) dx + q_/ ¢u(x)u2dx — k/ F(u)dx,
2 R3 4 R3 R3
4.2)
1 2 2 qz 2
T (u) = —/ (|Vu| + Viou )dx+ —f b (Oi2dx —k/ Fu)dx. (4.3)
2 R3 4 R3 R3

In view of [18, A.14], we obtain the following useful identity.

Lemma 4.2 Assume that (V1), (V2) and (F1)—(F3) hold. Let u be a critical point of
T, in H'(R?), then the following PohoZzaev-type identity holds

Pr(u) == %”VMII% + % fR3 [BV(x) + VV(x) - x]u’dx — 3A ,/11;3 F(u)dx

5¢° 2 q’ S T P
+— ¢yu-dx + — e« u (x)u“(y)dxdy =0.
4 R3 4a R3 JR3
4.4)

Let us set J, (u) := ZI;\(u)[u] — Py(u) forall » € [1/2, 1]. Then
T = 2|Vul + 1/ [V(x) = VV(x) - x]udx — A/ [2.f ()u — 3F (u)]dx
2 2 R3 R3

+342/ Suud / / bl oo 2
— wudx — — u”(x)u”(y)dxdy. 4.5)
4 R3 R3 JR3

Similarly, for all A € [1/2, 1], if u is a critical point of Z°, then u satisfies the
following Pohozaev-type identity:

3V,
PR = 5 IVulB+ 2 [ -3 [ Faas
R3 R3

i/ b 2dx+—/ / 20wl (n)dxdy. = 0, (4.6)
4 R3 R3 JR3

We also let

3 Voo
T () = Enwnﬁ + 7||u||% — A f [2f (w)u — 3F (u)]dx
R3

q> q> =yl
—/ Guu’dx — —[ / e” @ ul(x)u’(y)dxdy. .7
a Jr3 4a Jr3 Jr3
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Define

M = {u € H'RH\(0} : T¥w) =0}, m° := /1\22150. (4.8)

By Lemma 3.7, we have the following lemma.

Lemma 4.3 Assume that (F1), (F3) and (F4) hold. Then

-1
3 jk (u)

(1-0%22+1)
+ 6

I (u) = T2 (Puy) +
Voollul3,  Yue H'(R?), t > 0. 4.9)

In view of Corollary 1.6, Z7° = Z° has a minimizer u{° # 0 on M = M,
ie.

U e M, (T2 wS®) =0 and m® =TPu). (4.10)

Noting that (1.5) is autonomous, V € C(R3 R) and V(x) < Vs but V(x) % Vao, we
can find ¥ € R? and 7 > 0 such that

Voo = V(x) >0, [uPx)| >0 ae. |x—%<F 4.11)
after suitable translations to u‘l’o

By (V1), we have Vipax := max, 3 V(x) € (0, 00). Let

* 1 2 2 512 2
T (u) = 5./]R <|Vu| + Vit )dx+T/R% b (0)udx

3

—A/ F(u)dx. (4.12)
R3
Then it follows from (3.19) and (4.10) that there exists 7 > O such that

), (zz(u;”),) <0, Vi>T. 4.13)

Lemma 4.4 Assume that (V1), (V2) and (F1)—(F3) hold. Then

(1) there exists T > 0, independent of X\, such that IA(TZ(ufO)T) < 0 for all
A e[1/2,1);
(i) there exists a positive constant ko, independent of A, such that forall ). € [1/2, 1],

¢ = inf max Zp(y (1)) > ko > max{Z; (0), Zp(T>uS) 1)},
yel t€[0,1]

where

r={yecqo. 1 B ®): 7 =0,y() = T2wi)r |



Ground state solutions of the non-autonomous Page 25 of 32 17

(iil) ¢y is bounded for A € [1/2, 1] and lim SUP; 2 €1 =< Cig forall Ay € (1/2,1];
(iv) if f further satisfies (F4), then m$° are non-increasing on A € [1/2, 1].

The proof of Lemma 4.4 is standard, so we omit it. Moreover, similarly to proof of
[15, Lemma 4.5], we have the following lemma.

Lemma4.5 Assume that (V1), (YZ) and (F1)—(F4) hold. Then there exists % € [1/2,1)
such that ¢, < m$° forall & € (A, 1].

Lemma 4.6 Assume that (V1), (V2) and (F1)~(F4) hold. Then for almost every A €
(X, 11, there exists u; € H! (R3)\{O} such that

I;\(u)») =0, Z,(up) =cy. (4.14)

Proof By Proposition 4.1, for almost every A € [1/2, 1], there exists a bounded
sequence {u, (%)} C H'(R?), which we denote it by {u,} for simplicity, such that

T(up) — ¢ > 0, Ii(un) — 0. 4.15)

Similarly to the proof of [ 18, Lemma4.5], using Lemma 3.12, we then deduce that there
exist u; € H'(R?), an integer | € N U {0}, a sequence {yﬁ} C R3 and w* € H'(R?)
for | < k < [ such that u,—u; in H'(R?), Zj (u;) = 0, (Z°)'(w*) = 0 and
Ifo(wk) >mi° forl <k <1,

1
un — 1, — »_wh(+yh)

k=1

I
— 0 and T, (up) = Ln(uz) + »_ I3 (w').
i=1

(4.16)

Since I/’\ (uy) = 0, then J, (u;) = 0. It follows from (V2), (3.6), (4.2) and (4.5) that
1
L)) = Lr(uyn) — gjx(u)\)
1 2 q’ —b=l o (2
= - 2V(x) +VV(x) - x]uydx + — e @ u“(x)u"(y)dxdy
6 R3 12a R3 JR3

L2 / L (s — 3F (3)]dx = 0, @.17)
3 R3

If I # 0, then
1
cx = lim T (un) = T(u) + ;If%wl) >mP, Vie® 1],
1=

which contradicts Lemma 4.5. Thus, [ = 0, and (4.16) implies that u, — u; in
HY(R3) and Z, (u) = c; for almost every A € (A, 1]. O
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Lemma 4.7 Assume that (V1), (V2) and (F1)—(F4) hold. Then there exists u €
H'(R3\{0} such that

T'@) =0, 0<Z(®) <cy. (4.18)
Proof In view of Lemma 4.4 (ii) and (iii) and Lemma 4.6, there exist two sequences
{A} C (A, 1] and {u;,} C H'(R3), which we denoted it by {u,} for brevity, such
that

A= 1, ¢y, = x>0, I;Ln (up) =0, I, () =cy,. 4.19)

Now we assert that {u,} is bounded in H!(R?).
By (4.2), (4.5), (4.19) and Lemma 4.4 (iii), one has

1
Ci1 =, =1L, W) — gjxn (un)

1
= -/ 2V (x) 4+ VV(x) - x] 2dx+—/ / e 2(0u?(y)dxdy
6 R3 12a R3 JR3
20

A;[f(un)u,, — 3F (uy)]dx. (4.20)

By (V2), there exist constants oo, Ry > 0 such that
2V(x)+VV(x)-x =00, VYIx|> Ro. 4.21)

Then it follows from (3.6), (4.20) and (4.21) that

B 72R0 2
00 2 q-e a 2
C > — usdx + (/ u dx) , (4.22)
6 Jixi=ry 12a <Ry

which implies that {||u, ]2} is bounded.
Next, we prove that {||Vuy,||2} is also bounded. Arguing by contradiction, suppose
that || Vu, |l = oo. By (V1), (V2), (4.22) and Lemma 4.4 (iii), one has

Chy +/ [Voo = V(x) 4+ |VV(X) -x|]uidx < My (4.23)
R3

for some constant Mo > 0. Let#, = min {1, 2(Mo/||Vu,|3)'/*}. Thent, — 0. Thus,
it follows from (4.2), (4.3), (4.5), (4.7), (4.9) and (4.23) that

3
—1
IR0t (un)sy) < T3 () — ——T7° ()

=T, (un) + ! / [Voo — V(x)]u2dx
2 R3
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_ .3
Lo |:jxn (n) +1f [Voo — V(x) + VV(x) -x]uﬁdx]
3 2 R3
<, +/ [Voo — V(x) + [VV(x) - x|luzdx < M. (4.24)
R3

As in the proof of (3.39), we then deduce a contradiction by using (4.24). Hence, {u,}
is bounded in H' (R3), and the assertion holds.

Similarly to the proof of Lemma 4.6, there exists i € H'(R3)\{0} such that (4.18)
holds. O

Proof of Theorems 1.1 Define

K= {u e H' ®R\[0} : Z/(u) = 0} . h= inf T(u).
uelkl

Then Lemma 4.7 shows that K # @ and m < ¢;. For any u € I, (3.16), (4.5) and
Lemma 4.2 imply J(u) = Ji(u) = 2Z'(u)[u] — P() = 0. By (2.5), (3.16) and
(4.21), one has

2Ry

1 2 = 2
Tw)=Zw)— =Twm) > Q—Of uzdx—i—q ¢ </ uzdx> >0, VYuelk,
3 x| Ro lx|<Ro

) 12a

which implies m > 0. Since Z'(u)[u] = 0 for u € K, we then deduce from (F1), (F2)
and the Sobolev embedding theorem that there exists ¢g > 0 such that

lull > g, Yuek. (4.25)

Let {u,,} C K be such that Z’(u,)) = 0 and Z(u,) — m. In view of Lemma 4.5, we
havem < ¢ < mcl’o Similarly to the proof of Lemma 4.6, we deduce that there exists
i € H'(R?) such that u, — @ in H'(R?), Z/(1) = 0 and Z(t) = . Moreover,
(4.25) leads to it # 0. Hence, &t € H'(R?) is a ground state solution of (1.1). O
Proof of Theorems 1.3 As in the proof of Lemma 4.6, for almost every A € [1/2, 1],
there exists a bounded sequence {u, (1)} C H! (R?), which we denote it by {u,} for
simplicity, and a positive constant «;°, independent of A, such that

I (up) = 5° > k5%, (I3 () — 0. (4.26)

Using (F1), (F2), (4.26) and [26, Lemma 1.21], we can prove that there exists a
sequence y, € R3 such that fBl(y;z) lun?dx > 0. Let it,(x) = un(x + yu). Then

litn || = |lun | and there exists i € H'(R?)\{0} such that it,—i in H'(R?). Note that
TO(ity) — ¢° > k$°,  (Z°) (ity) — 0. 4.27)

By a standard argument, for almost every A € [1/2, 1], there exists u;, € H'(R*)\{0}
such that

) (u3) =0, Iy = 5° > k. (4.28)
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From (4.28), there exist two sequences {A,} C [1/2, 1] and {u;,} C H'(R3), which
we denote the latter by {u,,}, such that

= L kT = =™ (T () =0, T(un) =c5. (429
Similarly to (4.20), we have
(o8] o0 1 o0
Cr > Con = I)w (un) — 3\7)% (un)

Voo 1o, 4 _beloo oo
=Tllun||2+ o u; ()u; (y)dxdy

12a
2hn
+ / Lf (un)uy — 3F (uy)]dx, (4.30)
3 R3
which implies
ot = € [ s = 3P < G, (431)
R
and
/ / e T2 (0u (n)dxdy < Cs, 4.32)
R3 JR3

Next, we claim that {||Vu, ||} is also bounded. Arguing by contradiction, suppose
that || Vi, |2 — oo.Setv, = u, /||un||, then ||v,|| = 1,and (4.31) implies ||v,]2 — O.
If 8o := limsup,,_, SUpPycR3 fB](v) Ivn|2dx = 0, then by [26, Lemma 1.21], v, — 0

in L*(R?) for2 < s < 6.
Since ||v,|l» — 0, we have

(un)
/ A v;%dx = C6||Un||% =o(1). (4.33)
O<|un|=<ro

Un

Set «” = «/(k — 1). Then (F5), (4.31) and the Holder inequality yield

1/k
S un) 2 ‘ 2
/ —v,dx < dx lvnll5,
un|>ro  Un |un|>ro

1/k
s&(/l [f(un>un—3F<un>]dx> lva 3,
Up >r0

< Gslluall3, = o(1). (4.34)

fun)

Un

Since (Z)‘:’)’(un)[un] = 0 by (4.29), then (4.33) and (4.34) yield
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1
1 v 2 2 2/ )
= Tunll? UR (IVin? - Vociil) dx 47 | g, (o030

= An/ Mv,%dx =o(1).
R3

n

This contradiction shows that o = lim sup,,_, ., Supcp3 / Bi(y) |v,|2dx > 0. Going if

necessary to a subsequence we may assume that there exists a sequence {y,} C R?
such that fB |v,,| dx > 5" for all n € N. Let w, (x) = v, (x + y,). Then ||w, | =
lvgll = 1, andforalln € N

8
/ |w,|?dx > > (4.35)

Then there exists w € H'(R?)\{0} such that, passing to a subsequence, w,—~w in

H](R3), w, — w in LfOC(R3) foralll < s < 6, w, — w ae. in R3. Let us

define ii, (x) = u,(x 4+ yp). Then ii,/|un|| = w, — w ae. in R3 and w # 0. For
x ef{ye R3: w(y) # 0}, we have lim,,_, |1, (x)| = oco. By (F1) and (F2), there
exists My > 0 such that
F(t)+ Mt>>0, VieR. (4.36)
Note that (4.29) and (4.32) lead to
I — 1, kg° < ci"; — >, (If:)/(ﬁ,,) =0, If:(ﬁn) = Ci): (4.37)

and

//e—”fz;”aﬁ(x)aﬁ(y)dxdych. (4.38)
R3 JR3

From (F3), (4.3), (4.6), (4.37), (4.38), Lemma 4.2 and Fatou’s lemma, we derive

I (i) — £ P (i)

m - 3
n—00 [z, ()]

1
B SR
IILIgO{Sllﬁn(xﬂP [ Vil + Voollitnlls — i 2(x)it*(y)dxdy

2hn / .
— F(u )dx}
Sllunl® Jrs ™ "

/ F(iiy) + M it

R3 |ty |3

o
|

wsdx = —00.

A
|
|
=
=
=4

This contradiction shows that {i,} is bounded in H'(R?) and the claim holds.
As in the proof of Lemma 4.6, there exists u € H 1(R3)\{0} such that

T®) @) =0, 0<TI®@) <cP.
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Set

£ = {u eHl(R3)\{0}:(I°°)/(u)=o], A% = inf T®).

uek®

The above argument shows that K # .
For any u € K, Lemma 4.2 implies 7% (u) = 2(Z°°) (u)[u] — P*°(u) = 0. By
(F5) and (3.45), we have

1 1%
T®w) = I (u) — 5L7°°(u) > %Hu”% >0, Vuek®,

which implies m®>° > 0. Since (Z°°)'(u)[u] = 0 for u € K*°, we easily deduce from
(F1), (F2) and the Sobolev embedding theorem that there exists os, > 0 such that

lull > 2oo, YueK™®. (4.39)

Let {u,} C K% be such that (Z*°)'(u,) = 0 and Z°°(u,) — m. Since
(Z°°) (uy)[u,] = 0, we can deduce from (4.39) and [26, Lemma 1.21] that {u,}
is non-vanishing, and so up to a subsequence, there exists a sequence {y,} C R3 such
that [ (. lun|?dx > 0. Let fi,(x) = vu(x + y,). Then there exists & € H'(R3)\{0}
such that u,—a in H'(R3), (Z°°)' (1) = 0 and Z®° (@) > m>°. Moreover, it follows
from (F5), (3.21), (3.22) and Fatou’s lemma that

n—oo

1
7% = 1im [100(12”)— gjm(an)}
— lim Kﬁwn2+ﬂi S 2 (02 (v)dxd
oo 3 2T 100 Jes Jrs n I LYIEXEY

2
+ _/ [f(ﬁn)ﬁn - 3F(’2n)]dxi|
3 R3

v

Vﬁllﬁll%if / 202 (y)dxdy
-3 12a Jr3 Jg3

2
+—/ [f(@ia — 3F(a)]dx
3 R3

1
=T = 3T @) = T@) = A,

which implies Z® (i) = m™. Hence, i € H'(R?) is a ground state solution of
problem (1.5). The proof is now complete. O
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