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Abstract

We consider an anisotropic double-phase problem plus an indefinite potential. The
reaction is superlinear. Using variational tools together with truncation, perturbation
and comparison techniques and critical groups, we prove a multiplicity theorem pro-
ducing five nontrivial smooth solutions, all with sign information and ordered. In this
process we also prove two results of independent interest, namely a maximum princi-
ple for anisotropic double-phase problems and a strong comparison principle for such
solutions.
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1 Introduction and origin of double-phase problems

Let @ € RY be a bounded domain with a C*>-boundary 3. In this paper we deal

with the following anisotropic double phase Dirichlet problem

{ —Apu(2) = Agu(2) + E@)u(@) PP 2u(z) = f(z, u(2)) in 2, 0
ulype =0.

In this problem, we assume that p,g € C'(Q) and 1 < ¢g_ < q(z) < g+ <
p— < p@@) < py < p*(z), where p*(z) = NN_IJ;Z(Z) if py < N and 400 otherwise.
The potential function & € L% () is sign-changing and so the differential operator
(left-hand side) of problem (1) is not coercive. The reaction f(z, x) is a Carathéodory
function (that is, for all x € R the mapping z — f(z, x) is measurable and for a.a.
z € Q the function x — f(z, x) is continuous) which exhibits (p4 — 1)-superlinear
growth near 0o, but without satisfying the Ambrosetti-Rabinowitz condition (the
A R-condition). Using variational tools from the critical point theory, together with
truncation, perturbation and comparison techniques and critical groups, we show that
the problem has at least five nontrivial smooth solutions, all with sign information and
ordered.

The energy functional associated to problem (1) is a double-phase variational
integral, according to the terminology of Marcellini and Mingione. Problems with
unbalanced growth have been studied for the first time by Ball [4,5] in relationship
with patterns arising in nonlinear elasticity. More precisely, if €2 is a bounded domain
in RV, u : @ — RV is the displacement and if Du is the N x N matrix of the
deformation gradient, then Ball studied the total energy, which can be represented by
an integral of the type

I (u) Z/f(x,Du(X))dx, @
Q

where the energy function f = f(x,&) : @ x R¥*N — R is quasiconvex with
respect to £. One of the simplest examples considered by Ball is given by functions f
of the type

f (&) =g(§) + h(det§),

where det & is the determinant of the N x N matrix £, and g, # are nonnegative convex
functions, which satisfy the growth conditions

g&) > crlélP; lim h(r) = +oo,
t—+00

where ¢ is a positive constant and 1 < p < N. The condition p < N is necessary
to study the existence of equilibrium solutions with cavities, that is, minima of the
integral (2) that are discontinuous at one point where a cavity forms; in fact, every
u with finite energy belongs to the Sobolev space W7 (22, RV), and thus it is a
continuous function if p > N.
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The mathematical analysis of double-phase integral functionals has been initiated
by Marcellini [20,21]. Marcellini considered continuous functions f = f(x, u) with
unbalanced growth that satisfy

crlul? < |f(x,u)] <co (14 |ulP) forall (x,u) € Q xR,

where c1, ¢ are positive constants and 1 < g < p. These contributions are in relation-
ship with the works of Zhikov [37,38], in order to describe the behavior of phenomena
arising in nonlinear elasticity. In fact, Zhikov intended to provide models for strongly
anisotropic materials in the context of homogenisation. These functionals revealed to
be important also in the study of duality theory and in the context of the Lavrentiev
phenomenon. In particular, Zhikov considered the following three model functional
in relation to the Lavrentiev phenomenon:

M@w) = /c(x)|Vu|2dx, 0<1/c()eL(Q), t>1
Q

V(u) ::/|Vu|p(x)dx, 1 < px) < oo (3)
Q

Pp.qW) == / (IVu|? + a(x)|Vu|DHdx, 0<akx)<L,1<p<gq.
Q

The functional M is well-known and there is a loss of ellipticity on the set
{x € Q; c(x) = 0}. This functional has been studied at length in the context of
equations involving Muckenhoupt weights. The functional V has also been the object
of intensive interest nowadays and a huge literature was developed on it. The energy
functional defined by V was used to build models for strongly anisotropic materials:
in a material made of different components, the exponent p(x) dictates the geometry
of a composite that changes its hardening exponent according to the point. The func-
tional P, , defined in (3) appears as an upgraded version of V. Again, in this case,
the modulating coefficient a(x) dictates the geometry of the composite made by two
differential materials, with hardening exponents p and ¢, respectively. The study of
non-autonomous functionals characterized by the fact that the energy density changes
its ellipticity and growth properties according to the point has been continued in a
series of remarkable papers by Mingione et al. [6,7,9].

This work continues the recent paper by Papageorgiou, Rddulescu & Repovs [26],
where the authors consider parametric equations driven by the p(z)-Laplacian plus
an indefinite potential term. In the reaction there are the competing effects of a para-
metric concave term and of a superlinear (convex) perturbation (“concave-convex”
problem). The authors focus on positive solutions and they prove a bifurcation-type
result describing the changes in the set of positive solutions as the parameter A > 0
varies. We also mention the work of Papageorgiou & Vetro [28], who also deal with
anisotropic double phase problems with no potential term (that is, £ = 0) and with a
superlinear reaction that has a different geometry near zero. They prove a multiplicity
theorem producing three nontrivial solutions. However, they do not prove the exis-
tence of nodal solutions. Finally, we mention the work of Gasifiski & Papageorgiou
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[14] on superlinear Neumann problems driven by the p(z)-Lapacian. Other anisotropic
boundary value problems (including double phase problems) can be found in the book
of Radulescu & Repovs [31] and in the papers of Bahrouni, Radulescu & Repovs
[2,3], Cencelj, Rddulescu & Repovs [8], Papageorgiou, Vetro and Vetro [29], Ragusa
and Tachikawa [30], Vetro and Vetro [34], and Zhang & Réadulescu [36].

The features of this paper are the following:

(i) we are concerned with an anisotropic model with double-phase, namely the
problem is driven by two differential operators with variable growth;

(i1) we develop a refined mathematical analysis (that combines variational and
topological methods) in order to study multiplicity properties of solutions;

(iii) we establish both a maximum principle for anisotropic double-phase problems
and a strong comparison principle for solutions of anisotropic PDEs with unbalanced
growth.

2 Auxiliary results and hypotheses

The study of anisotropic boundary value problems uses variable exponent Lebesgue
and Sobolev spaces. A comprehensive presentation of the theory of such spaces can
be found in the book of Diening, Harjulehto, Hésto & Ruzicka [10].

Let

LPQ) ={pel™®Q): 1< es%infp}.
Given p € L{°(2), we define

p— =essinf p and py = esssup p.
2 Q

We also let M(2) = {u : @ — R measurable}. We identify two such functions
which differ on a Lebesgue null set.
Given p € L{°(R2), we define the variable exponent Lebesgue space LP®(Q) by

LP(Z)(Q) - {u e M(Q): / |M|p(Z)dZ < oo}.
Q

This space is furnished with the so-called Luxemburg norm defined by

p@@)
||u||p(z):inf{k>0: / (%) del}
Q

Using these variable exponent Lebesgue spaces, we can define the corresponding
variable exponent Sobolev spaces by

WhrO(Q) = {u € LPO(Q) : |Du| € LPD(Q)).



Anisotropic double-phase problems with indefinite potential... Page50f37 63

The norm of this space is given by
lullt,piz) = llullpzy + 1Dull pezy-

The space W(}’p(Z)(Q) is defined to be the || - |1, y(;)-closure of the compactly
supported elements of whr@(Q). If pE Cl(Q), then

Wol,p(z)(Q) — WH.HLP(Z)'

When p_ > 1, then the spaces L?@(Q), WP (Q), Wol’p(Z)(Q) are separable
and uniformly convex (thus, reflexive too).
The critical Sobolev exponent is defined by

Npi)
pr@) = Vo TP@ =N

+oo, if N < p(2).

Suppose p,q € C(Q), pr < Nand 1 < q(z) < p*(2) (resp. 1 < q(z) < p*(z))
for all z € Q. Then we have

WP (Q) < L99(Q) continuously
(resp., WP (Q) «— LIOE compactly).

/ 00 1 N S
Let p, p" € L§°(S2) and assume that o T 7o = I for a.a. z € 2. We have

LP@(Q)* = LP'@ () and the following Holder-type inequality holds

1 1
luvldz < <— + —) lull pioy vl pr
/Q D P p(2) p'(@)

forallu € Whr@(Q), v e Whr'@(Q).
When p € C!(R), the Poincaré inequality holds for the space W, (%), namely
there exists C* > 0 such that

1,
lull pzy < C*||Dull pz) for all u € W, p(Z)(Q).

The following modular functions are important in the study of these anisotropic
spaces:

ppu) = / u|P@dz forallu € LV (Q),
Q
pp(Du) =/ |Du|PDdz forall u € Wol’p(Z)(Q)~
Q

The next propositions reveal the close relation between these modular functions
and the norms of the spaces.
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Proposition 1 If p € L{°(R2), then the following properties hold:

(a) foru € LPD(Q), u # 0, we have

u
lellpie =3 < pp (5) = 1

(b) lullpz) <1l(resp.=1,>1) & pp(u) < 1(resp.=1,>1);
(©) lully < 1= llulyiy, < ppa) <y,

lllpo > 1= lullP) < pp(a) < ulP5;
(d) ””n”p(z) - 0% pp(”n) - 0;
(e) ””n”p(z) — +00 < pp(un) — +o00.

Proposition 2 If p € C'(Q), then the following properties hold:

(a) foru € Wol’p(Z)(Q), u # 0, we have

Du
||”||1,p(z)=)\<:>pp T =1

(b) llully,p) < 1(resp.=1,>1) & pp(Du) < 1(resp. =1, > 1);

(©) Mellpio < 1= Il ) = op (D) = lullf ) and
lulltpey > 1= Nl ) < pp(Du) < llullf

(d) ”un”l,p(z) - 0% pp(Dun) — 0;

(e) ”un“l,p(z) — +00 & pp(Dun) — +o0.

For p € C1(), we have

Lp@ oy — - 17@ B :)
oo @ =W “ (P(z)+p’(z) A

Then we consider the operator A, : W(}’MZ’)(Q) — W_l”’/(Z)(SZ) defined by
(A, (u), ) =/ |Dul?@=2(Du, Dhygndz forallu, h € Wy P (Q).
Q

From Gasiriski & Papageorgiou [14] (see also Radulescu & Repovs [31, p. 40]),
we have:

Proposition 3 The map A, : Wy "9 (Q) — W=1P'Q(Q) is bounded (that is, it
maps bounded sets to bounded sets), continuous, strictly monotone (hence maximal
monotone, too) and of type (S)+, that is,

“Up 2 win WyP'D(Q), limsup(A (), un —u) <0 = u, — uin Wy’ (Q).

n—oo
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Our hypotheses on the exponents p, g and the potential function & are:

Ho: p,qg € C'(Q),1 < g- < q(@) < g+ < p- < p(2) < py < p*(z) forall
7€ Q&€ L®Q).

For every x € R, we set x* = max{=x, 0} and then given u € Wol’p(Z)(Q) we
define u™ (z) = u(z)* for all z € . We know that

ut e Wol’p(Z)(Q), u=u"—u", lul=ut+u".
Givenu, v € W(}’p(Z)(Q) with u < v, we define:

[, v] = {h e Wy (Q) 1 u(z) < h(z) < v(z) foraa. z € Q},

intc(;@) [u, v] = the interior in Cé () of [u, v],

[u) = {h € Wy"P(Q) : u(z) < h(z) foraa. z € Q.

AsetS C Wé PR (2) is said to be “downward directed” (resp., “upward directed”),
if for all uj,ur € S, we can find u € S such that u < uy, u < uy (resp., for all
vi, vy € S, we can find v € S such that vy < v, vy <v).

Let X be a Banach space and ¢ € C!(X,R). We say that ¢(-) satisfies the “C-
condition”, if the following property holds:

“Every sequence {u,},>1 € X such that
{p(un)}n=1 € R is bounded,
(1 + llun D¢’ () — 0in X* as n — oo,

admits a strongly convergent subsequence” .
For ¢(-) we define
Ky, ={ue X: ¢'(u) =0} (critical set of ¢),
and for ¢ € R, we denote ¢“ = {u € X : ¢(u) <c}.
If (Y1, Y») is atopological pair such that Y» € Y1 C X, forevery k € Ny, we denote

by Hy (Y1, Y>) the kth relative singular homology group with integer coefficients. Then
foru € K, isolated and ¢ = ¢(u), we define the “kth critical group” of ¢(-) at u, by

Ci(p,u) = H(p" NU, o NU \ {u}), k € Ny,
with U a neighborhood of u, such that K, N ¢ N U = {u}. The excision prop-
erty of singular homology implies that this definition is independent of the isolating

neighborhood U'.
The regularity theory for anisotropic problems will lead us to the Banach space

Co@Q) ={ueC(Q): ulyg =0}
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This is an ordered Banach space with positive (order) cone
Ci={ueCl(Q): u(z)>0forallz € Q.

This cone has a nonempty interior given by
. ou
intCy ={ueCy: u(z)>0forallz € 2, 8—|3Q <0¢,
n

with n(-) being the outward unit normal on 9€2.
In what follows, we denote by || - || the norm of the Sobolev space Wé P (Z)(Q). On
account of the Poincaré inequality, we have

1,
lull = | Dull p) for allu € WP ().

Next, we will prove two auxiliary results which are actually of independent inter-
est. The first is a strong maximum principle for anisotropic double phase problems.
Our result complements the analogous result by Zhang [35]. His conditions on the
differential operator do not cover double phase problems (see conditions (3)-(7) in

[35D).
So, let f € L°°(R2) and consider the following double phase Dirichlet problem

— Apu(2) — Agyu(z) = f(2) in 2, ulye =0. “

By an “upper solution” (resp., “lower solution”) of problem (4), we mean a function
u € WHP@(Q) such that u|yq > 0 (resp., u|yq < 0) and

(Apy (W), h) + (Aq ) (), h) = /Qf(z)u(z)dz (resp., <)

forallh € Wy " (), h > 0.

Proposition 4 If hypotheses Hy hold, u € C Y(Q), u # 0 is an upper solution for (4)
and u(z) > 0 forall z € Q, then u € int C..

Proof First we show that u(z) > 0 for all z € Q.

Arguing by contradiction, suppose we can find z1, z2 € €2 and an open ball B, (z2)
such that z; € B3, (z2), u(z1) = 0 and ulgzp(m) > 0.

Letm = inf{u(z) : z € By(z2)} > 0. We have

u(z1) =0, Du(z;) = Oand = — 0* as p — 0F
0

(by I’'Hospital’s rule) . (%)
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We introduce the following items

={ze€eQ:p<lz—220<2p}, q1 =q(z1), a=sup{|Vp()|: z € 2}

m 2(N-—1)

n=8a+2, k=—-nlh—4+ —-—,
0 p

kt
en-1 —1

v(t) =m for all ¢ € [0, p].

kp
en-t —1

We can easily check that
3
m /
(—) <v(t) <lforallt € [0, p]. (6)
o

Choose p > 0 small so that

q(z) — 1

™ <1 (see (5)) and ~forall z € Q.
P q1—1

[\S]

To simplify things, we may take without any loss of generality zo = 0. We set
r=lz—z,t =2p—r.Fort € [0, p]land r € [p, 2p], we set

y(r) = v2p —r) =v(1),
= y'(r) = =0'@0), y'(r) =v"@).

From (4) we have

div[|DyP92Dy +Dy1"9 2Dy + £ )

— (p) = D )O (1) = T LW (!

ap 2k
ozx r

—@ )PP v’ (1) Z

+(q(z) — D@ @)D" (1) — NT_l(U/(t))q(z)—l

aq 2k
0z r

—@' ()P In' (1) Z
+f ()
> 20(1)P@ [ k+MInv' (1) — y]

+f(z) (see (6) and recall that ¢ (-) < p(-))
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> —In 2y (1)PO=1 1 f(z) > 0for p > 0 small,
0

= y(-) is a lower solution of (4) on 2.
Note that y < u on 9€21. So, by Lemma 2.3 of Zhang [35] we have that
y(|z]) < u(z) forall z € Q.

Hence we have

u(zy + u(z2 — z1)) — u(zy)

lim
pn—>0% 2
> lim y(lz1 + n(z2 — z0)D) — y(lz1) —J(0) > 0 )
n—>0% 2

which contradicts (5). Therefore we infer that
u(z) > Oforall z € Q.
Next, let z; € 92 and let p > 0 be small. We set zp = z1 — 2pn(z1) and have
By (z2) € Q2 and z1 € B2y (22)-

Let Q’l ={ze€e Q:p < |z—22 < 2p} and choose 0 < B < inf{u(z) :
Z € 0B,(z2)} small. From the first part of the proof, we know that there exists a

lower solution y € Cl(ﬁ/l) N CZ(Q’I) of (4) such that y < u in Q1, y(z1) = 0 and
g—Z(zl) < g—i(zl) < 0 (see (7)). We conclude that u € int Cy. O

The second auxiliary result is a strong comparison principle which complements
Proposition 2.4 of Papageorgiou, Rddulescu & Repovs [26] and extends to anisotropic
problems Proposition 2.10 of Papageorgiou, Ridulescu & Repovs [24].

In what follows, we denote by D the following open cone in C!(Q):

— d
Dy = {u e C'(Q): u(z) > 0forall z € , a—”bmu_l(o) < o}.
n

Proposition 5 If hypotheses Hy hold, &, h, g € L*(2), £(z) > 0 fora.a. 7 € Q
0<n=<gk—hforaa z € Q,
andu,v € CH(Q) satisfy u < v on Q and

—Apytt — Dyt + E@u|”O2u = h(z) in Q
—Ap)V — MgV + E@ PO = g(2) in Q,

thenv —u € Dy.
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Proof Lety = v —u.Theny € C'(Q), y > 0. Also let A(z) = (a,-j(z))f\”j:1 be the
N x N matrix with entries defined by

1
ajj(z) = ./o (A = 1)Du(z) + 1Dv(z)] [51'; +(p(2) —2)

Di((1 = Hyu + ) D, ((1 — D) + 1v)
(1 = ) Du + t DvP?
Di((1 = Hyu + YD (1 — D) + 1v)
+a) =2 (I — ) Du + tDv[? Ja=

1, ifi=j
0, ifi #j.
Then g;; € W!>°(Q) and by the mean value theorem we have

with §;; being the Kronecker symbol, that is, §;; = {

— div(A(2)Dy) = g(z) — h(z) — £(2) [|v|P<Z>*2v - |u|P<Z>*2u] nQ  @®
(see also Guedda & Véron [16]).
Suppose that there exists zg € €2 such that u(z9) = v(zo). Hence y(z9) = 0. From

our hypotheses and since the function (z, x) + |x|?®~2x is uniformly continuous
on 2 x R, we see that we can find § > 0 small such that

2(2) — h(z) — £ [[v@)PD20(2) — lu@) PP 2u(z)| > g >0
fora.a. z € Bs(z9) = {z € Q: |z — z0| < &}. Then from (8) we have

—div(A(z)Dy(z)) > g > 0 for a.a. z € Bs(zp),

= y(z) > O forall z € Bs(zo)
(see Theorem 4 of Vazquez [33]),

a contradiction since y(zg) = 0. So, we have
y(z) =v(z) —u(z) > O0forall z € Q.
Let Ko ={z € 0Q: y(z) = 0}. If Ky # ¢, then by Proposition 4, we have
]
9 (20) < 0 forall z9 € Ko,
on
= y=vV—Uuc D+.
The proof is now complete. O

Now we introduce the hypotheses on the reaction f(z, x).
H : f: QxR — Risa Carathéodory function such that f(z,0) = O for a.a.
z € Qand
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Q) |f(z, %) < a@[l + |x|""1] for aa. z € ©, all x € R, with a € L®(Q),
p+ <r <p )
(i) if F(z,x) = f(;c f(z,s)ds,thenlimy_, %pﬂf) = 400 uniformly fora.a. z € €;
(iii) if B(z, x) = f(z, x)x — p4F(z, x), then there exists n € L' () such that

B(z,x) < B(z,y)+n(z)foraa.ze R, al0<x <yory <x <0;

(iv) lim M = +o0 uniformly for a.a. z € Q2 and there exists | < 7 < g_ such
x—0 |x|q*_2x
that
F ) - ) .
0 < liminf TFGx) — fz 0 uniformly for a.a. z € ;

x—0 |x|P+
(v) we can find Cy, C > 0 such that

f(z,Co) —E@CIP™ < —9, <0< < f(z,—C) +E(R)CPO!
fora.a. z € Q.

Remark 1 Hypotheses H (ii), (iii) imply that f(z, -) is (p+ — 1) superlinear. We point
out that we do not use the A R-condition, which is common in the literature when
dealing with superlinear equations. Instead we use the quasimonotonicity hypothesis
H (iii)on B(z, -). This assumption is a slight generalization of the condition used by Li
& Yang [19]. Similar conditions were used by Mugnai & Papageorgiou [22] (isotropic
problems) and by Papageorgiou, Radulescu & Repovs [26,27], Papageorgiou & Vetro
[28] (anisotropic problems). With this condition we incorporate in our framework
also superlinear functions with “slower” growth near +co which fail to satisfy the
A R-condition. For example, consider the function with the exponents p, g € C'(Q)

Ix[P+2xIn|x|+C —1, ifx < —1
fx)=1{Ix"2x=C|x|*2x, if—-1<x<l
|x|P+2xIn|x|+1—C, ifl <x

withl <7 <g_ <py <sand1-— essg%nf & < C. This function satisfies hypotheses

H but fails to satisfy the AR-condition (see [1]). Hypotheses H (iv), (v) imply that
f(z, -) near zero has a kind of oscillatory behavior. Finally, we mention that another
superlinearity condition for anisotropic equations was used by Gasinski & Papageor-
giou [14].

3 Constant sign solutions
In this section we produce constant sign solutions.

We first produce two constant solutions. One solution is positive in the order interval
[0, Co] and the other solution is negative in the order interval [—C, 0]. To produce
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these two solutions, we do not need the hypotheses concerning the asymptotic behavior
of f(z,-) (hypotheses H (ii), (iii)).

Proposition 6 If hypotheses Hy and H (i), (iv), (v) hold, then problem (1) admits two
constant sign solutions

ug € [0, Col Nint C4 and vy € [—C, 0] N (—int C4).

Proof First we produce the positive solution.
Let 9 > |||l and consider the following truncation perturbation of f(z, -):

fz,xH) +9aHPO-1 ifx < —Cy

- 9
f(z, Co) +19C67(Z) Lif =y < x. ©)

f+(Z,X) = {

X
This is a Carathéodory function. We set F(z, x) = / f+(z, s)ds and consider
0

the C'-functional ¢ : WO1 PO (Q) — R defined by

1 1
(,?>+(u)=/ —|Du|p(Z)dz+/ ——|Du|1®dz
o rQ@) @ q(2)

+ 9 A

MWV)(Z)(&—/ Fo(z,u)dz
e p@ Q

1,p(z)
forallu € W, (2).

From (9), the Poincaré inequality and since ¥ > ||& ||, We infer that ¢4 (-) is
coercive. Also, from the anisotropic Sobolev embedding theorem (see Section 2), we
see that ¢ (+) is sequentially weakly lower semicontinuous. So, by the Weierstrass-
Tonelli theorem, we can find ug € Wé’p (Z)(Q) such that

1 (o) = inf{G (u) = u € Wy'" P (). (10)

On account of hypothesis H (iv), given any 1 > 0, we can find § = §(n) € (0, Co)
such that 7
F(z,x) > —|x|? fora.a.z € Q, all |x| <8é. (1D
q,
Let u € int C; and choose ¢ € (0, 1) small such that ru(z) € [0, 8] for all z € Q,
tull < 1and t|lull1,4 < 1. We have

1tP-

N C
(er(l‘M) = q(2) q(2)

- q- n a+
lulP= + — I Dull — 19 |Ju|
q— q—

for some C; > 0 (see (9),(11) and hypotheses Hp).
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Since n > 0 is arbitrary, choosing n > 0 big, we have
P+ (tu) <0
= ¢ (up) < 0= §.(0) (see (10)),

= ug # 0.

From (10) we have

@ (uo) =0,

= (Ap) (0), h) + (Agz) (o), h) + /Q [£(2) + ?|uo|” D 2uphdz

= /Q Fi(z, uo)hdz (12)

forall h € Wy "9 ().
In (12) we choose h = —u; € Wé’p(Z)(Q). We have

/ |Dug|P@dz + / |Dug 11@dz + / [£(2) + 91(uy )" Pdz = 0 (see (9)),
Q Q Q
= ug > 0, ug # 0 (recall that ¥ > [|€|c0)-
Also, in (12) we choose (g — Co)* € Wy " (Q). Then
/ DG — CoyHIPPdz + f Do — CoyH 1z + / £ ()
Q Q Q

+01ul 9™ (o — Co)tdz

— f [f(z, Co) + #CLD ™ 1(wo — Co)Tdz (see (9))
Q
< f [£(2) + 91CL9 ™" (g — Co)*dz (see hypothesis H(v)),
Q

= / [£(2) + 91l 9™ = PO (o — Co)tdz <0,
Q

= up < Co (since ¥ > [|§]|c0)-
Therefore we have proved that
ug € [0, Col, up # 0. (13)
From (13), (9) and (12), we have

— Apyu0(2) — Dgoytto(2) + E@uo ()P = fz,up(z) in Q. (14)



Anisotropic double-phase problems with indefinite potential... Page150f37 63

From Fan & Zhao [12] (see also Gasinski & Papageorgiou [14]), we have uo €
L*°(2). Then Theorem 1.3 of Fan [11] implies that ug € C4 \ {0} and so applying
Proposition 4, we conclude that i € int C..

For the negative solution, we consider the following truncation perturbation of

f(zv )

~

3 _ | fG& —C) —pCr@-1 fx = ¢
J-(z.x) = {f(z, ) = 9P i —¢ < x @ > [[§llo)-

X
This is a Carathéodory function. We set F_(z, x) = / f-(z, s)ds and consider
0
the C'-functional ¢_ : WO1 7@ (Q) — R defined by

1 1
¢3_(u)=/ —|Du|P<Z>dz+/ ——|Du|?9dz
Q p() Qq()

s [ BOE g [ f e
o pQR §2

forall u € Wy "¥ ().
Working as above, using this time ¢_(-), we produce a negative solution

vo € [=C, 0] N (=int C,).
The proof is now complete. O

By introducing an extra mild condition on f(z, -), we can improve the conclusion
of the previous proposition. With this stronger conclusion, we will be able to produce
in the sequel additional constant sign solutions.

The new conditions on the reaction f(z, x) are the following:

H': f : QxR — RisaCarathéodory function such that f(z, 0) = Ofora.a.z € Q,
hypotheses H'(i) — (v) are the same as the corresponding hypotheses H (i) — (v)
and

(vi) forevery p > 0, there exists é‘p > 0 such that for a.a. z € 2, the function

X f(z,x) +Eplx|P@ 2k

is nondecreasing on [—p, p].

Using this perturbed monotonicity condition on f(z, -), we obtain the following
improved version of Proposition 6.

Proposition 7 If hypotheses Hy, H' hold, then problem (1) admits two constant sign
solutions

uo € intc1 [0, Col and vy € ity [=C, 0],
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Proof From Proposition 6, we already have two solutions
ug € [0, Col Nint C4 and vy € [—C, 0] N (—int C). (15)

Let p = Cp and let ép > 0 be as postulated by hypothesis H’(vi). Clearly we can
always have ép > [|€]loo. Then

: -1
—Apyito — Agoyito + [E(2) + &, Jul®

= f(z,uo) +Epuf !
< f(z,Co) + épcgfl (see (15) and hypothesis H'(vi))
[£() + 1) — oy
< —ApCo— Ay Co+[E@) +£,1C) " in @,
= ug(z) < Cp for all z € 2 (see Proposition 5),
= ug € intg) )10, Col.

IA

Similarly we show that vy € int, 1 (ﬁ)[—é, 0]. O

We will use these two solutions u#p € int C4+ and vgp € —int C4, in order to pro-
duce two more constant sign smooth solutions localized with respect to ug and vg
respectively.

Proposition 8 If hypotheses Hy, H' hold, then problem (1) admits two more constant
sign solutions

i eintC+,u0 <1, ug 7512,

Ve —intCq, v < vg, vy # 0.

Proof Let uy € intCy and vg € —int Cy be the two constant sign solutions from
Proposition 6. From Proposition 7 we have

uo € intey g0, Col and vo € intcé@)[—é‘, 0l. (16)

First we will produce the second positive solution. To this end, we introduce the
following truncation perturbation of f(z, -):

f(z, u0(@)) + Puo(z)P DL, if x < up(z)

f(z, x) +0xP, ifuox) < x @ = Mlleo). (A7)

g+(Z, X) = {

X
This is a Carathéodory function. We set G (z, x) = / g+(z, s)ds and consider
0

the C'-functional W, : W(} 7@ (Q) — R defined by
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1 1
\II+(u)=/ —|Du|P<Z>dz+/ ——|Du|?9dz
o p(2) 2 q()

[5(2) + 7]

|u|p(Z)dz—/ Gy (z, u)dz
o pQ@ Q

forall u € Wy " ().
Claim 1: W satisfies the C-condition.
Let {up}n>1 € W(}’p(Z)(Q) be a sequence such that

|4 (uy)| < Cp for some C, > 0, alln € N

(18)

A+ unDW () = 0in W=7 O(Q) = (W, PP (@) as n — oo, (19)

From (19) we have

(Ap) (un)h) + (Agz)(un), h) + fg [6(z) + O 1lun PP 2uphdz — /Q g+ (z, up)hdz

enllhll
T 1A+ lugll
forall h € Wy "¥(Q), withe, — 0.

In (20) we choose h = —u,, € Wé’p(Z)(Q). Then

/ |Du,, [P dz +/ |Du; |9 dz + / [E(z) + 91 (u,))PPdz < C3
Q Q Q

for some C3 > 0, all n € N (see (15)),
= {u; }a=1 € Wy () is bounded
(recall that ¥ > ||&||oc and see Proposition 2).

In (20) we choose h = u,} € Wol’p(z)(Q) and using (17), we have

—/ |Dun+|l’<z>dz—/ |Duf 199 d
Q Q

- / [§(2) + 21"z + f Fuhutdz < Cy
Q Q

for some C4 > 0, alln € N.

From (18) and (21) we have

1
—[f IDM,TIP‘Z’der/ | Duf 7@ dz +/[$(z)+z9](u:)l’@>dz]
pP+tJq Q Q

—/ F(z,u;)dz < Cs
Q

(20)

21

(22)

for some Cs5 > 0, alln € N (see (17)),
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:>/ |Duilp‘z>dz+/ |Du;f 179 dz +/[§(z)+0](u;)1’<1>dz
Q Q Q

- / p+F(z,u)dz < p4Cs
Q
forall n € N. (23)

We add (22) and (23) and obtain

/ Lf G — pa Fzouh)ldz < Co 24)
Q

for some Cg < 0, alln € N.
Using (24) we will show that {u},>1 € Wé P (Z)(Q) is bounded. Arguing by

contradiction, we assume that at least for a subsequence we have

luf || = ocasn — oo. (25)

+

”’1” forn € N. Then ||y, || = 1, y, > 0 for all N and so we may assume

llu

Let Yn =
that
Yo = yin Wy P9 (@) andy, > yin L' (Q)asn — 00, y>0.  (26)

Let Q4 = {z € Q: y(z) > 0}. First we assume that |Q,|y > 0 (by |- |y wWe
denote the Lebesgue measure on R"). We have

u,f(z) — +4ooforaa.z € Qy,
F(z,uf(z))
y (2)P+
(see hypothesis H'(ii)),

— 4ooforaa.z € Q4

F(z,uf
= / %dz — +o0 (by Fatou’s lemma) . 27
Qi Nua 17+

On account of hypotheses H'(i), (ii), we have

F(z,x) > —C7fora.a.z € @, allx € R, some C7 > 0. (28)
We have
F(z,ul F(z,ul F(z,uf
/ (iu”)dz=/ (iu")dz+/ (i””)dz
Q luy |7+ Qg 1P+ @y lluy 17+
F(z,uf C7|Q2
> / @ ta) gy - IRV (e 28,
Qg 1P+ [lun 1P+
F(z,uf
- lim / %dz — 00 (see (27) and (25)). (29)
n=>00 Jo |luy [|P+



Anisotropic double-phase problems with indefinite potential... Page190f37 63

From (18), (17) and (21), we have

1 1 1
- T —p(a) PR Dy, 19@yg
P+[/sz i@ ! +/Q @ Dl
! &) F(z, u*)
+/ —————[£(2) + Py 'dz]+ St ) g < g
o lluf | p+—r@ " Q [y [P+

for some Cg > 0, alln e N

F +
f M 7z < Cy forsome Cg > 0, alln e N

Q lluy [P+

(since ¢4 < p(z) < py forall z € Q). (30)
Comparing (29) and (28), we have a contradiction.
Next we assume that |24 |y = 0. Then y = 0.
Lett, € [0, 1] be such that

W, (tyu)) = max{Wy(fu): 0<t <1}, neN. 31

Fork > 1, we setv,, = kl/p*yn for all n € N. We have

U — 0in Wol’p(Z)(Q) asn — 0o
(see (26) and recall that y = 0). (32)

From (26) it follows that

/ %[S(z) + 9707 9dz — 0and / Gi(z,v))dz — Oasn — co.  (33)
Q

On account of (25), we see that we can find ng € N such that

kl/p_
€ (0, 1] for all n > ny. (34)
o |l
From (31) and (34), we have
\I’[+(tnu2_) > Wy (vn)
1 v
- / L Do Pz +/ ——|Dv,|"¥dz +/ @ +91 pog;
p(2) e q(2) e p@

—/ G (z,vy)dz forall n > ny,

_ L / [§(z) + ?] P Pdz — /G+(Z, vy)dz
P+ P ) ;

(since k > 1, ||y, || = 1 and by Proposition 2)

v

1
——k foralln > n; > ng (see (33)).
2p4
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But k£ > 1 is arbitrary. So, we infer that

U, (tyu) — +o0asn — oo.

‘We have

W, (0) =0and \Il+(u;,") < Cjp for some C19 > 0, alln € N

(see (18) and (21)).
From (35) and (36) it follows that
t, € (0, 1) forall n > ny.

From (31) and (37), we have

t dqf (tu)i=, =0
—_ u - =0,
ndt + n/lt=ty

= (W, (tau;}), tqu;f) = 0 for all n > ny (use the chain rule).

Then for all n > n,, we have

W (1, u;)

= W () — piw;(rnu:), i) (see (38))
+

M1 17 1 1
— — — | ID(tyuNHPP4a +/|:___
S/gz_p(z) p+_| Gntt)I" ez alq@

(35)

(36)

(37

(38)

] | Dty dz

1 1 1
+ / —— — — | [EQ) + 01t )P Ddz + —/ B(z, tau)dz + Cyy
Q P+ JQ

L p(z)  p+
for some Cy1 > 0 (see (17))

[ 1 17 1
5/ _ |Du,j|1’<z>dz+/ [——
elr@ p+ e lq(@)

+ / Ao () + 91w HPPdz + L/ Bz, ul)dz + Cra
Q P+ Jo

| () pyd

for some Cy» > 0 (see hypothesis H'(iii) and recall that #, < 1)

< Wy (u)) + Cy3 for some Cy3 > 0 (see (24)),
= Wi(u) — +oo (see (35))

which contradicts (36). This means that

{u =1 € W&’p(Z)(Q) is bounded
= {untn=1 C Wé’p(Z)(Q) is bounded (see (21)).
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We may assume that
1y = win Wy (Q) and u, — uin L' (Q) as n — oc. (39)

In (20) we choose h = u, —u € W(}’P<Z)(Q), pass to the limit as n — oo and use
(39). Then

nll>nc}o [(Ap(z)(”n)’ up —u) + <Aq(z)(un)a Up — u)] =0,
= lim sup [(Ap(z)(un)7 up —u) + (Aq(z)(u)» Up — u)] <0
n—o0

(since A4(;)(-) is monotone),

= lim sup(A ) (uy), upy — u) < 0 (see (39)),
n—o0o

= u, — uin Wol’p(Z)(Q) (see Proposition 3),
= W, (-) satisfies the C -condition.

This proves Claim 1.
On account of hypothesis H'(ii), for every u € int C, we have that

W, (tu) - —oo ast — +00. (40)
Claim 2: Ky, C [ug) Nint Cy.
Letu € Ky, . Then

(Apy @), h) + (Agr) (), h) + /Q [£(z) + 9)|uP@ " 2uhdz = /Q g+(z, w)dz (41)

forall h € Wy "9 ().
In (41) we choose h = (g — u)* € Wé’p(Z)(Q). We have
(Apy (), (o — 1)) + (Ag) (), (uo — w)™)

+/ [£(2) + O ul?2u(ug — u)tdz
Q

= / Lf (2, u0) + dul ™ 1(uo — u)*dz (see (17))
Q
= (Ap(z) (o), (o — 1)) + (Agz)(uo), (o — u)™)
+ / [£2) 4+ 01ul® ™ (o — w)*dz,
Q

= ug < u (since ¥ > [|€||oo)-

IA

Using the anisotropic regularity theory (see Fan [11]) we deduce that u € int C..
This proves Claim 2.
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Recall that uo(z) < Co for all z € Q. On account of Claim 2, we may assume that
Ky, N [ug, Col = {uo} (42)
or otherwise we already have a second positive solution bigger than u (see (17)) and

so we are done.
We consider the following truncation of g4 (z, -)

. _ s+ x), ifx =Co
$rle0) = {g+(z, Co), if Co < x. )

X
This is a Carathéodory function. We set G (z, x) = / 8+(z, s)ds and consider
0

the C!-functional W, : Wé 7@ (Q) — R defined by

N 1 1
‘l’+(u)=/ —IDul”(Z)dz+/ — | Dul1Pdz
o p(@) 2 q()

[£(2) + 7] |u|p(z)dz _

Go(z,u)d
0 [, 6+t

forall u € Wé’p(Z)(Q).
From (43) and since ¢ > ||&| o0, We see that \il+ (-) iscoercive. Alsoitis sequentially
weakly lower semicontinuous. So, we can find g € W(} P (Z)(Q) such that

B (i) = inf{¥ry (u) : u e Wy"@ (@)} (44)

Claim 3: K‘i’+ C [ug, Col Nint C..
Letu € K - As in the proof of Claim 2, we show that

ug < u.
Next, in (41) we choose i = (u — Co)* € W, '"'(Q). We have

(Apy ), (u — Co)*) 4+ (Agy(w), (u — Co)™)

+ [ 1@ + 00 = coy
Q
= / g+(z, Co)(u — Co)*dz (see (43))
Q
= / [f(x,Co) + ﬁCé’(Z)"](u — Co)tdz (see (17))
Q

< / [E(z) + 19]C(’)7(Z)_1(u — Co)"dz (see hypothesis H'(v)),
Q

= u < Cyp.
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So, we have proved that u € [ug, Co]. From this and the anisotropic regularity
theory (see Fan [11]), we conclude that K &, C [ug, Cp] Nint C4. This proves Claim
3.

Note that

W li0,co) = W ljo,co) and W lj0,co1 = ‘ifﬂrl[o,co] (see (17), (43)). (45)

Then from (42) and (45) it follows that K ¥, = {uo}. Hence from (44) we have that
g = uo and since ug € intc(; @ [0, Co] (see Proposition 7), from (45) we infer that

u is local C§(2) -minimizer of W, (-),
= u is local Wé’p(Z)(Q) -minimizer of W, (-)
(see Gasinski & Papageorgiou [14, Proposition 3.3]). (46)

On account of Claim 2, we may assume that
Ky, is finite. a7

Otherwise we already have an infinity of positive smooth solutions bigger than u¢
and so we are done.
From (46), (47) and Theorem 5.7.6 of Papageorgiou, Radulescu & Repovs [25, p.
449], we see that we can find p € (0, 1) small such that
W (o) < inf{Wou) : flu—uoll = p) = m. (48)

Claim 1, (40) and (48) permit the use of the mountain pass theorem. So, we can
find 2 € W,"”® () such that

i e Ky, C[up)Nint Cy (see Claim 2) and m < W (1) (see (48)). (49)
From (48) and (49) we see that

it € int C4 is the second positive solution of (1),

uofﬁ,uo;éft.

To produce the second negative solution, we argue similarly starting from the
Carathéodory function

f(z,x) +9x|P@2x, ifx < —C

§-@.x) = {f(z, &) —9CrO-1 if _ ¢ < x.

The proof is now complete. O
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We introduce the following sets

S+ = set of positive solutions of problem (1),

S_ = set of negative solutions of problem (1).
We already know that
] 75 S+ - intC+ and ¢ 75 S_ - —intC+.

Moreover, S5 is downward directed and S_ is upward directed (see Papageorgiou,
Rédulescu & Repovs [23]). We will show that there exist extremal constant sign
solutions, that is, a smallest positive solution and a biggest negative solution. In the
next section, we will use these extremal constant sign solutions in order to produce a
nodal (sign-changing) solution.

Proposition 9 If hypotheses Hy, H hold, then there exist u* € Sy and v* € S_ such
that

u* <uforallu e S, andv <v* forallv e S_.

Proof Invoking Lemma 3.10 of Hu & Papageorgiou [17, p. 178], we can find a decreas-
ing sequence {u,}n,>1 € Sy such that

inf u, = inf S;.
n>1
We have

(Ap(z)(un)a h) + (Aq(z)(un)a h) = /Qf(z’ up)hdz (50)

forall i € Wy'"'¥(Q), alln €N,
0<u, <upforalneN. (@28

If in (50) we choose h = u,, € WS’P(Z)(Q) and use (51) and hypothesis H (i), we
see that
{tn}n=1 € Wy'P¥ () is bounded. (52)

So, we may assume that
wp = u* in Wy P9(Q) and u, — u* in L' (). (53)

In (50) we choose h = u, — u* € Wol’p(Z)(Q), pass to the limit as n — oo and use
(53). Then, as before (see the proof of Proposition 8, Claim 1), we obtain

lim sup(A 2y (un), up —u™) <0,
n— oo
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= u, - u*in Wol’p(Z)(Q),
= u* e S, U{0)}. (54)

We need to show that u™ # 0.
On account of hypotheses H (i), (iv), givenany n > 0, wecanfind C14 = C14(n) >
0 such that

f(z,x)x > nlx|?9 — Ci4|x|" fora.a. z € 2, all x € R. (55)

We consider the following auxiliary anisotropic Dirichlet problem:

{ —A e = Agou + E@ @I 20 = nlul 2 — Cralul Puin Q.o

ulpe =0.

Claim 1: Problem (56) admits a unique positive solution # € int C; and since the
problem is odd, then v = —u € —int C is the unique negative solution of (56).
First we show the existence of a positive solution. So, we consider the C!-functional

Ty Wol’p(z)(Q) — R defined by

1 1
7:+(u):/ _|Du|1’<z>dz+/ L pup@az 1 [ B, pey,
o p(2) @ q() o p@

C
+ =ty - qi||u+||g; for all u € WP ().

Since g— < q(z) < p(z) <rforallz € Q, we see that 74 (+) is coercive. Also it is
sequentially weakly lower semicontinuous. So, we can find u € WOl P (£2) such that

T, (@) = inf{zy (u) : u € Wy (@) (57)

Fixu € int C4. Fort € (0, 1), we have

tP- 1= o
T (tu) < p—pp(Du) + . [0 (Du) = npg_(w)] + Ml

Recall that n > 0 is arbitrary. So, choosing n > % and ¢ € (0, 1) even smaller

if necessary, we have that

T4 (tu) <0,
= 74.(n) < 0 = 74(0) (see (57)),
=u#0.
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From (57) we have
T, (@) =0,
= (Ap) @), h) + (Ag) @), h) + /Q & (2)|[u|? 9~ *uhdz

- 77/ @")P-""hdz — C14/(ﬁ+)’_1hdz forall h € Wy " ().
Q Q
Choose h = —u~ € Wé’p(Z)(Q). We obtain

pp(DU™) + pg (D) + / £ )P Pdz =0,
Q
=u>0,u#0.
So, u is a positive solution of (56) and from the anisotropic regularity theory and
Proposition 4, we have

WeintCy. (58)

Suppose that u € WO1 P (£2) is another positive solution of (56). Again we have
i €intCy. (59)

We consider the integral functional j : L'(€2) — R = R U {400} defined by

1 1 p@)
Jo ﬁ|Duq— 1P@ 4 [ ﬁmuq_ 9@ dz + [, Ei_i))lu - dz,
ju) = ifu>0, ul/- e Wy (@)
+00, otherwise.

On account of Theorem 2.2 of Taka¢ & Giacomoni [32], we have that j (-) is convex.
Letdom j = {u € L'(Q) : j(u) < oo} (the effective domain of j(-)).

From (58), (59) and Proposition 4.1.22 of Papageorgiou, Radulescu & Repovs [25,
p. 274], we have

€ L™ ().

NI
NI

Let i = u? — a9-. Then for |f| < 1 small we have
u?= +th € dom j and 49~ +th € dom j.

Hence the functional j(-) is Gateaux differentiable at #? and at #? in the direction
h. Moreover, on account of the convexity of j(-) we obtain that j’(-) is monotone.
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We have
J' @) (h) = / [|Dﬁ|1’<z>*2 + |Dﬁ|‘1<z>*2] (Dﬁ, D <ﬁ - §>> dz
Q u+— RN
+ / &) (w9~ — a9 dz (60)
Q
J' @) (h) = / [1Da)7@=2 + | paj-2] (pa, D <u _ L)) dz
Q ul-) Jpn
+f (@)@~ —u)dz 61)
Q

From (60), (61), the monotonicity of j’(-) and using the distributional interpolation
of the inequality (see also Taka¢ & Giacomoni [32, Remark 2.6]), we have

0< Ciy / [a0- —w~9-] (@ — %) dz <0,
Q

u.

=
Il

=

This proves Claim 1.
Claim2: u <uforallu € Sy andv <vforallv e S_.
Let u € S4 and consider the Carathéodory function y4 (z, x) defined by

_ [ naHET = Crae Py ifx < ()
r+(@x) = {nu(z)q‘_1 — Cru()™1 ifu(z) <x. (62)
X
We set I'i(z,x) = / y+(z,s8)ds and consider the C!-functional T4
0

W, @ (Q) — R defined by

f+(u):/ LIDu|p(Z)dz+/‘ L|Du|‘1(1)dz+/ MIMIP(Z)dZ
o p(2) @ q(2) o P

- / T4 (z, w)dz forall u € Wy"¥(Q).
Q

From (62) it is clear that 7, (-) is coercive. Also, it is sequentially weakly lower
semicontinuous. Therefore we can find i € WO1 P& (Q) such that

2, (i) = inf{Zy () u € Wy P9 (Q)) < 0=12,(0)
(see proof of Claim 1).

We have

fjr(ﬁ) =0, u#0,
= u € [0, u] (as before using (62) and (55)),
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= u =u € int C4 (see (62) and Claim 1),
=

u<uforallu e Sy.

Similarly we show that v < v forallv e S_.
This proves Claim 2.
From (54) and Claim 2, we have

u <u*, hence u™ # 0,

= u* € Sy and u™® = inf ;..

For the biggest negative solution the reasoning is similar. In this case, since S_ is
upward directed, we can find {v,},>1 € S_ increasing such that

sup v, = sup S_.
n>1

Then working as above, we obtain v* € Wol"" @ (£2) such that
v eS_C —intCyandv <v*forallve S_.

The proof is now complete. O

4 Nodal solutions
In this section, using the extremal constant sign solutions from Proposition 9, we will

obtain a nodal (sign changing) solution.

In what follows ¢ : WO1 @ (Q) — R is the energy functional for problem (1)
defined by

1 1
(p(u):/ —|Du|p(Z)dz+/ ——|Du|?9dz
o P q(2)

5<Z)| PO gz — /F(z,u)dz
p(2) Q

forall u € Wy " ().
We have that ¢ € C'(W,"@ ().

Proposition 10 If hypotheses Hy, H' hold, then problem (1) admits a nodal solution
Yo € [v*, u*1N Gy ()

with u™ and v* being the two extremal constant sign solutions from Proposition 9.
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Proof As before let & > ||&|o and introduce the Carathéodory function 7(z, x)
defined by

f(z,v¥(2) + v () PO 20%(2), ifx < v*(2)
T(z,x) = 3 f(z,x) + O|x|P@2x, if v* < x <u*(z) (63)
f(z, u*(2)) + du*(z)P@1, if u*(z) < x.

Also, we consider the positive and negative truncations of 7(z, -), namely the

Carathéodory functions
21z, x) = £(z, £xF). (64)

X

We set T'(z, x) = / #(z, x)ds, Ti(z,x) = [; £+(z, s)ds and consider the C'-

0
functionals ¢, ¢4 : WO1 P (Z)(Q) — R defined by

s
‘Z’(W:/ |Du|P(z)dz+/ —|Du|?®dz +/ M| 1P@ gz
- / T(z, u)dz forall u € Wol"’(Z)(Q)
Q
1 1 N
@i(u)zf —|Du|p(2)dz~|—/ —|Du|q(z)dz+/ vax@dz
o p2) 0 q() o @
- / fi(z, u)dz forall u € Wol'p(z)(Q)-
Q

Using (63) and (64), as before (see the proof of Proposition 8, Claim 3) we can
check that

Ky € v, u*1N CY(Q), Ky, S10,u™1NCy, Ky S [v*, 01N (—C3).
The extremality of ™ and v* implies that

K; C v, u" 1N CY(Q), Kj, = 10,u™}, K;_ = (0, v*). (65)

¢
Claim 1: u* € int C and v* € —int C are local minimizers of ¢(-).
From (63) and (64) and since ¥ > ||&||« it is clear that ¢, (-) is coercive. Also it
is sequentially weakly lower semicontinuous. So, we can find &* € WJ P (Z)(Q) such
that

Gy (i) = / inf[g5+(u): ue Wg”’“’(sz)]. (66)

On account of hypothesis H'(iv), we have

P+ (@@*) <0 =¢4(0),
= a* #£0,
= " = u* € int C4 (see (66) and (65)).
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Clearly ¢|c, = ¢+ Ic,. Hence it follows that

u* is a local C}(2) -minimizer of @(-),

= u* is alocal Wé’p(Z)(Q) -minimizer of ¢(-) (see [14]).

Similarly for v* € —int C using this time the functional ¢_(-).
This proves Claim 1.
On account of Claim 1 we have

Cr(@,u™) = Cr(@,v*) = 8k.0Z for all k € Ng (67)

1, ifk=0
0, ifk#0
(see Proposition 6.2.5 of Papageorgiou, Radulescu & Repovs [25, p. 479]).

Claim 2: C (@, 0) = 0 for all k € Ny.

On account of hypotheses H'(i)(iv), given n > 0, we can find C;5 > 0 such that

with & o being the Kronecker symbol defined by &; 0 = for all k € Ny

F(z,x) > n|x|?% — Cy5|x|" fora.a.z € Q, all x € R.
Then for u € Wé’p(Z)(Q) and 0 < ¢ < 1 we have

p(tu) < 17+ [pp(Du) + |lloopp @) + Cisllully] + 19 [pp(Du) — nllullf]
(recall that g— < p_ < py <r).

Since n > 0 is arbitrary, we choose n > 0 big so that
o(tu) <Oforall0 <t <t* < 1. (68)
Letu € W, " (), 0 < [|ul| < 1, p(u) = 0. We have

d
E‘P(W)b:l
= (¢/(u), u) (by the chain rule)

— (Ao ). 1) + (Agey @), ) + /Q E@uP@dz /Q F 2 wyudz

> [1 - q—} pp(Du) + [1 - q—}/ E(2)|ulPPdz
P+ pP+1Jq

g —1) / F(z. w)dz + f [¢F(z, u) — f (z, wuldz (since ¢ (u) = 0).
Q Q
(69)

On account of hypothesis H'(iv), givenn > 0, we can find § = 8(n) € (0, 1) small
such that
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B
q_6p+_q7
fora.a.z € 2, all |x] <§é.

F(z.x) > —-[x}4- > lx|P+
q_

If we combine this with hypothesis H’(i), we obtain

R Y r
F(z,x) = . x| Cielx|
fora.a.z € 2, allx € R, some Cig > 0. (70)

Also, from the second part of hypothesis H'(iv) and from H'(i), we see that given
& > 0, we can find C17 > 0 such that

TF(z,x) — f(z,0)x = —¢lx|P* — Cy7]x|"
fora.a.z € 2, allx € R. 71

We return to (69) and use (70) and (71). Then

d
E‘P(“/l)b:l

AN by [ (4= P Crollul
2[1 o scls}nun +[q_8p+q_ (1 p+)||snoo}||u||,,<z) Crollu]

for some Cig, Ci9 > 0.

Recall that 5, & > 0 are arbitrary. So, we choose ¢ > 0 small and > 0 big (recall
that n — 8(n) is decreasing) such that

d
Eﬂl’(tuﬂk:l > CoollullP+ — Crollul|” for some Cg > 0.

Since p+ < r, we can find p € (0, 1) small such that

%‘p(”‘)b:l >0
forall u € Wy'"'(Q), with0 < [lull < p, o) =0. (72)
Letu € W, (Q) with 0 < [Jul| < p, ¢(u) = 0. We will show that
o(tu) < 0forallr € [0, 1]. (73)
Arguing by contradiction, suppose we can find 7y € (0, 1) such that

o (tou) > 0.
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Recall that ¢ (1) = 0 and ¢(+) is continuous. So, we can find #; € (ty, 1] such that
¢(tiju) = 0. We consider the first time instant after #y for which this is true. So, we
define

t,, =min{t € [tg, 1] : o(tu) =0} > 19 > 0,
= @(tu) > Oforallt € [1g, ). (74)

Lety = t,u. We have O < ||y|| < |lu]l < p and ¢(y) = 0. So, from (72) it follows
that

d

—y)|i= 0. 75

2 i=1 > (75)
From (74) we have

o(y) =p(tu) =0 < @(tu) forall 19 < t < t,,

d d . p(tu)
= E‘P(U’)h:l = t*arp(tu)lm* = Iy tlgrti Pa—y <

0. (76)

Comparing (75) and (76), we obtain a contradiction. Therefore relation (73) is true.
From (65) we see that we may assume that K; is finite. Otherwise we already have
an infinity of nodal solutions (due to the extremality of ¥* and v*). So, 0 € K, is
isolated (recall that K|y 4*1 = Kglw*,4*1) and so we can have p € (0, 1) small

such that K, N B, = {0} where B, = {u € Wy P 9@ full < p). Leth :
[0, 11 x (¢° N B,) — ¢° N B, be the deformation defined by
h(t,u) = (1 — tyu for all (t, u) € [0, 1] x (¢° N B,).
On account of (73), this deformation is well defined and shows that

¢° N'B, is contractible. (77)

Fixu e Ep with p(u) > 0. We show that there exists unique #(#) € (0, 1) such
that

o(twu) = 0. (78)

Note that
¢(u) > 0and ¢ — @(tu) is continuous.

So, from (68) and Bolzano’s theorem, we see that such a #(u) € (0, 1) exist. We
show the uniqueness of this 7(u). Suppose we could find 0 < #; < #» < 1 such that

p(hu) = p(tau) =0,
= o(ttou) < 0 forall ¢ € [0, 1] (see (73)).
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Then for u(t) = @(ttu),t € [0, 1], % € (0, 1) is a maximizer of ©(-) and so

t d o d
2L u@,_n = 2w, s
n

d
= —o(tt =1 =0,
t dt t dt n dt(p( 10le=1

which contradicts (72). Therefore the time instant 7 (u) € (0, 1) is unique.
We have

o(tu) <0, fort € (0,1(u)) (79)
o(tu) > 0, fort € (t(u), 1].
Letk : B, \ {0} — [0, 1] be defined by
1, ifueB,\{0}, o) <0
k) = {t(u), ifu e B,\ {0}, p(u) > 0. (80)

We can easily check that k(-) is continuous. Then we introduce the map k: Ep \
{0} = (B, N ¢ \ {0} defined by

u, ifu e B,\ {0}, o(u) <0

k) = {k(u)u, ifu e B,\ {0}, () > 0.

This map is continuous and

kl@,nponi0) = 141@,np00 0}
= (Ep N goo) \ {0} is a retract of Ep \ {0}.
But since the space is infinite dimensional, Ep \ {0} is contractible (see Gasifiski &
Papageorgiou [15, pp. 677-678]). A retract of a contractible space is itself contractible.

So
(B, N ¢°) \ {0} is contractible. (81)

From (77) and (81) it follows that

Hi (B, N ", (B, N")\ {0}) =0 forall k € Ny
(see Papageorgiou, Radulescu &Repovs [25, p. 469])
= Cr(p,0) = 0 forall k € Ny. (82)

We consider the homotopy
h(t,u) = (1 — D) + @), forall 7 € [0, 1], allu € Wy " (Q).
Suppose we could find {1, },=1 € [0, 1] and {u,},=1 € W, ""® () such that

tn — 1,1, — 0in WP (Q) and b, (t,, u,) =0 foralln e N.  (83)
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From the equation in (83) and Theorem 4.1 of Fan & Zhao [12], we know that

u, € L°°(Q) and ||u,||oo < Co1 for some C1 > 0, alln € N.

Then from Fan [11, Theorem 1.3] (see also Fukagai & Narukawa [13, Lemma 3.3]
and Lieberman [18]), we can find @ € (0, 1) and C»> > 0 such that

uy € Cy* (), | , < Cxforalln e N,

|Mn ” Cé’a (§
The compact embedding of Cé‘a (Q) into C}(Q) and (83) imply that

U, —> OinCé(ﬁ) asn — 0o,

= u, € [v*, u*] forall n > ny.

But recall that we have assumed that K is finite (see (65)). So, (83) can not happen
and the homotopy invariance property of critical groups (see Papageorgiou, Radulescu
& Repovs [25, p. 505]) implies that

Cr(¢,0) = Ci(p, 0) for all k € Ny,
= Cr(¢,0) = 0 forall k € Ny (see (82)).

This proves Claim 2.
We may assume that

") < ).

The reasoning is similar if the opposite inequality holds.
Recall that Ky is finite. Then Claim 1 implies that we can find p € (0, 1) small
such that

") < o) <inf [gw) : llu—u*ll = p] =, [v* —u*| > p
(see Proposition 5.7.6 of Papageorgiou, Radulescu &Repovs [253, p. 449]). (84)

Evidently ¢ is coercive (see (63)) and so it satisfies the C-condition (see Proposition
5.1.15 of Papageorgiou, Radulescu & Repovs [25, p. 369]). This fact and (84) permit
the use of the mountain pass theorem. Therefore we can find yy € Wé P (Z)(Q) such
that

Yo € Kj € [v*, u*] N C () (see (65)). it < G(yo) (see (84)). (85)

Also, from Theorem 6.5.8 of Papageorgiou, Radulescu & Repovs [25, p. 527], we
have
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Ci(g, y0) #V
= yo ¢ {0, u™, v*} (see Claim 2 and (84)),

= yo € CA() is a nodal solution of (1).

The proof is now complete. O
So, summarizing we can state the following multiplicity theorem for problem (1).

Theorem 11 If hypotheses Hy, H' hold, then problem (1) has at least five nontrivial
smooth solutions

uo, it € int Co, ug < i, ug # i, uo(z) < Co forall z € Q,
v, b € —int C4, b < vg, vo # D, —C < vo(2) forall z € Q,
yo € [vo, uo] N C§(R) nodal.

Remark 2 We emphasize that in the above multiplicity theorem we provide sign infor-
mation for the solutions and moreover, the solutions are linearly ordered that is, we
have b < vy < yg < ug < .
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