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Abstract: We consider a nonlinear optimal control problem governed by a nonlinear evolution inclusion and
depending on a parameter A. First we examine the dynamics of the problem and establish the nonemptiness
of the solution set and produce continuous selections of the solution multifunction ¢ — S(¢) (¢ being the
initial condition). These results are proved in a very general framework and are of independent interest as
results about evolution inclusions. Then we use them to study the sensitivity properties of the optimal control
problem. We show that we have Hadamard well-posedness (continuity of the value function), and we estab-
lish the continuity properties of the optimal multifunction. Finally, we present an application on a nonlinear
parabolic distributed parameter system.
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1 Introduction

One of the important problems in optimal control theory is the study of the variations of the set of optimal
state-control pairs and of the value of the problem when we perturb the dynamics, the cost functional and
the initial condition of the problem. Such a sensitivity analysis (also known in the literature as “variational
analysis”) is important because it gives information about the tolerances which are permitted in the specifi-
cation of the mathematical models, it suggests ways to solve parametric problems and it can also be useful
in the computational analysis of the problem. For infinite dimensional systems (distributed parameter sys-
tems), such investigations were conducted for linear [8, 13, 24, 31], semilinear [30, 38] and nonlinear sys-
tems [23, 32, 33]. We also mention the books of Buttazzo [7], Dontchev and Zolezzi [17], Ito and Kunisch [25],
and Sokolowski and Zolezio [39] (the latter for shape optimization problems). In this paper we conduct such
an analysis for a very general class of systems driven by nonmonotone evolution inclusions.

So, let T = [0, b] be the time interval and (X, H, X*) an evolution triple of spaces (see Section 2). We
assume that X <— H compactly. The space of controls is modelled by a separable reflexive Banach space Y,
and E is a compact metric space that corresponds to the parameter space. As we have already mentioned, we
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consider systems monitored by evolution inclusions. These inclusions represent a way to model systems with
deterministic uncertainties, see the books of Aubin and Frankowska [2], Fattorini [18] and Roubicek [37].
The problem under consideration is the following:

b b
06w, A) = JL(t, X(0), ) dt + j H(t, u(®), A) dt + P& x(b), ) — inf = m(&, 1),

—x'(t) € Ap(t, x(t)) + F(t, x(t), A) + G(t, u(t),A) foralmostallt e T, x(0) = ¢,
u(t) e U(t,A) foralmostallte T, A €E.

In this problem,
Ay: TxX — 2% foreveryA > 0, F: TxHxE — 27\ {g}, G: TxYxE — 2\ {g},

and the precise conditions on them will be given in Section 4. For every initial state ¢ € H and every parameter
A € E, we denote the set of admissible state-control pairs (that is, pairs (x, u) which satisfy the dynamics and
the constraints of problem (1.1)) by Q(&, A). We investigate the dependence of Q(¢, A) on the two variables
(&, A) € H x E. Also, Z(&, 1) denotes the set of optimal state-control pairs (that is, (x*, u*) € Z(&, A) such that
JOx*,u*, & 1) = m(&, A)). So, Z(&, L) € Q(¢, A). We establish the nonemptiness of the set (&, 1) and examine
the continuity properties of the value function (¢, A) — m(é, A) and of the multifunction (¢, 1) — Z(é, A).

The nonemptiness and other continuity and structural properties of the set Q(¢, A) are consequences
of general results about evolution inclusions, which we prove in Section 3 and which are of independent
interest. The class of evolution inclusions considered in Section 3 is more general than the classes studied
by Chen, Wang and Zu [11], Denkowski, Migorski and Papageorgiou [14], Liu [28], and Papageorgiou and
Kyritsi [34].

In the next section, for the convenience of the reader, we review the main mathematical tools which we
will need in this paper.

2 Mathematical background

Suppose that ¥V and Z are Banach spaces and assume that V is embedded continuously and densely into Z
(denoted by V < Z). Then it is easy to check that:

e Z*is embedded continuously into V*,

o if Vis reflexive, then Z* — V*.

Having this observation in mind, we can introduce the notion of evolution triple of spaces, which is central
in the class of evolution equations considered here.

Definition 2.1. A triple (X, H, X*) of spaces is said to be an “evolution triple” (or “Gelfand triple” or “spaces
in normal position”) if the following hold:

(a) X is aseparable reflexive Banach space and X* is its topological dual.

(b) H is aseparable Hilbert space identified with its dual H* = H (pivot space).

(c) X— H.

According to the remark made in the beginning of this section, we also have H* = H < X*. In this paper we
also assume that the embedding of X into H is compact. Hence, by Schauder’s theorem (see, for example,
[20, Theorem 3.1.22]), so is the embedding of H* = H into X*. In what follows, by || - || (resp. | - |, || - [|«) we
denote the norm of the space X (resp. H, X*). By (-, - ) we denote the duality brackets for the pair (X*, X) and
by (-, -) the inner product of the Hilbert space H. We know that

("'>|H><X=("')-

Also, let § > 0 be such that
[-1<BI-I. (2.1)
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We introduce the following space which has a central role in the study of the evolution inclusions. So, let
1 < p < oo and set

W,(0, b) = {x € LP(T, X) : x' € L' (T, X*)} (% + 1% =1).

In this definition the derivative of x is understood in the sense of vectorial distributions (weak derivative). In
fact, if we view x as an X*-valued function, then x( - ) is absolutely continuous, hence strongly differentiable
almost everywhere. Therefore,

W,(0, b) < ACHP'(T, X*) = WHP'((0, b), X*).
The space W, (0, b), equipped with the norm
Ixllw, = IxlLr(r.x) + ||X'||Lp'(T,X*) forall x € Wy(0, b),
becomes a separable reflexive Banach space. We know that
Wp(0, b) — C(T, H), (2.2)
W,(0, b) — LP(T, H) compactly. (2.3)
The following integration by parts formula is very helpful.

Proposition 2.2. Ifx,y € W,(0, b), then t — (x(t), y(t)) is absolutely continuous and

%(X(t), y(0) = (X'(1), y()) + (x(t),y'(t)) foralmostallt e T.

We know that forall 1 < p < co,
LP(T, X)* = LP'(T, X*)
with p’ = +c0 if p = 1 (see [20, Theorem 2.2.9]).

Now, let (Q, %) be a measurable space and V a separable Banach space. We introduce the following hy-
perspaces:

Pyy(V) = {C < V: Cis nonempty, closed, (convex)},
Py (V) = {C € V : C is nonempty, (weakly-)compact, (convex)}.

Given a multifunction F: Q — 2V \ {0}, the “graph” of F is the set
GrF={(w,v) e Qx V:veFw)}

We say that F(-) is “graph measurable” if Gr F € X x B(V) with B(V) being the Borel o-field of V. If u(-)isa
o-finite measure on  and F: Q — 2V \ {0} is graph measurable, then the Yankov-von Neumann—-Aumann
selection theorem (see [22, Theorem 2.14, p. 158]) implies that F(-) admits a measurable selection, that is,
there exists a £-measurable function f: Q — V such that f(w) € F(w) u-almost everywhere. In fact, there is
a whole sequence {f;}n>1 of such measurable selections such that F(w) < {f,(w)} u-almost everywhere (see
[22, Proposition 2.17, p. 159]). Moreover, the above results are valid if V is only a Souslin space. Recall that
a Souslin space need not be metrizable (see [21, p. 232]).
A multifunction F: Q — Pf(V) is said to be “measurable” if for all y € V, the function

w— d(y, F(w)) = inf |y-viv
veF(w)

is X-measurable. A multifunction F: Q — P¢(V) which is measurable is also graph measurable. The con-
verse is true if (Q, ) admits a complete o-finite measure u. If (Q, Z, y) is a o-finite measure space and
F: Q — 2V\ {0} is a multifunction, then for 1 < p < co we introduce the set

SE=1{f e IP(Q,Y) : flw) € F(w) p-ae.}.
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Evidently, S£ # 0 if and only if @ ~ infyer)llvllv belongs to LP(Q). Moreover, the set Sk is “decompos-
able”, that is, if (4, f1, f2) € £ x SE x SE, then

Xafi +Xo\afz € Sk

Here, for C € %, by y¢ we denote the characteristic function of the set C € X.
Forevery D € X, D # 0, we define
|D| = sup|vlly and o(v*, D) = sup(v*,v)y forallv* e V*,
veD veD
Here, (-, - )y denotes the duality brackets of the pair (V*, V). The function o(-,D): V* — R = RU {+oo} is
known as the “support function” of D.

Let Z, W be Hausdorff topological spaces. We say that a multifunction G : Z — 2" \ {6} is “upper semi-
continuous” (USC for short), respectively, “lower semicontinuous” (LSC for short), if for all U ¢ W open, the
set

G'(U)={zeZ:G(z) cU}, respectively, G (U)={zeZ:G(z)nU # 0}

is open in Z. If G(-) is both USC and LSC, then we say that G(-) is continuous. On a Hausdorff topological
space (W, 1) (t being the Hausdorff topology), we can define a new topology 7seq whose closed sets are the
sequentially T-closed sets. Then topological properties with respect to this topology have the prefix “sequen-
tial”. Note that T € Tsq and the two are equal if 7 is first countable (see [7, p. 9] and [21, p. 808]). We say that
G: Z — 2™\ {@} is “closed” if the graph Gr G < Z x W is closed.

For any Banach space V, on P¢(V) we can define a generalized metric, known as the “Hausdorff metric”,
by setting

h(E, M) = max[ sup d(e, M), sup d(m, E)].
ecE meM

Recall that (P¢(V), h) is a complete metric space (see [22, p. 6]). If Z is a Hausdorff topological space, a
multifunction G: Z — Pf(V) is said to be “h-continuous”, if it is continuous from Z into (P¢(V), h).
Also, if E, M ¢ V are nonempty, bounded, closed and convex subsets, then (Hérmander’s formula)

h(E, M) = sup lo(v*, E) - o(v*, M)|.

veelV*, |lv¥|y=<1
Let (W, ) be a Hausdorff topological space with topology T and let {Ep}n=1 € 2% \ {6}. We define
Kseq(T) - liggglen = {y eW:y=1- nangoy"’y” € E,foralln e N},

Kseq(T) —limsup Ey, = {ye W:y=1-lim yn,¥n € En,,n1 <Np <--- <N < }
n—oo n—oo

Sometimes we drop the Kseq-symbol and simply write 7 — lim sup,,_,, En and 7 - liminf,,_,, En.
Returning to the setting of an evolution triple, we consider a sequence of multivalued maps

an, a: IP(T, X) — 2 TX0\ (0} (neN)
such that for every h* € LP'(T, X*) the inclusions
v +an(y) > h* (neNN) and Yy +a(y)sh

have unique solutions e, (h*), e(h*) € W,(0, b).

We say that % + a, “PG-converges” to d% + a (denoted by % + an RN % +a as n — oo) if for every

h* € LP'(T, X*), we have
en(h*) =5 e(h*) in Wy(0, b).

In what follows, by X,, (respectively, H,,, X;,) we denote the space X (respectively, H, X*) furnished with
the weak topology. Also, by | - |; we denote the Lebesgue measure on R and by ((-, -)) we denote the duality
brackets for the pair (Lp'(T, X*), LP(T, X)). So, we have

b
((h*, f)) = J(h*(t),f(t)) dt forall h* e LP'(T, X*) and all f € LP(T, X).
0
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Next, let us recall some useful facts from the theory of nonlinear operators of monotone type. So, let V be
a reflexive Banach space, L: D(L) ¢ V — V* a linear maximal monotone operator and a: V — 2", We say
that a(-) is “L-pseudomonotone” if the following conditions hold:
(a) Foreveryv e V,a(v) € Pyrc(V*).
(b) a(-)isbounded (that is, maps bounded sets to bounded sets).
(c) If{vp}ns1 € D), vy v e D) inV, L(vy) 25 L(v)in V¥, vi € a(vy) foralln € N, v;; %5 v* in X* and
lim sup,_,eo (Vs> Vo — V)v < 0, then v* € a(v) and (v;;, va)v — (v*, V)y.
Such maps have nice surjectivity properties.
The next result is due to Papageorgiou, Papalini and Renzacci [35], and it extends an earlier single-valued
result of Lions [27, Theorem 1.2, p. 319].

Proposition 2.3. Assume that V is a reflexive Banach space which is strictly convex, L: D(L) <V — V* isa
linear maximal monotone operator and A: V — 2V is L-pseudomonotone and strongly coercive, that is,

infy«cao) (v, viv
Ivily

Then R(L + V) = V* (that is, L + V is surjective).

— +00 as ||vlly — +oo.

In the next section we obtain some results about a general class of evolution inclusions, which will help us
study problem (1.1) (see Section 4).

3 Nonlinear evolution inclusions

Let T = [0, b] and let (X, H, X*) be an evolution triple with X — H compactly (see Definition 2.1). In this
section we deal with the following evolution inclusion:

—x'(t) € A(t, x(¢t)) + E(t, x(t)) foralmostallte T, x(0) = ¢&. (3.1)

The hypotheses on the data of (3.1) are as follows.
(HA1) A: T x X — 2X" is a map such that the following hold:
(i) tw— A(t,x)is graph measurable for all x € X.
(i) GrA(t,-) is sequentially closed in Xy, x X}, and x — A(t, x) is pseudomonotone for almost all
teT.
(iii) Foralmostallt € T, all x € X and all h* € A(t, x), we have

IRl < ai(t) +cplx|P?

with2 < p,a; € Lp'(T) and c; > 0.
(iv) Foralmostallt e T, all x € X and all h* € A(¢, x), we have

(h*, x) = c2lIx|IP — ax(t)
with ¢; > 0, a, € LI(T).

Remark 3.1. If A(-, ) is single-valued, then in hypothesis (HA1) (ii) we can drop the condition on the graph
of Gr A(t, -) and only assume that x — A(t, x) is pseudomonotone for almost all ¢t € T. The same applies if
A(t, -) is maximal monotone for almost all ¢ € T. An example of where the condition on the graph of A(¢, )
is satisfied is the following (for simplicity we drop the ¢t-dependence):

A(x) = —divo@(Dx) — div é(Dx),

where ¢: LP(Q, RY) — R is continuous and convex, and &: LP(Q, RY) — R is continuous and satisfies
&) <e( +|y|" Y forally e RY, ¢ > 0and 1 < 7 < p. Then recalling that WHP(Q) < W 7(Q) compactly
(see Zeidler [41, p. 1026]), we easily see that Gr A is sequentially closed in WP (Q),, x WHP(Q);,.
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(HF1) F: T xH — Py, (H) is a multifunction such that the following hold:
(i) tw F(t, x)is graph measurable for all x € H.
(ii) GrF(t,-)is sequentially closed in H x H,, for almostall t € T.
(iii) Foralmostallt e T, all x € Hand all h € F(t, x), we have

[h| < a3(t) + c3lx]

with as € L?(T), c3 > 0 and if p = 2, then B%c3 < ¢, (see (2.1)).
By a solution of problem (3.1) we understand a function x € W, (0, b) such that

-x'(t) = h*(t) + f(t) foralmostallt e T,
where h* € LP' (T, X*) and f € L2(T, H) are such that
h*(t) € A(t,x(t)) and f(t) € F(t, x(t)) foralmostallt e T.

By S(&) we denote the set of solutions of problem’(3.1). In the sequel we investigate the structure of S(&).
Consider the multivalued map a: LP(T, X) — 2L° (T:X") defined by

a(x)=1{h* € LY (T, X*) : h*(f) € A(t, x(t)) for almost all ¢ € T} forallx € LP(T, X). (3.2)

Note that a(-) has values in Pyic(LP (T, X*)) (see hypotheses (HA1) (i) and (iii), and use the Yankov-von
Neumann-Aumann selection theorem, see [22, Theorem 2.14, p. 158]).

Lemma 3.2. If hypotheses (HA1) hold, x, = x in W, (0, b), xx(t) = x(t) in X for almost all t € T, h}, *> h*
in LP'(T, X*)and h}, € a(xy) foralln € N, then h* € a(x).

Proof. Let v € X and consider the function x — a(v, A(t, x)) (see Section 2). We will show that it is sequen-
tially upper semicontinuous. To this end, we need to show that given A € R, the superlevel set

Ex={xeX: A< 0\ Alt X))}
is sequentially closed in X,,. So, we consider a sequence {x,},>1 € Ej and assume that
xn L x in X.
Let h} € A(t, xp) (n € N) be such that
(hy,v) = 0(v, A(t,xn)) foralln e N (3.3)

(recall A(t, xn) € Pyic(X*)). Evidently, {h}:},>1 € X* isbounded (see hypothesis (HA1) (iii)) and so, by passing
to a subsequence if necessary, we may assume that h; -~ h* in X*. Therefore, by hypothesis (HA1) (ii),

h* € A(t, x) (3.4)

Then, from (3.3) and (3.4), we have
A< (h*,v) < o(v, A(t, X)),

and thus x € E). This proves the upper semicontinuity of the map x — o(v, A(¢, x)).
Now let v € LP(T, X). Then we have (see [22, Theorem 3.24, p. 183])

b
((hy,v)) < 0(v, alxy)) = J’ o(v(t), A(t, xn(t)))dt foralln e N,
0

and by Fatou’s lemma,

b
((h*,v)) <limsup a(v, a(xy)) < Jlim sup a(v(t), A(t, xn(t))) dt.
0
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By the first part of the proof and since, by hypothesis, x,(t) 2 x(t) in X,

b
((h*,v)) < I a(v(t), A(t, x(t))) dt = a(v, a(x)).
0

Thus, h* € a(x). O

Lemma 3.3. If hypotheses (HA1) hold, then the multivalued map a: LP(T, X) — 2L”'(T,X*), defined by (3.2), is
L-pseudomonotone.

Proof. Suppose x, -5 x in Wy(0, b), h;, € a(xy) foralln € N, hy, 2, h*in LP'(T, X*)and

lim sup((h},, xn — x)) < 0. (3.5)
n—oo
From (2.2), we infer that
xn(t) 2 x(t) inHforallte Tasn — co. (3.6)

We set 9n(t) = (hj(t), xn(t) — x(t)). Let N be the Lebesgue-null setin T = [0, b] outside of which hypothe-
ses (HA1) (ii), (iii) and (iv) hold. Using hypotheses (HA1) (iii) and (iv), we have

9n(8) = Callxn(B)I* = ax(t) - (ar(t) + c1llxa(OIP1)Ix(6)]  forallt € T\ N. (3.7)
We introduce the Lebesgue measurable set D ¢ T defined by
D = {te T:liminf 9,() < 0}.

Suppose that |D|; > 0. If t € Dn (T \ N), then from (3.7) we see that {x,(t)}n>1 € X is bounded. Then, from
(3.6), it follows that
xn(t) 25 x(t) inXforallt e Dn(T\N). (3.8)

We fix t € Dn (T \ N) and choose a subsequence {ny} of {n} (in general this subsequence depends on t) such
that
klirgo In, () = llgglf 9n(t).

By hypothesis (HA1) (ii), A(t, - ) is pseudomonotone, and since t € D, we infer that
lim (h;k(t)’ Xnk(t) - X(t» = 0’
k—o00
a contradiction. So, |D|; = 0 and we have
0< lif—l»g,lf 9,(t) foralmostallte T. (3.9)

Invoking the extended Fatou’s lemma (see [15, Theorem 2.2.33]), we have

b
0< jlimgf 9,(6) dt (see (3.9))

(0]
b

< lim nf j 9,(6) dt
0

< limsup | 9,(t) dt

n—oo

= limsup | (hy (), xn(t) — x(t))dt

Ol O

= limsup((hy,, X, —x)) <0 (see (3.5)).
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Therefore,
b
j () dt — 0. (3.10)
0
We write
190 (D] = 95(E) + I (t) = 9n(t) + 29, (0). (3.11)
Note that, from (3.9),
9,(t) > 0 foralmostallt e T. (3.12)

Moreover, from (3.7) we have

In(t) = nu(t) foralmostallt € Tandalln e N
with {n}ns1 € LY(T) uniformly integrable. Then

9,(t) < n,(t) foralmostallt e Tandalln e N

with {;}n=1 € L}(T) uniformly integrable. Using (3.12) and invoking Vitali’s theorem we infer that 9;; — 0
in LY(T). Hence, from (3.10) and (3.11),

9, —> 0 inLY(T). (3.13)
Then, from (3.13) and the fact that h % h* in L' (T, X*)), we have
[((hy, xn)) = (R, )| < [((hy, Xn = X)| + |((hy, — K™, X)) — O,

which implies ((h};, xn)) — ((h*, x)). In addition, from (3.8) and Lemma 3.2, we have that h* € a(x). This
proves the L-pseudomonotonicity of a( ). O

Remark 3.4. From the above proof it is clear why in the case of a single-valued map A(t, x), in hypothesis
(HA1) (ii) we can drop the condition on the graph of A(t, - ) and only assume that x — A(t, x) is pseudomono-
tone for almost all t € T. Indeed, in this case, from (3.13) we have (at least for a subsequence) that

9,(t) - 0 foralmostallt e T,
which, since A(t, -) is pseudomonotone, implies
A(t, xo(t) 2 A(t, x(t)) foralmostallt e Tin X*.

In the multivalued case, there is no canonical way to identify the pointwise limit of the sequence
{hy()}n=1 € X*. If for almost all ¢ € T, A(t, - ) is maximal monotone, then again, we do not need the graph
hypothesis on A(t, - ). In this case a(-) is also maximal monotone and then the lemma is a consequence of
(3.5) and [4, Lemma 1.3]. It is worth mentioning that a similar strengthening of the topology in the range
space was used by Defranceschi [12], while studying G-convergence of multivalued operators.

Without loss of generality, invoking the Troyanski renorming theorem (see [21, Remark 2.115]), we may as-
sume that both X and X* are locally uniformly convex, hence LP(T, X) and LP'(T, X*) are strictly convex.
We are now ready for the first result concerning the solution set S(¢).

Theorem 3.5. If hypotheses (HA1), (HF1) hold and & € H, then the solution set S(&) is nonempty, weakly com-
pactin Wy(0, b) and compact in C(T, H).

Proof. First suppose that & € X. We define
Ai(t,x)=A(t,x+¢&) and Fy(t,x)=F(t,x+¢).

Evidently, A1(t, x) and F;(t, x) have the same measurability, continuity and growth properties as the
multivalued maps A(t, x) and F(t, x). So, we may equivalently consider the following Cauchy problem:

—x'(t) € A1(t, x(t)) + F1(t, x(t)) foralmostallt e T, x(0) = 0. (3.14)
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Note that if x € W,(0, b) is a solution of (3.14), then X = x — & is a solution of (3.1) (when ¢ € X, that is,
the initial condition is regular). Consider the linear densely defined operator L: D(L) < LP(T, X) — LP'(T, X*)
defined by
L(x)=x" forallx e W)(0,b) = {y € Wp(0, b) : y(0) = 0}

(the evaluation y(0) = 0 makes sense by virtue of (2.2)). ,
Consider the multivalued maps a1, G; : LP(T, X) — 21" (X)) \ {p} defined by

ai(x)={h" € LY'(T, X*) : h*(£) € A1 (t, x(t)) for almost all ¢ € T},
Gi(x)={f € LP'(T, X*) : f(t) € F1(t, x(t)) for almost all ¢ € T}.

We set K(x) = a1(x) + G1(x) for all x € LP(T, X). Then
K: LP(T, X) — 21" TX)\ (g}
Claim 1. K is L-pseudomonotone.

Clearly, K has values in P, i.(L? (T, X*)) and it is bounded (see hypotheses (HA1) (iii), (HF1) (iii)).
Next, we consider a sequence {x,}n>1 € D(L) such that

Xn % x € D(L) in LP(T, X), L(xy) — L(x) inLP' (T, X*),
(3.15)

kieK(xp), ki k* inIP(T,X*) and  limsup((k},X, - x)) <O.
n—.oo

Then we have
ky=h,+fn with hjeai(xn), fane€Gi(xy) forallneN.

Hypotheses (HA1) (iii) and (HF1) (iii) imply that
{hilns1 € LP(T,X*) and {fu}ns1 € LP (T, H) are bounded.
So, we may assume (at least for a subsequence) that
h: Y h* inIP(T,X*)  and  fo 25 f inLP'(T, H).
By (3.15) we have x, -5 x in W, (0, b), and due to (2.3),
Xn — x in LP(T, H). (3.16)

Hence,

b
((frs Xn — X)) = J(fn(t), xn(t) = x(t)) dt — 0,
0

and in view of (3.15),
lim sup((h},, xn — x)) < 0.
n—oo

Therefore, from Lemma 3.3,
h* e ai(x) and ((hy,xn)) — ((h*, X)).

Recall that
fu(t) € F(t, x,(t)) foralmostallte Tandalln € N. (3.17)

By (3.15), (3.16), (3.17) and [34, Proposition 6.6.33], we have

f(t) € convw — lim sup F(t, x,(t)) € F(t, x(t)) foralmostallte T
n—,oo

(see hypothesis (HF1) (ii)), and thus f € G1(x).
Since ((fn, Xn — X)) = jé’ (fu(t), xn(t) — x(t))dt — 0, we conclude that K is L-pseudomonotone. This proves
Claim 1.
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Claim 2. K is coercive.

Let x € LP(T, X) and k* € K(x). Then
k*=h*+f with h* €ea;(x), f € G1(x).

We have (see hypothesis (HA1) (iv))

b b
((k*, ) = ((h*, %)) + j(f(t), X(1) dt 2 ColxIF, 7y ~ a2l - Jlf(t)IIX(t)I t. (3.18)
0 0

Note that from hypothesis (HF1) (iii) and using Young’s inequality with € > 0, we have

b b b
ool de < [(@0xO1+ cslxOP) de < [(c@as@? + (e + OxOF) dt (3.19)
0 0 0
Returning to (3.18) and using (3.19), we see that
((k*x X)) 2 CZHX"i’p(T,X) - C4"X||%p(]“,x) - Cs for Cy, C5 > 0 (3-20)

(recall that 2 < pandincase p = 2, choose € > 0 small so that c4 < ¢;, see hypothesis (HF1) (iii)). From (3.20)
it follows that K is coercive. This proves Claim 2.

Now Claims 1 and 2 permit the use of Proposition 2.3 to find x € Wy (0, b) solving problem (3.1) when
&eX.

Next, we remove the restriction ¢ € X. So, suppose & € H. We can find {{,},>1 € X such thaté, - {in H
(recall that X is dense in H). From the first part of the proof, we know that we can find x, € S(¢,) € W,(0, b)
for all n € N. We have

—x!,(t) € A(t, xn(t)) + F(t, xn(t)) foralmostall t € T,
xn(0) =&,, nelN.

It follows that
—xp =R+ fn with Rt € A(t, xn(), fa(t) € F(t, xn(1)) (3.21)
for almostall t € Tand all n € IN.
We have
b
((xy, xn)) + ((hyy, X)) < Jlfn(t)”Xn(t)l dt,
0
and thus

1
§|Xn(b)|2 + C2"Xn||IL)p(T’X) < Ce + C7||Xn||%p(T,X) force,c7 >0 (3.22)

(see hypotheses (HA1) (iv), (HF1) (iii) and if p = 2 ,then, as before, we have ¢; < ¢»).
From (3.21), (3.22) and hypotheses (HA1) (iii), (HF1) (iii), it follows that {xn}n>1 < W, (0, b) is bounded.
So, we may assume that as n — oo (see (2.3)),

Xn =5 xin Wy(0, b) and Xn — x in LP(T, H). (3.23)

By (3.21), for all n € IN, we have

b
(X, Xn = X)) + (K, Xn = X)) = =((fn, Xn — X)) = = J(fn(t), Xn(t) - x(t)) dt. (3.24)
0

By Proposition 2.2 we know that

(O =X X = 0) = 5 0 (B) = X()P ~ 16— &2,
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Hence, 1
(X, X = Xn)) < 5160 - &P+ (X, x = xn))-

By (3.23) and since &, — £ in H,
lim sup((x},, X — X)) < O. (3.25)
n—.oo

Hypothesis (HF1) (iii) implies that {f,}ns1 < L?(T, H) is bounded. Hence, from (3.23),

b
[ (a0 x(0 - xa(0) de — o,
0
and so, by (3.25),
lim sup[((x},, X = X)) + ((fn, X — xn))] < O.

Therefore, from (3.24),
lim sup((h},, xn — x)) < 0. (3.26)
n—oo

By hypothesis (HA1) (iii) we see that {h};}n1 € LP'(T, X*) is bounded. So, we may assume that
hi 5 h* inLP'(T,X*)asn — oo. (3.27)
From (3.23), (3.26) and (3.27), we see that we can use Lemma 3.3 and infer that
h*(t) € A(t, x(t)) foralmostallte T. (3.28)
As we have already mentioned {f,}n=1 < L%(T, H) is bounded and so we may assume that
fn 5 f inL%(T, H). (3.29)
Using [34, Proposition 6.6.33], we have (see hypothesis (HF1) (ii))

f(t) e convw - lim sup F(¢, x,(t)) € F(t, x(t)) foralmostallt e T. (3.30)
n—.oo

In (3.21), we pass to the limit as n — oo and use (3.23), (3.27) and (3.29) to obtain
—x' =h*+f with h* ea(x)(see(3.28)), f e G(x)(see(3.30)), x(0)=¢.

Hence, x € S(£). So, we have proved that when & € H, the solution set S(¢) is a nonempty subset of W, (0, b).
Next, we will prove the compactness of 5(¢) in Wy (0, b)y, and in C(T, H). Let x € S(£). Forevery t € T we
have

t t t
I(x’(s),x(s)) ds + J(h*(s),x(s)) ds < Ilf(s)llx(s)l ds with h* € a(),
0 0 0

which implies

¢

1 1

5|X(f)|2 < Ecé +Co Jlx(s)l2 ds forcs,co >0,
0

and hence, by Gronwall’s inequality,
[x(t)) < M forsome M > 0, all t € T and all x € S(¢). (3.31)

Then let ryr: H — H be the M-radial retraction defined by

X if x| < M,
MO =X i > M

x|
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Because of the a priori bound (3.31), we can replace F(t, x) by
F(t, ) = F(t, ru(x)).

Note that forall x € H, t — E(t, x) is graph measurable (hence also measurable, see Section 2) and for almost
allt e T, x — F(t,x) hasa graph which is sequentially closed in H x H,,. Moreover, we see that

|E(t, x)| < a4(t) foralmostall t € T and all x € H with a, € L*(T).
We introduce the set
C = {f € LX(T, H) : |f(t)| < ax(t) for almost all t € T}.

We consider the following Cauchy problem:

(3.32)

—x'(t) € A(t, x(t)) + f(t) foralmostallte T = [0, b],
x(0)=¢€eH, feC.

Let H: C — 2%TH) he the map (in general, multivalued) that assigns to each f € C the set of solutions of
problem (3.32). It is a consequence of Proposition 2.3 and Lemma 3.3 that H(-) has nonempty values.

Claim 3. H(C) < C(T, H) is compact.
Let {xp}n>1 € H(C). Then
-xl,=h:+f, with h}ea(xy), foeC forallneN. (3.33)

Hence, for all t € T, we have

t

1 1

Elxn(t)l2 < cho + I as(s)|xn(s)|ds forsomecip > 0Oandalln € N,
0

which implies (see [6, Lemme A.5])
[xn(t)] < My for M; >0,allte Tandalln € N. (3.34)

Also, using hypothesis (HA1) (iv), we have (see (3.34))
b
collxally gy < €11 + J ay(Obn(Dldt < c1p foralln e N. (3.35)
0

From (3.33) and (3.35) it follows that {xn}n>1 € Wp(0, b) is bounded. So, we may assume that
Xn 25 x inW,(0,b),  hy-Sh* inIP(T,X"), fu-5f inL(T,H). (3.36)

Passing to the limit as n — co in (3.33) and using (3.36), we obtain —x’ = h* + f. Also, from (3.33) we
have

b
((hyy, Xn = X)) + ((Xp, Xn = X)) = — j(fn(t), xn(t) — x(t)) dt. (3.37)
0
Note that, by (3.36) and (2.3),
b
J(fn(t), xn(t) = x(t)) dt — 0. (3.38)
0

Also using Proposition 2.2, we have (recall that x,,(0) = x(0) = & for all n € IN)

((xy = X', xp = X)) = %|Xn(b) -x(b)|> >0 forallne N,
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and so
(X', xn = x)) < (X}, xn —x)) foralln e N. (3.39)

From (3.36), it follows that
(X', xp = X)) = 0. (3.40)
Returning to (3.37), passing to the limit as n — oo and using (3.38), (3.39) and (3.40), we obtain

lim sup((h},, xn — X)) <0,
n—oo

and thus h* € a(x) (see Lemma 3.3 and (3.36)). Therefore, H(C) is w-compact in W, (0, b). From the proof of
Lemma 3.3 (see (3.13)), we know that

b
Il(h;(t), Xn(t) = x(t))|dt - 0 asn — oo. (3.41)
0

In a similar fashion, we also have
b
J’l(h*(t),xn(t)—x(t))ldta0 asn — oo. (3.42)
0

Also, by (2.3), (3.34), (3.36) and Vitali’s theorem, we have

b
jl(f,,(t) —f(t), xn(t) = x(t))|dt - 0 asn — co. (3.43)
0

For every t € T and every n € IN, using Proposition 2.2, we have

b

b
%lxn(t) - x(t)* < Jl(h;‘,(t) = h*(0), xn(t) - x())| dt Jl(fn(t) = fO), xa(t) = x()) dt,
0

0

and so, from (3.41), (3.42) and (3.43), lIxn — xlc¢r,;y — 0. Thus, H(C) < C(T, H) is compact.
However, from the previous parts of the proof it is clear that S(§) ¢ H(C) is weakly closed in W, (0, b) and
closedin C(T, H). Therefore, we conclude that S(¢) is weakly compact in W, (0, b) and compactin C(T, H). O

Next, we want to produce a continuous selection of the multifunction é — S(&) (we refer to [36] for more
details about continuous selections of multivalued mappings). Note that S(-) is in general not convex-valued,
and so the Michael selection theorem (see [22, Theorem 4.6, p. 92]) cannot be used. To produce a continuous
selection of the solution multifunction ¢ — S(¢), we need to strengthen the conditions on the multimap A(¢, -)
in order to guarantee that certain Cauchy problems admit a unique solution.
The new hypotheses on the map A(t, x) are as follows.

(HA2) A: T xX — 2% \ {0} is a multivalued map such that the following hold:

(i) t— A(t,x) is graph measurable for every x € X.

(i) x — A(t, x) is maximal monotone for almostall ¢ € T.

(iii) Foralmostallt € T, all x € X and all h* € A(t, x), we have

Ih* ). < ax () + callx|P™!

with a; € LP'(T), ¢1 > 0,2 < p.
(iv) Foralmostallt e T, all x € Xand h* € A(t, x), we have

(h*, x) = c2|Ix|IP — ax(t)
with ¢; > 0, a, € LY(T),.
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Remark 3.6. As we have already mentioned in an earlier remark, since now A(t, -) is maximal monotone
for almost all ¢t € T, we do not need the condition on the graph of A(t, -) (see hypothesis (HA1) (ii) and [4,
Lemma 1.3]).

Also, we strengthen the condition on the multifunction F(t, - ).

(HF2) F: T xH — Pf,(H) is a multifunction such that the following hold:
(i) tw~ F(t, x)is graph measurable for every x € H.
(ii) Foralmostallt € T and all x, y € H, we have

h(F(t,x), F(t,y)) < k(t)|x —y| with k € L}(T),.
(iii) Foralmostallt e T, all x € Hand all h € F(t, x), we have
|h| < a3 () + c3|x|

with as € L?(T),, c3 > 0, and if p = 2, then f%c3 < ¢; (see (2.1)).

Remark 3.7. Hypothesis (HF2) (ii) is stronger than condition (HF1) (ii). Indeed, suppose that (HF2) (ii) holds
and we have

Xn — X, hpy S h inH and h, € F(t,x,) foralln e N. (3.44)
By the definition of the Hausdorff metric (see Section 2), we have
d(hy, F(t, x)) < d(hp, F(t, xp)) + h(F(t, xn), E(t, x)) = h(F(t, x,), F(t, X)),
and therefore (see (3.44) and hypothesis (HF2) (ii))
d(hy, F(t,x)) - 0 asn — oo.

The function y — d(y, F(t, x)) is continuous and convex, hence weakly lower semicontinuous. Therefore, by
(3.44) we have
d(h, F(t,x)) < 1irm£13f d(hy,, F(t,x)) =0,

which implies h € F(t, x). This proves that condition (HF1) (ii) holds.

So, we can use Theorem 3.5 and establish that given any ¢ € H, the solution set S(¢) is nonempty, weakly com-
pact in Wy (0, b) and compact in C(T, H). The next result extends an earlier result of Cellina and Ornelas [9]
for differential inclusions in RN with A = 0.

Proposition 3.8. Ifhypotheses (HA2),(HF2) hold, then there exists a continuous map 9: H — C(T, H) such that
9(&) e S(&) forallé € H.
Proof. Consider the following auxiliary Cauchy problem:
-x'(t) € A(t, x(t)) foralmostallte T =[O0, b], x(0) = &.

This problem has a unique solution x¢(&) € W, (0, b) (see Proposition 2.3 and use the monotonicity of A(t, - )
and Proposition 2.2 to check the uniqueness of this solution).
If &, & € H, then

-xp(&) =h} and -x((&)=h; withh; € a(xo(&)) fork =1, 2.

So, using Proposition 2.2, we have

t
SX0(E0(0 o ENOF + [(Hi() - h3(6), x0(E0)(5) - xo(E)(s)) ds = 3161 - & forall e T,
0
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and hence (recall that A(¢, -) is monotone)
Ix0(&1) — xo(&)llcr,m) < 1&1 — &2, (3.45)
We consider the multifunction T'o: H — Pyc(L'(T, H)) defined by
To(¢) = S}(_’Xo(f)(,)) forall & € H.
We have

h(To(£), To(&2)) = sup(la(g, To(&1) - 0(g, To(&2))] : g € L(T, H) = LY(T, H)*, liglieo(ray < 1]

IA

sup(|o(v, F(t, xo(é1)(1))) — o (v, F(t, x0(£2)(2)))|] dt  (see [34, Theorem 6.4.16])

[vl<1

h(F(t, x0(§1)(1)), F(t, x0(§2)(0))) dt

IN

k(®)lxo(£1)(t) = x0(&2)(8)] dt

IA

Clm, s Ot O Oy

k()81 - &ldt - (see (3.45))

[kll11&1 — &3.

Therefore, & — T'o(&) is h-Lipschitz.

Also, Ty (-) has decomposable values. So, we can apply the selection theorem of Bressan and Colombo [5]
(see also [22, Theorem 8.7, p. 245]) and find a continuous map yo: H — L(T, H) such that yo(&) € To(&) for
all ¢ € H. Evidently, yo(§) € L?(T, H) forall £ € H.

We consider the following auxiliary Cauchy problem:

—x'(t) € A(t, x(t)) + Yo(é)(t) foralmostallt e T, x(0) = &.
This problem has a unique solution x1(§) € Wy (0, b). By induction we will produce two sequences
{Xn(&)}ns1 € Wp(0,b) and  {yn()}ns1 € L*(T, H),

which satisfy the following:
(@) xn(&) € Wp(0, b) is the unique solution of the Cauchy problem

—X'(t) € A(t, x(1)) + yn_1(&)(t) foralmostall t € T, x(0) = &. (3.46)

(b) & yn(&)is continuous from H into C(T, H).
(©) yn(&)(t) € F(t, xn(&)(t)) for almost all t € Tand all ¢ € H.
@) [yn(&)(®) = yn-1(E)(0)] < k(t)Bn(é)(¢) for almost all t € T and all ¢ € H, where

t
B (T(t) - T(s))" ! ¢ € \T®o"!
Bn(§)(t) =2 J "l(f)(s)w ds + 2b< kg,l Sk > n-1)!

with € > 0, n(&)(t) = ax(t) + calxo(§)(f)| and () = fot k(s) ds.

Note that the maps & +— n(&) and & +— B,(¢) are continuous from H into L!(T). So, suppose we have pro-
duced {xx(&)};_; and {yx(&)};_, (induction hypothesis). Let x,,+1(&) € Wy (0, b) be the unique solution of the
Cauchy problem

—x'(t) € A(t, x(t)) + yn(&)(t) foralmostallt e T, x(0) = ¢. (3.47)
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By (3.46) and (3.47) we have
—xp(&) = By +yna(§) and - x),1 (&) = hy,y +ya(€) inLP(T,X7) (3.48)

with
hy, € a(xy(§)), h;k1+1 € a(xp+1()). (3.49)

Using (3.48) we can write

(41 (©)(6) = X ()(E), Xns1(E)(E) = Xn(E)(E))
= (ha(§)(O) = hy1 ()0, Xn41(§)(6) = X (§)(O) + (Yn-1(§)(O) = Yn(§)(O), Xn41(§)(O) = X (§)(D))
< (Yn-1(9) () = yu()(1), X1 (E)(t) = xn(&)(t)) foralmostallt € T

(see hypothesis (HA2) (ii) and (3.49)). Therefore, from Proposition 2.2,

) dtlxn+1(£)(t) Xn(f)(t < yn-1(E)(6) = yu(E)(OlIxn1(E)(E) — xp(§)(t)] for almostall t € T,

and thus
t
%'Xn+l(‘f)(t) — xn(§)(O) < J [Yn-1(8)(S) = yn(§)(S)] IXn+1(§)(S) = xn(§)(s)| ds forallt e T. (3.50)
0
By (3.50) and [6, Lemma A.5], we infer that

1Xn+1(§)(8) = Xn(§)(O] < | lyn-1(§)(s) = yn(§)(s)l ds

O~

k(s)Bn(&)(s)ds (by the induction hypothesis, see (d))

o‘_‘u-r

n

t S
(t(s) —T(r)"! 7(s)"!
2!k(s)!q(§)(r)wdrds+2b(z 2k“)jl( )( i ds

¢ t ¢
(t(r) - t(s)"! d d 7(s)"
=2Jﬂ(§)($)[k(r)—(n_l)! drds+2b< Z 2k+1)ld_s - ds

=2

U(f)(S)I 4 @) - TN nT(S))n drds + Zb( z € )T(t)n
! P

r’ 2k+1 n!

O~

t
=2 [ T as Zb(zzlil)T(t)
0

n!
< Bni1(é)(t) foralmostallt e T (3.51)

(see (d)). Using the induction hypothesis (see (c)) and hypothesis (HF2) (ii), we have

d(yn(&)(0), F(t, xp41()(1))) < h(F(t, xn()(1)), F(t, xn11(8)(1)))
< k(®1xn(§)(t) = xn+1(E)(D)]
< k(t)Bn+1(&)(t) foralmostallt e T (3.52)

(see (3.51)).
Consider the multifunction T, : H — 2L"(TH) defined by

[ni1(8) = {f € 511:(.,)(”“({)(.)) yn(O)(8) = )] < k(t)Bnr1(&)(¢) for almost all ¢ € T}-
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By (3.52) and [22, Lemma 8.3, p 239], we have that ¢ — T,;1(&) has nonempty decomposable values and it
is LSC. Thus, & + T'y41(&) is LSC with decomposable values.

We can apply the selection theorem of Bressan and Colombo [5, Theorem 3] to find a continuous map
Yne1: H — LY(T, H) such that y,,1(§) € Tyy1 (&) for all & € H. This completes the induction process and we
have produced two sequences {x,,(&)}ns1, {¥n(€)}In>1 which satisfy properties (a)—-(d) stated earlier.

From (3.51) we have

b b
[|yn<£>(t) YOO dt < jﬁm(fxt) dt
0 0
b
< j &) TL -t ;!T(t)) dt + ZbET(:!)
0
< T(:!) (17l + 2be]. (3.53)

Recall that ¢ — n(¢) is continuous from H into L'(H) and maps bounded sets to bounded sets. So, from

(3.53) it follows that {y,(&)}ns1 € LY(T) is Cauchy, uniformly on bounded sets of H. Moreover, from (3.51)

and (3.53), we have

T(b)"
n!

1Xn+1(8) = Xn(Ollccr,my < Myn(§) = Yn-1 (Ol (rm) < (In()l1 + 2be].

Thus, {x,(é)}n>1 € C(T, H) is Cauchy, uniformly on bounded sets. Therefore, we have
xn(§) > x(&) inC(T,H) and  yu(&) — y(¢) inLY(T, H). (3.54)

Evidently, ¢ — x(&) is continuous from H into C(T, H), while because of hypothesis (HF2) (iii), we have
Yn(&) = y(&)in L*(T, H). Let x(¢) € Wy(0, b) be the unique solution of

—-y'(t) € A(t, y(t)) + y(&)(t) foralmostallt e T, y(0) = 0.

As before, exploiting the monotonicity of A(t, -) (see hypothesis (HA2) (ii)), we have

t
%Ixnu(f)(t) - X < j [Yn(§)(s) = y(§)(S)] [Xns1(§)(s) = X(§)(s)|ds  forallt e T,
0

which implies (see [6, Lemma A.5])

1Xn+1(8) = X(Ollemy < Nyn(§) = ¥ OllLrm)-

Therefore, from (3.54), x(¢&) = x(£).
So, x(¢) € S(¢) and themap 9 : H — C(T, H) defined by 9(¢) = x(£) is a continuous selection of the solu-
tion multifunction & — S(&). O

An easy but useful consequence of Proposition 3.8 and its proof is a parametric version of the Filippov—
Gronwall inequality (see [1, Theorem 1, pp. 120-121] and [19]) for differential inclusions. So, we consider
the following parametric version of problem (3.1):

—x'(t) € A(t, x(t)) + F(t, x(t),A) foralmostallte T, x(0) = &(A).

The parameter space D is a complete metric space. The hypotheses on the parametric vector field F(t, x, A)
and the initial condition &(A) are as follows.
(HF2)' F: T x H x D — Py,(H) is a multifunction such that the following hold:
(i) tw F(t,x, A)is graph measurable for all (x,A) € H x D.
(ii) Foralmostallt e T,all x,y € H and all A € D, we have

h(F(t, x, A), F(t, y, A)) < k(t)x - y|
with k € L}(T)..
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(iii) Foralmostallt € T,all x € H,allA € D and all h € F(t, x), we have
|kl < as(t) + cslx|

with az € L?(T),, c3 > 0, and if p = 2, then %c3 < ¢, (see (2.1)).
(iv) Foralmostall t € T and all x € H, the multifunction A — F(t, x, A) is LSC.
(HO) The mapping A — &(A) is continuous from D into H.
Assume that A — (u(A), h(A)) is a continuous map from D into C(T, H) x L2(T, H). We can find a continuous
map p: D — L?(T) such that

d(h(Q)(b), F(t, u(A)(t),A)) < p(A)(t) foralmostallt e T,

see hypothesis (HF2)' (iii).
In what follows, by e(h, A) € W,(0, b) we denote the unique solution of the Cauchy problem

—u'(t) € A(t,u(t)) + h(t) foralmostallte T, u(0) = &A)

with h € L*(T, H).
We have the following approximation result.

Proposition 3.9. Assume that hypotheses (HA2), (HF2)', (HO) hold, A — (u(A), h(A)) is a continuous map from
D into C(T, H) x L?(T, H) with u(A) = e(h(A),A), € > 0and p: D — L*(T). is a continuous map such that

d(h(A)(t), F(t, u(A)(t), A)) < p(A)(t) foralmost allt € T.
Then there exists a continuous map A — (x(A), f(A)) from D into C(T, H) x L*>(T, H) such that
X(A) = e(f(A), ) with fA) € Sg.. iy
and
t
IXQA)(t) — u(A)(t)] < bee™ + J pA)(s)e™@ TS ds  forallte T

0
with T(t) = jé k(s) ds.

Proof. Consider the multifunction R, : D — 2L"(H) defined by
Rc(A) ={ve 511r(.,u(/1)(.),/1) s [v(t) = h(A)(t)] < p(A)(t) + € for almost all ¢ € T}.

This multifunction has nonempty, decomposable values and it is LSC (see [22, Lemma 8.3, p 239]). Hence,
A — Rc(A) has the same properties. So, we can find a continuous map yo: D — L(T, H) such that

Yo(A) € m forall A € D.
Let x1(A) € Wy(0, b) be the unique solution of the following Cauchy problem:
—x'(t) € A(t, x(t)) + yo(A)(t) foralmostallt e T, x(0) = &A).
Then as in the proof of Proposition 3.8, we can generate by induction two sequences

{Xn(Dns1 € Wp(0,b) and {yn(A)}n=1 < LA(T, H),

which satisfy properties (a)-(d) listed in the proof of Proposition 3.8. As before (see the proof of Proposi-
tion 3.8), we have

[Xn+1(A)(8) = Xn(AD)(O] < Nyn(A) = Yn-1MlLrrmy  forall (A, £) e Dx T.
From this inequality and property (d) of the sequences (see the proof of Proposition 3.8), we infer that
{Xn(M}ns1 € C(T,H) and  {yn(A)}ns1 < LN(T, H)
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are both Cauchy uniformlyin A € K ¢ D compact (recall that A — p(A) is continuous, hence locally bounded).
So, we have

Xn(A) = x(A) in C(T, H) and ynA) > y(A) in LY(T, H),
and both maps D3 A+ X(A) € C(T, H) and D 5 A — y(A) € L'(T, H) are continuous. Moreover, we have
Yy(A) € Sf,(,’&( DN (see the proof of Theorem 3.5) and that A — j(A) is continuous from D into L?(T, H). If
x(A) = e(y(A), A), then

b
[Xn(A)(8) = x(A)(B)] < len—l(/l)(s) - yA)(s)lds - 0 forallteT,
0

which implies
X(A) = x(A) = e(y(A),A) forallA e D.
From the triangle inequality, we have

n-1
[uQ)(t) = xa D)D) < [uA)(t) = X1 D)D) + Y Xk A)(B) = xk1(A)(t)| forall t e T.
k=1

Using property (d) (see the proof of Proposition 3.8), we have

|~

Xk (D)) = X1 1 (DO < 75

=~

t
Ip()t)(s)(r(t) —1(s)kds + %T(t)k forallt e T.
t !

So, finally we can write that

t
[u)(t) — x(A)(t)| < bee™ + Jp()l)(s)er(t)"(s) ds forallte TandallA € D. O

0

We want to strengthen Proposition 3.8, and require that the selection 9(-) passes through a preassigned

solution. We mention that an analogous result for differential inclusions in RN with A = 0, was proved by

Cellina and Staicu [10].

We start with a simple technical lemma.

Lemma 3.10. If {uk}gzo < LY(T, H) and {Tk(£)}§(\’:O is a partition of T = [0, b] with endpoints which depend con-
tinuously on & € H, then there exists d € L*(T), for which the following holds: “Given € > 0, we can find 6 > 0
such that for |£ - ¢'| < 6,

N N
Y xn@®uit) = Y xrenOur(®)| < d(t)xe(t)

k=0 k=0
with C ¢ T measurable and |C|; < €”.

Proof. We have

N
< Y X () = Xren lux(@)]
k=0

= Y XTu@aTe) (O (t). (3.55)
k

N N
Y X1 OUR() = Y. X1 o Our(d)
k=0 k=0

We set a(t) = Z’,fzoluk(t)l € LY(T),. From the hypothesis concerning the partition {T(¢& )}2’:0 of T, we see that
given € > 0, we can find § > 0 such that for |£ - ¢'| < 6,

XTe@)aTie)(t) < xc(t) foralmostallt € Tandall k € {0, ..., N} (3.56)
with C ¢ T measurable, |C|; < €. Then, from (3.55) and (3.56),

N N N
Y xre Our(®) = Y xrenOui®)| < xe(®) Y lu(®)] = d(t)c(t) foralmostall ¢ € T.
k=0 par k=0

The proof is now complete. O
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With this lemma, we can produce a continuous selection of the solution multifunction & — S(&), which passes
through a preassigned point.

Proposition 3.11. If hypotheses (HA2), (HF2) hold, K < H is compact, &y € K and v € S(&y), then there exists
a continuous map Y : K — C(T, H) such that

Y(&) € S(&) forallé e K and Y(&o) = v.
Proof. Since v € S(&), we have
—V/(t) € A(t, v(t)) + f(t) foralmostallt e T, v(0) = & (3.57)
with f € Sﬁ( () Given g € L*(T, H), we consider the unique solution of the Cauchy problem
—y'(t) € A(t, y(1)) + g(t) foralmostallte T, y(0)=¢ € H. (3.58)

In what follows, by e(g, &) € Wy(0, b) we denote the unique solution of problem (3.58) and we set
Ho(&) = e(f, &). An easy application of the Yankov-von Neumann-Aumann selection theorem (see [22, The-
orem 2.14, p. 158]) gives yo(¢) € L2(T, H) such that

Yo(&)(t) € F(t, uo(&)(t)) foralmostallt € T

and
If(t) = yo(§)()] = d(f(t), F(t, po(&)(1)))
< k(t)|v(t) - po(&)(t)|  (see hypothesis (HF2) (ii))
= k(t)le(f, &o)(t) - e(f, &)()]
< k(t)|ép — &| foralmostallt e T,
see (3.45).

Let 9 > 0. We define

min{2‘3.9, M_ZJ} if& + &,
239 if £ = &.

6(6) =

The family {Bs)(&)}¢ek is an open cover of the compact set K. So, we can find {£}Y_, € K such that
{B5(5k)(§k)}§:’=0 is a finite subcover of K. Let {nk}llfzo be a locally Lipschitz partition of unity subordinated
to the finite subcover. We define

k-1 k
To(§) = [0, no(§)b] and Ti(§) = [( D m(s’))b, ( D ni(s”))(b)] forallk e {1,...,N}.
i=0 i=0

The endpoints in these intervals are continuous functions of £. We consider the following Cauchy problem:

N
—y'(t) € A(t, y(D) + z X1&)(yo(&)(t) foralmostallt e T, y(0) = ¢ e K. (3.59)
k=0

Problem (3.59) has a unique solution p1(¢) € W, (0, b). Let
N
Ao@)() = Y xrue()yo(&)(-) € L*(T, H).
k=0
Using Lemma 3.10, we can find de L1(T), such that, for any given € > 0, we can find § > 0 for which we have
EE €K, E-11<86 = A@)(1) - A0(&E)(8)] < [i(t))(c(t) foralmostallt € T (3.60)
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with C ¢ T measurable, |C|; < €. We have u;(£') = e(Ag(¢"), &'). As before, exploiting the monotonicity of
A(t, -) (see hypothesis (HA2) (ii)) and using [6, Lemma A.5], we have

t
M (E)(O) - ur (€N < 1€ - &'+ J A0 (€)(s) — Ao(&')(s)lds  forall t € T. (3.61)
0
Let € > 0 be given. By the absolute continuity of the Lebesgue integral, we can find §; > 0 such that
JEI(S) ds < g for all C < T measurable with |C|; < 6;. (3.62)
c

Also, using (3.60), we can find § € (0, €/2) such that
§E €K, [§-&"1<8 = Ao@)(t) - Ao(&")(B)] < d(t)xc,(t) foralmostallt € T (3.63)

with C; ¢ T measurable, |C1|; < 61. So, returning to (3.61) and using (3.62) and (3.63), we see that

t

+ J Ei(s))(cl(s) ds <
0

&LE €K, =126 = @) - uE)©)] < =¢ forallteT.

€
+_
2

N m

€
2

Therefore, & — pp(&) is continuous from H into C(T, H). Again, with an application of the Yankov-von
Neumann-Aumann selection theorem, we obtain y1(¢) € L?(T, H) such that

y1(&)(t) € F(t, u1(&)(t)) foralmostallt e T

and
[Yo(&)(t) = y1(E)(B)] = d(yo(&)(D), F(t, u1(£)(t))) foralmostallt € T and all & € K.

As in the proof of Proposition 3.8, we produce inductively two sequences
{un(Onzo € Wp(0,b) and  {yn(&)}nso < L*(T,H), & €K,

which satisfy the following properties:

@ pn(&) = e(n-1(&), &) With Ay-1(&) = IR0 X Yn-1(&) (), y-1(8) = f,
(b) & pu(€é)is continuous from K into C(T, H),

© [n(@)() ~ Pn-1(E)O)] < 525 (2 k(s) ds)" forall € € K,
(d) yn(&)(t) € F(t, un(&)(t)) for almost all t € T and

[Yn-1(§)(t) = yn(§)(O] = d(yn-1(§)(0), F(t, un(§)(1))) foralmostall t € T.

So, by the induction hypothesis, suppose that we have produced

(MY € Wp(0,b) and  {y(&)}}_, € L*(T, H),

which satisfy properties (a)—(d) stated above. We set
Un+1(8) = e(An($), §) with  A,(8)(8) = ZXTk({)(f)Yn(fk)(l‘)-
k=0

As above (see in the first part of the proof the argument concerning the map & — p4(£)), we can show that
& — pns1(€) is continuous from K into C(T, H). Also, by the monotonicity of A(t, -) (see hypothesis (HA2) (ii)
and [6, Lemma A.5]), we have (see hypothesis (HF2) (ii) and property (d) of the induction hypothesis)

=~
o

t
M1 (O — un(E)(O) < Y jXTk(;)(S)k(S)IHn(E)(S) = Un-1(§)(s)l ds
0

t s ,
<) JXma(S)k(S)%( J k(s) dr) ds
0 0

k=0
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t s n+l
9 d
J 2m2(n 1 2)] %( ! k() dr) ds

0

¢ n+1
9
- T ( ! k(s) ds) .

Note that for the second inequality we used property (c) of the induction hypothesis. Moreover, a standard
measurable selection argument produces a measurable map y,41(¢): T — H, ¢ € K, such that

Yns1(§)(®) € F(E, pnsr (§)(@)  and  yn(§)(®) = yns1 (D] = d(yn(§)(D), F(E, un1(§)(1)))

for almost all t € T. This completes the induction process.
Note that from property (c),

9
1Yne1(8) = un(Ollecrn < 555 elklh

Therefore, we can say that
Un(&) - Y(&) in C(T, H) as n — oo, uniformly in ¢ € K. (3.64)

It follows that & — (&) is continuous from K into C(T, H).
Note that To(&p) = T = [0, b] and so po(o) = e(f, &o) = v (see (3.57)). Hence, (&y) = v. It remains to show
that i is a selection of the solution multifunction & — S(¢). By property (d) and hypothesis (HF2) (ii), we have

[Yn(§)(®) = yna1 (O] < k(O)|pun(§)(E) = pns1(§)(O)]  foralmostall t € T,

and thus
yns1(§) = §(&) in L3(T, H). (3.65)

Let

N t
ué) = e( Y jXTk(;)(S)i/(€k)(S)ds, {)-
0

k=0

Since, from (3.65),

N N
Y xreyn(&) = Y xruo¥E)  in LT, H),
k=0 k=0

we have u, (&) — j(&) in C(T, H). Therefore, from (3.64),

P(E) = (&) € S(§) forall§ € K. 0

4 Optimal control problems

In this section we deal with the sensitivity analysis of the optimal control problem (1.1).

Let Q(¢,A) € W, (0, b) x L*(T, Y) be the admissible “state-control” pairs. First we investigate the depen-
dence of this set on the initial condition £ € H and the parameter A € E. Recall that the control space Y is
a separable reflexive Banach space and the parameter space E is a compact metric space. To have a useful
result on the dependence of Q(¢, A1) on (¢, 1) € H x E, we introduce the following conditions on the data of
the evolution inclusion in problem (1.1) (the dynamical constraint of the problem).

(HA3) A: TxXxE — 2X"\ {0} is a multifunction such that
(i) t+~— Aj(t, x) is graph measurable for every (x,A) € X x E.
(i) x — A,(t, x) is maximal monotone for almostallt € T, all A € E.
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(iii) Foralmostallt e T,all x € X, all A € Eand all h* € A,(t, x), we have
IR* ]l < aa(t) + callx|P~!

with {a}ieg € Lp'(T) bounded, {cp}ick < (0, +00) bounded and 2 < p < co.
(iv) Foralmostallte T,all x € X,all A € Eand all h* € A,(t, x), we have

(h*, x) > clxIP - a(o)

with ¢ > 0, a € LY(T),.
(v) IfA;, — AinE, then % +ap, 6, d% +ayasn — oo.
Hypotheses (HA3) (i)—(iv) are the same as hypotheses (HA2) (i)—(iv) for every map Aj, A € E. The new
condition is hypothesis (HA3) (v), which requires elaboration. In the examples that follow, we present char-
acteristic situations where this hypothesis is satisfied.

Example 4.1. (a) First, we present a situation which will be used in Section 5. So, let Q ¢ RY be a bounded
domain with Lipschitz boundary 0Q. Let X = Wé’p(Q) (2 <p <o), H = L%(Q)and X* = W-1-P'(Q). Evidently,
(X, H, X*) is an evolution triple (see Definition 2.1) with compact embeddings. We consider a map a(t, z, &)
satisfying the following conditions:
(Ha) a: Tx QxRN — RN is a map such that the following hold:

(i) la(t,z,0)| < co for almost all (t,z) € T x Q.

(ii) (t,z) — a(t, z, §) is measurable for every & € RV,

(iii) For almostall (t,z) € Tx Qandall &1, ¢; € RY, we have

la(t, z, &) - a(t, z, &) < 1 + & + 1&g - &

with ¢; > 0, a € (0, 1].
(iv) Foralmostall (t,z) € Tx Qandall &1, &5 € RV, & # &, we have

(a(t, z, &1) —a(t, z, &), & — &)y = 621&1 - &P

with ¢, > 0.
We consider the operator A: T x X — X* defined by

(A(t, x), h) = J(a(t, z,Dx), Dh)py dz forall (t,x,h) e T x X x X.
Q

Using the nonlinear Green’s identity (see [20, p. 210]), we have
A(t’ X) = le(B(t’ X))’

with B(¢, x)(-) = a(t,-, Dx(-)) € Lp'(Q, RMN) forall (¢, x) € T x X.
Now consider a sequence {ay(t, z, &)}n>1 of such maps satisfying

|an(t, z, &) — an(s, z, )| < 9(t = s)(1 + |§1P7)

for almost all ze€ Q, all t,s € T, all ¢ € RY and all n € N, with 9: R, — R, being an increasing function
which is continuous at r = 0 and 9(0) = 0. We assume that for almost all t € T, a,(t, -, ) S, a(t,-,-)in the
sense of Defranceschi [12]. By [40] we have

(b) We can allow multivalued maps, provided that we drop the t-dependence. So, we consider multival-
ued maps a(z, &) which satisfy the following conditions:
(Ha)' a: QxRN — 2R"\ {0} is a measurable map such that the following hold:
(i) a(-,-)is measurable.
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(ii) ¢~ a(z, &) is maximal monotone for almost all z € Q.
(iii) Foralmostallz € Q,all ¢ € RN and ally € a(z, £), we have
VP < mi(z) + €1y, &) withmy € LY(Q), €1(y, &) > 0,
1EP < my(z) + E2(y, &) withmy € LY(Q), &,(y, &) >0(2 < p < 00).

We again consider the evolution triple
X=wyPQ), H=L*Q), X*'=W1(Q)@2<p<o),
and consider the multivalued map A: X — 2X" \ {6} defined by
Ax)={-divg: ge Sﬁ;-,nx(-))}-

We consider a sequence {a,(z, &)}n>1 of such maps and assume that a, S, 4 in the sense of Defranceschi
[12]. Then by [16] we have

(c) A third situation leading to hypothesis (HA3) (v) is the following one. We consider maps A,(t, x) sat-
isfying the following conditions:
(HA3)' A: Tx X x E — X* is a map such that the following hold:
(i) Forallt,t+T1 e T,allx € Xandall A € E, we have

IAA(t + T, %) = Aa(t, Ol < O(T) (L + [IxIP~H).

(i) x — A,(t, x) is semicontinous for all (¢t,A) € T x E.
(iii) Forallt € T, all x,u € X and all A € E, we have

(Ar(t, x) = Ap(t, u), x —u) > €llx — ull?

with ¢ > 0.
(iv) If A, — Ain E, then Ay (t,-) -S> Ax(t, -) for all t ¢ T. (This means that A/{nl(t, x*) 25 ANt x)
for all x* € X*, see [14, Definition 3.8.20].)
Under these conditions, by [26], we have

d
4L s,

+d4aj.
dt A

dt
Next, we introduce the conditions on the multifunctions F and G involved in the dynamics of (1.1).
(HF3) F: T xH xE — Py.(H) is a multifunction such that the following hold:

(i) tw F(t, x, A)is graph measurable for all (x,A) € H x E.

(ii) foralmostallt e T,all x,y € H and all A € E, we have

h(F(t, x, A), F(t,y, A)) < k(t)|x -yl

with k € LY(T),.
(iii) Foralmostallt e T,all x € Hand all A € E, we have

[E(t, x, )| < ax(t) + calx]|

with {a}reg < L2(T) and {ca}ack € (0, +00) bounded.
(iv) Foralmostallte T,all x € Handall A, A’ € E, we have

h(F(t, x, A), F(t, x,A")) < B(d(A, A"))w(t, |x])

with (r) - 0* asr — 0* and w(¢, -) bounded on bounded sets.
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(HG) G: TxYxE — Pf.(H)is amultifunction such that the following hold:
(i) tw~ G(t,u,A)is graph measurable for all (u,A) € Y x E.
(ii) Foralmostallt e T,allA € E, u — G(t, u, A) is concave (that is, Gr G(t, -, A) € Y x H is concave,
see [22, Definition 1.1 and Remark 1.2, p. 585]) and (u, A) — G(t, u, A) is h-continuous.
(iii) Foralmostallt € T, allu € U(t, A) and all A € E, we have

IG(t, u, A)| < ax(t)
with {@}aeg € L2(T) bounded.
Remark 4.2. A typical situation resulting to a concave multifunction u — G(¢, u, A) is when
G(t,u,A) = By(t)u + C(t,A) forall (t,u,A) e TxY xE

with B,(t) € £(Y, H) and C(t, A) € Py, (H) forall (t,A) € T x E.
Another situation, leading to the concavity of G(t,-, A), is when H is an ordered Hilbert space and
g1, 81 : TxY — H are two Carathéodory maps such that for almostall t € T

ga(t, -) is order convex and g,(t, - ) is order concave.
We set G(t, u,A) ={h € H: g\(t,u) < h < gx(t, w)}. Then G(t, -, A) is concave.

Finally, we impose conditions on the control constraint U(¢, A).
(HU) U: T xE — Pf.(Y) is a multifunction such that the following hold:
(i) tw~ U(t,A)is graph measurable forall A € E.
(i) A~ U(t, A) is h-continuous for almost all t € T.
(iii) |U(t, A)| < ax(t) for almost all t € T and all A € E with {aa}ier € L?(T) bounded.

Proposition 4.3. If hypotheses (HA3), (HF3), (HG), (HU) hold and (&,, A,) — (&, A) in H x E, then
Kseq(s x w) = limsup Q(&n, An) € Q(&,A) in LP(T, H) x L*(T, Y),
n—oo
K(s xs) - lirllgg)lf Q(&n, An) 2 Q(&,A)  in C(T, H) x LX(T, Y).

Proof. Let (x, u) € Kseq(s x w) —limsup,_,, Q(&n, Ax). By definition (see Section 2), we can find a subse-
quence {m} of {n} and (xp, um) € Q(ém, Am), m € N such that

Xm— X inIP(T,H) and  up“>u inL*T,Y) asm— co. (4.1)
For every m € IN, we have
— X (t) € Ap, (t, Xm(1) + fin(t) + gm(t) foralmostall t € T, Xm(0) = &m, (4.2)
with fin, gm € L?(T, H) such that
fm(t) € F(t, xm(t), Ayy) and g (t) € G(t, uy(t), A,,) foralmostallte T. (4.3)

We deduce by hypotheses (HF3) (iii), (HG) (iii) and Theorem 3.5 and its proof that {x,}men € Wp(0, b) is
bounded and {x;;}men S C(T, H) is relatively compact. So, from (4.1) we obtain

Xm = X in Wp(0, b) and Xm — x in C(T, H) asm — co. (4.4)

By (4.3) and hypotheses (HF3) (iii), (HG) (iii), it is clear that {fi}men, (gm}men € L?(T, H) are bounded.
Hence, we may assume (at least for a subsequence), that

fmf  and  gn Y g inL*(T,H) asm — oo. (4.5)
Proposition 6.6.33 of [34], implies that

f(t) e convw — limsup F(t, xp,(t),Ayy) forallt e T\ N, |N|; =0. (4.6)
m—-oo
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Fixt € T\ N and let y € w — lim sup,,_,o, F(t, Xxm(t), A). By definition, we know that there exists a sub-
sequence {k} of {m}, and yj € F(t, xx(t), Ax) for all k € N such that yy % y in H as k — oco. The function
v — d(v, E(t, x(t), A)) is continuous and convex, hence weakly lower semicontinuous. Therefore,

d(y, F(t, x(t),A)) < lilzninfd(yk, F(t, x(t), A)). (4.7)

On the other hand, we have
d(yi, F(t, x(t), A)) < h(F(t, xi(t), Ak), F(t, x(t), A)). (4.8)
Using hypotheses (HF3) (ii) and (iv), we have

h(F(t, xi(t), Ak), F(t, x(t), 1)) < h(F(t, xx(t), Ak), F(t, x(t), Ax)) + h(F(t, x(t), Ak), F(t, x(t), A))
< k(O)|xx(t) = x(O)] + B(d(Ak, D))w(t, [x(B)]),
and so, from (4.4),
h(E(t, xi(t), A), F(t, x(£),A)) > 0 as k — co.
Then, from (4.7) and (4.8), we obtain d(y, F(t, x(t), A)) = 0, hence y € F(t, x(t), A). Therefore,

w — limsup F(t, x,(t), Am) < F(t, x(t),A) forallte T\ N, |N|; =0,
m—o0

which implies (see (4.6) and recall that F is convex-valued)
f(t) € F(t, x(t),A) forallte T\ N, |[N|; =0.

Next, for each m € IN, we have
2
8m € SG(. () Am)*
Let h € L*(T, H) and let (-, -)12(r,) denote the inner product of L2(T, H) (recall that L?(T, H)* = L*(T, H)).
Then (see [34, Theorem 6.4.16])

b

(h, gm)erany < 00 Sy )0 )) = j o(h(), G(t, um(t), Am) dt. (4.9)
0

The concavity of G(t, -, A) (see hypothesis (HG) (ii)), implies that the function u — a(h(t), G(t, u, A)) is con-
cave. Since E is a complete metric space, it can be isometrically embedded, by the Arens—Eells theorem (see
[21, Theorem 4.143]), as a closed subset of a separable Banach space (recall that E is compact). So, by [3],
we have (see hypothesis (HG) (ii))

b

b
lim sup J a(h(t), F(t, um(t), Ap)) dt < J o(h(t), F(t, u(t), A)) dt,
0 0

and thus
. 2 2
limsup o(h, S5y (ya0) S O SGuyn)-

m—-oo
Therefore, from (4.5) and (4.9),
(h, @12t < 0, G uiyn)-

Since h € L*(T, H) is arbitrary, it follows that g € Sé(, U YA hence
g(t) € G(t,u(t),A) foralmostallte T.
Letym € Wp(0, b) be the unique solution of the Cauchy problem
—Ym(t) € Ap, (t, ym(t)) + f(t) + g(t) foralmostall t € T, ym(0) = &. (4.10)
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Hypothesis (HA3) (v) implies that
Ym =y in Wy(0, b) (4.11)

with y € W,(0, b) being the unique solution of the Cauchy problem
—y'(t) e Ap(t, y(D) + f(t) + g(t) foralmostallt e T, y(0) =&, (4.12)
see Section 2. From (4.2), (4.10) and the monotonicity of A, (¢, -) (see hypothesis (HA3) (ii)), we have
(X (O = Ym(6), Xm(6) = ym(O)) < (f(6) + () = fn(t) = gm (D), Xm(t) = ym(¢)) for almostall ¢ € T.

Therefore, by Proposition 2.2,

1 1 ‘

5 P () - Ym(®)I* < 5 16m = &7+ I(f(S) +8(8) = fm(S) — 8m(S), Xm(s) — ym(s)) ds forallt e T,

0
which yields [[xmn — Ymllc(r,m) — 0 as m — oo, and hence, by (4.4) and (4.11), x = y.
Recalling that
f(t) € F(t,x(t),A) and g(t) € G(t,u(t),A) foralmostallte T,

it follows from (4.12) that (x, u) € Q(é, A), which implies

Kseq(s x w) - lim sup Q(¢n, An) € Q(&,4) in LP(T, H) x L*(T, Y).

Next, we will prove the second convergence of the proposition. So, let (x, u) € Q(é, A). By definition we
have
—x'(t) € Ap(t, x(t)) + F(t, x(t), A) + g(t) foralmostallt e T, x(0)=¢

with g € L(T, H) satisfying
g(t) € G(t,u(t),A) foralmostallte T.

For every v € L%(T, Y), we have (see [34, Theorem 6.4.16])
b
d(v, 3 ) = J d(v(t), U(t, Ay)) dt
0
Hypothesis (HU) (ii) and the dominated convergence theorem imply that
b b
J (D), U(t, Ay) dt — j d(v(®), U(t, D) dt,
0 0

and so
AW, Sg. 1)) = AW, Sg. ).
Hence, [34, Proposition 6.6.22] implies that we can find u,, € S?](_ 1) (n € N) such that
Up > u inL*(T,Y)asn — co.
Then hypothesis (HG) (ii) guarantees that we can find
gn € L*(T, H), gn(t) € G(t, un(t),A;) foralmostallte Tandalln e N

such that
8n— 8 in L%(T, H) as n — oo.

Given ¢’ € H, let S(¢') ¢ W (0, b) be the set of solutions of the Cauchy problem

-y'(t) € Ay, (£, (1) + F(t, y(t), A) + g(t) foralmostall t € T, y(0) = ¢'.
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Let K = {£,, £}n>1 € H. This is a compact set in H. Invoking Proposition 3.11 (with &, = &), we produce a
continuous map ¥: K — C(T, H) such that

y=p(@E) eSE forallé eH,  P(&)=x. (4.13)
Let yn = (&,) (n € N) and use Proposition 3.9 to find x, € W, (0, b) solution of the Cauchy problem
—x;(t) € A, (t, xn(t)) + F(t, xn(t), An) + gn(t) foralmostallte T, xn(0) = €,

for which, we have
t

IXn(t) = yn(t)| < bee™ + J Nn(s)e™ 7 ds  forallt e T (4.14)
0
withe > 0, 7(t) = j'é k(s) ds, nn € LY(T), nn — 0in L1(T). So, we obtain (see (4.14))

lim sup Xy = ynllc(rm < bee™,
n—oo

Since € > 0 is arbitrary, it follows that
Ixn = ynllccr,ry = 0 asn — oo. (4.15)
Finally, from (4.13) we have

Ixn = xllccr,my < 1xXn = Yullea,my + lyn = Xller,my = 1Xn = Yalleer,my + 1Y(&n) = Y(E)lcrm)-

Therefore, from (4.15) and the fact that ¥ (-) is continuous, ||x, — xll¢(r,m) — 0. Since (Xp, Un) € Q(én, An)
(n € N)and u, — uin L2(T, Y), we conclude that

Q(&,A) S K(sxs) - H,?lg}f Q(&n, An) in C(T, H) x LX(T, Y). O

An immediate consequence of the above proposition is the following corollary concerning the multifunction
(&, 1) —» Q(¢, A) of admissible state-control pairs.

Corollary 4.4. If hypotheses (HA3), (HF3), (HG), (HU) hold, then the multifunction
Q: HxE — ZC(T,H)XLZ(T,Y) \ {0}

is LSC and sequentially closedin C(T, H) x L*(T, Y),, (thatis, Gr Q < H x E x C(T, H) x L*(T, Y),, is sequentially
closed).

Now we bring the cost functional into the picture. The hypotheses on the integrands L(¢, x, A) and H(t, u, A)
are as follows.
(HL) L:TxHxE — Ris an integrand such that the following hold:

(i) t+~ L(t,x, A)is measurable for every (x,A) € H x E.

(i) IfA, - AinE, thenforall x € H, we have L(-, x, A,) =5 L(-, x, A) in L1(T).

(iii) For almostallt € T, allx,y € H and all A € E, we have

IL(t, x, A) = L(t, y, )| = (1 + x| Vv [yDp(t, Ix - yD),

where |x| Vv |y| = max{|x|, |y|} and p(¢, ) is a Carathéodory function on T x R, with values in
(0, +00) such that

p(t,0)=0 foralmostallt € T

and
sup [p(t,r)] < Bg(t) foralmostallte T

0<r<d

with Bg € LY(T),, 9 > 0.
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(HH) H: TxY xE — Ris an integrand such that the following hold:
(i) tw~ H(t,u,A)is measurable forall (u,A) € Y x E.
(i) uw— H(t,u,A) is convex for almost all t € T and all v € E, and A — H(t, u, A) is continuous for
almostallt € Tandallu e Y.
(iii) For almostall t € T and all (u, A) € Y x E, we have

H(t,u,A) < a(t)(1 + ||u||§) with a € L*(T).

(Hy) 1: H x E — Ris a continuous function.
Using the direct method of the calculus of variations, we can produce optimal admissible state-control
pairs for problem (1.1).

Proposition 4.5. Ifhypotheses (HA3), (HF3), (HG), (HU), (HL), (HH) and (HL])) hold, then for every ({, ) e HXE
we can find (x*,u*) € Q(&, A) such that J(x*, u*, & 1) = m(&, A).

Proof. Let {(xn, un)tn>1 € Q(¢, A) be a minimizing sequence for problem (1.1). So, we have
J(xn, un, &, A) | m(&,A) asn — oo.
Theorem 3.5 and hypothesis (HU) imply that
{Ons Un)ns1 € W,(0, b) x LX(T, Y) (respectively, < C(T, H) x L*(T, Y))

is relatively w x w-compact (respectively, s x w-compact). So, by the Eberlein—-Smulian theorem and by pass-
ing to a suitable subsequence if necessary, we can say that

xn 25 x* inW,(0,b), xp—ox* inC(TH), up~5u* inl*T,Y). (4.16)
Then (4.16) and Proposition 4.3 imply that
(x*,u*) € Q& A). (4.17)

Also, (4.16), hypothesis (HL) (iii) and the dominated convergence theorem, imply that
b b
JL(t, (), A) dt — JL(t,x*(t),)l) dt. (4.18)
0 0

In addition, as before (see the proof of Proposition 4.3), using [3, Theorem 2.1], we obtain

b b
JH(t, u(0), A)dt < lim inf j H(t, un(6), ) dt. (4.19)
0 0
Finally, (4.16) and hypothesis H(1)) imply that
P(& xn(b), 1) — P& x* (b), A). (4.20)

We deduce from (4.17), (4.18), (4.19) and (4.20) that
Jx*,u*, §0) =m(&,A)  with (x*, u™) € Q(¢&, A).

This concludes the proof. O

We are now ready for the main sensitivity results concerning problem (1.1). The first one establishes the
Hadamard well-posedness of the problem.

Theorem 4.6. If hypotheses (HA3), (HF3), (HG), (HL), (HH) and (Hl])) hold, then the value functionm: HxE —
R of problem (1.1) is continuous.
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Proof. Let (&y,An) — (&, A) in H x E. Let (x, u) € Q(&, A) such that (see Proposition 4.5)
J(x,u, &, A) =m(¢, A).

Invoking Proposition 4.3, we can find (x,,, u,) € Q(¢y, A,) for all n € N such that

Xn—x inC(T,H) and u,—>u inL*(T,Y). (4.21)
We claim that )
JL(t, xn(t), Ap) dt — JL(t, x(t), A) dtl — 0 asn — oo. (4.22)
0 0
To this end, note that
b b
JL(t, Xn(6), Ag) dt — JL(t, (), ) dt’
0 0
b b b b
< JL(t, Xn(D), Ay) dt JL(t, (), Ay) di] + JL(t, X(0), Ay) dt - JL(t, X(), ) dt’ (4.23)
0 0 0 0
foralln € IN.
First, we estimate the first summand in the right-hand side of (4.23). Using hypothesis (HL) (iii), we have
b b
jL(t, xa(0), An) — L(t, x(8), Ay) dt| < j(l + Pxa(DV XD, X (t) - x(B)]) dt.
0 0

Let M = suppsq IXnllcr,my < +00 (see (4.21)). Then, from (4.21) and hypothesis (HL) (iii), we have

b b b
jL(t, xn (D), A) dt - JL(t, X(0), A dt| < (1 + M) jp(t, n(t) = x(D) dt -0 asn—oco.  (4.24)
0 0 0

Next, we estimate the second term on the right-hand side of (4.23). Let 9 > 2|\x|lc(r,m) and let Bg € L1(T),
as postulated by hypothesis (HL) (iii). Given € > 0, we can find § > 0 such that

“if C ¢ T is measurable with |C|; < 8, then Jﬁg(t) dt < ” (4.25)
C

€
20+ 9)°
Here, we use the absolute continuity of the Lebesgue integral. Invoking the Scorza—-Dragoni theorem (see
[34, Theorem 6.2.9]), we can find T; < T closed with |T'\ T4]| < g and such that p|r,xr, is continuous. Since
p(t, 0) = 0, we can find §; > O such that

“if r € [0, 61], then |p(t, 1)| < forallt € T1.” (4.26)

€
2b(1+9)
Recall that simple functions are dense in LP(T, H). Using this fact, the property that LP(T, H)-convergence
implies pointwise convergence for almost all t € T for at least a subsequence, and invoking Egorov’s theorem,
we can find T, ¢ T closed and a simple function s: T — H such that

6
Isllco < Ixllcer,mys [T\ T]1 < 5 and |x(t) - s(t)| < 6, forallte T,. (4.27)

We set T3 = Ty n T,. This is a closed subset of T with |T\ T5|; < 6. We have (see hypothesis (HL) (iii) and
(4.27))

b b b
jL(t, x(6), Ay) dt - jL(t, s(0), A) de| < (1 + Ixlloer.m) jp(r, X(t) - s(D]) dt
0 0 0

<1 +3>[ jp(t, IX(6) — s(©)]) dt + j p(t, Ix(t) - s(t)) dt

T; NTs

<£i8_ (4.28)

N o
N @

see (4.25), (4.26) and (4.27).
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Similarly, we show that
b

b
j L(t, s(t), A) dt - J L(t, x(£), ) dt
0 0

<e. (4.29)

Let s(t) = Zﬁ’:l ViXc, (t) with vi € H, Ci ¢ T measurable. Using hypothesis (HL) (ii), we can find ny € N such
that

<e foralln>ng. (4.30)

b N
@ so.00 - Lt s, 0 de| < 3| [ @ty A - Lt vio ) e
0 k

=tle

From (4.28), (4.29) and (4.30) it follows that
b b
jL(t, (D), Ay) dt — JL(t, X0, A)dt asn — co.
0 0

This convergence and (4.24) imply that (4.22) (our claim) is true.
Next, we consider the integral functional

b
D, A) = jH(t, u(t), Aydt forall (u, A) € L2(T, Y) x E.
(0]

For every A € E, u — ®(u, A) is convex (see hypothesis (HH) (ii)). Also, hypothesis (HH) (iii) implies that in
a neighborhood of every u € L%(T, Y), {®(-, A)} ek is equibounded above, hence {®(-, A)} ek is equi-locally
Lipschitz (see [34, Theorem 1.2.3]). Therefore, it follows that (see (4.21))

D(un, Ay) - ©(u,A) asn — co. (4.31)
Finally, (4.21) and hypothesis (Hi) imply that

D(&n, Xn(b), An) — (&, x(b), A). (4.32)

By (4.22), (4.31), (4.32), we have

b b
jL(t, Xa(0), ) dt + jH(t, Un(0), ) dt + P&y Xn(B), An) — J(x, u, & ) = m(&, ),
0 0

which implies
lim sup m(&y,, Ap) < m(é, 7). (4.33)

n—oo

From Proposition 4.5 we know that for every n € IN, we can find (xp, u,) € Q(é,, An) such that

J(Xn, Un, &ny An) = m(&n, Ay). (4.34)

As in the proof of Theorem 3.5, we can show that {x,},>1 € Wp(0, b) is bounded. In addition, hypothesis (HU)
implies that {un}ns1 € L?(T, Y) is bounded. So, by passing to a suitable subsequence if necessary, we may
assume that

Xn =5 xin Wp(0, b) and up % u inL*(T,Y) asn — oo. (4.35)

By (4.35) and (2.3), we also have
Xn — x inLP(T,H)asn — oo. (4.36)

Then (4.35), (4.36) and Proposition 4.3 imply that (x, u) € Q(&, A). Moreover, reasoning as in the proof of
Theorem 3.5, we can show that {x,},>1 € C(T, H) is relatively compact, hence (see (4.36))

xn — x in C(T, H). (4.37)
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By (4.37) and the first part of the proof, we have
b b
j L(t, Xn(), An) dt — J L(t, x(0), A) dt.
0 0

In addition, (4.35) and hypotheses (HH) (ii), (Hl];) imply (see[3])

b b
JH(t, u(t), A) dt < lim inf j H(t, un(t), A,) dt,
0 0

and thus

(&, Xn(b), An) = (&, x(b), A).

Therefore, from (4.34) we see that
b b
j L(t, x(), A) dt + JH(t, u(t), A) dt + P(& x(b), A) < lim inf m(&y, A,),
0 0
and thus
m(é,A) < li’ﬂg}f m(&n, An). (4.38)
We infer from (4.33) and (4.38) that m(&,, A,) — m(¢&, A), hence m: H x E — Ris continuous. O
For every (¢, 1) € H x E, we introduce the set £(&, A) of optimal state-control pairs, that is,

(&N = {(x,u) € Q&N 2 J(x,u, &, A) = m(&, M)}

By Proposition 4.5, we know that £(&, A) # 0 for every (&, A) € H x E. For this multifunction we can prove the
following useful continuity property.

Theorem 4.7. If hypotheses (HA3), (HF3), (HU), (HL), (HH) and (Hl])) hold, then the multifunction
S: Hx E — 26GHXPTY) \ g
is sequentially USC into C(T, H) x L*(T, Y)y.
Proof. Let C ¢ C(T, H) x L*(T, Y),, be sequentially closed. We need to show that
S7(C) ={(£&,A) e HxE : V(£,A) n C # 0}
is closed in H x E (see Section 2). To this end, let {({,, Ap)}n>1 € Z7(C), and assume that
(§n»An) = (§,4) inHxE.

Let (xp, un) € 2(&n, Ap) N C, n € N. We know from the proof of Theorem 4.6 that at least for a subsequence,
we have

xn % x inW,(0,b), xp—x inC(T,H), u,>u inLl*(T,Y) asn-— oco. (4.39)

By (4.39) and Proposition 4.3, we have
(x,u) € Q(&,A). (4.40)

Also, we know from the proof of Theorem 4.6 that
](Xa u, é‘a A) < hrgl){gf](xn’ Un, {n! An) = llrplgfm(fn» /\) = m(‘f’ A)'

Therefore, from (4.40), J(x, u, &, A) = m(&, A), and thus (x, u) € (¢, A). Moreover, from (4.39) and since
C < C(T, H) x L*(T, Y),, is sequentially closed, we deduce that (x, u) € (£, 1) n C. Therefore, 2~(C) < H x Eis
closed and this proves the desired sequential upper semicontinuity of the multifunction (¢, 1) — Z(é,1). O
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5 Application to distributed parameter systems

In this section we present an application to a class of multivalued parabolic optimal control problems.
So, let T = [0, b] and let Q < RN be a bounded domain with a Lipschitz boundary 0Q. We examine the
following nonlinear, multivalued parabolic optimal control problem:
b b
06 u, £, 1) = J le(t, 2, x(t, 2)) dz dt + J JHl(t, 2, ult, 2)) dz dt — inf = m(, A),
0Q 0Q

J _% € —divaa(z, Du) + F1(t, z, x(t, 2), A) + g(t, z, Mu(t,z) onTxQ, (5.1)

X|txo0 = 0, x(0,z) = &(z) foralmostallz € Q,
L lu(t, )2 < r(t,A) foralmostall t e T.

Here, ay: QxRY - 2R (1 ¢ E)is a family of multifunctions as in Example 4.1 (b). For the other data of
problem (5.1), we introduce the following conditions:
(HF1) Fi1: TxQxRxE — Pf.(R)is a multifunction such that the following hold:

(i) (t,z) — F4(t, z, x, A) is measurable for all (x,A) € R x E.

(ii) Foralmostall (t,z) € T x Q, all x,y € Rand all A € E, we have

h(Fl(t’ Z, X, A)’ Fl(t, Z, y) A)) < kl(ty Z)|X - y|

with ky € LY(T, L®(Q)).
(iii) Foralmostall (t,z) € Tx Q, all x € Rand all A € E, we have

[F1(t, z, x, V)| < as(t, z) + ¢|x|
with a; € L3(T x Q), &; > O.
(iv) Foralmostall (¢,z) e Tx Q,all x e Randall A, A’ € E, we have
h(Fl(t, Z, X, A)’ Fl(t, Z, X, AI)) < ﬁ(d(/l9 A’))W(Z’ |X|)

with f(r) > 0asr — 0" and w € L° (Q x Ry).

loc

Remark 5.1. Consider the multifunction F(t, z, x, A) defined by
F(t’ Z, X, A) = [f(t’ Z, X, A)’f(t’ Z, X, A)];

where f, f: T x Q x R x E — R are two functions with the following properties:
e (t,z) f(t,z,x, /\),f(t, z, X, A) are both measurable for all (x,A) € R x E.
o Foralmostall (t,z) e TxQ,allx,x' e RandallA, A’ € E, we have

|f(t, Z, X, A) _f(t’ z, X’)A’)l < k(t’ Z)“X - Xll + d(/l’ A,)]
If(t, z, x,A) = f(t, z, X', A)| < k(t, 2)[|x - x"| + A, )],

with k, k € L(T, L®(Q)).
Then this multifunction satisfies hypotheses (HF1).

(Hg) g:TxQxE — RisaCarathéodory function (thatis, (¢, z) — g(t, z, A) is measurable forall A € Eand
A — g(t, z, A) is continuous for almost all (¢, z) € T x Q) and for almostall (t,z) € Tx QandallA € E,
we have |g(t, z, )| < M with M > 0.

(Hr) r: TxE — R, is a Carathéodory function (that is, t — r(t, A) is measurable for all A € E and A —
r(t, A) is continuous for almost all t € T) and for almostall ¢t € T and all A € E, we have

0<r(t,A) <a(t) witha e L*(T).
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Now, we introduce the conditions on the two integrands involved in the cost functional problem (5.1).
(HLy) L:TxQxRxE — Risan integrand such that the following hold:
(i) (t,z)— Lq(t, z, x, A) is measurable for all (x,A) € R x E.
(ii) IfA, » AinE, then forall x € L2(Q) we have L1 (-, -, x(+), An) =5 L1(-, -, x(-), ) in LY(T x Q).
(iii) For almostall (t,z) € Tx Q, allx,y e RandallA € E,

|L1(t7 Zy X, A) _Ll(ty Z, y) A)l < C(l + |X| \% |Y|)P(t, z, |X _yl)s

with p(t, z, r) Carathéodory, p(t, z, 0) = 0 for almost all (¢, z) € T x Q and for almost all (¢, z), all
r € [0, 9] we have
0<p(t,z,r) < By(t, 2)
with B9 € LY(T x Q).
(HH1) Hi: TxQ xR xE — Ris an integrand such that the following hold:

(i) (t,z)— H(t,z,x,A) is measurable for all (x,A) € Rx E.

(ii) Foralmostall (t,z) € T x Q, u — Hq(t, z, u, A) is convex for all A € E, while A — Hy (¢, z, u, A) is
continuous for all u € R.

(iii) For almostall (t,z) € T x Q, all |u| < ra(t, z) and all A € E, we have

|H1(t, z, u, )| < ax(t, 2)

with {@}reg € L2(T x Q) bounded.
We consider the following evolution triple:

X=w,PQ), H=L*Q), X'=w1r@Q).

Since 2 < p < oo, the Sobolev embedding theorem implies that in this triple the embeddings are compact.
For every A € E,let Ay: X — 2X" \ {0} be the multivalued map defined by

Ayx)={-divg:ge€ ' (Q, RY), g(2) € aa(z, Dx(z)) for almost all z € Q}.
This map is maximal monotone and if A, — A in E, then (see Example 4.1 (b))

d pg d
—+a — +ay.
dat " T g T

So, hypotheses (HA3) hold. In fact, we can have t-dependence at the expense of assuming that a, is
single-valued. So, we assume that a,(t, z, ¢) satisfies the conditions of Example 4.1(a). Then the map
Ap: T x X — X* is defined by

Ap(t, x)(+) = —divay(t, -, Dx(-)).

In fact, by the nonlinear Green’s identity (see [20, p. 210]), we have

(A, X), h) = j(aﬂ(t, z,Dx), Dh)ypw dz forall x, h € WiP(Q).
Q

As we have already mentioned in Example 4.1 (a), we know from [40] that if A,, — Ain E, then

d oo d
— +a — +ay,
dat " T g T

and so hypotheses (HA3) hold.

As a special case of interest, we consider the situation where the elliptic differential operator is a weighted
p-Laplacian, that is,

div(ax(t, z)|Dx|P~2Dx) for all x € Wé’p(Q).
Here, forevery A € E, aj: T x Q — Ris a measurable function with the following properties:
e 0<¢i<apt,z) < ¢, foralmostall (t,z) e Tx QandallA € E.
e IfA, —» AinE, then for almostall t € T,
1 w
a6t P

in LY(Q).
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For this case we consider the following parametric (with parameter A € E) family of convex (in & € RY)

integrands:
ax(t, z)

t,z, &) = 220 gP.
oAt z, &) F |€]

Then the convex conjugate of @,(t, z, - ) is given by

1
plaa(t,z)p'-1

Pit 2, &) = i

By hypothesis we have that A, — Ain E, hence
(p;{n(t, &) - @i(t,-, &) in LY(Q) for almostall t € Tand all £* ¢ RV, (5.2)

We introduce the integral functional @, defined by

D(t, x) = J(pA(t, 2,Dx)dz forall (t,x) € Tx WoP(Q).
Q

By [29], we know that (5.2) implies
Dx(t, x) = Lseq(w) — Py, (£, x)

with I'seq(w) denoting the sequential I'-convergence of @,, (¢, -) on Wé’p (Q)w (see [7]). Then, from [12, The-
orem 3.3], it follows that
a,(t,-,-) S, ay(t,-,-) foralmostallte T,

and so from [40], we conclude that

d
- tdj P—G>—+a/1.

dt " dt
Also,let Y = H = L2(Q) and

F(t’ X, A) = S%‘l(t’.’x(.)’/])’ G(ty u, A) = {g(ty : ’A)u() : ||u"L2(Q) < r(t’ A)}
U(t,A) = {u € L(Q) : lull2q) < r(t, A)}.

Then hypotheses (HF1), (Hg), (Hr) imply that conditions (HF3), (HG), (HU) hold. So, the dynamics of (5.1)
are described by an evolution inclusion similar to the one in problem (1.1).
Finally, let

L(t,x,A) = | Li(t, z, x(2), ) dz forall x € L*(Q),

H(t,u,A) = | Hi(t, z, u(z), ) dz forallu € L*(Q).

O e, O ——

Hypotheses (HL1), (HH1) imply that conditions (HL),(HH), respectively, hold. So, we can apply Theorems 4.6
and 4.7 and obtain the following result concerning the variational stability of problem (5.1).

Proposition 5.2. If the maps a, are as above and hypotheses (HF), (Hg), (Hr), (HL1), (HH1) hold, then for
every (¢, A) € L?(Q) x E, problem (5.1) admits optimal pairs (that is, (¢, A) # 0) and

(&, 1) — m(&, A) is continuous on L*(Q) x E,
(&, A) = Z(&, A) is sequentially USC from L*(Q) x E into C(T, L*(Q)) x L*(T x Q).
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