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Abstract

We establish existence results and energy estimates of solutions for a homogeneous Neu-
mann problem involving the p—Laplace operator. The case of large dimensions, corre-
sponding to the lack of compactness of W!'*(Q) in C°(Q) is also considered. In particular,
for a precise localization of the parameter, the existence of a non-zero solution is estab-
lished, without requiring any asymptotic condition at zero or at infinity of the nonlinear
term. In the case of (p — 1)-sublinear terms at the origin, we deduce the existence of
solutions for small positive values of the parameter and we obtain that the corresponding
solutions have smaller and smaller energies as the parameter goes to zero. Finally, a mul-
tiplicity result is obtained and concrete examples of applications are provided. A basic
ingredient in our arguments is a recent local minimum theorem for differentiable function-
als.

2010 Mathematics Subject Classification. 35160, 47J30, S8E05.
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1 Introduction

The aim of this paper is to investigate the existence and the qualitative properties of nontrivial weak
solutions of the following non-autonomous elliptic Neumann problem

BApu + a(xX)|ulP2u = Af(x,u) in Q .
= 0 on 0Q, (1.1
av
where p > 1 and Q c R is a bounded open subset with boundary of class C'.

As usual, A, denotes the p-Laplace operator, namely A,u := div(|VulP~2Vu). We assume that
a € L=(Q), with essinf o @(x) > 0, A is a positive real parameter and v denotes the outward unit
normal to 0Q.

Throughout this paper we assume that f : Q@ X R — R is a Carathéodory function such that

lfe Dl <ar+al”™',  V(x,HeQxR, (1.2)

for some non-negative constants aj,a;, where g €]1, p*[ and p* stands for the critical Sobolev
exponent, that is
pN .
=] Nop if p<N
+00 if p>N.

Finally, we denote by §, the class of all Carathéodory functions for which condition (1.2) holds
true.

The question of existence of multiple non-zero solutions has been studied for Dirichlet prob-
lems also involving the p-Laplace operator and there are several such papers in the literature, using
different hypotheses and techniques. On the other hand, recently there have been established some
multiplicity results within the Neumann setting, see the papers [3, 5, 6, 7] and [9, 25, 34]. In these
works, the authors establish the existence of weak solutions for certain nonlinear elliptic problems,
by imposing different kinds of oscillatory behavior on the nonlinear term.

In all the above cited contributions the basic assumption p > N is imposed, which corresponds to
low-dimensional problems. This dimensionality condition implies that the Sobolev space W!*(Q)
is compactly embedded in C°(Q) and this fact is used extensively in the aforementioned works; see
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Remark 3.9. In particular, in [14] and [16], the authors consider nonlinear Neumann eigenvalue
problems and prove a “three solutions theorem” using an abstract multiplicity result of Ricceri [35];
see also the related papers [19, 23]. Condition p > N is also assumed in a recent work of Wu and
Tan [36], in which there are used minimax techniques combined with critical point theory tools.

The difficulties caused by the lack of a compact embedding of W'»(Q) in C%(Q) if p < N are
overcome by a different procedure. Indeed, to apply variational techniques to Neumann problems in
the case p < N, a suitable condition on the nonlinear term f, which implies that the problem admits
the zero solution, is usually required. Thus, three non-zero solutions can be surely obtained only
when the problem is perturbed; see [16, 32] and [33].

Very recently, by using variational methods, a precise interval of values of the parameter A,
for which problem (1.1) admits at least three non-zero weak solutions has been achieved in [15,
Theorem 3.1] without explicit perturbations of the nonlinear term and in higher dimension. We also
recall that in the last few years, several authors have treated Neumann problems with p-Laplace
operators (with p < N), by using completely different techniques. We refer to [17, 24] and the
references therein; see also the works [8, 20, 21].

We point out that problem (1.1) arises in the study of mathematical models in biological forma-
tion theory governed by diffusion and cross-diffusion systems [28]. We refer to the recent mono-
graph by Kristdly, Radulescu and Varga [22] for several related results and examples.

The main result of this paper (Theorem 3.1) ensures the existence of precise values of the param-
eter A for which (1.1) admits at least one non-zero weak solution, without assuming any asymptotic
condition at zero or at infinity. A special case is also pointed out in Corollary 3.1. A related conse-
quence, where the unique condition requested on the datum is the (p — 1)-sublinearity at the origin,
is also presented in this paper; see Theorem 3.2.

We also observe that, when the nonlinear term is (p — 1)-sublinear at infinity, then the corre-
sponding energy functional is coercive, hence the existence of one solution (possibly zero) comes
from the direct methods theorem; see Remark 3.5. It is worth noticing that, in our cases, the potential
may be also not coercive; see, for instance, Example 3.1. Moreover, also in presence of coercivity,
our results ensure the existence of at least one non-zero weak solution.

A basic tool used in the proofs is a recent critical point theorem obtained by Bonanno in [1,
Theorem 5.1] for functionals of the form J, := ® — A¥, where A is a positive parameter; see
Theorem 2.1 below.

Consider the Sobolev space W!?(Q) endowed with the norm

= ( [ wucords+ | atoucorax)”.

which is equivalent to the usual one.
We state here, as an example, the following special case of our results; see also Remark 3.8.

Theorem 1.1 Let p > 1 and f : R — R be a continuous function such that

t t
lim & =400, and lim AU =
=0+ tP=1 =0 [£]*

0, (1.3)

for some 0 < s < p* — 1. Then, there exists A* > 0 such that, for every A €]0, A*[, the following
autonomous Neumann problem

{ —Apu+ @(OulP2u = Af(u) in Q (1.4)

ou/dv =0 on 0Q,
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admits at least one non-zero weak solution ug ) € WLP(Q). Moreover, we have [lugall = Oas A — O
and the mapping

140,1(X)
A l( f Vo ()P dx + f a(x)lug (V) dx) - A f ( f f(x,dt)dx,
pJa Q o Jo

is negative and strictly decreasing in 10, 1*[.

We observe that Theorem 1.1 ensures the existence of one non-zero weak solution even if f(0) =
0 provided that (1.3) holds, and, if @ is not constant, the solution is not constant. Moreover, a
concrete expression for A*, that appears in the above result, is given in Remark 3.4. Furthermore,
we just point out that in Corollary 3.2, adding to hypotheses of Theorem 3.2 the classical Ambrosetti
and Rabinowitz condition, namely (AR), a second weak solution is achieved; see Example 3.2. It is
worth noticing that in Corollary 3.2 the assumptions are different from those usually required when
applying the mountain pass theorem; see Remark 3.10.

The paper is organized as follows. In Section 2, we recall some basic definitions and our main
tool, while Section 3 is devoted to our main results and examples.

2 Preliminaries

Let W?(Q) endowed with the norm || - ||. From standard variational arguments, the weak solutions
of (1.1) are the critical points of the C'-functional given by

u(x)

Ja(u) = l( f IVu(x)|Pdx + f a()lu(x)Pdx) - A f ( f(x,0)d)dx,
P Ja Q Q Jo

for every u € Whr(Q).
A function u : Q — R is said to be a weak solution of problem (1.1) if u € W'(Q) and

f IVu(x)|P2Vu(x) - Vv(x)dx + f @(X)u(0)P2u(x)v(x)dx = A f fOx, u(x)v(x)dx,
Q Q Q

for every v € WhP(Q).

Let X be a real Banach space. We say that a continuously Gateaux differentiable functional
J : X — R verifies the Palais-Smale condition (in short (PS)-condition) if any sequence {u,} such
that

Gy) {J(uy)} is bounded,
G2) }LIEOHJ'(W)HX* =0,

has a convergent subsequence.
For an exhaustive treatment of these topics we refer to [27, 30] and the references therein.
Let ®,¥ : X — R be two continuously Gateaux differentiable functions. Set

J=0-Y,

and fix 7y, r, € [—oo, +00], with r| < ry; we say that function J verifies the Palais-Smale condition
cut off lower at r and upper at r, (in short '"J(PS)!"2l-condition) if any sequence {u,} such that (j,),
(j,) hold and
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03) ri <®,) <r, YneN,

has a convergent subsequence.

Clearly, if r; = —oco and r, = +oo it coincides with the classical (PS)-condition. Moreover,
if r; = —co and r, € R it is denoted by (PS)""!, while if r; € R and r, = +oo it is denoted by
n1(PS). Furthermore, if J satisfies "'1(PS)"2-condition, then it satisfies »'1(PS)¥2]-condition for all
P1,02 € [-00, +00] such that r} < p; < pr < 1.

In particular, we deduce that if J satisfies the classical (PS)-condition, then it satisfies 11(PS)lr2]-
condition for all py, p; € [—00, +00] with p; < p,. Set

sup YY) —Y()

ue®~!(Iry,r2[)

(ri,r2) = inf , 2.5)
A ve®-1(1ry,r2D) ry — @)
and
YY) - sup Y(u)
ue®=1(]—oo,r 1)
pa(ri,r) = sup , (2.6)
ve®=1(Iry,ral) O(v) —n

forall r;,r, € R, with r| < rs.

A crucial role in the existence proof of one non-zero weak solution for problem (1.1) is played
by the following version of an abstract local minimum theorem obtained in [1, Theorem 5.1], which
we recall here for convenience.

Theorem 2.1 Let X be a real Banach space and let ©,%¥ : X — R be two continuously Gateaux
differentiable functions. Assume that there are ry, ry € R, with ry < rp, such that

B(ri, 1) < pa(r1,12),

where B and p, are given by (2.5) and (2.6), and for each

/16] 1 1 [
p2(ri,r)” Blri,r)V

the function J; := ® — A¥ satisfies "V(PS)!"2)-condition. Then, for all A € ] 1 ' [ there is

pa(r1,r2)” B(ri,r2)

oy € ©(Iry, ral) such that Jy(up ) < Ja(u) for all u € ®~'(Jry, r2[) and Ji(uo,0) = 0.

Remark 2.1 Theorem 2.1 has been inspired from the Ricceri variational principle; see [31, Theorem
2.5]. With respect to the mentioned principle, the above result furnishes a more precise localization
of the minimum u ,, and, in particular, since ®@(u ) > r, in many applications we have up, # 0
as, for instance, in Theorem 3.1. Moreover, we also emphasize that in Theorem 2.1 no weak lower
semicontinuity assumption is requested on the contrary of [31, Theorem 2.5].

3 Main results

Recall that p* stands for the critical exponent of the Sobolev embedding W'7(Q) «— L4(Q). Thus,
if p < N then p* = Np/(N — p) and for every q € [1, p*] there exists a positive constant «, such that

leell oy < &gllull, 3.7

for every u € W'(Q). When p > N this inequality holds for any ¢ € [1, +oo].
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Moreover, for every two nonnegative constants vy, 6, with y # 6, we set

A(y)—qu(x,é)dx
Q

ay,(9) = (3-8)
’ lellz @) (y? — 6P)q
where
AW) = gllall [, ykiar + llallfify vk, (3.9)
and

F(x,¢) = ff(x, 1dt,
0
for every (x,&) € Q X R.

The following result establishes a qualitative property of solutions to problem (1.1).

Theorem 3.1 Let f € §, and assume that there exist three real constants y(,y» and 6, with 0 <
Y1 < 6 <7, such that
ay,(0) < ay, (6). (3.10)

Then, for each parameter A belonging to

5o
pay, (6) pay,(6)|’
problem (1.1) admits at least one non-zero weak solution uy , € WP (Q), such that

1/

1/
prt <lhoall < el lh, va.

eyt v

Proof. Our aim is to apply Theorem 2.1. Hence, let X := W'”(Q) and consider the functionals
®,¥ : X — R defined by

o= - [
(u) = 7, Y(u) = F(x,u(x))dx, YucelX.
Q

Clearly, @ : X — R is a coercive and continuously Gateaux differentiable functional. On the other
hand, ¥ is well-defined and continuously Gateaux differentiable. More precisely, we have

(D'(u)(v)zfIVu(x)I”’ZVu(x)-Vv(x)dx+fa(x)lu(x)l”’zu(x)v(x)dx,
Q Q

W@M=Lﬂmmmmm

for every u,v € X.
Fix A > 0. A critical point of the functional J, := ® — A¥ is a function u# € X such that

O (u)(v) — A" (u)(v) = 0,

for every v € X. Hence, the critical points of the functional J, are weak solutions of problem (1.1).
At this point, let us observe that ®(0x) = ¥(0x) = 0. Moreover, since f € &, we have

&1
F(x,8) < a1lé] +az7, 3.1D
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for every (x, &) € Q X R. Now, taking into account relation (3.11), it follows that

a
Y(u) = fQF(x, u(x)dx < ayllullpq) + illullﬁm).
Then, for every u € X such that ®(u) < r, owing to (3.7), we obtain
a/Pd g
W) < (prHPkia; + P4 2 alp,
Therefore
q/Pd g
sup W) < (pr)7iay + L0 palr (3.12)
ued1(]—oo0,r])
Next, we set
”a”Ll(Q) p ”a”Ll(Q) p
r = ———y), = ———y,, and us(x):=06, forevery x€ Q.
14 p
Then us € X and
1 » » oF
O(us) = —( | Vus(0lPdx+ | a(®)lusx)lPdx) = — el @) (3.13)
P Ja Q p

Taking into account that y; < § < y,, by a direct computation, one has r; < ®(us) < r,. Moreover,

Y(us) = f F(x,us(x)) dx = f F(x,06)dx. (3.14)
Q Q

From (3.12) it follows that

9P q
sup  P(u) < (pr2)Pa; + P4 ng/‘”. (3.15)
ue®=!(J-co,r2[)
and o
i,
sup W) < (pr)'Pria; + p—"r?/p. (3.16)
ued=!(]-co,r]) q

We have r; < ®(us) < r,. On the other hand,

sup () -¥Y() sup  WP(u) — P(us)
. O~ (Jr1.rl) ued=1(]—c0,r,[)
’ - £ ue <
A vefD’l‘I(l]th[) r, — O®©) ry — ©(us)
and
YY) - sup Y(u) Y(us) - sup W(u)
p2(r1, 1) = sup ue®!(J-co,r11) ue®1(]—oco,r])
2(r1, 12) 1= >
ve® (Ir720) Q(v) - n D(us) — ry

Hence, by using the notation (3.8), from (3.14) and (3.15) together with (3.16), it follows that

B(r1, ) < pa,,(6), and p(ri,r2) = pay, (6).
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Finally, hypothesis (3.10) yields
B(r1,r2) < pa(r1, r2).

Now, from [1, Proposition 2.1], the functional J; satisfies ["'/(PS)!"2)-condition for all r; and r, with
1 1

———, ———/|, the functional J,
pay,(6) pan@[ !

r; < rp < +oo. Therefore, owing to Theorem 2.1, for each 1 € }

admits at least one critical point ug 4 such that
r < @(ug,) < ra,

that is

1/p

1/p
LI(Q)’yZ'

||a||L1(Q)71

< ol < lledl

This completes the proof.
Remark 3.1 If p < N, a concrete upper bound for the constants «, in Theorem 3.1 (hence for the
values of constant A defined as in (3.9)) can be obtained considering an open and convex set Q ¢ RV

of diameter d and Lebesgue measure “meas(Q2)”. In this case, if ¢ € [1, p*[, we have

(1 + N) meas(Q) 7

(3.17)

Kg=24q 1/p’
min {1, essinf a'(x)}
xeQ

where
max< 1 if gell,p[
"N Y

§q:= . N - |2 (3.18)
— —_— rq
(M) } it gelp L

max< 1, —
N\ pg+(p-9)

see, for instance, Remark 3.2 in [15] and, more generally, the exhaustive book [13]. Moreover, we
point out that the following alternative holds: either g € [p, p*[ and the diameter of Q is sufficiently

small, that is,
pU+g9)—q

pq—N(g —p))
pqg+(p—q) ’

or g € [1, p[ and d < N. Inequality (3.17) can be rewritten as

d<N(

(1 + N) meas(Q)

~ min {1, ess infeq a(x)}/?’

(3.19)

as observed in [15, Remark 3.3].
On the other hand, in the low-dimensional case that corresponds to p > N, assuming Q to be
convex and by using [5, Remark 2.1], an easy computation ensures that for every ¢ > 1, we have

=l
7 llalle

p=1 1 d -1
Kg < 2':2I max —, = (p—N meas(Q))

meas(Q)'/4.

» N»
e}y g

“a“Ll(Q)
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Remark 3.2 If p >_N and Q is convex, by using again [5, Remark 2.1], a concrete estimate of the
solution ug 4 in C°(Q) can be achieved. Precisely, we have

p-1

ot 1 d (p-1 7 el 1
o alles <277 max{ ——, — ( meas@)) el ey 72
lall?. N7 \P~ N lledlz )
12(9)

Now, we point out a particular case of Theorem 3.1.

Corollary 3.1 Let f € §, and assume that there exist two positive constants y and 6, with y > 6,

such that
f F(x,0)dx
A
Q - A0 (3.20)
or q*yp
Then, for each parameter A belonging to
el o?  llellqyy’q

pfF(x,é)dx, PA®)
Q

problem (1.1) admits at least one non-zero weak solution ug ) € WLP(Q), such that

1/p

ltoall < Nl %, -

Proof. Our aim is to apply Theorem 3.1. To this end we pick y; = 0 and 7, := . Bearing in mind
(3.8), we obtain

A(y)—¢q L F(x,6)dx

llallz @y (y? — 67)q

f F(x,06)dx
o 00

ol

ay o) =

i

as well as

ap(6) =
Now, inequality (3.20) immediately yields
a,(8) < ap(9).
Hence, Theorem 3.1 ensures the conclusion. A direct consequence of Corollary 3.1 is the following
property.
Theorem 3.2 Let f € §, and assume that
F(x,&)dx
lim 22— = too. (3.21)
£-0 é‘-’p

Furthermore, let y > 0 and set
o dlldlzig) P

A .
7 P A®)



382 G. Bonanno, G. Molica Bisci, V. D. Ridulescu

Then, for every A €]0, *[ the problem (1.1) admits at least one non-zero weak solution uy, €
WL (Q) such that [lep 21l < ||CL’||L1(Q)’)/ and

lim |Jugall =0
Tim {lzo all

Proof. Fix A €]0, /l; [. From (3.21) there exists a positive constant 6 with ¢ < y such that

vl L1 ()67 el )y
(©)] <1< @4

P f F(x,08)dx AP
Q

Hence, owing to Corollary 3.1, problem (1.1) admits at least one non-zero weak solution i ,, such

that |[ug || < IIQIIIL/I‘("Q))/. Then, for every 4 €]0, /l; [, there exists at least one non-zero weak solution

Uy, € @110, r2[) of problem (1.1) and one has
llao all < IICUIIL,(Q)V (3.22)
for every A €]0, /l; [. Therefore, from (1.2), taking into account (3.7) and (3.22), it follows that

< lladl i, yian + lledlflf, ¥ias, (3.23)

‘ f J(x, 0,4 (x)uo 2 (x)dx

for every A €]0, /l; [. Now, J' (o) = 0, for every 4 €]0, /l’y* [ and in particular J',(uo,0)(uo,2) = 0, that
is,
llg all” = A f S(x, 10, 1(xX))uo a(x)dx,
Q
for every A €]0, /l; [. Then, from (3.23), it follows that
lim Jluo,l” = lim A% (0.0)(at0,0) = O
that implies lim, 0+ ||t 4|l = 0. The proof is complete.

Remark 3.3 We claim that under the above assumptions, the mapping A — J,(uo ) is negative
and strictly decreasing in ]O, /l; [. Indeed, the restriction of the functional J, to ®~'(]0, r,[), where
ry = (Ilalan(Q)/p)yg, admits a global minimum, which is a critical point (local minimum) of J, in
X. Moreover, since us := 6 € ®~1(]0, r»[) and

O(us) iz )6”
Flus) pfF(x,(S)dx
Q

<A,

we have
Ja(uo,2) < Ja(us) = O(us) — A¥(us) < 0.

Next, we observe that

(0]
T = A( W - \P(u)),
foreveryu e X andfix 0 < A} < A, < /l;. Set
D(utg.y,) . D(u
my, = o) —W(upp)|= inf W) -Yw)|,
Ay ued-100,,D \ Ay
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and

my, :=(q)(”°’”2)—\y(uo,b))= inf ((D(u)—T(u)).

Ap ued-110,,D \ Az

Clearly, as claimed before, m,;, < 0 (for i = 1,2), and m,, < m,, thanks to 4; < 4. Then the

mapping A — J,(up ») is strictly decreasing in ]0, /I; [ owing to
J, (o, 0,) = Adamy, < Aoy, < Aymy, = Iy, (uoa,).
This concludes the proof of our claim.

Remark 3.4 Roughly speaking, Theorem 3.2 ensures that if f has the global growth given by (1.2)
and the asymptotic condition at zero (3.21) is verified then, for every parameter A belonging to the
real interval Aq :=]0, A*[, where

gl v’

A* =
14 >0 A()’) ’

the problem (1.1) admits at least one non-zero solution ug, € WhP(Q). Moreover lluo.all — O, as
A — 0*. Furthermore, from a direct computation, it follows that

+c;o if l<g<p
Do, T 4=P
=4 % (3.24)

(p=D/p=p-1
CI”a”Lpl(Q) p’)/r’;mx

(q-D/p 4 if g&lp.pl.

p(qual + ”a”L' ) anZYmdx)
where
3 1 ( Kia (p 1))1/(¢l—1)
ymax = q °
el gy, \" Kg2 \d = P

We also note that, in the case g € |p, p*[, one has [lug 4|l < llell uniformly for every 1 € Aq.

Ll(g)ymax’
Remark 3.5 We emphasize that, in particular, if f is (p — 1)-sublinear at infinity, Theorem 3.2
ensures that, problem (1.1) admits at least one non-zero weak solution for each positive parameter
A. Tt is worth noticing that, in our case, the attained solution, as affirmed, is non-zero, while the
classical direct method approach, that can be adopted in this setting, ensures the existence of at least
one solution that may be zero.

Remark 3.6 For completeness we observe that if f is a non-negative function our results guarantee
that the attained weak solution is non-negative. To this end, let uy be a weak solution of problem

(1.1). Arguing by contradiction, assume that the set A := {x € Q : ug(x) < 0} has positive Lebesgue
measure. Put ¥(x) = min{0, uo(x)} for all x € Q. Clearly, v € W'»(Q) and

f Vo ()P Vug(x) - Vi(x)dx + f () |uo ()P 2ug(X)V(x)dx
Q Q

-1 f f(x, up(x))v(x)dx =0
Q
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that is,
fIVuo(x)l”dx+ fa(x)luo(x)lpdx = /lff(x, uo(x))ug(x)dx < 0.
A A A

Hence

f|Vuo(x)|pdx+fa(x)|uo(x)|pdx=0.

A A
Then, uy = 0 almost everywhere in A. This is not possible by the definition of A, so it follows that
1y is non-negative.

Remark 3.7 A careful analysis of the proof of Theorem 3.2 ensures that the result still remains true
after replacing condition (3.21) with the more general assumption

F(x,&)dx

mfn sup Qf—f’ = +o0. (3.25)

Moreover, in the autonomous case, the previous asymptotic condition at zero assume the form

lim sup ifj) = 4o00. (3.26)

§-0*
Remark 3.8 We just observe that Theorem 1.1 in Introduction is a simple consequence of Theorem
3.2 and Remark 3.3. Indeed, if
lim 2@ _
im —-

Lim 5 = +00 (3.27)

holds, then hypothesis (3.26) is automatically verified. Moreover, hypothesis
t
lim i) =0

t|—co [¢|5

s

where 0 < s < p* — 1, ensures that f has a subcritical growth.
In the sequel, there is an example of application of our results.

Example 3.1 Let Q be a bounded open subset of RV with 1 < p < N and consider the following
problem

—Ayu+ [ulP~2u = /l[n(x)lul"zu +ﬁ(x)|u|““2u] in Q
a_u =0 on 09, (3.28)
av

where 77,8 : Q@ — R are two continuous positive and bounded functions, 1 < r < pand p < 5 < p*.
Then, for every

_y—S—l

R }O s meas(Q)~ /Pyt [
2p max{{Igllos, [1Blleo} (5K + meas(Q)S~D/PaST i)

where

_ 1 ki [(p-1 1/es=1)
= §—
Ymax meas(Q)/P \ k5 \s—p

the problem (3.28) admits at least one non-zero weak solution ug, € WLP(Q) such that

1/(s=1)
-1
||uo,ﬁ||<(s’<—i(p )) ,
Ks\s—p
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and lim,_,g+ ||ug 4]l = 0. To prove this, we can apply Theorem 3.2 with
FOe ) = ol + B0l s,
for every (x, 1) € Q X R. Indeed, it is easy to verify that f € §, since
If (e, )l < 2 max{(inlle, Blle}(1 + 171, ¥ (x,1) € QX R.
Moreover, a direct computation shows that

f F(x,6)dx  meas(Q) inf 7(x) 1
Q xeQ .

lim > im
£-0* &r r E50F EPT

= +00.

Hence, all the assumptions of Theorem 3.2 are verified and the conclusion follows.

Remark 3.9 A similar version of Theorem 3.2 in the low-dimensional case has been studied in
[10] and [11]. In their setting, taking advantage of the compact embedding of WhP(Q) into C°(QY),
condition (1.2) can be removed and the authors are able to treat also cases with exponential growth;
see, for instance, [10, Example 3.1]. Furthermore, a direct comparison with Theorems 1 and 2 of
[37] can be find in [10, Remark 3.6]. In conclusion, taking into account Remarks 3.6 and 3.7, we
emphasize that, Theorem 3.2 represents an extension of [10, Theorem 3.3] and [11, Theorem 4.1]
to the case p < N. Moreover, in the low-dimensional case, the additional presence of the growth
assumption (1.2) may determine, in some case, an improvement of the intervals of parameters for
which our approach guarantee the existence of at least one non-zero weak solution. Indeed, let p > N
and assume [ : QX R — R to be L -Carathéodory. As [11, Theorem 3.4] shows, the existence of at
least one non-zero weak solution to Neumann problem is obtained for every 4 €]0, A¢[, where

1 yP
Af 1= — sup —————,
Pet y>0 fmaxF(x,f)dx
Q

€<y

and

sup,.q |u(x)|
Cc= sup Pred ( < 400,

o 1/p
eWlr(Q)\{0} (f |VM(X)|pdx + f G'(X)Iu(x)lpdx)
Q Q

If the function f satisfies also the growth condition (1.2) the necessity of to compare the intervals
10, A*[ and ]0, A¢[ naturally arises. We exhibit a concrete example in which ]0, A,[c]0, 2*[. For
our goal, let us take a positive constant d and set Q =]0,2d[. At this point, consider the ordinary
non-autonomous Neumann problem

o ’% = B + ™) i 10,2d[

(3.29)
W (0)=u'Qd) =0,
where 3 : [0,2d] — R is a positive and continuous function, g > 2 and
1BI1L 0,24)
O0<k< —m—0. (3.30)
2||Blleo(cd)?

Set

_ 1 q_2 q 1/(g-1
Nea = 2cz(q—1)(q—2) ’
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and

J g2 ( g )1/<q—1>
G(B,q) = .
©.9) (2||[3||Ll(o,2d))(q— 1) q-2

Hence, bearing in mind the above results, problem (3.29) admits a non-zero classical solution for
every A €]0, A¢[ as well as for every A €]0, A*[. Now, taking into account that 1/ 2 < kd, simple
computations yield

Ar = q sup( 4 )Sk( gd )sup( 24 )
2218l 024) y>0 \g +¥I7! 20181020y ) y>0 \g + ¥

Then, since
1 _2 1/(g-1)
(=)= (=S
y>0 \g + ¢ g\g—-1)\gqg-2
one has
d q_z q 1/(g-1
Ar <k =kG(B, q). 3.31
r= (2IIBIIL1)(Q—1)(4—2) b0 33D

On the other hand, thanks to «, < (2d)!/*c, for every s > 1, it follows that

q Y q Y
A* = su > su ( ]
Bl y})’[qﬁm +zq/zkqu—1] 2Bl 320 \ g Vac + 29/2cy0-]

Hence, since

| s 1/(g-1)
i prors ) e i 7
y>0 \g V2¢ + 29/2¢aya-1 2c2g\q—-1)\qg -2

one has

1
* . 32
A" > (de”m)N(c,q) (3.32)

Then, inequalities (3.31) and (3.32) together with condition (3.30) yield

/lfSkG(ﬁ,q)<( )N(c,q)s/l*.

2d||Blle

In conclusion, the expected strict inclusion ]0, A,[C]0, A*[ holds.

In the sequel we prove how the previous results can be employed in order to pass from the
existence of at least one nontrivial solution to the existence of at lest two nontrivial solutions. This
goal will be achieved making use of the particular nature of the first solution found, namely it is
a local minimum. This information will be used to assure the existence of a second solution as
a critical point of mountain pass type. In this direction, we begin with the following theorem,
where the celebrated Ambrosetti-Rabinowitz condition is required. As usual, this assumption plays
a crucial role in proving that every Palais-Smale sequence is bounded, as well as that the so called
‘mountain pass geometry’ is satisfied.
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Corollary 3.2 Let f : R — R be a continuous function such that
(Ol <ar +ald”!, VieR, (3.33)

for some non-negative constants a, a, where q €]p, p*[. Furthermore, assume that condition (3.26)
holds in addition to

(AR) there are constants u > p and r > 0 such that, for all |¢| > r, one has
0 <uF(E) <&f(©).

Then, for each A € Aq, problem (1.1) admits at least two weak solutions. If, in addition to the above
assumptions, one has f(0) # 0, the attained solutions are non-zero.

Proof. Fix 1 € Ag. Owing to (3.33) and (3.26), Theorem 3.2 ensures that the problem (1.1) admits at
least one weak non-zero solution #; which is a local minimum of the functional J, as defined in the
proof of Theorem 3.1. Now, we can assume that u; is a strict local minimum for J, in X. Therefore,
there is p > 0 such that

inf Ja(w) > Ji(uy).
[lu—u1ll=p

Furthermore, from (AR)-condition, by standard computations, one has that J, is unbounded from
below. So, there is u, such that J,(u,) < Ju(u;), for which J, satisfies mountain pass geometry.
At this point, again exploiting (AR), it follows that the functional J, satisfies the (PS)-condition.
Hence, the celebrated Ambrosetti-Rabinowitz theorem ensures the existence of a critical point & of
Jy such that J(@t) > J(u1). So, u; and @ are two distinct weak solutions of (1.1) and the proof is
complete.

Example 3.2 Let Q be a bounded open subset of RV with 1 < p < N and consider the following
problem

—Apu + a()u”u = A1 +u?") inQ

3.34
8_u =0 on 092, ( )
ov

where m is a positive integer such that 1 < p < 2m < p*. Then, for every

-1
— _ 2m—1
AG}O 2m—p (kal(p 1)) l

’ pk1(2m — 1) Kz'"(2m — p)

2m

problem (3.34) admits at least two non-zero (f(0) # 0) weak solutions. To prove this, we can apply
Corollary 3.2 with
f@ =1+,

for every ¢ € R. Indeed, clearly the function f satisfies (3.33) and, since

1im@—

= +o00,
-0+ =1
also condition (3.26) holds true. Moreover, taking into account that
2m
oo F (&) l—oo E2M 4+ 2mé
there exist 4 > p and r > 0 such that

=2m > p,

0 <uF() <£f(©),

for every |¢| > r. Hence, all the assumptions of Corollary 3.2 are verified and the conclusion follows.



388 G. Bonanno, G. Molica Bisci, V. D. Ridulescu

Remark 3.10 Applying the mountain pass theorem to nonlinear differential problems, involving the

f@

Laplace operator —Au, it is usual to require that liI(l)’l - = 0; see, for instance, condition (p3) in
t—0*

[30, Theorem 2.15]. On the contrary, in Example 3.2, the above assumption at zero is not verified.
We also note that, very recently, Neumann problems have been studied without (AR)-condition by
using a Cerami-type condition; see [18] and references therein, as well as Remark 3.11 below. Even

t
in this case, hypothesis lirgl T) < +oo is requested. Hence, [18, Theorem 3.6] cannot be applied to
—0*
problem (3.34) in Example 3.2.

Remark 3.11 The (AR)-condition, adopted in Corollary 3.2, implies that the energy functional J,, is
unbounded from below and satisfies the classical (PS)-condition, so that the classical mountain pass
theorem can be applied. Therefore, instead of assumption (AR), a Cerami-type condition could be
exploited in Corollary 3.2 in order to obtain the second solution. We refer, for instance, to [4, 18, 29]
for more details on related topics.
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