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Abstract

We consider a class of nonlinear stationary Schrodinger-type equations and we are con-
cerned with sufficient properties that guarantee the existence of multiple solutions in a
suitable Sobolev space with variable exponents. We first establish that in the case of small
perturbations, the problem admits at least two weak solutions. Next, in the case of convex-
concave nonlinearities, we obtain conditions for the existence of infinitely many solutions
with high (resp., small) energies. The arguments combine variational techniques with a
careful analysis of the energy levels.

2010 Mathematics Subject Classification. 35162, 35]70, 46E35, 58E05.
Key words. Degenerate anisotropic Sobolev spaces, Variable exponent, Mountain pass theorem, Ekeland variational principle, Fountain

theorem, Dual fountain theorem.

1 Introduction

The Schrodinger equation has a central place in quantum mechanics and it plays the role of New-
ton’s laws and conservation of energy in classical mechanics, that is, it predicts the future behaviour
of a dynamic system. The linear Schrédinger equation provides a thorough description of a particle
in a non-relativistic setting. The structure of the nonlinear form of this equation is much more com-
plicated. The most common applications of the nonlinear Schrodinger equation vary from Bose-
Einstein condensates and nonlinear optics, stability of Stokes waves in water, propagation of the
electric field in optical fibers to the self-focusing and collapse of Langmuir waves in plasma physics
and the behaviour of deep water waves and freak waves (or rogue waves) in the ocean. The non-
linear Schrodinger equation also describes various phenomena arising in the theory of Heisenberg
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ferromagnets and magnons, self-channelling of a high-power ultra-short laser in matter, condensed
matter theory, dissipative quantum mechanics, electromagnetic fields, plasma physics (e.g., the Kuri-
hara superfluid film equation). We refer to Ablowitz, Prinari and Trubatch [1], Cazenave [7], Sulem
[24] for a modern overview and relevant applications.

The German physicist Werner Heisenberg, 1932 Nobel Prize in Physics, said:

*“ ... the progress of physics will to a large extent depend on the progress of nonlinear mathematics,
of methods to solver nonlinear equations ... and therefore we can learn by comparing different
nonlinear problems.”

Our main purpose is to consider the nonlinear Schrodinger equation in a new setting correspond-
ing to anisotropic spaces of Sobolev-type, in which different space directions have different roles.
We first establish that in the case of small perturbations, the associated Dirichlet problem admits at
least two solutions. Next, in the case of convex-concave type nonlinearities, we establish necessary
conditions to guarantee the existence of infinitely many solutions with high (resp., small) energies.

2 Abstract framework

In the present paper we are interested in the study of the anisotropic nonlinear problem

N
_ . Pi-2, _ -
Z‘ax,al(x, Bx10) + b@lul” Pu = fGeuw)  inQ, o

u=0 on 0Q),

where Q ¢ RY (N > 3) is a bounded domain with smooth boundary, b € L¥(Q), f : QxR - R
and @; : Q X R — R are Carathéodory functions fulfilling some natural hypotheses. The differential
operator Zfil 0y,ai(x,0x,u) is a?(-)—Laplace type operator, 77)()() = (p1(x), p2(x), ..., py(x)), and

.....

i =1,...,N. We denote by a;(x,7n) the continuous derivative with respect to n of the mapping
At QxRN = RN A; = Ai(x,n), that is, a;(x,1) = (%Ai(x, n). Throughout this paper we assume
that the following hypotheses are fulfilled:

(Ag) Ai(x,0)=0forae. xeQ.
(A1) There exists a positive constant ¢; such that g; satisfies the growth condition
lai(x, )l < G(1 + @71,
forall x € Qand 5 € RV,

(Az) The inequalities
P < (e mn < pi0)A(x, 1)
hold for all x € Q and 7 € RV,

(A3) There exists k; > 0 such that

+ 1 1 _
O EE ARSI R

for all x € Q and 5, & € RV, with equality if and only if = £.
(A4) The mapping A; is even with respect to its second variable, that is,
Ai(x, —n) = Ai(x, 1),

forall x € Qand 5 € RV,
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(B) b € L*(Q) and there exists by > 0 such that b(x) > by for all x € Q.
The differential operator in problem (2.1) is the anisotropic 7 (x)—Laplace type operator (where
ﬁ .
p(x) = (p1(x), ..., pn(x)) because if we take
ai(x, 1) = g7y,
forallie{1,...,N}, then A;(x,n) = %Inlpi(") foralli e {l,...,N}, thatis,

N
A?(X)(u) = Z axi(|axiu|pi(x)_25x,.u).

i=1
Obviously, there are many other operators deriving from Zf\i | Ox,ai(x, 0y,u). Indeed, if we take

pi(x)-2

ai(x,m) =1 +* " n,

pi(x)
foralli e {1,...,N}, we have A;(x,n) = p%x) [(1+ |n|2)l 2
the anisotropic variable mean curvature operator

i By (1+18,uP) ™5 9.
i=1

— 1] foralli € {1,...,N} and we obtain

Kone, Ouaro, and Traore [19] established the existence and uniqueness of a weak energy solution
to the following boundary value problem

N

- Z; Oyai(x,0cu)=f  inQ, (2.2)
i=

u=0 on 0Q.

In [20], the author considered (2.2) where f = A00)|u]d92y, Combining the mountain-pass theorem
of Ambrosetti and Rabinowitz [3] with the Ekeland’s variational principle, they proved that under
suitable conditions, problem (2.2) has two nontrivial weak solutions. Boureanu [5] proved that
problem (2.2) has a sequence of weak solutions by means of the symmetric mountain-pass theorem.
In this paper, we consider the perturbed problem (2.1) in two cases, corresponding to the growth rate
of f.

First, we recall some definitions and basic properties of the variable exponent Lebesgue and
Sobolev spaces LP9(Q) and WHPM(Q), where Q is a bounded domain in RY. We will also introduce
an adequate functional space where problems of type (2.1) can be studied. Such a space will be
called an anisotropic variable exponent Sobolev space and it can be characterized as a functional
space of Sobolev’s type in which different space directions have different roles.

For any Q c RV, we set

C.(Q) = {h(x) € C(Q), 1 < min h(x) < max h(x) < oo},
xeQ xeQ
and we define . .
ht =suplh(x); x€Q}, h™ =inf{h(x); x € Q}.

For any p € C.(Q), we define the variable exponent Lebesgue space
LPY(Q) = {u; u is measurable real-valued and f [u(x)|PY dx < oo},
Q

endowed with the Luxemburg norm

p(x)

ux) dxsl}.

|M|Lp<.x>(g) = |Lt|p(x) = inf {ﬂ > 0; f
Q

As established by Kovécik and Rékosnik [18], (L?™(Q), | - | p(x)) 1s a Banach space.
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Proposition 2.1 (see [10, 14]) (i) The space (LPP(Q), | - | p(x) 18 a separable, uniformly convex Ba-
nach space and its dual space is L1 (Q), where ﬁc) + ﬁ = 1. Forany u € L’™(Q) and v € L1V (Q),
we have

1o
| [ ] < (— + — )y Vlaco < 2alpiVlacor
Jymas= G+ )

@) If p1(x), pa(x) € C.(Q), p1(x) < pa(x), Vx € Q, then LPW(Q) — LP'9(Q) and the embedding
is continuous.

Proposition 2.2 (see [13]) Denote p(u) = fQ [ulPDdx. Then for u € LPP(Q), (u,) € LPY(Q) we
have

(1) lulpey < 1 (respectively = 1; > 1) & p(u) < 1 (respectively = 1; > 1);

(2) foru#0, |ulpypy =1 = p(§) = 1;
(3) if Wy > 1, then ) < p(u) < Jul?

P = px)
. p* I
(4) if lulpry < 1, then |ul, < p(u) < lul,;

(5) lunlpy — O (respectively — o0) & p(u,) — 0 (respectively — o).
The Sobolev space with variable exponent W!»)(Q) is defined by
WP(Q) = {u € LPY(Q); d u e LPY(Q), ie(l,...,N}).
Then W!P™(Q) is a Banach space equipped with the norm

”u”p(x) = |u(x)|p(x) + |Vu(-x)|p(x)~

As shown by Zhikov [27, 28] the smooth functions are in general not dense in WLP@(Q), but if the
exponent variable p in C,(Q) is logarithmic Holder continuous, that is,

1
Ip(x) = py)I < forall x,y € Q suchthat |x —y| < 5

log(lx - yI)

then the smooth functions are dense in W'”)(Q). The Sobolev space with zero boundary values
WS”’ (x)(Q) is defined as the closure of C’(€2) with respect to the norm || - [|,v). Of course, also the
norms |[ull iy = [Vlyy and |[ullpy = 2N, 10,uly) are equivalent norms in W(;’p(x)(Q). Note that
when s € C,(Q) and s(x) < p*(x) for all x € Q, where p*(x) = A],Vf—[% if p(x) < N and p*(x) = o0
if p(x) > N, then the embedding Wé’p @(Q) < L’™(Q) is compact. Details, extensions and further
references can be found in [15]-[18].

Finally, we introduce a natural generalization of the function space W(; P (X)(Q), which will enable
us to study with sufficient accuracy problem (2.1). For this purpose, let 7 : Q — RY be the vectorial

function B(x) = (p1(x), p2(x), ..., py(x)) with p; € C.(Q), i € {1,...,N}. We define W5*7<">(Q), the
anisotropic variable exponent Sobolev space, as the closure of C;’(€2), with respect to the norm

N
el = " 105l
i=1

Wé”’ “(Q) is a reflexive Banach space.

As it was pointed out in [21],
The above definition shows that the anisotropic variable exponent Sobolev space WS’P (x)(Q) isa
function space of Sobolev’s type in which different space directions have different roles.
We refer to the books [2, 6, 8, 9, 23] for related results and complements.
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3 Main results

A central role in our analysis will be played by the vectors 7’>+, B_ e RN and by the positive numbers
P*, P*, P, P defined as follows:

7)) (ot + —P> (o -
+_(p1’p2"‘-’p[\/)’ —_(p17p25-"7p[\])9
Pl =max{p{,p;,....px}) P’ =max{p;,p;,....py)
P =min{p{,p3.....px} PZ = min{p,p;,.... Py}

Throughout this paper, we assume that

—> 1 (3.3)

This condition ensures that the anisotropic space Wé ’7(X)(Q) is embedded into some Lebesgue space
L’ (Q). If hypothesis (3.3) is no longer fulfilled, then one has embeddings into Orlicz or Holder
spaces.

Define P* € R* and P_, € R* by

N
Pl = ——, P_. = max{P*, P"}.
Zi:l n 1
First, we consider the case when f(x, u) = A(|u|?“~2u+u*~2u) in which the parameter A is positive
and ¢g(x), y(x) are continuous functions on Q. Problem (2.1) then becomes

N
= > 0, D) + bOONul™ 2 = A"+ ) in Q, 34)

i=1
u =0 ondQ.

Definition 3.1 A function u € Wé’?('x)(Q) is said to be a weak solution of problem (3.4) if and only
if

N

L { Z a;i(x,04,)0.¢ + b(x)lulpi_zugo — Au|? 2y — /lluly(x)_zutp} dx =0,
i=1

for all ¢ € WiP9(Q).

Our first result establishes that problem (3.4) has at least two distinct solutions in the case of small
perturbations. The exact statement of this result is given in what follows.

Theorem 3.1 Let g(x),y(x) € C.(Q) with Pt < q <qx) < q" < P, y* < P_. Then there
exists A > 0 such that for any A € (0, X%), problem (3.4) has at least two distinct, nontrivial weak
solutions.

Next, we consider problem (2.1) in the case when f(x, u) = Alu|?2u + ulul”®~?u. We assume that
A, u are parameters such that A2 + u? # 0. Thus, we study the nonlinear problem

N

- Z Oy, a;(x, 0y,u) + bl 2u = Au?2u + wlul”@ 2y in Q,
=1

u = 0 on 0Q.

(3.5)
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Definition 3.2 A function u € WS’?(X)(Q) is said to be a weak solution of problem (3.5) if and only
if

N
f { > aix,0.)0. + D™ up = Al 2ug =l ug) dx = 0,
Q

i=1
forall g € WPDQ),

In what follows, similarly to the result named “concave and convex nonlinearities” for the
Laplace operator in [25], we establish the following multiplicity property.

Theorem 3.2 Let g, y € C(Q) with P* < ¢~ < q(x) < g* < P*, y* < P~. Then the following
properties hold:

(i) forevery A > 0, u € R, problem (3.5) has a sequence of weak solutions (xuy;) with high energy
solutions;

(i) for every u > 0, 1 € R, problem (3.5) has a sequence of weak solutions (+vy) with small
energy solutions.

It should be noticed that by conditions in Theorems 3.1 and 3.2, we have

P_o =max{P*,P'} = P*

4 Notations and auxiliary results
We start by recalling a theorem concerning the embedding of the anisotropic Sobolev space WS ’?(x)(Q)
into the Lebesgue space with variable exponent LI (Q).

Proposition 4.1 (see [21]) Let Q c RN (N > 3) is a bounded domain with smooth boundary. As-
sume relation (3.3) is satisfied and that g € C(Q) verifies

1<g(x) <P, forall xeQ. (4.6)

Then the embedding
W, POQ) = L19(Q)

is compact.

Since W(; P (QY) is a reflexive and separable Banach space, then (W(; P (Q))* is too. There exist

(see [26]) {e;} ¢ Wy P®(Q) and {e7) < (W, 7(€Q))" such that

Wév_ﬁ(x)(g) = span {ej 1j= 1,2,..},

(W(iv?(x)(g))* = Sspan {ej . J = 1,2’ }’
and
w1 if i=j,
(ei, €5) —{ 0 if i+

where ( - ) denote the duality product between W(; ’?(x)(Q) and (W(; ’?(X)(Q))*. We define

k o0
X;j=spanfe)), Yi=EDx, z=Ex;.
=1 =k
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Lemma 4.1 (see [12]) Assume that g(x),y(x) € C+(§) and q(x),y(x) < P_, forallx e Q. Denote
Br = sup{lulpawy; lull =1, u € Zy}, 6 = sup{lulpow); llull =1, u € Z.
Then limk_m,Bk = 0, limk_m Qk =0.

A central role in our arguments will be played by the fountain theorem, which is due to Bartsch
[4]. This result is nicely presented in Willem [25] by using the quantitative deformation lemma.
We also point out that the dual version of the fountain theorem is due to Bartsch and Willem, see
[25]. Both the fountain theorem and its dual form are effective tools for studying the existence of
infinitely many large or small energy solutions. It should be noted that the Palais-Smale condition
plays an important role for these theorems and their applications.

Lemma 4.2 (Fountain theorem, see [25]). Let I € C'(X,R) be an even functional, where (X, || .|)) is
a separable and reflexive Banach space. Suppose that for every k € N, there exist py > r; > 0 such
that

HY) inf{I(u) : u€Z, ||lul|l = r} — +00 as k — +oo.
(H2) max{I(u) : ueYy, |lull=pc} <0.

(H3) [ satisfies the Palais-Smale condition for every ¢ > 0.
Then I has an unbounded sequence of critical values.

Lemma 4.3 (Dual fountain theorem, see [25]). Assume (H1) is satisfied and there is ko > 0 so that,
for each k > ky, there exist py > r; > 0 such that

D) ar =inf{I(u) : u € Z, |lull = pe} > 0.

J2) by =max{l(u) : ueYy, |lu| =r} <O.

J3) dy =inflI(w) : uez, |lull <pi} — 0ask — +oo.

(J4) I satisfies the (PS ) condition for every ¢ € [dy,,0).

Then I has a sequence of negative critical values converging to 0.

Definition 4.1 We say that the functional I satisfies the (PS) condition (with respect to (Y,)), if
any sequence (u;) C X such that nj — +oo, u,, € Y, I(un;) — ¢ and (Ilynj)’(u,,j) — 0, contain a
subsequence converging to a critical point of I.

In the present paper we choose X = WS’T;(X)(Q). To apply the fountain theorem and the dual
fountain theorem, we will operate with energy functionals and rely on the critical point theory. This
is why we provide properties of some of the functionals that will be involved in our future calculus.
We start with A; : X - R, i € {1,..., N}, defined by

Ai(u) = LA,»(x, Oy, u) dx.
forall u € X.
Proposition 4.2 (see [19]) Forie{l,...,N},
(i) the functional A; is well-defined on X,
(if) the functional A; is of class C'(X,R) and
w9 = [ a 0,00, 0

forall u,¢ € X. In addition A; is continuous, bounded and strictly monotone.

(iii) A; is weakly lower semi-continuous.
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Denote by A : X — R the functional

N
A = Ai ,8), d
() fgzl] (x, B, u)dx

We recall the following result concerning the functional A.

Lemma 4.4 (see [20]) Assume that the sequence (u,) converges weakly to u in X and

N
lim supf Z a;(x, Ox,uy)(Ox,upy — Ox,u) dx < 0.
n—oo Q i=1
Then (u,) converges strongly to u in X.

In the sequel, we use c;, to denote the general nonnegative or positive constant (the exact value may
change from line to line).

5 Existence of two solutions

This section is devoted to the proof of Theorem 3.1, which is essentially based on the mountain pass
theorem [3] combined with the Ekeland variational principle [11]. We refer to the recent paper [22]
for several relevant applications of the mountain pass theorem.

Let us define the functional 7, : X — R by

N
b
L(u) = fQ {;’/1,4(;@&)&”)Jr }();C)

Then, the functional I, associated with problem (3.4) is well defined and of C'! class on X. Moreover,
we have

" A A
|u|P+ _ _|u|q(X) _ _|u|7(x) dx.
q(x) y(x)

N

(Iy(uw), ) = f { Z ai(x, 0y, 105, + b(x)|ul"* 2up—
Q0

Aul™2ugp = Al 2ug) dx,

for all u, ¢ € X. Thus, weak solutions of problem (3.4) are exactly the critical points of the functional
I,. Due to the Proposition 4.2, we can show that I, is weakly lower semi-continuous in X. The
following lemma plays an important role in our arguments.

Lemma 5.1 The following assertions hold:

(i) there exist ¥ > 0 and 6,r > 0 such that for any A € (0, 1), we have I(u) > 6 for all u € X
with ||u|| = r;

(ii) there exists ¢ € X, ¢ # 0, such that lim;_,, I,(tp) = —co;
(iii) there exists y € X, ¥ > 0, ¢ # 0 such that Li(ty) < 0 for all t > 0 small enough.

Proof. (i) Since g(x) and y(x) fulfil (4.6), by Proposition 4.1, we deduce that X is continuously
embedded in LI¥(Q) and LYW (Q). It follows that there exist two positive constants c¢; and ¢, such
that

f " Odx < i (llll” + ), (5.7)
Q

and

f ez < co(|lull” + lull””), (5.8)
Q
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for all u € X. Using the hypothesis (A2), (B), relations (5.7) and (5.8) yield

N
b(x A
L = f { 000+ 2 = Lt iy
p Py q(x) y(x)
ul Acy (5.9)
— pi(x) qa q* .
:Z, f Ol Velx + P+|u|L,,+(Q) o (1l + )

=22+ ),

Next, we focus our attention on the case when u € X and ||u|| < 1. For such an element u, we have
|0x,ulp0 <1, i € {1,..., N} and by Proposition 2.2, we obtain

N N . N
pi(x) Z Pi Z
Z fg 0l dx 2 ) 10xul, ) = |ax:“'p )
i=1 i=1 i=1

N (5.10)
s (ZE Pt
- N © NP
Using (B), we can write
1 P
P_+ Lb(x)lul dx > _|M|LP*(9) > 0. (5.11)

Taking into consideration (5.10) and (5.11), the inequality (5.9) reduces to

el P+ Acig 0 g Ay g o "
LW 2 g —q—(n |+ [lul )—7(||u|| + )
> [ealiull™ = cadQlull”” + )]

+|ealiull™* = esAdludl?” + ).
Since the function g : [0, 1] — R defined by
g(t) = c3 — cat? P — eyt P

is positive in a neighborhood of the origin, it follows that there exists r € (0, 1) such that g(r) > 0.
On the other hand, defining

. C3 . o o
A" =m1n{1,2—m1n{rP+ LA it }},
Cs

we deduce that, provided 4 < A%, there exists ¢ > 0 such that for any u € X with ||u|| = r we have
I/](u) > 0.
(ii) From (Ag) and (Ay), we have

1
Ai(x,m) = j(; ai(x, tmndt < ce(Inl + T|,7|p,(x))

for all x € Q and n € RN, where ¢ = maxe(1,.. n) Ci- Therefore

N N i
|3x'u|p,(X)
Ai(x, O u)dx < c f |0 ul + ————)dx
L ; ‘ ; Q ( pi(x) )
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Lety € C(‘;"(Q), ¢ # 0. For any t > 1, we find

N
() + X X
neo) = | | ZA-(x D09 + 2™ = gl - )
Bx p,(x) 1
<e0) fg 0, ()] + 2 '(f)') Jix+ 5o | b ax
] — to|"™ g P — o™ 4
[ = e s S

_ 2 .
ey [ (|axi¢|+wa,.govm)dﬁF [ st ax
i=1 - +

Since Pf < g~, we infer that lim,_,, 1(fp) = —co.
(iii) Let y € C7(Q), ¥ 2 0, # 0,1 € (0, 1). By (Ap) and (A1), we find

=

_ () A e _ A
L) = [:1 i(x, Oy, - Sl - o bdx
i(x)
cs fg |ax,(w/>|+'x‘(f)')p )dx +% bOOll” dx

i=

1
-2 a() 4 /lf Y0 g
fg q( )W/| e )/(JC)W| !

- . 1 '
ey [ (s01+ etosur @) T [ oo™ ax
i=1 - +

1
forall t < p# ", with

A Jo WP Vdx

O<p<min{1

The proof of Lemma 5.1 is complete.

Lemma 5.2 The functional 1, satisfies the Palais-Smale condition in X.

Proof. Let (u,) C X be a sequence such that

L(w,) »c;  and  [j(u,) > 0as n— co.

oo Xy Jo (0501 + 10,0170 ) dx + 35 [ bGP dx]}'

(5.12)

We claim that (u,) is bounded. Arguing by contradiction. We assume that, passing eventually to a
subsequence still denote by (u,), ||u,|| — o0 as n — oo. Using relation (5.12), for n large enough, we
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have

L
I+ c7 + ”un” = I/l(un) - _<I (un) un)

A
> A (X 6xlun) + _b(x)lun|P - _| n|q(X) |un|7(X) dx
Zf q(x) y(x) ]
Ly L2000+ b0l = At = 2]
q9 —Ja (5.13)
> 1
= Ai(xy 6)(;”11) - _ai(xs ax1 un)ax;un dx
2 7 1
1 1 f P 1 1
+H=-—) | bl dx + /lf — = —— )" dx
(Pi ql—) X g(q‘ gq(x ))
-1 (— = — " dx.
Y g
From (A,), forall x e Qandi € {1,..., N} we have
ai(x5 axiun)axiun < Pi(x)Ai(X, ax;un) < P:Ai(xs axiun),
which implies
1 Pt
_Tai(xs axiun)axi Up 2 _TAi(x’ axiun)~
q q
Joining together the previous inequality into relation (5.13) we obtain
P .
L+cr+llunll 2 (1 - — fAi(x, Oy, un)dx — cgllul” .
( q ) ; Q
Again from (A;) we have
1 w5 1 )
Ai(x, 0xuty) = ——0x,up|"" > — |0, u, ",
i l(x) i Pi i
forallx e Qandi € {1,...,N}, thus
o lull 2 (57 = — Z f 104" dix = el (5.14)

Foreachie€{l,2,...,N}and n we define

0 = Pi if |6xl.un|p‘.(x) <1,
i Pz if |ax,-un|p,-(x) > 1.

Using Proposition 2.2 and Jensen’s inequality (applied to the convex function # : R* — R*, A(r) =
7=, P~ > 1) or the generalized mean inequality, for n large enough we have

N N

> f T Y N Tt e
- Q - !
i=1 i=1

N
> Y 0sttalyy — D (0nttalyy = sl
1T pi(x) X pi(x) X pi(x)
= (ia=P}) (5.15)
Sty 10 unl P\ p-
ZN(T) _
Nl

= NPT
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Taking into consideration (5.15), we get

1 1

1+ c7 + luall 2 (P_i - ;)(

lla]|™

Np=-1

= N) = csllu|l”".

Dividing the above inequality by ||u,||’~ and passing to the limit as n — co we obtain a contradiction,
since g~ > PY and P~ > y*. It follows that (u,) is bounded in X. This information combined with
the fact that X is reflexive implies that there exists a subsequence, still denote by (u,), and uy € X
such that (u,) converges weakly to ug in X.
Using (5.12) we infer that
r}l_)r{i,([,/l(un)a u, — up) =0,

more precisely,
N

lim f a;(x, Ox,uy)(Ox,uy — Oyx,up)+
n—o Jo [ Z 0

i=1

Dl ~ 1)~

Aty = ul™™ = Aty = g ]dx = 0.
Note that g(x),y(x) and P? fulfill (4.6), hence Proposition 4.1 yields that the embeddings X —
LIYQ), X — L9(Q) and X — LF*(Q) are compact. Thus (u,) converges strongly to uy in
LIO(Q), L' (Q) and also in L"*(Q). By these facts and using Propositions 2.1-2.2, relation (5.16)
reduces to

(5.16)

N
lim f Z a;1(x, B, ) (D, ty, — B, 1g) dx = .
n—oo Q P

Using Lemma 4.4, we deduce that (u,,) converges strongly to i in X, in other words I, satisfies the
Palais-Smale condition.

5.1 Proof of Theorem 3.1 concluded

By Lemmas 5.1 and 5.2, all assumptions of the mountain pass theorem in [3] are satisfied. Then
we deduce 1 as a nontrivial critical point of the functional I, with 1;(ug) = ¢7 and thus a nontrivial
weak solution of problem (3.4).

We now prove that there exists a second weak solution u#; € X such that u; # up. Indeed, let 2*
as in the proof of Lemma 5.1(i) and assume that 1 < 1*. By Lemma 5.1(i), it follows that on the
boundary of the ball centered at the origin and of radius r in X, denoted by B,(0) = {w € X; |lw|| < 7},
we have

inf I,(u) > 0.
8B,(0)

On the other hand, by Lemma 5.1(iii), there exists ¢ € X such that
I(t¢) <0 for ¢>0 small enough.
Moreover, for u € B,(0),
L) > [esllull™ = cad(lilt® + 11l + [ealiall™ = esadludl?” + lul)]-
It follows that

—o0 < ¢g = inf I)(u) <O0.
B,(0)

We let now 0 < & < infgp, )[4 — infp.) 1. Applying Ekeland variational principle [11] to the
functional I, : B,(0) — R, we find u, € B,(0) such that

L(u,) <inf I +¢
B,(0)
I/l(us) < I/l(u) + 8”” - us”’ U F Ug.
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Since

L(u) < inf [ +e< inf I + & < inf I,
B,(0) B (0) 0B,(0)

we deduce that u, € B,(0). Now, we define K : B,(0) - R by K(u) = I(u) + €llu — u.l|. It is clear
that u, is a minimum point of K and thus

K(ug + tv) — K(ug) S

O,
t

for small 7 > 0 and v € B,(0). The above relation yields

Li(ug + tv) — Ii(ug)

+ g|v|| = 0.

Letting ¢ — 0 it follows that (I (u), v) + &[[v]| > 0 and we infer that ||I’,(u,)]| < &. We deduce that
there exists a sequence (v,) C B,(0) such that

L(vy) » ¢ and Ij(v,) > 0. (5.17)

It is clear that (v,) is bounded in X. Thus, there exists u#; € X such that, up to a subsequence, (v,)
converges weakly to u; in X. Actually, with similar arguments as those used in the proof that the
sequence u, — Uy in X we can show that v, — u; in X. Thus, by relation (5.17),

L) =c9<0 and () =0,

hence u; is a nontrivial weak solution for problem (3.4). ]

Finally, since
L(ug) = ¢7 > 0> cg = Ij(uy),

we see that uy # u;. Thus, problem (3.4) has two nontrivial weak solutions.

6 Infinitely many high or small energy solutions

Since in this section, we are concerned with the existence of multiple weak solutions of problem
(3.5), we begin by giving the definition of such solutions.

Definition 6.1 A function u € X which verifies

N

f { " aix, 0:)0. + DO up = Aul™2ug =l 2ug) dx = 0,
Qi

forall ¢ € X is called a weak solution of problem (3.5).

We associate to problem (3.5) the energy functional I, , : X — R defined by

N
b(x) p+ A u :
I,(u) =f E Ai(x, O u) + ——[ul™ — ——[u?Y — —— "V} dx.
e ol - P q(x) )

Due to Proposition 4.2, by a standard calculus it can be shown that 7, , is well defined and I, €
C'(X,R) with

N

(I, (), @) = f {3 aitx, 0,005 + OOl 2ugp — A" 2up - plul™ug)} dx,
Q=
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for all u, ¢ € X. Hence any critical point u € X of 1, is a weak solution of problem (3.5).

We will use Lemma 4.2 to prove Theorem 3.2 (i) and Lemma 4.3 to prove Theorem 3.2 (ii),
respectively. We will show that hypotheses (H1)-(H3) and (J1)-(J4) are fulfilled. To this end we
will prove the following auxiliary results.

Lemma 6.1 For every k € N, there exists ry > 0 such that inf ez, |uy=r, Lo (W) — +0o, when k —
+o00.

Proof. By (A2) and (B) for any u € Z, ||u|| = ry > 1 (r; will be specified below), when 4 > 0,u € R
we have

I/l,,u(u) = f

(x) ; g0 _ @) g
g ﬂﬂ' S e

Zf |0 M|Px(x) dx+ — f|M|P di— 2= f ()7 dx — wf _|M|y(x) dx
; colul, o+
> — 10 ,.u|”‘(x) dx + —0|u|P*+ 4 f ]9 dx — .
Py ;L ' L N Y

Taking into consideration relations (5.11) and (5.15), the inequality (6.18) reduces to

ual| P~ . crolul
mM_PWA— |l m“MV

(6.18)

Since P~ > y*, there exists ryp > 0 large enough such that C“"’” SOyl < ||u||Pf asr = ||ul| = ro.
If ulyy < 1 then [ [ul"dx < |ul?,

(,Bkllull)" . So, we conclude that

2P+NP‘

() q*
g S 1. However, 1f [ulgy > 1 then fglulq"dx < Iulq(x) <

Ac .
ol ™~ = 22 if fulgn < 1,

q
pl o
llll™ = 2 Billul)” if lulge > 1,

I/Lﬂ(u) Z { 2P+NP -1

2P+NP -1

W” ull™- ——(ﬂk||u||)q - .
Choose 1 = (%NP’_IQJ:BZ )P:f. Then
1,1 1,
Lyp(u) 2 F(E - q_+)rk —cjp = +00 as k — +oo,

because PT < ¢~ < g* and By — 0 as k — +oo. So, we can deduce for u € Z; with |lul| = r, > 1,
In, (1) = +0c0 as k — +oo and the proof is complete.

Lemma 6.2 For every k € N there exists px > ry (ry given by Lemma 6.1) such that

max [y, (u) <0.
u€Yy, |lull=px
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Proof. From (Ay) and (Aj), for any u € Y;\{O} with ||y|| = 1 and 1 < p; = #; with f — oo,
A>0, ueR, we have

N
1 . 1
L) = f Ai(x, 0, (fruw))dx + — f b(x)|rulPdx — A f —— |tulY dx
s o ; Pi Jo o q4(x)

1
| —lul™ dx
K f 70
10, (txu)|Pi™) 1
<c62 f 10, (110)] + "( ) )dx+ - B b(x)ltkuIP dx

- f ettt + f ™ dx
q e Y Ja b
- O oo
<cet* O ul+ ———)d b d
ool Zl fg (10 + =) + BT, Pl dx

- Il .
- f |9 dx + —* f lul"™ dx.
q Q Y Q

Since dimY; < oo and all norms are equivalent in the finite dimensional space, it is easy to see that
I(txu) — —co as k — +oo for u € ¥y, due to PY < g~ and y* < PZ. Therefore, we deduce that for oy
large enough (ox > 71), MaX,ey,, jul=p; Lo (1) < 0.

Lemma 6.3 The energy functional 1, satisfies the Palais-Smale condition.

Proof. The proof is similar to that of Lemma 5.2 if we use the following inequality
L
1+ ci3+ ||I/t,,|| 2 I/I,u(un) - q_7<1,1#(un), un)-

Now, we want to construct the geometry of the dual fountain theorem. We will show that when
u >0, 1€ R, hypotheses (J1)-(J4) are fulfilled.

Lemma 6.4 Thereis ko > 0 so that, for each k > ko, there exists py > 0 such thatinf ez, ju=p, 11, (1) =
0.

Proof. By (A2), relations (5.10) and (5.11), for any u € Z; we have

A
1 () =f ZA(X 7)) (x) q(x)lulqm e )|u|y(x)}

ciald
> e D [ o g~ S dx =2 | s ax
P (Q)

1 Pt C14|/1|
> ——— [l = ——|lull” - = |u|7<">dx
PIN™ Y Ja

Since P} < g~ there exists pp > 0 small enough such that "‘L]“—_M‘Ilull‘f < 2P+N,,+ ||u||P+ as0 < p=

[l]l < po. Then from the proof above, we have

B if iy < 1,
D= @ . 6.19
1) { Ll @Y il > 1. 19
+ArPE=1, " -
Choose oy = (M)P " Then
Pt P+
Liy(u) > 2P+NP* Pk (4 2P+NP+ P ()
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Since P} = PZ > v*, 6 — 0, we know py — 0 as k — oo. So we can deduce for u € Z; with
lleell = oxs Lo (u) 2 0.

Lemma 6.5 For every k > kg there exists ry < pi ( px given by Lemma 6.4 ) such that

max [I,(u) <0 as k— +oo.
ueYy, llull=ry

Proof. From (Ay) and (A;), forv € Y with |[|v|| = 1 and 0 < < px < 1, we have

6}6 pi(x) 1 .
Ly (1v) <062 f 0, ()] + 22T ()l) )dx 5 b(0)ltvI™ dx

+| |ftq(x)|v|q(X) dx — fﬂ(x)lvl)’(x) dx
| v |px(X) tPI pr
< - i +
cst” }: f (901 + =)+ G | beoil™ ax

At
S '_ f V]9 dx — f ™ dx.
q Q

Since dim Y; = k, conditions y* < P~ and P} < g~ imply that there exists a ry € (0, o) such that
I (u) < O when |lul| = ry. Hence by = max{l,(u) : u € Y, |lull = rx} < 0 and the proof is
complete.

Lemma 6.6 For every k > ko and py given by Lemma 6.4, we have

inf I, (u)— 0.

u€Zy, |lull<px
Proof. Because Y, N Z; # 0 and r, < py, we have
di = inf{ly () : u € Zy, llull < pr} < by = max{l,(u) : u€Yy, |lull =r}<0.
From (6.19), for u € Z, ||u|]| < px small enough we can write

L gu(u) [+ — £ L7 lul”

> S
> — 207 ",

hence dy — 0, due to 6y — 0 and p; — 0 as k — +oo,

Lemma 6.7 The functional I, satisfies the (PS); condition for every c € [dy,,0).

Proof. Suppose (u,,) C X such that nj — +oo, u,, € Y,,; and (Il,#|yn/_)’(un/.) — 0. Assume [ju,|| > 1

for convenience. If A > 0, for n large enough, we have

1 !
1+ Ci6 + ”unj” 2 I/l,y(un,') - qf(lgyﬂ(unj)v unj>

Pz
> (3 - Nt ) - o

Since P~ > y* and g~ > P}, we deduce that (u,,) is bounded in X.
If A < 0, for n large enough, we can consider the inequality below to get the boundedness of (u,,,).

L
I+ c1g + ”un,” > I/I,y(un,v) - q_+<1/hﬂ(unj)’ un,v>-



Qualitative Properties of Anisotropic Elliptic Schrédinger Equations 735

Passing if necessary to a subsequence, we can assume u,, — uin X. As X = U,,Y,,, we can choose
Vu; € Yy, such that v, — u. Hence

limn,-~>+oo<1/’1’ﬂ(un‘,v)’ Un; — uy = ’1/11)11100<I;1’/1(un_,-)’ Up; — an>

+ lim {5 (u,),v,, —u
”/__mx]( e (Un))s Vi, — )

= Jim (b, Y ) e, = v, )

=0.

Similar to the process of verifying the Palais-Smale condition in the proof of Lemma 5.2, we con-
clude u,; — u, furthermore we have Iiﬂ(unj) - I;#(u).
Let us prove I;#(u) = 0 below. Taking wy € Y, notice that when n; > k we have

), 0 = T @) = 1 (), i + L (), i)
= (I, 0) = I ), 00) + ((Lagly, ) (1), ).

Going to the limit on the right side of the above equation reaches
(L), =0,  forall wy €Yy,

SO I;’ ﬂ(u) = 0, this show that I, , satisfies the (PS);. condition for every ¢ € R.

6.1 Proof of Theorem 3.2 concluded

(i) The fact that the mapping A; is even in 5 implies that I, ;, is even. The proof follows immediately
from Lemmas 6.1-6.3 and Lemma 4.2.
(ii) This follows by combining Lemmas 6.4-6.7 and Lemma 4.3. O
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