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Existence and multiplicity of solutions
for double-phase Robin problems

Nikolaos S. Papageorgiou, Vicentiu D. Radulescu and Dusan D. Repovs

ABSTRACT

We consider a double phase Robin problem with a Carathéodory nonlinearity. When the reaction
is superlinear but without satisfying the Ambrosetti-Rabinowitz condition, we prove an existence
theorem. When the reaction is resonant, we prove a multiplicity theorem. Our approach is Morse
theoretic, using the notion of homological local linking.

1. Introduction

Let © C RY be a bounded domain with Lipschitz boundary 9. In this paper, we study the
following two phase Robin problem
—div (ag(2)|DulP2Du) — Agu + £(2)|[ulP2u = f(z,u) in Q
% + B(2)|ulP2u=0 on 09,
where 1 < ¢ <p < N.

In this problem, the weight ag : © — R is Lipschitz continuous and ag(z) > 0 for all z € Q.
The potential function & € L>°(Q) satisfies £(z) > 0 for a.a. z € Q, while the reaction term
f(z,z) is Carathéodory (that is, for all € R, the mapping z — f(z, ) is measurable and for
a.a. z € ) the function x — f(z,z) is continuous; the abbreviation ‘a.a.” stands for ‘almost
all’). Let F(z,-) be the primitive of f(z,), that is, F(z,x) = [; f(2,s)ds. We assume that for
a.a. z € Q, F(z,-) is ¢-linear near the origin. On the other hand, near +oo, we consider two
distinct cases for f(z,-).

(1)

(i) For a.a. z € Q, f(z,-) is (p — 1)-superlinear but without satisfying the Ambrosetti-
Rabinowitz condition (the AR-condition for short), which is common in the literature when
dealing with superlinear problems.

(ii) For a.a.z € Q, f(z,-) is (p — 1)-linear and possibly resonant with respect to the principal
eigenvalue of the weighted p-Laplacian

u > —div (ag(2)|DulP~? Du)
with Robin boundary condition.

In the boundary condition, %‘9 denotes the conormal derivative of u corresponding to the
modular function 6(z,x) = ag(z)zP + 27 for all z € Q, all x > 0. We interpret this derivative
via the nonlinear Green identity (see [18, p. 34]) and

ou

Frv [ao(2)|DulP~2 4 | Du|??] % for all u € C*(Q),
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with n(-) being the outward unit normal on 9€2. The boundary coefficient [ satisfies 8 €
C%(0Q) with 0 < o < 1 and S(z) = 0 for all z € 9.

The differential operator in problem (1) is a weighted (p,q)-Laplace operator and it
corresponds to the energy functional

u / [ap(2)|DulP 4+ |Du|?]dz.
Q

Since we do not assume that the weight function ao(z) is bounded away from zero, the
continuous integrand 6 :  x RN — R of this integral functional exhibits unbalanced growth,
namely

ly|? < 0o(z,y) < co(1+ |y|P) for a.a. 2 € Q, all y € RY and some ¢y > 0.

Such integral functionals were first investigated by Marcellini [14] and Zhikov [22], in
connection with problems in nonlinear elasticity theory. Recently, Baroni, Colombo and
Mingione [3] and Colombo and Mingione [6, 7] revived the interest in them and produced
important local regularity results for the minimizers of such functionals. A global regularity
theory for such problems remains elusive.

In this paper, using tools from Morse theory (in particular, critical groups), we prove
an existence theorem (for the superlinear case) and a multiplicity theorem (for the linear
resonant case). Existence and multiplicity results for two phase problems were proved recently
by Cencelj, R&dulescu and Repovs [4] (problems with variable growth), Colasuonno and
Squassina [5] (eigenvalue problems), Liu and Dai [13] (existence of solutions for problems
with superlinear reaction), Papageorgiou, Ridulescu and Repovs [19] (multiple solutions
for superlinear problems), and Papageorgiou, Vetro and Vetro [20] (parametric Dirichlet
problems). The approach in all the aforementioned works is different and the hypotheses on
the reaction are more restrictive.

Finally, we mention that (p,q)-equations arise in many mathematical models of physical
processes. We refer to the very recent works of Bahrouni, Radulescu and Repovs [1, 2] and
the references therein.

2. Mathematical background

The study of two-phase problems requires the use of Musielak—Orlicz spaces. So, let 6 : Q x
R, — R4 be the modular function defined by

0(z,x) = ap(z)z? +a? for all z € Q, = > 0.
This is a generalized N-function (see Musielak [16]) and it satisfies
0(z,2x) < 2P0(z,x) for all z € Q, = > 0,
that is, 0(z, -) satisfies the (As)-property (see [16, p. 52]). Using the modular function 6(z, x),
we can define the Musielak—Orlicz space L?(Q) as follows:

L'(Q) = {u : Q = R; w is measurable and / 0(z, |ul)dz < oo}.
Q

This space is equipped with the so-called ‘Luxemburg norm’ defined by

||u||e=inf{>\>0: /e(z, |u|)dz<1}.
a A

Using L?(€2), we can define the following Sobolev-type space W'¢(Q), by setting
W9 (Q) = {uec L’(Q): |Du| € LY(Q)}.
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We equip W?(Q) with the norm || - || defined by
[ull = llullo + | Dulls,

where ||Dullg = || |Dul| ||g. The spaces L(Q) and W1? () are separable and uniformly convex
(hence reflexive) Banach spaces.

Let 6(z,z) be another modular function. We say that ‘0 is weaker than 6’ and write < 6,
if there exist c1, co > 0 and a function € L*(£2) such that

0(z,2) < c10(z, con) +n(2) for a.a. z € Q and all > 0.
Then we have
L'(Q) — Lé(Q) and WH9(Q) — Wl"é(Q) continuously.
Combining this fact with the classical Sobolev embedding theorem, we obtain the following
embeddings; see Propositions 2.15 and 2.18 of Colasuonno and Squassina [5].
PROPOSITION 1. We assume that 1 < ¢ < p < co. Then the following properties hold.
(a) If g # N, then W19 (Q) < L"(Q) continuously for all 1 < r < q*, where

Ngq
+00 ifg> N

ifg< N

) If g = N, then W0 (Q) < L"(Q) continuously for all 1 < r < oc.
(c) If ¢ < N, then WH9(Q) < L"(Q) compactly for all 1 < r < ¢*.
) Ifq > N, then W19(Q) < L>(Q) compactly.

)

LP(Q) = LY(Q) — L? (Q)N LI(Q)

with both embeddings being continuous.
We consider the modular function

po(u) = / 0(z,|Dul)dz = /[ao(z)\DuV) + |Dul|9)dz for all u € Wl’e(Q).
Q Q

There is a close relationship between the norm || - || of W?(Q) and the modular functional
po(+); see Proposition 2.1 of Liu and Dai [13].

PROPOSITION 2. (a) Ifu # 0, then ||Dullg = A if and only if pg(§) < 1.
(b) ||Dullo < 1 (respectively, =1, > 1) if and only if pp(u) < 1 (respectively, =1, > 1).
() If [ Dully < 1, then | Dully < pau) < | Dull.

(d) 1f [ Dully > 1, then | Dull§ < po(u) < || Dulf.

(e) ||Dullp — 0 if and only if pg(u) — 0.

(f) ||Dullg — +oo if and only if pg(u) — +o0.

On 99 we consider the (N — 1)-dimensional Hausdorff (surface) measure o(-). Using this
measure, we can define in the usual way the ‘boundary’ Lebesgue spaces L*(92) for 1 < s < oo.
It is well known that there exists a unique continuous linear map o : WH4(Q) — L7(09),
known as the ‘trace map’, such that

Yo(u) = ulaq for all w € WH1(Q) N C(Q).
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‘We have
1 1 1
imyy = Wq/’q(Q) ( + -~ = 1) and kel"% = Wolq(Q)
q q

Moreover, the trace map 7o(-) is compact into L*(9€) for all 1 < s < (N —1)g/(N —q) if
q < N, and for all 1 < s < oo if ¢ > N. In what follows, for the sake of notational simplicity,
we drop the use of the trace map 7o(-). All restrictions of the Sobolev functions on the boundary
0f) are understood in the sense of traces.

Let (-,-) denote the duality brackets for the pair (W1¢(Q), W19(Q)*) and (-,-); , denote
the duality brackets for the pair (W"4(Q), W"4(€)*). We introduce the maps A% : Who(Q) —
WLO(Q)* and A, : WH(Q) — Wh4(Q)* defined by

(A0 (u), h) = / ao(2)|Du|P~3(Du, Dh)g~dz for all u,h € WH9(Q),
Q

(Ay(u), )14 = / | Du|?2(Du, Dh)g~dz for all u,h € WhH(Q).
Q

‘We have
(A (u),h)1.4 = (Ay(u),h) for all u,h € WH9(Q).

We introduce the following hypotheses on the weight ag(-) and on the coefficients £(-) and
B().

Ho: ag : © — R is Lipschitz continuous, ag(z) > 0 for all z € Q, £ € L*°(Q), £(z) = 0 for a.a.
2€Q,8€Ch0N) with0<a<1,6#£0o0r 3#0and ¢ > Np/(N+p—1).

REMARK 1. The latter condition on the exponent ¢ implies that W1?(Q) < LP(952)
compactly and ¢ < p*.

We introduce the C''-functional 7, : W1?(Q) — R defined by

vp(u) = /an(z)\Dudez + /Qf(z)|u|”dz + /89 B(z)|ulPdo for all u € Wl"‘g(Q).

Then hypotheses Hp, Lemma 4.11 of Mugnai and Papageorgiou [15], and Proposition 2.4 of
Gasinski and Papageorgiou [10], imply

c1 |lull? < 7p(u) for some ¢; > 0, all u € WH9(Q). (2)

We denote by 5\1(p) the first (principal) eigenvalue of the following nonlinear eigenvalue
problem

—div (ag(2)|DulP~2Du) + £(2)|uP~2u = Nu[P~2u  in Q

ou

3)
- p=2, —
an, + B(2)|ulP"Fu=0 on ON).

Here, 8‘97“ = |Du|p_22—z. The eigenvalue 5\1(p) has the following variational characterization
P

A1(p) = inf{fﬁz(ﬁg cu e WHP(Q)\ {O}} (see [17]). (4)
P

Then by (2), we see that M (p) > 0. This eigenvalue is simple (that is, if @, 0 are corresponding

eigenfunctions, then 4 = no with 7 € R\ {0}) and isolated (that is, if 5(p) denotes the spectrum

of (3), then we can find £ > 0 such that (A1(p), \1(p) + &) Na&(p) = 0). The infimum in (4) is

realized on the corresponding one-dimensional eigenspace, the elements of which have fixed
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sign. We denote by ,(p) the corresponding positive, LP-normalized (that is, |1 (p)|, = 1)
eigenfunction. We know that 4;(p) € L>°(Q) (see [5, Section 3.2]) and @1(p)(z) > 0 for a.a.
z € Q (see [19, Proposition 4]).

We will also use the spectrum of the following nonlinear eigenvalue problem

—Agu = Au|"%u in Q, gu _ 0 on 0.
on

It is well known that this problem has a sequence of variational eigenvalues {A(¢)}r>1 such

that Ax(g) = +00 as k — co. We have A;(q) = 0 < Aa(q) (see [9, Section 6.2]).
Let X be a Banach space and ¢ € C'(X,R). We denote by K the critical set of ¢, that is,

Ky={ueX: ¢'(u)=0}
Also, if n € R, then we set

¢"={ueX: ¢(u) <n}.

Consider a topological pair (A, B) such that B C A C X. Then for every k € Ny, we denote
by Hy(A, B) the kth-singular homology group for the pair (A, B) with coefficients in a field F
of characteristic zero (for example, F = R). Then each Hj (A, B) is an F-vector space and we
denote by dim Hy (A, B) its dimension. We also recall that the homeomorphisms induced by
maps of pairs and the boundary homomorphism 0, are all F-linear.

Suppose that u € K is isolated. Then for every k € Ny, we define the ‘k-critical group’ of ¢
at u by

Cr(p,u) = Hi(¢°NU,¢° N U\ {u}),

where U is an isolating neighborhood of u, that is, K, N U N ¢° = {u}. The excision property
of singular homology implies that this definition is independent of the choice of the isolating
neighborhood U.

We say that ¢ satisfies the ‘C-condition’ if it has the following property:

‘Every sequence {u,}n>1 € X such that {¢(u,)}n>1 € Ris bounded and
(1 + |Junl]|)¢' (us) — 0 in X* as n — oo, has a strongly convergent subsequence’.

Suppose that ¢ € C'(X,R) satisfies the C-condition and that inf ¢(K,) > —oo. Let ¢ <
inf ¢(K ). Then the critical groups of ¢ at infinity are defined by

Ci(¢,00) = Hi(X, ¢°) for all k € No.

On account of the second deformation theorem (see [18, Theorem 5.3.12, p. 386]) this definition
is independent of the choice of the level ¢ < inf ¢(K).

Our approach is based on the notion of local (m,n)-linking (m,n € N), sees [18, Definition
6.6.13, p. 534].

DEFINITION 3. Let X be a Banach space, ¢ € C*(X,R), and 0 an isolated critical point of ¢
with ¢(0) = 0. Let m,n € N. We say that ¢ has a ‘local (m,n)-linking’ near the origin if there
exist a neighborhood U of 0 and nonempty sets Fy, £ C U, and D C X such that 0 ¢ Fy C F,
EyND =0 and

(a) 0 is the only critical point of ¢ in ¢° NU;
(b) dimimi, — dimim j, > n, where

i* : Hm,—l(EO) — Hm—l(X \ D) and ]* : Hm—l(EO) — HnL—l(E)

are the homomorphisms induced by the inclusion maps i : Fg — X \ D and j : Ey — E;
(c) ¢l <0< dlunpfo}-
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REMARK 2. The notion of ‘local (m,n)-linking’ was introduced by Perera [21] as a
generalization of the concept of local linking due to Liu [12]. Here we introduce a slightly
more general version of this notion.

3. The superlinear case

In this section, we treat the superlinear case, that is, we assume that the reaction f(z, -) exhibits
(p — 1)-superlinear growth near +oo.

The hypotheses on f(z,z) are the following.

Hy: f: QxR — R is a Carathéodory function such that f(z,0) = 0 for a.a. z € Q and

() |f(z,2)| <a(z )(1 + |2|"71) for a.a. z € Q and all z € Q, with a € L>=(Q), p <r < ¢%;
(i) if F(z,z) fo (z,8)ds, then lim,_, 4 % = 400 uniformly for a.a. z € €;

(iii) if n(z,x) = f(z,7)z — pF(2,z), then there exists e € L*() such that
n(z,z) <n(z,y)+e(z) foraa. zeQandall 0 <z < yory <z <0
(iv) there exist § > 0, § € L>(2) and A > 0 such that
0<0(2) for aa. z€Q, 0#0, A< Xa(q),

0(2)|z|? < qF(z,2) < Mz|? for a.a. z € Q and all |2| < 6§

REMARK 3. Evidently, hypotheses H;(ii) and (iii) imply that for a.a. z € Q, the function
f(z,-) is superlinear. However, to express this superlinearity, we do not invoke the usual
AR-condition. We recall that the AR-condition says that there exist 7 > p and M > 0 such
that

0 < 7F(z,2) < f(z,z)x for a.a. z € Q and all |z| > M; and (5)
0 < essinfq F(-, £M). (6)
Integrating (5) and using (6), we obtain a weaker condition, namely

eolz|” < F(z,x) for a.a. z € Q, all |z] > M and some ¢y > 0,
= cslz|” < f(z,z)x for a.a. z € Q, all |z| > M and with ¢3 = 7¢o > 0.

Therefore, the AR-condition implies that, eventually, f(z,-) has at least (7 —1)-
polynomial growth.

In the present work, instead of the AR-condition, we use the quasimonotonicity hypothesis
H, (iii), which is less restrictive and incorporates in our framework also (p — 1)-superlinear
nonlinearities with slower growth near +oo (see the examples below). Hypothesis H; (iii) is a
slight generalization of a condition which can be found in Li and Yang [11]. There are very
natural ways to verify the quasimonotonicity condition. So, if there exists M > 0 such that for
a.a. z € (), either the function

_, 1)

|z]1=2x

is increasing on x > M and decreasing on x < —M

or the mapping
2+ n(z,x) is increasing on x > M and decreasing on = < —M,

then hypothesis H; (iii) holds.
Hypothesis H;(iv) implies that for a.a. z € €, the primitive F(z,-) is g-linear near 0.
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Examples. The following functions satisfy hypotheses H;. For the sake of simplicity, we drop
the z-dependence:

w2 if |z < 1
fl(.’ﬂ) = _9 ~
e

plz if |z] > 1 (with 0 < p < A2(g) and p <7 < ¢¥)
fol) pla] % if |[z] <1
x) = <
° pleP2xing + plz|" 22 if 2] > 1 (with 0 < u < A2(g) and 1 < 7 < p).

Note that only f; satisfies the AR-condition, whereas the function fs does not satisfy this
growth condition.
The energy functional for problem (1) is the C'-functional ¢ : W1?(Q) — R defined by

1 1
o(u) = E%(u) + p | Dul|? — / F(z,u)dz for all u € WH9(0Q).
Q
Next, we show that ¢(-) satisfies the C-condition.

PROPOSITION 4. If hypotheses Hy, Hy hold, then the functional ¢(-) satisfies the
C-condition.

Proof. We consider a sequence {u,},>1 € W5?(Q) such that

|o(un)| < ¢4 for some ¢4 > 0 and all n € N, (7)
(1 + [Jun|) ¢’ (un) — 0 in WHP(Q)* as n — oo. (8)
From (8), we have
O(u + U Uy, uphdz + U uphdo
(A3 (). 1) +Ag ) 1)+ [ €l bz + [ B b
(9)

eallh]
— | flz,u, hdz‘ < —,
/Q (2 un)hdz] < T

for all h € W19(Q), with &, — 0.
In (9), we choose h = u,, € W(Q) and obtain for all n € N

—/ao(z)|Dun|pdz—HDuan—/§(z)\un\pdz—/ ﬂ(z)|un|pda—|—/f(z,u,,l)undzgsn.
Q Q o0 Q

(10)
Also, by (7) we have for all n € N,
[ anDulras+ 20w+ 2 [ o, ra:
/ B(2)|up|Pdo — / pF(z,un)dz < pey. (11)
We add relations (10) and (11). Since ¢ < p, we obtain
/Qn(z, un)dz < ¢5 for some ¢5 > 0 and all n € N. (12)

Claim. The sequence {u,},>1 € W?(Q) is bounded.
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We argue by contradiction. Suppose that the claim is not true. We may assume that

lten || = 00 as n — oo. (13)
We set v, = un/||un|| for all n € N. Then ||y, || = 1 and so we may assume that
Yn — y in WH9(Q) and y,, — y in L"(R) and in LP(99), (14)

see hypotheses Hj, Proposition 1, and Remark 1.
We first assume that y # 0. Let

Qp={z€Q: y(z) >0} and Q_ ={z € Q: y(z) <0}.
Then at least one of these measurable sets has positive Lebesgue measure on RYV. We have
Un(z) = 400 for a.a. z € Q4 and u,(z) - —oo for a.a. z € Q_.

Let 0 =0, UQ_ and let | - |y denote the Lebesgue measure on RY. We see that [y > 0
and on account of hypothesis H; (ii), we have

F(z,un(z)) - F(Z,un(Z)) ‘yn(z)|1’ — +o0 for a.a. z € Q7

l[wnl? B un (2)[P
(15)
(z,un(z
= / TNE dz — 400 by Fatou’s lemma.
Hypotheses Hy(i) and (ii) imply
F(z,x2) > —cg for a.a. z € Q, all x € R and some ¢g > 0. (16)
Thus we obtain
F(z,un)dz _ / F(Z’u"’)dz+ F(z’u")dz
o llunll? o lluallP o unllP
F(zu, Q
> / (2 n) g olN (oo (1)), (17)
a luall? [[un [P
I FZ“”d— 15) and (13
= nl_)ngo a2~ +oo (see (15) and (13)).
By (7), we have
pF(z,up) D 1
4% < W n) + = e [ Dyn[l§ + < e, (18)
/Q [[un [P : q [un|P=1 I ||”

for some ¢z > 0 and all n € N (see (13) and recall that ||y, || =1).
We compare relations (15) and (18) and arrive at a contradiction.
Next, we assume that y = 0. Let g > 0 and set v,, = (pu)'/Py,, for all n € N. Evidently, we
have
— 01in L"(Q) (see (14)),
(19)
= / F(z,v,)dz — 0 as n — oo.
Q
Consider the functional ¢ : W1?(Q) — R defined by
1
P(u) = ;?’yp(u) - / F(z,u)dz for all u € WH9(Q).
Q

Clearly, ¢ € CH(W19(Q),R) and
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We can find t,, € [0,1] such that

Y(tpuy) = min{Y(tu,) : 0<t < 1} for all n € N. (21)
Because of (13), we can find ng € N such that
1/p
0< (P) < 1 for all n = np. (22)

[[wn|
Therefore

q;Z](tnun) = 1,[}(’0”) (See (21)7 (22))
>mp(yn)—/ﬂF(z7vn)d2
> pcy — / F(z,v,)dz (see (2) and recall that ||y,]| = 1)
Q

> gcl for all n > ny = ng (see (19)).

Since p > 0 is arbitrary, it follows that

Y(tyuy,) = 400 as n — 0o. (23)
Note that
¥(0) = 0 and ¢ (uy,) < ¢4 for all n € N (see (7), (20)). (24)
By (23) and (24), we can infer that
€ (0,1) for all n = no. (25)

From (21) and (25), we can see that for all n > ny we have

d
0=t, ad}(tun) |t:tn

= (¢ (tpuy), thuy) (by the chain rule) (26)

= v (tntn) —/Qf(z,tnun)(tnun)dz.

It follows that
O<tnuj{ <u;‘; and —wu, < —tyu, <O0forallneN

(recall that u,) = max{u,,0} and v, = max{—u,,0}).
By hypothesis H;(iii), we have
n(z, toul) <n(z,ut) +e(z) for a.a. 2 € Q and all n € N,
n(z, —tyu, ) < n(z,—u, ) + e(z) for a.a. z € Q and all n € N.
From these two inequalities and since u,, = u” — u_, we obtain

n n?

(2, thtun) < N(z,uy) + e(z) for a.a. z € Q and all n € N;

27
= f(z,thun) (truyn) < n(z,uy) + e(2) + pF(z,thuy,) for a.a. z € Q and all n € N. (27)
We return to (26) and apply (27). Then
Yp(tntin) —p/ F(z,tpup)dz < / (2, un)dz + |lef|; for all n € N,
Q Q (28)

= pY(tpun) < cg for some cg > 0 and all n € N (see (12).
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We compare (23) and (28) and arrive at a contradiction.
This proves the Claim.
On account of this claim, we may assume that
U, = win WH9(Q) and u,, — u in L"(Q2) and in LP(9Q) (29)
(see hypotheses Hp).
From (29), we have
Du, — Duin L2 (,RY) and Du,(2) = Du(z) a.a. z € Q. (30)
In (9), we choose h = u, —u € W"?(Q), pass to the limit as n — oo and use (30) and the

monotonicity of A,(-)%. We obtain

lim Sup<‘4;0 (un)7 Un — U> < 07

n—roo

= limsup || Dun |z (@r~) < [[Dullzz, @ry)-
n—oo

On the other hand, from (30), we have

liminf || Dunl|z @rv) = [DullLg, @rx)-

Therefore, we conclude that
||DUnHL§U(Q,RN) - ||DU||L€0(Q,RN)~ (31)

The space L% (€, RY) is uniformly convex, hence it has the Kadec-Klee property (see s [18,
Remark 2.7.30, p. 127]). So, it follows from (30) and (31) that
Du,, — Du in LE (Q,RY),
= Du,, — Du in LY(9,RY) since LE_(Q,R") < L(9,RY) continuously,
= po(|Du, — Du|) — 0 (see Proposition 2),
= |lun, —u|| — 0 (see (29) and Proposition 2),
= ¢ satisfies the C-condition.

The proof is now complete. O

PROPOSITION 5. If hypotheses Hy, Hy hold, then the functional ¢(-) has a local (1,1)-linking
at 0.

Proof. Since the critical points of ¢ are solutions of problem (1), we may assume that K,
is finite or otherwise we already have infinitely many nontrivial solutions of (1) and so we
are done.

Choose p € (0,1) so small that K, N B, = {0} (here, B, = {u € WH(Q): |jul| < p}). Let
V =R and let § > 0 as postulated by hypothesis H;(iv). Recall that on a finite-dimensional
normed space all norms are equivalent. So, by taking p € (0,1) even smaller as necessary, we
have

lul| <p=Ju/<dforallue V=R (32)
Then for u € V N pr we have

o) < %’yp(u) - '”qq /g B(:)d (see (32) and Hypothesis 73 (iv))
_ Jul” 2)dz 2)do | — M 2)dz
([ etz [ sao) - [ oaya

p Q q

< egllu||? — cro]|ul|? for some cg,c19 > 0 (see hypotheses Hy and Hi(iv)).
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Since ¢ < p, choosing p € (0, 1) small, we conclude that
Plvns, <O. (33)
Let
D= {ue W (@): [Dully > da(a)ul}.
For all u € D, we have

1 1
o(u) = = 3p(u) + = | Duflg — / F(zu)dz — / F(zu)dz
p q {lu|<d} {|u|>d}

1 1 .
> Loyt + 2 (10uly — [ Aupaz) - [ Pz e
p q Q Q
(see hypotheses H (iv))

1 1 N .
>+t / (Aag) — Mlul?dz — e Jul"
p qJa

for some ¢;; > 0 (since v € D and see hypothesis H; (iv))

C11 r
>l = e [Jull” (see (22)).

Since p < r, for sufficiently small p € (0,1), we have

¢lpns,\{o} > 0 (34)

Let U:Bp, Ey=VnNnoB,, E = VQBP and D as above. We have 0 ¢ Ey, Ey C E C U:B,,
and Ey N D = (see Definition 3).
Let Y be the topological complement of V. We have that

W(Q) =V @Y (see [18, pp. 73, 74]).
So, every u € W1?(Q2) can be written in a unique way as
u=v+ywithveV,yeV.
We consider the deformation h : [0,1] x (W19 (Q)\ D) — W19(Q) \ D defined by

h(t,u) = (1 t)u —|—tp||—vH for all t € [0,1] , u € WH9(Q)\ D.
v
We have
h(0,u) = v and h(l,u) = pHZ—” €V NaB, = E.

It follows that Ej is a deformation retract of W?(Q)\ D (see [17, Definition 5.3.10, p.
385]). Hence,

iy Ho(Ep) — Ho(WH?(Q) \ {0})

is an isomorphism (see [8, Theorem 11.5, p.30] and [18, Remark 6.1.6, p. 460]).

The set E =V N B, is contractible (it is an interval). Hence Ho(E, Ey) = 0 (see [8, Theorem
11.5, p. 30]). Therefore, if j. : Ho(Ey) — Ho(E), then dimim j, = 1 (see [8, Remark 6.1.26, p.
468]). So, finally we have

dimimi, —dimimj, =2—-1=1,

= ¢(+) has a local (1,1)-linking at 0, see Definition 3.

The proof is now complete. ([
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By Proposition 5 and Theorem 6.6.17 of Papageorgiou, Radulescu and Repovs [18, p. 538],
we have

dim C;(¢,0) > 1. (35)
Moreover, Proposition 3.9 of Papageorgiou, Radulescu and Repovs [17] leads to the following
result.
PROPOSITION 6. If hypotheses Hy, Hy hold, then Ci(p,00) =0 for all k € Ny.

We are now ready for the existence theorem concerning the superlinear case.

THEOREM 7. If hypotheses Hy, Hy hold, then problem (1) has a nontrivial solution ug €
WhO(Q) N L>(Q).

Proof.  On account of (35) and Proposition 6, we can apply Proposition 6.2.42 of
Papageorgiou, Radulescu and Repovs [18, p. 499]. So, we can find uy € W'(Q) such that

ug € K, \ {0},
= up € WH9(Q) N L>(Q) is a solution of problem (1), see [18, Section 3.2].

The proof is now complete. O

4. The resonant case

In this section, we are concerned with the resonant case (p-linear case). Our hypotheses allow

resonance at oo with respect to the principal eigenvalue 5\1(p) > 0.
The new conditions on the reaction f(z,z) are the following.
Hy: f:Q xR — R is a Carathéodory function such that f(z,0) = 0 for a.a. z € Q and

() |f(z,2)| <a(z)(1+ |z|~1) for a.a. z € Q, all z € R, with a € L>®(Q), p <r < ¢*;
(i) if F(z,2) = [y f(2,s)ds, then lim,_,+o pF(z,x)/|z[P < A1(p) uniformly for a.a. z € €
(iii) we have

f(z,z)x — pF(z,2) — +o0o uniformly for a.a. z € Q, as x — +oo;
(iv) there exist § > 0, § € L>°(€2) and A > 0 such that
0 < 0(z) foraa. z€Q, 020, X< Aaq),
0(2)|x|? < qF(z,2) < Nz|? for a.a. z € Q and all || < 6.
REMARK 4. Hypothesis Hj(ii) implies that at +oo, we can have resonance with respect
to the principal eigenvalue of the operator u + —div (ag(2)|Du|P~2Du) with Robin bound-
ary condition.

PRroOPOSITION 8. If hypotheses Hy, Ho hold, then the energy functional (-) is coercive.

Proof. We have

d (F(z,x)\  f(z,2)z| —plz|P7 22 F (2, )
dx( |z|P >_ |z [P
_ |xP e[ f (2, 2)7 — pF(2,2)]
- |2 '
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On account of hypothesis H(iii), given any v > 0, we can find M; = M;(v) > 0 such that
fz,z)x — pF(z,2) > v for a.a. z € Q and all |z| > M;.

Hence, we obtain
gl

> ifr> M
d <F(z,m)> P+l ne !
dx z|P __7 i _
2| <-opm if oz < —M;.
Integrating, we obtain
F F 1 1

(z,2) F(z2) >-J ( - ) for a.a. z € Q and all |z| > |u| > M;. (36)
=[P |ul? p\lz[? |uf

On account of hypothesis Hs(i4), given € > 0, we can find My = Ms(e) > 0 such that
1 -
F(z,xz) < = (Mi(p) + ¢)|z|? for a.a. z € Q and all |z| > Mo.
p

Using this inequality in (36) and letting |z| — oo, we obtain
1 . F 1
—(M(p)+e) — (2, u) > T for aa. z € Q and all |u| > M = max{M;, Ms},

p ul " p |ul? (37)

= (M(p) +o)|ul’ — pF(z,u) >~ for a.a. z € Q and all |u| > M.

Arguing by contradiction, suppose that ¢(-) is not coercive. Then we can find {uy,}n>1 C
Wh9(Q) such that

[lun || = oo and @(uy) < My for some My > 0 and all n € N. (38)
Let yp, = un/||uy|| for all n € N. Then ||y, || = 1, hence we may assume that
Yo 5y in WH(Q) and y,, — y in LP(Q) and in LP(IN). (39)

From (38), we have

1 1 1 F n M
- P)/p(yn) + 7_/ |Dyn|qd2 — / Lu)dz < 0
D P=9 Jq Q

q ||un [P h ||uan7
D 1 2 .
= Yp(Yn) + 6 ||u||P—‘1/ | Dy, |%dz < 1 + (A1(p) + €) Hyan with 7, — 0, see (37),
n Q
= ()

Y
= ()
= y = puiy (p) for some p € R (see (4)).

< (M) +2) llyll” (see (39)),
<A

1(0)|lyl[% (since e > 0 is arbitrary),

If =0, then y =0 and so 7,(y,) — 0. Hence, as in the proof of Proposition 4, we have
yn — 0 in WH9(Q), contradicting the fact that ||y,| = 1 for all n € N.

So, p # 0 and since 4;(p)(z) > 0 for a.a. z € Q, we have |u,(z)| = +oo for a.a. z € Q. By
(38) and (4), we have

1+
/ { A1L(p)|un|P — F(z,un)] dz < My for all n € N. (40)
Q LP
However, from (37) and since v > 0 is arbitrary, we can infer that

1+
= A (P)|unl? — F(z,u,) — +oo for a.a. z € Q, as n — oo,
p

1.
= / [ A (p)|un P — F(z,un)} dz — +o0o by Fatou’s lemma.
QLp
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Comparing (40) and (41), we arrive at a contradiction. Therefore, we can conclude that ¢(-)
is coercive. g

Using Proposition 8 and Proposition 5.1.15 of Papageorgiou, Radulescu and Repovs [18, p.
369], we obtain the following result.

COROLLARY 9. If hypotheses Hy, Hy hold, then the energy functional ¢(-) is bounded below
and satisfies the C-condition.

Now we are ready for the multiplicity theorem in the resonant case.

THEOREM 10. If hypotheses Hy, Ho hold, then problem (1) has at least two nontrivial
solutions ug, @ € W9 () N L>(Q).

Proof. By Proposition 5, we know that ¢(-) has a local (1,1)-linking at the origin. Note that
for that result mattered only the behavior of f(z,-) near zero and this is common in hypotheses
H; and Hs. Also, we know that ¢(+) is sequentially weakly lower semicontinuous. This fact in
conjunction with Proposition 8, permit the use of the Weierstrass—Tonelli theorem. So, we can
find ug € W1?(Q) such that

o(ug) = min{p(u) : ue WH'(Q)}. (42)
On account of hypothesis Ha(iv) and since g < p, we have

p(uo) <0 =(0),
= ug # 0 and ug € K,
= uy € K, N L>*(Q) is a nontrivial solution of (1).

Moreover, by Corollary 6.7.10 of Papageorgiou, Radulescu and Repovs [18, p. 552], we can find
G € Ky, 0 ¢ {0,u0}. Then @ € WH?(Q) N L>(£) is the second nontrivial solution of problem
(1). O
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