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Spectrum in an unbounded interval for a class of nonhomogeneous
differential operators

Mihai Mihailescu and Vicentiu Radulescu

ABSTRACT

The present paper deals with the spectrum of a nonhomogeneous problem involving variable
exponents on an exterior domain in RY. The existence of two positive real numbers Ao and Ay,
is established satisfying the condition Ao < A1, such that the problem has no eigenvalue in the
interval (0, \o) while any number in the interval [A1,00) is an eigenvalue.

1. Introduction

Let © be a smooth domain (bounded or unbounded) in RY (N > 1). Consider the eigenvalue
problem

— div(|VulP®=2Vu) = Ag(z) [ulP 24 in Q,
u=0 on 04, (1)
uz0 in Q.

If g=1 and p =2, problem 1 is related to the Riesz—Fredholm theory of self-adjoint and
compact operators. The linear case corresponding to p = 2 but for a non-constant potential
g has been first considered in the pioneering papers of Bocher [4], Hess and Kato [18],
Minakshisundaran and Pleijel [26] and Pleijel [28]. For instance, Minakshisundaran and
Pleijel [26, 28] studied the case where € is bounded, g € L*(Q2), ¢ >0 in Q and g > 0 in
Qo C Q with |Qp] > 0. An important contribution in the study of 1 if Q is not necessarily
bounded has been given by Szulkin and Willem [33].
Let A denote the set of eigenvalues of 1, that is,

A=A,y = {X €R; Xis an eigenvalue of problem 1}.

In [16] Garcia and Peral established that if p(x) = p > 1, then problem 1 has a sequence of
eigenvalues, sup A = 400 and inf A = A\ = Ay, > 0, where \; , is the first eigenvalue of (—A))
in W,"*(€2) and

J |VulPdx
M=y = inf L
N ! J (ufPd
Q

In Fan, Zhang and Zhao [13] it is shown that for general functions p(-) the set A is infinite and
sup A = 4+o00. Moreover, it may arise that inf A = 0. Set

N =%, = inf A
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In Fan, Zhang and Zhao [13] it is argued that if N =1 then A\* > 0 if and only if the function
p(x) is monotone. In arbitrary dimension, A* = 0 provided that there exist an open set U C Q
and a point z¢ € U such that p(xg) < (or >) p(z) for all z € IU.

The existence of a principal positive eigenvalue and of a corresponding unique (up to a
multiplicative constant) positive eigenfunction both for the linear Laplace operator and for
the nonlinear p-Laplace operator (see [3]) follows by the Krein—Rutman theorem [20]. Using
variational techniques, Sreenadh [31] has extended this study to the Hardy—Sobolev operator
—Apu — pw(x)|uP~?u (assuming that 0 € Q), where y is smaller than the best Hardy—Sobolev
constant (N — p)Pp~P and w denotes the weight function

|| 7P if1<p<N,

w(;p) = 1 —N
(|x|log> if p=N.
||

The case of fully nonlinear elliptic operators has been considered by Felmer and Quaas [14],
in the framework of the Pucci maximal operators. In all these cases, the existence part is
guaranteed as long as the differential operator is positively homogeneous and is monotone with
respect to a convex cone. The uniqueness part in such arguments based on the Krein-Rutman
theorem requires that the operator is strictly increasing and strongly positive. In some recent
papers we have considered nonlinear eigenvalue problems with a nonhomogeneous structure.
In such nonstandard cases we have pointed out that some strange phenomena may occur. For
instance, in [22, 24] we have proved that, under some appropriate conditions, some classes of
such eigenvalue problems admit solutions for any A € (0, Ag), where g is a positive real number.
Taking into account the ‘competition’ between several variable exponents, we establish in the
present work that the eigenvalues may concentrate in a neighborhood of infinity and that this
phenomenon strongly depends on the decay rate of exponents in relationship with the variable
potential g.
In this paper we are concerned with the study of the eigenvalue problem

— div(|Vu|P®=2Vu) 4 [uP® 20 + u| 7@ 2y = Ag(z)[u|" D 2u for z € Q,

B (2)
u=0 forzedQ,

where (2 is a smooth exterior domain in RY (N > 3), that is, Q is the complement of a bounded
domain with Lipschitz boundary. We notice that this smoothness assumption is needed only to
ensure the existence of Sobolev embeddings; see Edmunds and Rékosnik [10]. The mappings
p, q, 7§ — [2,00) are Lipschitz continuous functions, while g : Q — [0, 00) is a measurable
function for which there exists a nonempty set Qg C  such that g(x) > 0 for any x € Qq, and
A > 0 is a real number.

The study of problems of type 2 has a strong motivation, and important research efforts
have been made with the aim of understanding anisotropic phenomena described by nonho-
mogeneous differential operators. We remember that equations of this type can be regarded as
models for phenomena arising in the study of electrorheological fluids [1, 2, 6, 17, 29], elasticity
[35] or image processing and restoration [5, 11]. A survey of the history of this research field
with a comprehensive bibliography is provided by Diening, Hist6 and Nekvinda [7].

Next, we point out that this paper extends to the case of unbounded domains some recent
results on eigenvalue problems involving variable exponent conditions (see [24, 25]).

Finally, the present paper carries on some recent results obtained on some problems related
with 2 but studied in the case when p, ¢ and r are positive constants (see [15, 34]).
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2. A brief review on variable exponent Lebesgue-Sobolev spaces

In order to study problem 2 we introduce a variable exponent Lebesgue-Sobolev setting. For
more details we refer to the book by Musielak [27] and the papers by Edmunds and co-
workers [8-10], Kovacik and Rdkosnik [19], Mihailescu and Radulescu [23] and Samko and
Vakulov [30].

Throughout this paper, for any Lipschitz continuous function & : € — (1, 00) we denote

h™ =ess inf h(z) and h'T =ess suph(x).
e reQ

Usually it is assumed that h*™ < 400, since this condition is known to imply many desirable
features for the associated variable exponent Lebesgue space L™*)(Q). This function space is
defined by

LM (Q) = {u; u is a measurable real-valued function such thatJ Ju(z)|"® da < oo} .
Q

On this space we define a norm, the so-called Luxemburg norm, by the formula

u(z) h(x)
|u|p(z) = inf ¢ > 0; J' de <1,.
Ql M

The variable exponent Lebesgue space is a special case of an Orlicz—Musielak space. For
a constant function h the variable exponent Lebesgue space coincides with the standard
Lebesgue space.

We recall that the variable exponent Lebesgue spaces are separable and reflexive Banach
spaces. If 0 <[] < oo and hy, hy are variable exponents so that hj(x) < ho(x) almost
everywhere in €, then there exists the continuous embedding L"2(®)(Q) < LM ()(Q).

We denote by LY@ (Q) the conjugate space of L") (), where 1/h(z) 4+ 1/h’(z) = 1. For
any u € LM*)(Q) and v € L" ®)(Q) the Hélder-type inequality

J uv dr
Q
holds true.

Moreover, if hy, ho, hg:§Q — (1,00) are three Lipschitz continuous functions such that
1/hy(z) + 1/ha(z) + 1/hz(z) = 1, then for any u € L"@)(Q), v € L"@)(Q) and w € L) (Q)
the following inequality holds (see [12, Proposition 2.5]):

1 1
< (5 + =) Wawloh o )

1 1

1
s{—+—+—y%@mmmwm (4)

J wovw dx — — —
Q h; hy hg

An important role in manipulating the generalized Lebesgue—Sobolev spaces is played by the
modular of the LM®)(Q) space, which is the mapping Ph(z) : LM#)(Q) — R defined by

pww:bwwmm

Lebesgue-Sobolev spaces with AT = 400 have been investigated in [8, 19]. In such a case
we denote Qo = {z € Q; h(x) = 400} and define the modular by setting

Ph(z)(u) = J |u(x)\h(z) dx +ess sup |h(x)].
O\ Qoo

€N
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If (un), u € LM®)(Q) then the following relations hold true:

- +

lulp@ >1 = \U|Z(x) < Py (w) < |U\Z(I)a (5)
L v

[ulp@ <1 = \ulﬁm < Pu(a)(u) < |U‘Z(w)7 (6)

[Un = Ulp@) =0 = ph@)(Un —u) — 0. (7)

Next, we define the variable exponent Sobolev space
WM (Q) = {u e L"®(Q) : |Vu| € LM (Q)).

On W) (Q) we may consider one of the following equivalent norms:
[ulln(z) = |uln@) + [VUlh)

h(z)
|u|| = inf {u>0; J (‘Vu(m) ) dr < 1}.
Q 12

We also define W, ") (Q) as the closure of C§°(Q) in W(®)(Q). Assuming that h~ > 1, the
function spaces W1®)(Q) and WO1 ’h(z)(Q) are separable and reflexive Banach spaces. Set

gmmao:JQOVuwM“@+wuunM@)dw

or
h(z)

+u)

x
1

For all (u,), u € Wol’h(m)(ﬂ) the following relations hold:

- +

lull >1 = Jull® < on@)(w) < [lul™", (8)
+ —

lull <1 = Jull" < ong () < lull™ (9)

un —ul| =0 <+ Oh(z) (un —u) — 0. (10)

Finally, we remember some embedding results regarding variable exponent Lebesgue-Sobolev
spaces. If h, 6:Q — (1,00) are Lipschitz continuous and ht < N and h(z) < 6(z) < h*(x)
for any = € Q where h*(z) = Nh(z)/(N — h(z)), then there exists a continuous embedding
Wol’h(z)(ﬂ) — L9*)(Q). Furthermore, assuming that €y is a bounded subset of Q, the
embedding VVO1 ’h'(x)(QO) s L) () is continuous and compact.

3. The main result

In this paper we study problem 2 assuming that the functions p, ¢ and r satisfy the hypotheses

2<p” <p' <N, (11)
_ _ Np~
+ < + < + . 12
pt<r rt<q q' < N—p- ( )
Furthermore, we assume that the function g(z) satisfies the hypothesis
g€ L¥(Q) N L7 (Q), (13)

where po(z) = p*(z)/(p*(z) — r~) for any x € Q.

Obviously, the natural space where we should seek solutions for problem 2 is the space
WLP(“”) 9

;7). 1

We say that A € R is an eigenvalue of problem 2 if there exists a u € W), ’p(m)(Q) \ {0} such
that

J (|Vu|P@=2VuVo + [u|P® 2y 4 |u]"D~2uw) dz — )\J g(z)|u|" ™2 dz = 0,
Q Q
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for all v e VVO1 ? (m)(Q). We point out that if A is an eigenvalue of the problem 2 then the
corresponding u € Wol’p(r) (Q) \ {0} is a weak solution of 2.
Define

J (1/p())(|Vul™ + [u"®)) dz +J (1/q(x))|u*) dz
& 0

R (=)
wewd @) @)\ {0} (9(z)/r(@))|u|™" da
Q

and

J (|Vu|p(””) + |u|p(w)) dur +J |u|q($) dr
Q Q

)\0 = 1pl(l;l)f
ueWo " ()\{0} g($)|u|r(w) dur
Q

Our main result is given by the following theorem.

THEOREM 1. Let 2 be an exterior domain with Lipschitz boundary in RY, where N > 3.
Suppose that p, q, r:  — [2,00) are Lipschitz continuous functions and that g : Q — [0, o)
is a measurable function for which there exists a nonempty set )y C €2 such that g > 0 in ).
Assume that conditions 11-13 are fulfilled.

Then

0< o< Ar.

Furthermore, each \ € [A1,00) is an eigenvalue of problem 2 while any A € (0, \g) is not an
eigenvalue of problem 2.

At this stage we are not able to deduce whether A\g = A\ or A\g < A1. In the latter case an
interesting open problem concerns the existence of eigenvalues of problem 2 in the interval
[Ao, A1)

REMARK. We notice that a similar result as Theorem 1 can be proved (with similar
arguments as those used in the case of problem 2) for the problem

— Au+u+ [u]D 2y = Ag(x)|[u]" D2 for z € Q,
u=0 forzedQ,

where () is a smooth exterior domain in R2. The mappings ¢ and r: Q — [2,00) are still
Lipschitz continuous functions, while g:Q — [0,00) is a function for which there exists a
nonempty set Qo C  such that g(z) > 0 for any x € Qp, and A > 0 is a real number. This
time, conditions 11-13 should be replaced by the following conditions:

2<r7<r+<q7<q+<oo
and

g€ L®(Q)NLYQ).

4. Proof of the main result

Let E denote the generalized Sobolev space I/VO1 P (x)(Q).
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Define the functionals Jy, Iy, Jy, Iy : E — R by

1 1
Ji(u =J ——(|Vu[P@® 4 |ulP® da:—i—J —— |u|!® dz,
1) szp(x)(| | ) Q Q(x)| |
g(z)
1 u:J Z " @) de,
1( ) QT(.T)‘ |

Jo(u) = L(|VU|P(1‘) + |u‘p(w)) dx + LZ Mq(w) dz,

Bofw) = | g(a@)lu® da.
Q
Standard arguments imply that J;, I; € C1(E,R) and for all u, v € E,

(J)(u),v) = J (|Vu|P@=2VuVo + [u|P®2u 4 |u]?®~2uw) da,
Q

(1w.0) = | gl 2w do.
Q
For any A > 0 we also define the functional T : E — R by
Ty(u) = Ji(u) = A-Ii(u) YuekE.

It is clear that A is an eigenvalue for problem 2 if and only if there exists a uy € E'\ {0}, a
critical point of the functional T).
We split the proof of Theorem 1 into four steps.

Step 1. 'We show that \g, Ay > 0. B
Indeed, since by relation 12 we have p(z) < r(z) < g(x) for any x € 2, we deduce that
lu(z)|P® + |u()]7® > |u(z)]"® Yue Eand Ve Q.

The above relation shows that

1
[, (P s a1 do> | @l do vu ek (14)
Q l9loc Jo
or
1
Jo(u) > e <Ip(u) VueE.
We deduce that \g > 0.
On the other hand, by 14 we have
1 1 -
J —— |u|P®) dx—|—J' ——[u|1®) dz > +T J g(l”)|u|r(m) dx, Yu€E,
o p(z) o q(x) a9l Jo (@)
and thus
-
Ji(w) > —— - I1(u) YuekE.
) > g

Consequently, Ay > 0 and Step 1 is verified.

Step 2. We show that any A € (0, A\g) is not an eigenvalue of problem 2.
Indeed, assuming by contradiction that there exists a A € (0, \¢) that is an eigenvalue of
problem 2, we deduce that there exists a uy € E \ {0} such that

(Jy(un),0) = X+ (I (up),v) YveE.
Taking v = u) in the above equality we find that
(J1(un),un) = A+ (T3 (un), un)
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or
J()(’U,)\> =\ Io(u,\).

Since uy € E \ {0} it follows that Jo(uy) > 0 and Ip(uy) > 0. This information combined with
the above inequality, the definition of Ag and the fact that A € (0, \g) yield

Jo(uA) > Ao ~IQ(U,\) >\ Io(u)\) = Jo(u,\),

and this is a contradiction. Thus Step 2 is verified.

Step 3. We show that any A € (A, 00) is an eigenvalue for problem 2.
In order to verify that the conclusion of Step 3 holds true, we first prove two auxiliary results.

LEMMA 1. Assume that the hypotheses of Theorem 1 are satisfied and s is a real number
such that

rt<s<(p)*,
where (p~)* = Np~ /(N — p~). Then g € L/ )(Q) N L/=7)(Q) and

- o
J 9@)ul" <glsso—rmylull +1glsjomrnyluly Vu € E. (15)
Q

Proof. First we remark that the following inequalities hold true:

5 s (p~)” p* () o
> 2 = , V Q
s—rt S—1r" - (p=)—r— p*(x) —r= po(w) T €
and
+ (p~)*
p = —_—.
O (p)yr—r

On the other hand, taking into account the above information and the fact that relation 13
holds true, we have

[ @/ = [ gt g/
Q2 Q
< [ T gl o
Q

< Hg|§é(s—r’)—zﬁ + |g|ié(s—r’)—pa] ) J-Q[g(x)]po(m) dr < oo.

Thus we have found that g € L¥/(5="7)(Q). Similar arguments show that g € LS/(S*TH(Q).
Inequality 15 follows from the remark that

lu(@)]"® < |u(z)]” + |u(z)]” VueFandVaz e

or
| sl d < | gl do+ | g@)ul” da
Q Q Q
T rt
< ‘g|s/(s—7“*)|u|s + Ig‘(e/(s—r+)|u|s VueFE.
The proof of Lemma 1 is complete. ]

LEMMA 2. For any A > 0 we have

lim Ty (u) = oc.

llull—o0
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Proof. We fix A > 0 and s such that
rt<s<q < (p ).
Then using 15 we deduce that the following inequalities hold true for any v € E with |Jul| > 1:

1 1 g(x)
T (u :J ——(|VulP® + |up® da:—&—J —u‘I(m)da:—/\[ T ul" @)
») Q p(x)(| | ) Q Q(CU)| | Q 7‘(55)| |

1 1
- p(@) 4 1P g J P(@) 4 1,9@)) g
,/2p+JéUVul ) di 4 s | (P + a1
>\ r+ r
—tJM@WI+WIMw
T Q

1

1
> p(z) p(®)y ¢ - -
~2pt JQ(|VU| ) do+ max{2p*+, ¢*+}

wammmwmf@wm*

_ 1 _
>Cy- p - - Sdr—C4 - lul”
o flul” + <2max{2p+,q+} JQ |ul* da 1 Julg )

1 +
I S de — Co - lul”
+ (2max{2p+7q+} JQ ful” de 2 Jul; ) 7

where Cy, Cy and Cy are positive constants.
Actually, by the above inequality we found that there exist four positive constants Cy, C1,
C5 and C3 (with C3 = 1/2max{2p™, ¢ }) such that

Ta(w) > Co- ull”” + (Co - Juli = Cr-fuly” ) + (Co - Juli = Co-Jul"), (16)

for any u € E with |Jul| > 1.
Next, we show that for any u € E there exist two positive constants My = My (r~,s,C1,C3)
and Moy = My(rT,s,Cy, C3) such that

Cy-|ul; = Cr-luly >—M; (17)
and

Cs - Jul; = Ca - |ul}” > —Ma. (18)
In order to prove this, we point out that the functional ® : (0, 00) — oo defined by

O(t)y=a-t*— G-,

b/(b=a) . ga/(a=b) 5 o

where «, (3, a, b are positive constants with a < b, achieves its positive global maximum
a)a/(b—a)

b—a
®(to) = a (b
where tg = ((a-a)/(B-b))"/=%) > 0. Thus we deduce that
a-t* = [-t* < Cla,b) - o/t . ga/(a=b) gy~ (19)

where C'(a,b) = (b— a) - (a®/b*)"/ (b=,

Finally, we notice that taking in 19 a=r", b=s, a = Cy and 0 = C3 we deduce that 17
holds true with My = C(r—,s) -Cf/(sfri) . Cgi/(rifs). Similarly, taking in 19 a = r+, b = s,
a = Cs and 8 = C3 we deduce that 18 is valid with My = C(rT, s) -CS/(S#H . C§+/(T+7S).

Combining relations 16-18 we deduce that Lemma 2 holds true. ]

Now, we return to the proof of Step 3. First, we fix A € (A1, 00). By Lemma 2 we deduce
that limj,|—o Th(u) = oo, that is, Ty is coercive. On the other hand, similar arguments as
those used in the proof of [23, Lemma 3.4] show that the functional T is weakly lower semi-
continuous. These two facts enable us to apply [32, Theorem 1.2] in order to prove that there
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exists a uy € E, a global minimum point of T and thus a critical point of Ty. In order to
conclude that Step 3 holds true it is enough to show that w) is not trivial. Indeed, since
A1 = infyepfoy J1(u)/I1(u) and A > Ay it follows that there exists a vy € E such that

Ji(va) < Ali(vy)
or
Tx(vy) < 0.
Thus

inf T <0,
E

and we conclude that u) is a nontrivial critical point of T or A\ is an eigenvalue of problem 2.
Thus Step 3 is verified.

Step 4. We show that \; is an eigenvalue of problem 2.
We begin by proving two auxiliary results.

LEMMA 3. The following relation holds true:

1m Jo(u)
l[uf—0 Io(u)

= 400

Proof. Let s be a real number satisfying the following inequality:
rt<s<q <(p )~

Thus we deduce that E is continuously embedded in L*(2). It follows that there exists a
positive constant C' such that

luls <C-|u] Vue k.

Using the above inequality and relation 15 from Lemma 1 we find that for any u € E with
lul] < 1, we have

J(\Vulp(””’+IUI”(“))dw+J (1) da
Q Q

ol | s@ur® o
Q

|| (4wup® 4 ) de

Q

(| st de+ | st ac)

.
[[ee”

>

- |g|s/(sfr*)|u|27 + |g|s/(sfr+)‘u|7s«Jr
+
[[ul[P

Z T T rt rt’
|g|s/(s—r*) -C : ||u|| + |g|s/(s—r+) O HU‘”

Since 7t >r~ > p", passing to the limit in the above inequality we deduce that
lim|jy—o Jo(u)/Io(u) = +o0, and thus Lemma 3 holds true. ([
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LEMMA 4. Assume that {u,} converges weakly to u in E. Then the following relations
hold true:

nlgr;o Io(upn) = Ip(u), (20)
nh_)néo(li(un),un —u) =0. (21)

Proof. We shall prove just relation 20. Relation 21 can be obtained by using similar
arguments.

Since {u,} converges weakly to u in E and since E is continuously embedded in LP"(*)(Q),
it follows that the sequence {|uy|p+(5)} is bounded. Using this fact we deduce that there exists
a positive constant M such that

max { ’ \u,1|TJr , ,
n p*(z)/rt p*(x)/r+ p*(x)/r=
On the other hand, let k& be a positive integer such that
RN\ Q C By (0),

where By (0) = {z € RY;|z| < k} is the ball centered in the origin with the radius k.
Let € > 0 be fixed. Since by relation 13 we have g € LP°(*)(Q), we can consider k defined
above to be sufficiently large such that

i |

Nun]™ <M. 29
] p*m/r} (22)

€
9] Lro@ (\ By (0)) < M- (23)

Relations 3, 22 and 23 imply that

[ gl = ] de
Q\ B (0)

< j (@) (unl™ + fun ™ + [l + Jul™) d
Q\ By (0)

Jun|" Jul”

Jr

rt
< 19l Lro@ (07 By (0)) <‘|Un|

p*(@)/rt p*(a)/rt’ pr(@)/r—

€

p*(ﬂﬂ)/T)
< -
2

On the other hand, since Wol’p(z)(Bk (0) N Q) is compactly embedded in L"®) (B, (0) N Q) and
g € L>(Q2), we find that

lim j 9(&)un| @ dz = j o)l @ da
N0 ) B (0)NQ B (0)NQ
or
| g @ e | gl de] < 5,
B(0)NQ B1.(0)NQ 2

for n large enough.
The above piece of information assures that relation 20 holds true. Thus the proof of Lemma 4
is complete. O

We return now to the proof of Step 4. Let A, \, A\1. By Step 3 we deduce that for each n
there exists a u,, € E \ {0} such that
(J1(un),v) = Ay - (I (un),v) Vo€ E. (24)
Taking v = u,, we find that
Jo(ttn) = An - Io(un). (25)
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Passing to the limit as n — oo in relation 25 and we deduce that
lim (Jo(wn) — Ando(u,)) =0.

The above equality and a similar argument as those used in the proof of Lemma 2 show that
the sequence {u,} is bounded in E. Since F is a reflexive Banach space it follows that there
exists a w € E such that, up to a subsequence, {u,} converges weakly to v in E. Then by
relations 20 and 21 it follows that

lim Io(uy) = Io(u)

and
Hm (I (), Uy — 1) = 0.
On the other hand, by [21, Lemma 4.2] we find that for any § > 2 and any &, n € RV
2 _ _
gomt 16— nl” <Ol = Il P m) - (€= m). (26)

Using inequality 26 and the above relations we deduce that there exist two positive constants
L1 and Ly such that

L J (¥ (tn — w)P® + iy — uP®) da
Q
< J (|Vtn PP 2V u,, — [VulP P 2Tu) - (Vu, — Vu) da
Q

+J (|t |P®) =20, — |P®=20) - (uy, — ) da
Q

and
LQJ un — u)1® da < J ([t | 720, — ] ") =20) - (uy, — ) da.
Q Q

Adding the two relations above, using relations 21 and 24 and the fact that {u,} converges
weakly to u in E we deduce that

L1J (19t — w)P@ + i — @) d < (T, (1) — T, (1), 0y — )
Q

= |<J1(un)aun —u>| + ‘(J;(u),un —u>|
= - (1 (), — u)| + [T (), un — u)| — 0,

The above inequalities and relations 7 and 10 show that wu,, converges strongly to w in F.
Then passing to the limit as n — oo in 24, it follows that

(J(u),v) = Ay - (I, (u),v) VveE.

Thus v is a critical point for 7T),. In order to prove that A\; is an eigenvalue for problem 2 it
remains to show that u # 0. Indeed, passing to the limit as n — oo in 25 we find that

lim Jo(tn)
n— 00 IO (un)

= A1
On the other hand, if we assume by contradiction that v = 0 then we have uw,, — 0 in E or
|lun || — 0. However, by Lemma 3 we deduce that

lim Jo(un) =
n—oo IO(un)
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which represents a contradiction. Consequently, u # 0 and thus \; is an eigenvalue for
problem 2.
By Steps 2-4 we deduce that Ao < A;. The proof of Theorem 1 is now complete. |
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