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SEMICLASSICAL STATES FOR THE PSEUDO-RELATIVISTIC
SCHRODINGER EQUATION WITH COMPETING POTENTIALS*

WEN ZHANG', JIAN ZHANG!, AND VICENTIU D. RADULESCUS

Abstract. In this paper, we establish concentration and multiplicity properties of positive ground
state solutions to the following perturbed pseudo-relativistic Schrodinger equation with competing
potentials

(—2A+m?)su+V(z)u=K(x)f(u) in RN,
{ueHS(RN),u>o in RY,
where N >2s, € is a small positive parameter, and (—A+4m?)® is the pseudo-relativistic Schrédinger
operator with s€ (0,1) and mass m >0. We assume that the potentials V, K and the nonlinearity f
are continuous but are not necessarily of class C!'. Under natural hypotheses, combining the extension
method, Nehari analysis and the Ljusternik-Schnirelmann category theory, we first study the existence
and concentration phenomena of positive solutions for € >0 sufficiently small, as well as multiplicity
properties depending on the topology of the set where V' attains its global minimum and K attains
its global maximum. Moreover, we establish the asymptotic convergence and the exponential decay of
positive solutions. In the final part of this paper, we provide a sufficient condition for the non-existence
of ground state solutions.
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1. Introduction

1.1. Historical background. The Schrodinger equation is central in quantum
mechanics and it plays the role of Newton’s laws and conservation of energy in classical
mechanics, that is, it predicts the future behaviour of a dynamical system. It is striking
to point out that talking about his celebrating equation, Erwin Schrodinger said: “I
don’t like it, and I'm sorry I ever had anything to do with it”. The linear Schrédinger
equation is a central tool of quantum mechanics, which provides a thorough description
of a particle in a non-relativistic setting. Schrodinger’s linear equation is

8mm
A7/1+7 (E-V(x))¥=0,
where ¥ is the Schrodinger wave function, m is the mass of the particle, & denotes
Planck’s renormalized constant, F is the energy, and V stands for the potential energy.

Schrédinger also established the classical derivation of his equation, based upon the
analogy between mechanics and optics, and closer to de Broglie’s ideas. He developed
a perturbation method, inspired by the work of Lord Rayleigh in acoustics, proved the
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equivalence between his wave mechanics and Heisenberg’s matrix, and introduced the
time dependent Schrodinger’s equation

2
i =~ 3 APV () AlPy, zERY (N 22) (1)

where p<2N/(N —2) if N>3 and p<+oo if N=2.

In physical problems, a cubic nonlinearity corresponding to p=3 in Equation (1.1) is
common; in this case problem (1.1) is called the Gross-Pitaevskii equation. In the study
of equation (1.1), Floer and Weinstein [22] and Oh [35] supposed that the potential V'
is bounded and possesses a non-degenerate critical point at z=0. More precisely, it
is assumed that V' belongs to the class (V) (for some real number a) introduced in
Kato [27]. Taking v >0 and A> 0 sufficiently small and using a Lyapunov-Schmidt type
reduction, Oh [35] proved the existence of bound state solutions of problem (1.1), that
is, a solution of the form

(x,t) =e F/y(z). (1.2)

Using the Ansatz (1.2), we can reduce the nonlinear Schrédinger Equation (1.1) to the
semilinear elliptic equation
h? 1
——A V(z)—E)u=|ulP" u.
o A+ (V) ~ B)u=lu

The change of variable y=h"1z (and replacing y by x) yields
—Au+2m (Vi(z) — E)u=|[ulP"tu, 2 € RV, (1.3)

where Vj(z) =V (hix).

Let us also recall that in his 1928 pioneering paper, G. Gamow [23] proved the tun-
neling effect, which led to the construction of the electronic microscope and the correct
study of the alpha radioactivity. The notion of “solution” used by him was not explicitly
mentioned in the paper but it is coherent with the notion of weak solution introduced
several years later by other authors such as J. Leray, L. Sobolev and L. Schwartz. Most
of the study developed by Gamow was concerned with the bound states ¥ (z,t) defined
in (1.2), where u solves the stationary equation

—Au+V(z)u= u in RV,

for a given potential V(z). Gamow was particularly interested in the Coulomb potential
but he also proposed to replace the resulting potential by a simple potential that keeps
the main properties of the original one. In this way, if Q is a subdomain of RY, Gamow
proposed to use the finite well potential

for some g €R.

Vq,Q(a:):{V(x) ifxeQ

q if e RN\ Q

It seems that the first reference dealing with the limit case, the so-called infinite well
potential,

Vo ifxze

+oo if 2 RN\ Q for some Vj €R,

VOO(:B;R,VO)—{
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was the book by the 1977 Nobel Prize Mott [34]. The more singular case in which
Vo is the Dirac mass dy is related with the so-called Quantum Dots, see Joglekar [26].
In contrast with classical mechanics, in quantum mechanics the incertitude appears
(the Heisenberg principle). For instance, for a free particle (i.e. with V(z)=0), in
nonrelativistic quantum mechanics, if the wave function ¢(-,¢) at time ¢=0 vanishes
outside some compact region € then at an arbitrarily short time later the wave function
is nonzero arbitrarily far away from the original region . Thus, the wave function
instantaneously spreads to infinity and the probability of finding the particle arbitrarily
far away from the initial region is nonzero for all ¢ > 0.

1.2. Statement of the problem, features and main results. In this paper
we consider the following singularly perturbed pseudo-relativistic Schrodinger equation
with competing potentials

{ (—e2A+m?)Su+V(r)u=K(x)f(u) in RY,

u€ HS(RY), u>0 in RY, (1.4)

where N >2s, €>0 is small parameter, (—A+m?)* is pseudo-relativistic Schrodinger
operator with s€(0,1) and mass m >0, V and K are potential functions and f is the
reaction term with subcritical growth. We are interested in the qualitative and asymp-
totic analysis of solutions to problem (1.4) and we are mainly concerned with existence
and multiplicity properties of solutions, as well as with concentration phenomena as
e—0.

The features of this paper are the following:

(1) the pseudo-relativistic Schrodinger operator generates the nonlocal nature of
the problem;

(2) the problem combines the multiple effects generated by two variable potentials;

(3) there exists an interesting competition effect between the external potential and
the reaction potential, which implies more complex phenomena to locate the concentra-
tion positions;

(4) the main concentration phenomenon creates a bridge between the global maxi-
mum point of the solution versus the global minimum of the external potential and the
global maximum of the reaction potential;

(5) due to the unboundedness of the domain, the Palais-Smale sequences do not
have the compactness property;

(6) the proofs combine some refined estimates and some analysis techniques includ-
ing extension, topological and variational tools.
Problem (1.4) arises when one is looking for the standing waves of the following
time-dependent pseudo-relativistic Schrédinger equations:
- ov 2\s N
zhﬁ =(—A+m*)* U+ V(2)V— f(z,¥), (x,t)eRY xR,
where W represents the wave function, V' is an external potential, m is the mass of
free relativistic particle and the nonlinear coupling f describes a self-interaction among
many particles. In physics this equation has been successfully used to describe the
behavior of bosons, spin-0 particles in relativistic fields.
We observe that the pseudo-relativistic Schrédinger operator in (1.4) can be char-
acterized as

(=A+m?)*u(@)=F (g +m?)* Fu(€))(z), zeRY (1.5)



468 SEMICLASSICAL STATES FOR PSEUDO-RELATIVISTIC SCHRODINGER EQUATION

for any rapidly decaying function u belonging to the Schwartz space S(R"), where .
denotes the usual Fourier transform and .# ~! denotes its inverse transform. Besides,
according to [29] (see also [2,20]), the operator (1.5) also has the following expression
with singular integral

(=A+m?)u(x)

:CN’SmLJEZS P.V./ MWNHS (m|z —y|)dy +m*u(x), (1.6)
BN [z —y| 2 :

where P.V. stands for the Cauchy principal value, W, is the modified Bessel function

of the second kind of order ¢, (the asymptotic properties of W, can be found in [7,20])

and Cy ;s is a positive constant whose exact value is given by

_ N+2s _ N ,8(1—8)
Ons=2""2 tlp=z92 2~ 7
N m T(2_s)

Clearly, as m — 0, the operator (—A+m?)® reduces to the well-known fractional
Laplacian (—A)® which has the expression with singular integral

AV B u(z) —u(y)
(—A)°u(x)=Cn P.V. o |a:—y|N+25dy (1.7)
and
= N (N+2s)
CN,s:7T'7?225F(27i8)5(1—8).

From (1.6) and (1.7) we can easily see that the most important difference between
the operators (—A)® and (—A+m?)* is that the first one is homogeneous in scaling
whereas the second one is inhomogeneous as should be clear from the presence of the
Bessel function W, in (1.6).

During the last two decades, some fractional problems involving (1.7) have been
widely investigated due to many applications in different fields, such as quantum me-
chanics, phase transitions, anomalous diffusions, chemical reaction in liquids and so on.
In particular, a great interest has been devoted to the existence and multiplicity and
asymptotic behaviors of solutions for fractional Schrodinger equation

(=AY u+V(r)u=f(u) in RY. (1.8)

Here, since we cannot introduce the huge bibliography on this subject, we refer the read-
ers to [1,17,19,21,25,32,36,37,44,45] for the existence, multiplicity, concentration and
regularity of positive solutions. We also refer to the monograph [6] in which the author
studies several nonlinear fractional Schrédinger equations using suitable variational and
topological methods, and the monograph by Molica Bisci-Radulescu-Servadei [33] for a
very comprehensive introduction for the nonlocal fractional problems.

On the other hand, there have been many works concerning with the study of
existence and properties of solutions for the fractional equations driven by (—A+m?)*
with m>0. For the case s=1%, Lieb and Yau [30] first studied the following pseudo-
relativistic Hartree equation

V-A+mlPu+V(z)u= (|1|*|u|2)u in RY, (1.9)
x
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the radially symmetric ground state solution was proved via minimization argument.
Lenzmann [28] proved that this ground state solution is unique up to translations and
phase change, and the non-degeneracy result of the ground state solution was also
obtained. Later, Coti Zelati-Nolasco [15] investigated the existence of positive radi-
ally symmetric ground state solution for (1.9) with more general radially symmetric
convolution kernel. Under the radially symmetric condition for potential V', Melgaard-
Zongo [31] proved the existence of the radially symmetric solutions with high energy.
Without the symmetric condition for the external potential V', the positive ground state
solution was constructed by Cingolani-Secchi [13], and some asymptotic decay estimates
of solutions were also proved. For the general case s€(0,1), Ambrosio [4] proved the
existence and symmetry of ground state solutions for problem (1.4) without external
potential V. We also refer to [5,9] for more results about the regularity and decay of
solutions.

When e >0 sufficiently small, the solutions of (1.4) are often referred to as semi-
classical states, which have very rich dynamic behaviors, such as concentration, conver-
gence and decay etc. Especially, the concentration phenomenon of semiclassical states,
as € — 0, reflects the transition from quantum mechanics to classical mechanics and it
gives rise to significant physical insights. As far as we know there exist relatively few
papers treating the existence and concentration of semiclassical states to (1.4). Let us
now briefly recall some related results in this direction.

Regarding the study of semiclassical analysis for problem (1.4) we would like to
mention the papers [2,3,14,24]. More precisely, under the local hypothesis introduced
by del Pino-Felmer [16]: there exists a bounded domain € such that

;IelgV($) < zlerngV(x), (1.10)
Cingolani-Secchi [14] studied the semi-classical limit for the pseudo-relativistic Hartree
equation

V=EA+m2u+V(z)u= (Io*|ul”)|uP2u in RV,

Using the extension method developed by Caffarelli-Silvestre [11] and the penalization
technique introduced by Byeon-Jeanjean [10], they established the existence of a single-
spike solution which concentrates at the local minimum points of V. Taking advantage
of the same method as in [14], Gao-Radulescu-Yang-Zheng [24] proved the existence of
multi-peak solutions when the nonlinearity satisfies general hypotheses of Berestycki-
Lions type.

Also under the condition (1.10), Ambrosio [2] investigated the following general
pseudo-relativistic Schrodinger equation with linear external potential and subcritical
growth

(A +m?)*u+V(z)u=f(u) in RY, (1.11)

where s€(0,1). Using the penalization method [16] combined with the Ljusternik-
Schnirelmann category theory, the author obtained the multiplicity result and concen-
tration properties of semiclassical positive solutions to problem (1.11). We also mention
the recent paper [3] in which some similar results for the case of critical growth were
established.

We would like to point out that, in all the works mentioned above, the authors
only considered the effect of the linear potential V' on the existence, multiplicity and
concentration phenomena of solutions for problem (1.4) or similar to (1.4). For such
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case, the problem is autonomous in the reaction, in the sense that the nonlinearities on
the right-hand side of the equation do not depend on the variable x. That is why it
is quite natural to ask how the appearance of nonlinear potential and linear potential
will affect the existence, multiplicity and concentration of solutions to problem (1.4)?
This is the main motivation of the present paper and we will give an affirmative answer,
which also complements and extends the results before.

Inspired by the above facts, in this paper we will investigate the existence, multiplic-
ity and concentration phenomena of positive solutions to problem (1.4) under the effects
of both linear potential V' and nonlinear potential K. Following [41] (see also [43]), the
combination of linear potential and nonlinear potential is called the competing poten-
tials, which creates difficulties in determining the concentration positions of solutions.
This happens because V' has the tendency to attract solutions to its minimum points,
while the potential K tends to attract solutions to its maximum points. Therefore, the
study of the concentration phenomena of semiclassical states to problem (1.4) becomes
more delicate and involved under the effects of competing potentials.

More precisely, the main ingredients of this paper are the following four aspects.
We first prove the existence of positive ground state solutions for small €. Secondly,
we determine two concrete sets related to the potentials V' and K as the concentration
positions to study the concentration phenomena of these solutions as € —0. Thirdly,
we analyze the asymptotic convergence of ground state solutions under scaling and
translation and the exponential decay estimate. Finally, we investigate the relation
between the number of positive solutions and the topology of the set where V' attains its
global minimum and K attains its global maximum. To the best of our knowledge, the
present paper is the first work dealing with multiplicity and concentration properties for
the general pseudo-relativistic Schrodinger equations in the presence of two competing
potentials.

Concerning the potentials V' and K, we use the following notations:

Vinin=minV, ¥ ={z € RN : V() = Viyin} and Vi, =liminf V()

|z]|— o0
and

Kpax=max K, # ={zcRY : K(2)= Kpay} and K, =limsup K (z).
|z|—o00
Let us now introduce the following assumptions on V' and K in the spirit of [18].
(Ag) V,K € C(RN,R) are bounded, Vinin € (—m?4,0) and K, :=inf K > 0;
(A1) Vinin <V and there is x,, € ¥ such that K(x,)> K(z) for all |z| > R and some
large R > 0;

(A2) Kmax > Ko and there is xp € # such that V(xg) <V(z) for all |z|> R and
some large R > 0;

(A3) V.K € C(RN,R) are bounded functions such that 0<V® :=lim, e V(z) <
V(z) and 0 < K (2) < K :=lim|;| o K(z), and [V|>0 or [K|> 0, where

V={zeR":V>®°<V(z)} and K={zeRY : K~ > K(z)}.

Note that, for case (A1), we can assume K (x,)=max,cy K(z), and for case (As),
we can assume V() =minge » V(). In order to characterize the concentration phe-
nomena of positive ground state solutions, we consider the following sets:

oy ={reV  K(r)=K(x,)}U{r ¢V K(r) > K(x,)},
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and
o ={xe X :V(x)=V(xp)}U{x g X :V(x)<V(xg)}.

We also observe that x, € &, and x; € o7, which implies that 7, and ., are non-
empty and bounded sets. Furthermore, if (A1) holds and ¥ N.# #0, we can set K (z,) =

max K(z) and
zeEVNAH

Ay:={xe¥VNH :K(x)=K(z,)},

then o, =¥ N . Similarly, if (43) holds and ¥ N #0, then @, =¥ NA .
Meanwhile, we assume that the nonlinearity f satisfies the following conditions:

(f1) feC(R,R) and f(t)=0 for all ¢ <0;
(f2) f(t)=o(t]) as t—0;

(f3) there are ¢o >0 and p € (2,2%) with 2% = 285 such that f(t) <co(1+[t[P~) for
all t;

(fa) there exists 6 € (2,2%) such that

t
0<0F(t):6’/ F(r)dr <tf(t) for all £>0;
0

(fs) @ is increasing for all ¢ € (0,00).
The main results of this paper can be stated as follows:
THEOREM 1.1.  Suppose that (Ap), (A1) and (f1)-(f5) are satisfied, then for all small
€>0
(i) problem (1.4) has at least a positive ground state solution u.;

(ii) Z. is compact, where £, denotes the set of all ground state solutions;
(iil) ue(z) possesses a maximum point x. such that, up to a subsequence, . — gy as
e—0, and lil%dist(xe,%)zo, and ve(x) :=uc(ex+x.) converges to a ground
€E—>

state solution of
(=A+m*)*u+V (zo)u=K (o) f(u) in RY.
In particular, if ¥V N A #0, then y_r)%dist(ze,“//ﬁji/):O, and up to a subse-
quence, ve converges to a ground state solution of
(=A+m?)u+ Vipint = Kax f (1) in RY.

(iv) There exist positive constants ¢,C such that
c

ue(z) <Cexp (—7|a:—336|) .
€

THEOREM 1.2. Suppose that (Ao), (A2) and (f1)-(fs) are satisfied, then all the
conclusions of Theorem 1.1 remain true with <, replaced by <.

In order to study the multiplicity result of positive solutions for problem (1.4), we
first recall the definition of Ljusternik-Schnirelmann category. If Y is a given closed
subset of a topological space X, the Ljusternik-Schnirelmann category catx (YY) is the
least number of closed and contractible sets in X which cover Y.
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To obtain the multiplicity result, in the following we assume ¥ N.# #0. Let us
denote by

A:=7NK and As={z R :dist(x,A) <5} for § > 0.

Evidently, from (Ap), (A1) and (A2) we can see that the set A is compact. The multi-
plicity result is the following theorem.

THEOREM 1.3.  Suppose that (Ao), (A1) (or (A2)) and (f1)-(fs5) are satisfied and
A#0. Then for any § >0 there exists €5 >0 such that, for any €€ (0,¢5), problem (1.4)
has at least catas(A) positive solutions.

Finally, we give the non-existence result of ground state solutions as follows.

THEOREM 1.4. Suppose that (As) and (f1)-(fs) are satisfied, then for each €>0,
problem (1.4) has no positive ground state solutions.

Let us now outline the strategies and approaches to establish Theorems 1.1-1.4.
Our arguments are based on appropriate topological and variational arguments inspired
by [2,40].

Firstly, we observe that the operator (—A+m?)® involved in problem (1.4) has the
nonlocal feature and that does not scale like the fractional Laplacian operator (—A)®.
More precisely, the operator (—A +m?)® is not compatible with the semigroup R, acting
on functions as t*ursu(t~1x) for t>0. This feature means that some arguments used
to handle (1.8) do not work in our problem. To surmount these difficulties, we will use a
variant of the s-harmonic extension method from Caffarelli-Silvestre [11] (see also [20])
which allows us to investigate (1.4) by studying a local problem via suitable variational
methods.

Secondly, due to the fact that the nonlinear term f is only continuous, the Nehari
manifold is not differentiable and some well-known arguments for C'-Nehari manifold
are not applicable in our situation. To overcome this difficulty created by the non-
differentiability, we will use the method developed by Szulkin-Weth [39] to handle the
present problem. The main idea of this method is to find a homeomorphism mapping
between the Nehari manifold and the unit sphere of working space. Then, one can
construct a reduction functional on the unit sphere such that critical points of reduction
functional are in one-to-one correspondence with critical points of the original functional.

Thirdly, the combined effects of lack of compactness and competition of two po-
tentials bring some difficulties to our analysis, it is difficult to prove that the energy
functional has the Palais-Smale compactness property. This goal will be achieved by
doing a finer analysis and using the energy comparison method to establish some com-
parison relationships of the ground state energy value between the original problem and
certain auxiliary problems. Furthermore, these comparison relationships we established
are also very beneficial for proving the concentration phenomena and nonexistence of
solutions, which play a fundamental role in the study. Arguing as in [2], we prove the
regularity and exponential decay of solutions. These properties contribute to determin-
ing the concentration location of solutions. To obtain the multiplicity result of positive
solutions, we use the Ljusternik-Schnirelmann category theory and the techniques due
to Benci-Cerami [8] based on precise comparisons between the category of some sublevel
sets of the energy functional and the category of the set A.

Finally, it should be pointed out that the main results presented in this paper
are new and have not been established previously for the general pseudo-relativistic
1

Schrédinger equations. And all of conclusions are new even for the special case s= 5.
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Moreover, we would like to point out that our arguments are rather flexible and we
believe that the ideas contained here can be applied in other fractional problems with
competing potentials.

The remaining part of the paper is organized as follows. In Section 2, we establish
a suitable variational framework of problem (1.4) and introduce the Nehari manifold
method. In Section 3, we present some results for the autonomous problem. In Section
4, we analyze the Palais-Smale compactness condition. In Section 5, we prove the
existence and concentration of positive ground state solutions and we complete the
proofs of Theorem 1.1 and Theorem 1.2. In Section 6, we are devoted to the multiplicity
result and we give the proof of Theorem 1.3. Finally, we prove the non-existence result
of ground state solutions and finish the proof of Theorem 1.4 in Section 7.

2. Variational framework and Nehari manifold

Throughout the paper, we introduce following notations which will be used later.

e The symbol RY ! denotes the half space {(z,y):z € RN,y >0};

e |||, denotes the usual norm of the space LP(RY), 1< p<oo;

e ¢, ¢, C, C; denote some different positive constants;

e For RN, r>0, we will denote by B, () the ball in RY centered at z with
radius r;

o For z ¢ Rf“ and r >0, B;f (x) will be the ball in Rf“ centered at z with radius
T

e v =max{u,0} and v~ =min{u,0}.

In what follows, we introduce some definitions and basic results of the Lebesgue

spaces with weight. Let CRfH be an open set. LP(€,y'~2%) denotes the weighted
Lebesgue space of all measurable functions u: 2 — R such that

1
s = ([ v huirdaoy) " <oe.

We define the weighted Sobolev space H'(€Q,y!~2%) with the norm

1
2
l[ull 1 (,y1-20) = (//Qy”s(IVUI2+ IUIQ)dxdy>

and the inner product
(u,v) :// y' 7% (VuVo +uv)dedy.
Q

Let H*(RY) be the usual fractional Sobolev space defined as the completion of
Cs°(RY) with respect to the norm

fullae = ( [ (P +my | #uce)ac g

where .# denotes the usual Fourier transform and m > 0.
We define X*(RY™):= HY(RY ! 41 =2%), which is the completion of C§°(RY )
with respect to the norm

lull - = ( / / y1-23<w|2+m2u2>dxdy>
Rﬂj“

1
2
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According to [20, Lemma 3.1], we can know that X S(Rf *1) is continuously embedded
in L2900 (RY*! y1=2%) and there holds

et 2o v+ 120 < |l x+ for all we X (RYTY), (2.1)

where ¢go=1+ N%% Moreover, we also know that X S(Rf 1) is compactly embedded

in the space Lz(Bg,kaS) for all R>0.
Following [20, Proposition 5], there is a linear trace operator Tr:X*(RY ™) —
H*(RY) such that

oL Te () 3 < [lulk- for all ue X*(RY ),

where 0, =2!172°T(1 —s)/T'(s) is a normalization constant. Moreover, according to the
definition of H*-norm we can get

o | Tr(w) 3 < 0| Te(w) . < ulk for all we X®RYF). (2

In the sequel, in order to simplify the notation, we denote Tr(u) by u(z,0).

We observe that Tr(XS(RfH)) C H*(RY), and together with the fact that the
embedding H*(RM) < LI(RY) is continuous for all g € [2,2%], and locally compact for
all ¢ €1,2%), we have the following embedding result.

LEMMA 2.1. TT(XS(R_,]Y+1)) is embedded continuously into LY(RY) for any q € [2,2?]
and compactly into L _(RN) for any g€ [1,2%).

loc

We recall the following Lions compactness lemma, see Lemma 3.3 in [2].
LEMMA 2.2.  Let p€(2,2%). If {u,} C X*(RY*Y) is a bounded sequence and if

lim sup / |t (2,0)|Pdz =0,
BR(Z)

HHOOZeRN

where R>0, then u,(z,0)—0 in LY(RY) for all g€ (2,2}).

We introduce the extension method for the pseudo-differential operator (—A +m?)s.
Precisely speaking, for any u€ H*(RY), there exists a unique function w€ X* (Rf“)
solving the following problem

—div(y! =2 Vw) +m?y' 2w =0, in RY !,
w(z,0)=u, on RV,
The function w is called the extension of w and has the following properties:

(1) 5% = —;ig%)yl_zs%’(x,y) =0s(—A+m?)%u(x) in distribution sense;
(2) oullullF =llwl.;

(3) if ue S(RY), then we C®(RY™)NC(RY ™) and it can be expressed as

w(z,y)= /IRN P, o (z—2z,y)u(z)dz

with

N+2s N+

. Ni2s _ N+2s
Pon(@,) = C(N, )y m ™% |(2,9)| 5 Waga (m](2,)])
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and

N +2s
2

N+2;

C(st):pN,SQ 1/F( )’

where py s is the constant for the Poisson kernel with m =0, see [38].

In order to investigate some properties of solutions, we need to apply some con-
clusions about local Schauder estimates for degenerate elliptic equations involving the
operator

—div(y' ~?*Vw) +m?y' " w with m > 0.

Let QCRY ™! be a bounded domain with 992+ 0, and let heLl’ZC”‘“’ (09Q) and g€
Lj,.(952). We consider the following problem

{ —div(y!=2Vw) +m2y! 2w =0, in Q,

W—h( r)w+g(v), on ON. (2.3)

Here we say w € H'(Q,y!72%) is a weak supersolution (resp. subsolution) to (2.3) in
if for any nonnegative ¢ € C}(QUOQ),

J[ 7 uve s mtug)ady= (<) [ o0+ 0d

19)
We say that we H'(Q,y'7%%) is a weak solution to (2.3) in Q if it is both a weak
supersolution and a weak subsolution.
For R>0, let Qg :=Bg x (0,R). We introduce the following results proved in [20].

LEMMA 2.3.  Let f,g€ L9(By) for some q> &
(a) Let u€ HY(Qq,y*2%) be a weak subsolution to (2.3) in Qy, then

suput <e(llul| 2, yr-20) + 197 [La(my)) s
Q1/2
where ¢>0 depends only on m,N,s,q and |f+|Lq(Bl).

(b) Let ue HY(Qq,y'=2%) be a nonnegative weak supersolution to (2.3) in 0, then
for some py >0 and any 0 <11 <re <1 we get

i,nfu+|gi|LQ(B1) ZCHUHLPO(QT,Q,yl*?S)a
1
where ¢ >0 depends only on m,N,s,q,71,72 and |f~|pa(B,)-

(c) Let ue H'(,y'~2*) be a nonnegative weak solution to (2.3) in Qy, then ue
CO,a(Ql/2) and

[ullgo.aa, ) < clllull Lz @) +19lLas)))

where a€(0,1), ¢>0 depends only on m,N,s,q and |f|pq(B,)-
Observe that, making the change of variable z+ ex, then problem (1.4) is equivalent

to the following problem
{ (—A+m?)Su+V(ex)u=K(ex)f(u), in RV,

u€ H*(RN),u>0, in RV, (24)
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Clearly, if u is a solution of problem (2.4), then v(x):=wu(z/€) is a solution of problem
(1.4). Thus, to study the original problem (1.4), it suffices to study the equivalent
problem (2.4).

Furthermore, according to the previous discussion and using the extension method,
we are able to transform problem (2.4) into the following local problem

{—div(yl_QSVw)+m2y1_25w:0, in R+,

SO — g (~V(ex)w(x,0)+ K () f(w(z,0))), on RV (2.5)

If w is a solution of problem (2.5), then the trace u(z)=Tr(w)=w(x,0) is a solution of
problem (2.4), and the converse is also true. Therefore, both formulations are equivalent.
For the sake of convenience, we set the constant o, =1 for the second equation in (2.5).
Now we establish the variational framework of problem (2.5). For any fixed € >0,
we define the working space of problem (2.5)
Eez{ueX‘q(RfH): V(ex)u2(m,0)dx<oo}
]RN

endowed with the norm

2

full= Il + [ V(eato0yas]

and the inner product
(u,v), :// ylfzs(Vqu+m2uv)dxdy+/ V(ex)u(z,0)v(x,0)dx
R+ RN

for all u,v € E.. From condition (Ag) we know that the potential V is sign-changing.
Still, we can also check that | - | is actually a norm. In fact, as observed in [2], we have
that

l|ul|? = {|u||§(s —|—Vmin/ u2(x,0)dx} —|—/ [V (ex) — ViginJu? (z,0)dz.
RN RN
Using (2.2) and the fact Viyin € (—m?*,0) we have

Vmin
[ e < [l + Vo |2 (00)e] < e
RN

which implies that
e+ Vo | .00z
]RN

and ||-|xs are equivalent. Therefore, we can see that ||-||¢ is actually a norm and
E.C X*(RY*h). Using (Ag) and (2.2) again, we can conclude that

2s
20 < | — | )% 2,
L P LG (26)
We define the energy functional associated to problem (2.5) on E.
1 1
D (u) ==|ul/%s + f/ V (ex)u?(z,0)dx — K(ex)F(u(z,0))dz
2 2 RN RN

Lo
:§||U||e —/]RN K(ex)F(u(z,0))dz.
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Using Lemma 2.1 and some standard arguments, we can check that ®. € C(E,,R), and
critical points of ®, correspond to weak solutions of problem (2.5). Moreover, for any
u,v € E¢, we have

(DL (u),v) = (u,v)e — - K(ex) f(u(x,0))v(z,0)dz.

From (f1), (f2) and (f3) we can deduce that for any € >0, there exists C. >0 such
that

|f (1) <elt| +C|t|P~! and |F(t)| <elt|* + C.|t|P for any t € R. (2.7)

Moreover, (f5) implies that
1
F(t)>0 and 5f(t)t—F(t)>0, Vit > 0. (2.8)

To prove the positive ground state solutions of problem (2.5), we will use the method
of Nehari manifold developed by Szulkin and Weth [39]. Define the Nehari manifold
associated to ®,. by

Ne={ue E\{0}:(®.(u),u) =0},
and the ground state energy value

Ce :=inf @..

Evidently, we can see that if ¢, is achieved by u. € 4, then u. is a critical point of ®..
Since c. is the lowest level for @, then wu. is called a ground state solution of problem
(2.5).

Applying Lemma 2.1 and some standard arguments, it is easy to check that the
functional ®. satisfies some elementary properties.
LEMMA 2.4.  Suppose that(f1)-(fs) are satisfied, then ®. satisfies the following prop-
erties:

(1) @, maps bounded sets of E. into bounded sets of E.;

(2) @

¢ is weakly sequentially continuous in E.

LEMMA 2.5. Suppose that (Ao) and (f1)-(fs) are satisfied, then
(1) there exist o, 0>0 such that ®.(u)>a with ||ull. = o;
(2) there exist u€ E. and R>0 with |ulle > R such that ®.(u)<O0.

Proof.
(1) From (2.2), (2.6), (2.7) and Lemma 2.1 we get

1
De(u) > 2 flull? —ellu(@,0)[3 — Ccmax||u(z, 0)|I}

1 €
> Dtz - Sl —esClle
1 € 9
>l —c3C||ull®.
> (3 ey | Itz s

Using (Ao), p>2 and the arbitrariness of €, then there exist o, 0 >0 such that ®.(u) >«
for |lulle=o.
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(2) Let e€ E\{0}, from (f4) we have

F(t
EQe)dx—>—oo as t — oo.

Bofte) = 5llell~ [ K(ea)

Evidently, the conclusion (2) holds. |

Lemma 2.5 shows that ®. satisfies the usual mountain pass geometry, then we can
use a version of mountain pass theorem without the Palais-Smale condition [42] to yield
the existence of a Palais-Smale sequence {u, } at level ¢, namely

., (uy,)—ée and D (u,)—0,
where ¢, is the mountain pass level of ®. defined as

¢, = inf (L)),
€= inf max ®(£(t))

and
I'={teC([0,1],E):£(0) =0,2(¢(1)) <O0}.
Since A4, is not differentiable under our conditions, we collect some properties of
A¢ in order to use the Nehari manifold method.
LEMMA 2.6. 4% is bounded away from 0, and is closed in E..

Proof. Let ue 4, from Lemma 2.1, (2.2), (2.6) and (2.7) we have

Jull = [ | K(eo) a0 o0
< Rl 0)[3+ C Bl (- 0)

<ecallull? +esull?-

So, it is easy to see that there exists ag >0 such that ||ull¢ > ap.
Let {u,} C A be a sequence such that u, »u in F.. From Lemma 2.4, we know
@ (u,,) is bounded, and

(R (tn),un) — (P (w),u) = (D¢ (un) = D (un ), ) + (P (tn)  un — 1) =0,

this shows that (®.(u),u)=0. Together with the above conclusion we deduce that
llulle > o and we A¢. This completes the proof. O

LEMMA 2.7. Let ue EN\{0}, then there exists a unique t, >0 such that t,u€ f;.
Moreover, m.(u)=t,u is the unique global mazimum of ®. on RYwu. In particular, if
u€ M, then

D (u)= 1?35<¢5(tu) >® (tu) for all t>0.

Proof. Let ue E\{0}, we define the function g(t)=®.(tu) for ¢ >0. According
to the proof of Lemma 2.5, we know that ¢g(0)=0, g(t) >0 for ¢ sufficiently small and
g(t) <0 for t sufficiently large. Hence, there is t=t,, such that max;sog(t) is attained
at t,, s0 ¢'(t,) =0 and t,u € A,.
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Now we prove that ¢, is the unique critical point of g. Suppose by contradiction
that there exist ¢; and to with 0 <ty <t such that tju,tou € A, then it follows that

ft
|2 = / K (ex) L@ 20604,
tiu(z,0)
and
f
2= / K (ex) L0290 200 0y
tou(z,0)
From (f5) we have
t t
O: K(ex) f( 1U(CL'7O)) _ f( 2U(1’70)) U2(x,0)dx<0,
RN tiu(z,0) tou(z,0)
this is impossible, a contradiction. So the proof is now complete. O

LEMMA 2.8. There exists A>0 such that t, >\ for each u€ Se, and for each compact
subset W C Se, there exists Cyy >0 such that t,, <Cyy for allueW, where Sc={u€ E,:

Jufle=1}

Proof. For each u € Se, by Lemma 2.6 and Lemma 2.7, there exists t,, >0 such that
tyu€ A, and t, =||tyul|e > ap. Next we show that t,, <Cyy for all ue W C S,.. Arguing
by contradiction we assume that there exist a sequence {u,} CWCS, and {t,} such
that ¢, — oo. Since W is compact, there exists v €W such that u, - u in E.. From
the proof of Lemma 2.5, it is clear that ®.(¢,u,)— —oo. However, for any u € 4, we
deduce from (2.8) that

D) = () — (8L (w),u)

€

RN

= K(ex) [;f(u(a:,O))u(x,O)—F(u(az,O)) dz >0.

So, the conclusion @ (t,u,) — —oo is impossible, a contradiction. This ends the proof.
a0

According to Lemmas 2.5-2.8, the ground state energy value ¢, has a minimax
characterization given by

ce=C= inf max® (tu)= inf maxP (tu). (2.9)
wEEN\{0} (>0 u€S. 10

We refer to see [39] and [42] for the detailed proof .

LEMMA 2.9.
(1) There is a>0 independent of € such that cc>a>0.
(2) @, is coercive on A, i.e., P(u) =00 as |ulle =00, u€ .
Proof.

(1) For any u € .4, from Lemma 2.5 we have ®.(tu) >a >0 for t >0 small. More-
over, by (2.9) we get ¢. >a>0. So, the conclusion (1) holds.
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(2) Let we A, then using (f4) we have

@) =B (u) ~ (! (u).1)
_ [; - ;] a2+ [ K (ex) [;f(u(x,O))u(x,O) — F(u(x,0))| dz

R
1 1
>|=—= 2,
[2 H]Hunf

Obviously, this shows that the conclusion (2) holds. |

LEMMA 2.10.  The mapping m.: E\{0} — A¢ is continuous, and the map me := .
Se — N¢ is a homeomorphism between S. and . with inverse given by

Se *

me Mo = Se, mH (w) = uf||ulle.

Proof.  First we assume that u, —»u#0. Since m.(su) =m.(u) for each s>0, we
may assume u, € S, for all n and it suffices to show that M. (u,)— M.(u) after passing
to a subsequence. According to Lemma 2.7, M(un)=t,, un. It follows from Lemma
2.8 that {t,,} is bounded and bounded away from 0, hence, taking a subsequence,
ty, —to>0. By Lemma 2.6, ¢ is closed and m(u,)— tou and tou € A¢. Hence tou=
tyu=m.(u). From the above proof, the second conclusion is an immediate consequence.

O

Based on Lemma 2.10, we define the functional I, : E.\{0} —R and the restriction

I.:S.—R

I.(u) = ® (e (u)) and I, =1,

Se+

According to the above preliminary results, we have the following important results.
The details can be found in relevant material from Corollary 3.3 in [39].
LEMMA 2.11.  The following conclusions hold:

(a) I. e CH(E\{O},R) and for u,v € E. and u#0,

7 [|772e (w)]]e

(1 (u),0) = == (@ (e (u)), ).

(b) I. € CY(S,R) and (IL(u),v) = ||Me(u)||(PL(M(w)),v) for veT,(S.), where
T.(Se) is the tangent space of S. at u.

(¢) {un} is a Palais-Smale sequence for I, if and only if {Me(uy,)} is a Palais-Smale
sequence for ®..

(d) w is a critical point of I, if and only if m¢(u) is a critical point of .. Moreover,
the corresponding critical values coincide and and

infl, =inf®,.=c,.
5. € A € €

3. The autonomous problem
We will make use of the limit problem of problem (2.5) to help us to prove the main
results. So, in this section we start by considering the autonomous problem

: 1-2s 2, 1-2s,,__ : N+1
{dlv(y Vw)+m2y w=0, in Ry™, (3.1)

% = —pw(x,0) + K f(w(x,0)), on RY.
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where 11> —m?® and x> 0. Define the corresponding working space

E,= {ueXs(]RfH):/ ,uuz(x,O)dx<oo}
R

N

with the norm

2
el = [uun‘fw / uu?(x,mdx}
RN

and the inner product
(u,v)uz// yl_Qs(Vqu—l—uv)dxdy—&—/ pu(z,0)v(x,0)dz, u,veE,.
Rerl RN

It is well known that the solutions of problem (3.1) are precisely critical points of
the functional

1 1
jm(u):inu”%(s—&—i/ﬂw pu? (z,0)dr — K - F(u(x,0))dz

Lo
e —_— F .
5 llull Fv/RN (u(z,0))dx
Clearly, J,., € C*(E,,R) and its differential is given by

(T (W),0) = (w,0)p — 5 - fu(z,0))v(z,0)dz

for any u,v € E,. The Nehari manifold and ground state energy associated to J,. are
defined by

N ={u€ B, \{0}:(J,,.(u),u) =0} and ¢,x = i/‘r}f N

Mk

As before, we define the mappings
M s B \{0} = A and mye =myp|s 1S — AN,
and the inverse of m,,, is given by
My N = Sy mye (w) =uf|ul] .

From the previous arguments in Section 2, we see that J., 4. and c,. have
similar properties with ®., .4, and c¢.. Moreover, all related Lemmas in Section 2 hold
for the autonomous problem (3.1). So we give these results for problem (3.1).

LEMMA 3.1.  The following conclusions hold:
(a) A is bounded away from 0. Moreover, A, is closed in E,,.
(b) For we E,\{0}, there exists a unique t, >0 such that t,ue A,,. Moreover,
My (0) =t,u is the unique global mazimum of J,. on Rtu.

(¢) There exists A>0 such that t, > X for each w€ S, and for each compact subset
W CS, there exists Cyy >0 such that t, <Cy for allueW.

(d) cux>0 and Jp. is positive bounded below on A},..
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(€) Tux is coercive on Ny, i.e., Tux(u) =00 as ||ull, — 0o, € N,,.

Let us define the functional f,m :E,\{0} =R and the restriction I,,,:S—R

[/u@(u) - l]u..‘i (T/ﬁ/u@(u)) and I/u-i = /m'S-
Similarly, we have the following results.

LEMMA 3.2.  The following conclusions hold:
(8) Ty € CH(S,R) and (L (), 0) = [y (0) | (T (o ()} Jor v €T (S), where

uK
T.(S) is the tangent space of S at u.

(b) {un} is a Palais-Smale sequence for I, if and only if {m.(uy)} is a Palais-
Smale sequence for J .

(c) u is a critical point of I.. if and only if M,.(u) is a critical point of Jux.
Moreover, the corresponding values of I,,,, and J,, coincide and

Cur = ixr/ifﬁ T :i%fIM.

Now we use the Nehari manifold method to establish the existence result of positive
ground state solution of problem (3.1), this result is very useful in later arguments.

LEMMA 3.3.  Assume that p>—-m?, k>0 and (f1)-(fs) are satisfied. Then problem
(3.1) has at least one positive ground state solution @ such that J. () = cpx.

Proof. Firstly, it follows from Lemma 3.1-(d) that c,.>0. We observe that
if ue A, satisfies Jx(u) = cpp, then my!(u) €S is a minimizer of I, and hence a
critical point of I,,.. Lemma 3.2 shows that u is a critical point of J,,. Hence, we
need to prove that there exists a minimizer @€ .4}, such that J,.(%)=c,.. Indeed,
using Ekeland’s variational principle [42], there exists a sequence {v,} CS such that
I (vn) = ¢ and I;/m(”n) —0 as n—00. Let up =M (v,) € A, for all n€N. Then
using Lemma 3.2 again, we can get Jux(un)—cue and Jj, (un) —0. According to
Lemma 3.1-(e), we can see that {u,} is bounded in E,,, and ||u,]|, > aq for some ag >0
by Lemma 3.1-(a).

We claim that

n—o00 zeRN

lim sup / u? (2,0)dz > 0.
Brg(z)

Otherwise, Lemma 2.2 yields that u,(z,0) =0 in LY(RY) for any g€ (2,2%). From the
fact that u,, € A}, and (2.7) we can deduce that

0= (1w (n),un) = lun - K/RN f (un(@,0))un(2,0)dz = [[ug |7, +o(1),

this shows that |luyl/, — 0, which contradicts with |uy,]|, > .
Thus, there are § >0 and {k, } C Z" such that

/ u? (2,0)dz > 6.
BR(kn)

Setting Uy, (x,y) =un(x +kyn,y), then we have

/ @2 (z,0)dx > 6. (3.2)
Br(0)
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Since problem (3.1) is autonomous, then 7, possesses the invariance under Z~-
translation, and we have ||@, ||, =|/u.]||, and

Ty (lin) = e and - T, (11n) — 0. (3.3)
Up to a subsequence, we assume that @, —@ in E,, @,(z,0) = a(z,0) in L (RY) for
q€(2,2%), and Uy, (x,y) = u(x,y) a.e. in Rf‘H, T (2,0) = i(x,0) a.e. in RY. Therefore,
from Lemma 2.4, (3.2) and (3.3) we infer that @0 and J},,,(4) =0. This shows that
W€ Ny, and Jpuw (@) > cpp.
On the other hand, applying Fatou’s lemma and (2.8), we can get

Cur = lim_ {Jm(an) - ;wgﬁ(an),m]
- lim {H N % f(ﬁn(:c,()))an(m,o)—F(an(x,o))dx]
>k /]R ) [ f(ﬂ(x,O))ﬂ(x,())—F(ﬂ(w,O))} dz

this shows that J,,. () <. Then we have 7, (%) =c,. and @ is critical point of J,.
So, @ is a ground state solution of problem (3.1).

Next, we show that the ground state solution u is positive. Indeed, taking 4~ =
min{@,0} as test function in problem (3.1), we can obtain

||ﬂ_||i:m/RN Fim (2,0))i (2,0)dz =0,

This shows that = =0, that is >0 in Rf“. By the regularity results (see Lemma
5.5 below), we know that @(z,0) € L9(RY) for any g€ [2,00], and that @€ L®°(RY ).
According to Lemma 2.3-(c), we have @€ C%*(RY ™) for some a € (0,1). Finally we
can apply Harnack’s inequality (see Lemma 2.3-(b)) to conclude that @ >0 in Rf +1

0

The following lemma describes a comparison between the ground state energy values
for different parameters p and k, which is crucially important in our analysis.

LEMMA 3.4. Let p;>—m? and k; >0 for i=1,2, with min{us —pu1,k1 — K2} >0.
Then ¢y < Cugr,- Additionally, if max{ps —pi,k1—ka} >0, then cu p, <Cugry- In

particular, we have ¢, ., <Cugw; f 1 <ph2, and Cpuyry > Cuins if K1 < Ka.

Proof. Let ue A, with J,,., (4) =cCu,k,, then, Lemma 3.1-(b) implies that
Cugka = jﬂ2f'€2 (U) = r?fgijumz (tu) .
Using Lemma 3.1-(b) again, there exists to >0 such that uo =tou € .4}, ., and

Tpar (U0) = I?Zaé(j“l“l (tug).
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According to the above facts we have
Cuoro = -.7;42&2 (U) > juzﬁz (U())

1
—Furms (w0)+ 32— gn) [ ablw,00de (1 —2) [ Fluo(a 0z
RN RN

1
> Cpyry + 5(/12 —,u1)/ u%(x,())dx—i— (k1 — Hg)/ F(ug(z,0))dx.
RN RN

Evidently, ¢u,ry > Cuyry - If max{po — p1,61 — K2} >0, it is easy to see that c,,x, > Cpuyn,

by the above formula. This finishes the proof. ]

4. Palais-Smale compactness condition

In this section we will analyze the behaviors of Palais-Smale sequence to overcome
the lack of compactness. First, combining the nonlocal version of Brezis-Lieb lemma
and some standard arguments, we have the following splitting lemma.

LEMMA 4.1. Let {un} be a sequence such that u, —u in E., and set v, =u, —u.
Then we have

o, (Un) =, (un) —-d, (’U,) + On(l)v
and
<(I)l€(’un>,<p> = <(ble(un)7(p> - (@é(u),go} +0n<1)
uniformly in p € E..

Consider the limit problem

—div(y'=2*Vw) +m2y 25w =0, in ]Rf“, (4.1)
gtz = —Voow(,0) + Koo f (w(2,0)), on RY. '

As before, we use the notations Jv,_ k., H. k. and cy_ k., to denote the associated
energy functional, Nehari manifold and ground state energy value of limit problem (4.1),
respectively.

LEMMA 4.2.  Let {u,} be a Palais-Smale sequence at level ¢>0 for ®. with u, —u in
FE.. Then the following alternative holds: either u, —u in FE. along a subsequence, or
c—P(u)>cy k.-

Proof. Define v, =u, —u and assume that v, -0 in E.. We infer from Lemma
2.7 that for each v,, there exists a unique {t,} C (0,00) such that {t,v,} C M K. . We
divide the proof into three steps.

Step 1. The sequence {t,} satisfies

limsupt, <1.

n— oo

Indeed, assume by contradiction that the above conclusion does not hold. Then, there
exist 7> 0 and a subsequence of {t,}, still denoted by itself, such that

t,>1-+7 for all neN.

On account of Lemma 4.1, we see that (®.(v,),v,)=0,(1) and

an||§(s+/RN V (ex)v? (z,0)dx — - K(ex) f (vn(2,0))v,(x,0)dz =0, (1).
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By the fact that {t,v,} C MKk, , we have

Koof(tnvn(x70))
RN tpvn (x,0)

Jonlf+ [ Vesol (.00~ 2 (2,0)dz =0,

Consequently,
Koof(tnvn(x70)) . Koof(vn(xvo)) V2 (x T
/]RN [ tyUn(2,0) v (2,0) } n(@,0)d
_ K(€$)f(1}n($,0)) _ Koof(vn(xao)) ’U2 T T
=[5 e G
—|—/ [VOO—V(ex)]vi(m,O)dm—i—on(l). (4.2)
RN

By the definition of V, and K, for any ¢ >0, there exists R= R(¢) >0 such that
V(exr) > Vo —e and K(ex) < Koo +¢ for any |z| > R. (4.3)

Since v,, =0 in E,, Lemma 2.2 implies that v, (x,0) =0 in L?OC
(2.7) and (4.2) we get

/ {Koof(tnvn(x,o)) Koof(vn(x,o))] 2
e

(RY) for g €[2,2%). Using

d
v, (2,0) vn (2,0) vn(@,0)dz

< / K (e2) — Koo f(vn (2,0))vm (2,0)dz + / (Vi — V(ea))o2 (2,0)] da + 0, (1)
RN RN

§6/1|>Rf(vn(a:,0))vn(J:,O)dx—i—s/ vy, (z,0)dx

|2|>R
—|—2Kmax/ f(vn($70))vn(x,0)dx+2Vmax/ vi(x,O)dm—l——l—on(l)
je|<R le|<R
:065+0n(1)- (44)

Since v, 0 in E, and (®’(v,),v,) — 0, then there exist R, § >0 and z, € RY such
that

/ v2 (2,0)dz > 4. (4.5)
BR(Zn)

Note that the above claim is true. Otherwise, using Lemma 2.2, we have v, (z,0) — 0 in
L4(RY) for q€(2,2%). According to (2.2), (2.6), (2.7) and (®.(v,,),v,) =0,(1) we can
deduce that

0n (1) = (DL(vy),vy)
= lonll2= [ K)o (.00, (r.0)da

> ||vn||§ — e Kmax|[vn(2,0) ||§ - CeKmaXHUn(xvo)Hg
> (1—ecq)||vallZ — csllvn (2,0) 5.

Then, v, —0 in E,, which is a contradiction. Setting ¥,, = v, (z+ z5,y), we may assume
that, up to a subsequence, ¥, — ¥ in E, and @, (x,0) —9(x,0) a.e. in RY. Thus,

/ o2 (z,0)dx >4,
Br(0)
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which implies that ©#0. Moreover, using the fact that v, >0 for all n € N, we have that
9(z,0) >0 a.e. in RY. Hence, there exists a subset ; C R with positive measure such
that o(z,0) >0 for all z € Q. Consequently, according to (f5) and (4.4) we get
0< / [Koof«l +7)0u(2,0)) Kooﬂvn(x,o»] .
Q

(14 7)vp,(z,0) vp(x,0)

vy (2,0)dz <cge+o0p(1).

Letting n — oo in the last inequality and applying Fatou’s lemma, it follows that

0</Ql{ (1+7)0(z,0) o(x,0) ] (z,0)dz < e,

this is a contradiction since the arbitrariness of €.
From Step 1, we derive that

limsupt, =1 or limsupt, =tg<1.
n—oo n—oo

Next we will study each one of these possibilities.

Step 2. The sequence {t,} satisfies

limsupt, =1.
n— oo

In this case, there exists a subsequence, such that t, —1. Using Lemma 4.1 and the
fact that Jv_k__ (tnvn) >cv, k. we have

c— D (u)+0,(1)=Dc(vy)
= (I)e(vn) - '.7VD<,I{C,C (tnvn) +\7VDCK(X, (tnvn)
> o, (”Un) — \7\/001(0c (tnl)n) +cev Ko - (46)

Note that,

(I)e(vn) - ijKoo (tnvn)

:(1—275”) an”%(s —I—%/RN [V(em)—tivoo}vi(%())dx
+/ [K oo F(tnvn(2,0)) — K (ex) F (v, (2,0))]dzz. (47)
RN

It follows from (4.3) that
V(ex) —12Voo = (V(ex) = Vi) + (1 = 12) Voo > — + (1 — t2)V,, for any |z| > R,

then by vy, (2,0) —0 in L?

loc

(RY) and ¢, — 1 we have
/ [V(ex)ftivoo]vfl(x,())dx
RN

:/ [V(ex)—tiVoo]va(x,O)dx—i—/ [V (ex) —t2 Voo |02 (2,0)dx
lz|<R |z|>R

Z(Vminftivoo)/ vfl(x,O)dxfE/ vi(az,O)derVOO(l—ti)/ ’Ufl(x,O)dzzz
|z|<R |z|>R |z|>R
>0,(1) —cre. (4.8)
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Now we prove that
/RN [Koo F(tnvn(2,0)) — K (ex) F (v, (2,0))]dx > 0, (1) — ce. (4.9)
In fact, observe that
/RN [Koo F(tnvn(x,0)) — K(ex)F (v, (x,0))]dx
= /RN [Koo F(tnvn(2,0)) — Koo F (v, (2,0))]dx

+/ [KooF' (v (2,0)) — K (ex) F (v, (x,0))]dx
RN
= D1 —|—D2
On the one hand, using the mean value theorem, ¢, —1 and the boundedness of {v,,}
we get

Dy <Ky /RN |F (tnvn(x,0)) — F(v,(2,0))|dz

SCg\tn—H/ |vn(x,0)|2dx+09|tn—1|/ |v (2,0)[Pda
RN RN
=o,(1).
On the other hand, applying the fact v,(2,0)—0 in L} (RV) for g€ [2,2}) and (4.3)

we obtain

Dg:/ [KOO—K(ex)]F(vn(x,O))dx—l-/ [Koo — K (ex)]F (v, (x,0))dz

lz|<R lz]>R
>0p (1) — cy0e.

Combining the above two estimates for D; and Ds, we can see that (4.9) holds.

Finally, from (2.6), the boundedness of {v,} and ¢, — 1 we can deduce that

(1-t3)

2
Using (4.6), (4.7) (4.8), (4.9) and (4.10) we have

[[on[5ce = 0n(1). (4.10)

c—® (u)>o0n(1)—cr1e+cv k..,
and taking the limit as ¢ = 0 we get
c—® (u)>cy k..
Step 3. The sequence {t,,} satisfies

limsupt, =tg<1.

n— oo

We assume that there is a subsequence, still denoted by {¢,}, such that ¢, —to<1.
Similarly, from the above arguments, we can get

/RN [Koo — K (ex)] [;f(vn(w,O))vn(x,O)F(vn(x,O)) dz=o0,(1). (4.11)
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Since (®L(vy,),vn) =0n(1), then we have

c—Qc(u) +0,(1) = @c(vn) = 5 (P (vn),vn)

1

2

= K(ex) [;f(vn(:zr,O))vn (2,0) = F(vy(2,0)) | de. (4.12)
RN

Recalling that t,v, € MKk, and using (f5), (4.11) and (4.12) we have

Vo Koo STV Ko (tnn)

1
=Ko (tnvn) - §<~7\//me (tnvn)atnvn>

_ /R K B F(tnon(,0))tnvm (,0) —F(tnvn(x,o))} dz.

< /RN Koo [;f(vn(x,O))vn(%O) —F(vn(x,O))] dx
= K(ex) Bf(vn(a:,()))vn(x,()) — F(vn(x,O))} dx

RN

n /R (KoK (e) [; F(n(2,0))vn(z,0) — F(vn(x,O))} da

=® (v,) — %(‘b;(vn),vn> +on(1)

=c—®.(u)+o,(1).
Taking the limit as n — oo, we get
c—®(u)>cy k..

This ends the proof. a0
Combining Lemma 4.1 and Lemma 4.2, we have the following compactness result.

LEMMA 4.3. Let {u,} be a bounded Palais-Smale sequence at level c<cy, k., for ®@..
Then {u,} has a convergent subsequence in E.

Proof.  Let {u,} be a bounded Palais-Smale sequence, up to a subsequence, we
may assume that u,, —u in F.. Using Lemma 2.4, we can see that ®/(u)=0. Moreover,
it follows from (2.8) that

Be(0) = o) — o (L), )

€

- [ K [; Fu(,0))u(@,0) — F(u(z,0))| de >0, (4.13)

Hence, we have ¢c— @ (u) <c<ey,_ k. . Evidently, we can deduce from Lemma 4.2 that
Uy, —u in E.. This finishes the proof. 0

5. Existence and concentration of positive ground states

In this section, we are going to prove the existence and concentration phenomena
of positive ground state solutions to problem (2.5). Moreover, we complete the proofs
of Theorems 1.1 and 1.2.
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_ We first consider the case that (Ag) and (A;) are satisfied. For any z, € ¥, we set
V(ex)=V(ex+ex,) and K(ex) =K (ex+ex,). It is clear that if @ is a solution of

{—div(yleVw)—i—mle Zsw=0, in RY T,
5tz = =V (ex)w(z,0) + K () f (w(x,0)), on RV,

then u(z)=1u(x —ex,) solves problem (2.5). From (Ap) and (A4;), without loss of gen-
erality, we may assume that z,=0€ ¥ or z,=0€ ¥ NZ if YN #0. So

V(0) =Vmin and k:=K(0) > K (x) for all |z| > R. (5.1)

Consider the following problem

- 1-2s 2, 1— 25 — : N+1
{ div(y'~**Vw)+m?y 0, inRI™, (5.2)

%z ~Vininw(2,0) + £ f (w(z,0)), on RY.

In the sequel, we also use the associated notations Jv,,, x, M.« and cv, . . as before,
which denote the energy functional, Nehari manifold and ground state energy value of
problem (5.2), respectively. Moreover, according to Lemma 3.3 we know that problem
(5.2) possesses at least one positive ground state solution.

Next, we give the comparison relationship of the ground state energy value between
problem (2.5) and problem (5.2), which will play a crucial role in our arguments.
LEMMA 5.1.  We have limsupc. <cvy,. . In particular, if ¥ N #£0, then lir%cez

—0 €=
CVinin Kmax - )

Proof. Let ue€ Ay, .« be a positive ground state solution of problem (5.2), then

we have

CVmink :jvminiﬂ(u) :I?ggijvmin’{(tu)’ (53)

Moreover, by Lemma 2.7 that there exists t. >0 such that t.u € .4, and

< = . .
ce <D (teu) I?Zagdbe (tu) (5.4)

It is clear to see that {t.} is bounded. Then, passing to a subsequence, we assume that
te = tg. Observe that

2

t
(I)e(teu) :ijinfi(teu) + 56

+/ [k — K(ex)|F(teu(z,0))dz. (5.5)
RN

/ [V (ex) — Vinin]u® (2,0)dx
RN

Using the boundedness of ¢, K(ex) — k in a bounded domain and the decay of u, we
have

/R Ik K ()] F(teu(r,0))ds
:/ [/@—K(ex)}F(tsu(x,O))dz—F/ [k — K (ex)]F (teu(z,0))dx
|z|<R

|z[>R
=0.(1). (5.6)
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Similarly, we can get

2
= Ver) Vil (2, 0)dz=o0.(1). (5.7)
RN

From (5.5), (5.6), and (5.7) we infer that
D (tew) = Tvpintow) +oc(1).
Together with (5.3) and (5.4), as € —0, we have

ce <P, (tsu) — «7\/,]-.“,/@ (tOU) < r?gg(jvmsnfﬁ (tu) = ijinfﬁ (u) = CVmink-

Thus,

limsupee <cy, .- (5.8)
e—0

Now we show that the second conclusion holds. Note that

Bol0) = 0+ [ o= K () Fu(,0))
1

+ 3 /RN [V(El‘) - vain]u2 (SC’O)dJj

It follows that

CVpmin Kmax < Ce

On the other hand, since ¥ N #0, then k= Kax. So, according to (5.8) we can get
lim e = €V, Ko
e—0

The proof is now complete. 0
Now we give the existence result of positive ground state solutions of problem (2.5).

LEMMA 5.2.  Suppose that (Ao), (A1) and (f1)-(f5) are satisfied. Then for any e >0
small enough, problem (2.5) has a positive ground state solution.

Proof. Note that if u. € /¢ satisfies @, (ue) =ce, by Lemma 2.11 we have

L(m; ! (ue)) = @e(Me(mg H (ue))) = Pe(ue) = cc = ig,lefle-

This shows that m_!(u.) €S, is a minimizer of I., and hence a critical point of I..
Lemma 2.11 shows that u, is a critical point of ®.. So, it suffices to verify that there ex-
ists a minimizer u, € A such that ®.(u.) =c.. Indeed, applying the Ekeland variational
principle [42], there exists a sequence {v,}C Se such that I.(v,)—c. and I/(v,)—0
as n—o00. Let u,=m(v,)€ A for all n€N. Then using Lemma 2.11 again, we get
O (up)— cc and P, (u,)— 0. Moreover, Lemma 2.9 shows that {u,} is bounded in E..
We can assume that, up to a subsequence, u,, — u, in E,.. From (5.1), we have Viin < Vo
and k> K. By Lemma 3.4, we get cv, ..« < cv, K., , moreover, using Lemma 5.1 we de-
duce that ¢ <cy,, . <cv, Kk, for e>0 small enough. Then, Lemma 4.3 shows that ®.
satisfies the Palais-Smale compactness condition for ¢ >0 small enough. Using Lemma
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2.4 and continuity of ®., we have ®(u.)=0 and ®.(u.)=c.. Hence, problem (2.5)
possesses a ground state solution u.. According to Lemma 2.3 and using some similar
arguments as in the proof of Lemma 3.3, we can prove the positivity of the ground state
solution. O

Let .Z. be the set of all positive ground state solutions of problem (2.5). Then we
have the following compactness result for the set .Z..

LEMMA 5.3. % is compact in E. for all small € > 0.

Proof.  Suppose by contradiction that, for some €; —0, £, is not compact in
E.. Thus, for each j, there exists a sequence {uf,} C ., such that it has no convergent
subsequence. However, we observe that {u/} is bounded in E.. So, we may assume
without loss of generality that u/, —u in E, as n— oo. Arguing as in the proof of Lemma
5.2, we can easily get a contradiction. ]

Next, we study the concentration phenomena of positive ground state solution wu.
obtained in Lemma 5.2 as ¢e—0. First we prove the following result, which plays a
fundamental role in the study of the behaviors of ground state solutions.

LEMMA 5.4. Let u. € %, then there is a sequence {z.}, up to a subsequence, such that
€ze— o as €e—0, lin(l)dist(eze,%) =0 and ve(x,y) :=u (T +2.,y) converges strongly to
€—

a positive ground state solution of

—div(y' = Vw) +m?yl 25w =0, n Rf“,
aartas = =V (zo)w(x,0) + K (o) f (w(x,0)), on RN.

In particular, if V' N #0, then lir%dist(ezg,“f/ﬁ%)z(), and up to a subsequence, v,
€E—>

converges strongly to a positive ground state solution of

—div(yt =2 Vw) +m?yl 2w =0, n Rf“,
% = —Vininw(2,0) + Koy f (w(2,0)), on RV,

Proof.  Let €;—0 as j— 00, uj:=uc, € Z,, we first show that there exist {z;} C
RY, R>0 and oy >0 such that

/ u?(a:,O)dmzao. (5.9)
Bry (25)
Arguing by contradiction we assume that

lim sup/ u?(x,O)datzO, VR >0.
Br(2)

J00 zeRN

Then Lemma 2.2 yields that u;(z,0) =0 in LI(RY) for g € (2,2%). On account of (2.2),
(2.6), (2.7) and Lemma 2.1, we see that

0=(2, (u;),u;)
= |[|U; 2 _ €E; T U T U (T x
=l = [ B (e s .00 .00

> [l 1Z, = e Kmax [ (,0)[13 = Ce Kmax||u; (2,0) 15

> (1—ecna)llus1Z, — exsllu; (@, 0)115.
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Since p€ (2,2%), then u; —0 in E.. However, from Lemma 2.6 we can see that {u;} is
positive bounded from below. Clearly this is a contradiction, and so (5.9) holds.

Setting v;(x,y) =u;(x+2;,y), we may assume that, up to a subsequence, v; = v in
E, and vj(z,0) —v(z,0) in L} _(RY) for ¢€[2,2), and v#£0 by (5.9). Moreover, we
also observe that v; is a solution of the problem

—div(y! =2 Vw) + m?yt 25w =0, in R+, (5.10)
% =—V(ejz+ejz;)w(z,0)+K(ejx+€z;) f(w(z,0)), on RN. ’
Then, the corresponding energy
1 1
Te; (wi) =5 llvi 1% +*/ V(ejo+eiz;)vj(x,0)de— | K(ejz+e;z)F(v(w,0))dz
J 2 2 Jon : .
1
=Te; (03) = 5 (T, (v5),05)
1
= [ K2 | 000 - Flos(.0)| do
1
=P, (u5) = S (P, (1)), ;)
=0, (u;) =c,;, (5.11)

and for any ¢ € C§°(R"Y) we have
(T (v),9) ://RNHy1—2s(ijV<p+ngp)dxdy+/RN V(ejz+e€;25)vi(z,0)p(x,0)d
+

— - K(ejx+e€;z5) f(vj(x,0))p(x,0)dz=0. (5.12)

From (Ap), we can assume without loss of generality that V(e;z;) =V and K(e;z;) —
Ky as j—o0.
Next we will take several steps to complete the proof.

Step 1. We show that v is a positive ground state solution of the limit problem

—div(y2Vw) +m2y' " Bw=0, in Ry,
% = _VOw($70)+KOf(w(an))v on RN~

In fact, since v; = v in E, using some standard arguments we can easily check that

(5.13)

/ Vejz+€5zi)v(x,0)p(x,0)de = / Vejz+e;z5)v(x,0)p(x,0)dx
RN

suppp
— Vou(,0)p(z,0)dz.
RN
Similarly, we get
N K(€j$+€jzj)f(vj (’JZ,O))QD(’JJ,O)dI‘*) . KOf(v(an))cp(an)dx
R R

On account of (5.12), we see that v is a solution of problem (5.13). Moreover,
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where cy, g, is the ground state energy value of Jy, k,,. On the other hand, using Fatou’s
lemma and Lemma 5.1 we have

vy <Ko [ 3 £0(@0)0(e.0) - Flu(w,0)] da

RN

<liminf { [ Ktz (1 F(0;(,0))v; (2,0) — Fv,; @;,o») dx}

j—00 2
=liminf7¢; (v;) <limsup @, (u;) < v, i, -
Jj—oo j—o0
This shows that v is a ground state solution of problem (5.13). Reasoning as in the
proof of Lemma 3.3, we show that v is positive. Also, we get
Jli>nolo7; (Uj):jli}rgocej :jVOKO(U):CVDKO' (514)
Step 2. We claim that {e;z;} is bounded. Arguing by contradiction we assume
that, up to a subsequence, |€;z;|—o0o. From (5.1) and (A4;), we find that Vj > Viin
and Ko <k. Then we deduce from Lemma 3.4 that cy, x, > cv,,.»- But, according to
Lemma 5.1 and (5.14), we can get cc; = Cyyk, < Cvy,x- Lhis is a contradiction. So,
{€¢;z;} is bounded.
Consequently, from Step 2, up to subsequence, we can assume that €;z; —xg as
Jj— 00, then Vo=V (z0) and Kg= K (z0). Hence, by Step 1 we know that v is a positive
ground state solution of the limit problem

—div(y' =2 Vw) +m2yt 25w =0, in Rf“,
5% = =V (z0)w(x,0) + K (o) f (w(z,0)), on RV,
Step 3. We prove that lim dist(e;z;,97,) =0. Indeed, we just need to prove zy € .
j—o0

We use a contradiction argument to do this. If xg¢ .o, then we get V> Vi and
Ky <k by condition (A;) and the definition of «%,. Moreover, by Lemma 3.4 we have
CVoKo > CViinr- Thus, we deduce from (5.14) and Lemma 5.1 that

lim ce; =cvyk, > Ve = lim ¢,
J—00 J—00

which is a contradiction.

Step 4. We verify that v; —v in E.. We adapt the ideas in [18], and let 7:[0,00) —
[0,1] be a smooth function such that n(¢)=1 if ¢ <1, n(t)=0 if ¢>2. Define 9;(z)=
n(2]z|/7)v(x). By straightforward computation, we can easily check that

|lv—10;||xs =0 and ||v(x,0) —0;(z,0)|—0 as j— o0 (5.15)

for g €[2,2}%]. Setting w; =v; —7;, it is easy to verify that up to a subsequence,

Jlgrolo RNK(ejx+ejzj)[F(vj(x,0))—F(wj(am()))—F(f)j(x,O))]dx =0 (5.16)
and
i RNK(€j$+€j2j)[f(vj(%0))*f(wj(éﬂ,o))*f(ﬂj(x,o))]sﬁ(%())dfﬂ =0 (5.17)
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uniformly in ¢ € F, with ||¢||e <1. Using the decay of v and (5.15) we can easily check
that

lim V(ejx+e;z)07 (x,0)dz — Vov?(z,0)dx (5.18)
J =0 RN RN
and
lim K(ejx+ejz;)F(vj(x,0))de — KoF (v(z,0))dx. (5.19)
J =0 RN RN

From (5.14), (5.15), (5.16), (5.18) and (5.19), we infer that
Te; (w5) =Te; (v5) = Tvoico (V)
+ [ Kt ) [F(0y(2.0) = Pl (0.0) = F(5 0.0z +05(1)
=0;(1),
which implies that 7, (w;) — 0. Similarly, from (5.17), we also get 7/ (w;) — 0. Hence,
together with (fy), we obtain
03 (1) =T, (w5) ~ 5(T7, (), 03)

=5 g stz [ K | s o.0)egte0) - Fluy (o) as

1 1
>[5 it

which shows that ||wj||¢ — 0. Then, from (5.15) we see that v; »v in E..

Finally, if ¥’ N¢ #(, then <7, =¥ N.¢. Following the above arguments, we can
prove that

hm dist (Gij,"//ﬁjif) =0.

J—00

So, ;o€ V' NH, V(xo) =Vimin and K(z9)=Knax. Moreover, up to a subsequence, v,
converges to a positive ground state solution v of the limit problem

—div(y! =2 Vw) + m2y! 25w =0, in Rf+17
595 = —Vininw(2,0) + K pax f (w(,0)), on RV,

From the above steps, we finish the proofs of all conclusions of Lemma 5.4. O

In what follows, we study the regularity and decay properties of the solutions. First,
in view of (Ap) and (2.7), we can argue as in the proof of [2, Lemma 4.1] to obtain the
following L°°-estimate.

LEMMA 5.5. v;j(x,0) € L>®(RY) and there exists C >0 such that
lvj(2,0)||c <C for all j €N.
Moreover, v, ELOO(Rf'H) and there exists C >0 such that

||'Uj||Loo(Rf+1) SC’ for all jE€N.
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We observe that v;(z,0) is a weak solution of the problem
(=A+m?)*v(2,0) = —V;(z)v;(2,0) + K (z) f (vj(2,0)) in RY.

Fix 6 € (0,m?® + Vinin), we deduce from (Ap) and (2.7) that v;(z,0) is a weak subsolution
to

(—A+m?)*v;(2,0) = (6 — Viin)v; (2,0) + Cs0? ™ (2,0) =: ¢; in RV (5.20)

for some Cs >0. Evidently, we can see that ¢; >0 in R¥Y. Using Lemma 5.4, Lemma
5.5 and interpolation inequality, we know that for any ¢ € [2,00)

¢ — ¢:= (8 — Viin)v(2,0) + CsvP~(,0) in LI(RY) (5.21)

and ||¢;]|eo <C for all jeN.
Let w; € H*(RY) be the unique solution of

(—A+m?)*w;=¢; in RY. (5.22)

Then w; = $Bas,m * ¢, where
N
2

€ +m*) ) ()

is the Bessel kernel with parameter m. According to the scaling property of the Fourier
transform, we have Bas m () =m™ 2By, 1 (mx). Using formula (4.1) at page 416 in [7],
PBas.m(x) has the following expression

%Qs’m(x) = (27T)_

N _2e (mz])

Bos.m(r) = ey ey gl
e

Moreover, it satisfies the following properties (see [7, p.416-417]):
(#1) Pasm is positive, radially symmetric and smooth in R\ {0};
(B2) PBos,m(x) <C(xp, )|z N +xps(x)ecll) for all z€RY and some C,c>0;
(B3) PBosm€L"(RN) for all re 1, 25).
Based on these information, we are able to prove the following result.
LEMMA 5.6. v;(2,0)—=0 as |z| = oo uniformly in jeN.

Proof.  The proof of lemma can be found in [3], for the convenience of the readers,
we give the proof here. We fist verify that w;(z) — 0 as |z| — oo uniformly in j € N. For
any o € (0,3), we have

W@ =Bnnes)@)=| [ / Breon (2 ~)05(9)dy

On the one hand, according to (%) and (%2) we get

02 [ Brumla- ),y <ldsl [ ey
B9 () Bec

9 (z
o

o)
<C/ e~ PN ldr=:Cv(0) =0 as 0 —0. (5.23)
1

o
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On the other hand, it follows that

og/
B1

=/ c@zs,m(w—y)(tbj(y)—¢(y))dy+/ PBas,m (T —y)d(y)dy.
B%(x)

B (z)

@ %2577,1(33 - y)¢] (y)dy

Choosing ¢ € (1,min{+~-,2}) such that ¢'= 747 >2, and using (%;) and Holder in-
equality we have

/B ( )%2s,m(x_y)¢j(y)dy§ | B2s,mllqlldj —blle + ||932s,m”qHQJ)HLq/(Bl(x))-
1 (= B

From (5.21) we know that [[¢; — @[l —0 as j— 00 and |||l o (5, (2)) — 0 as |2 —oco.
So, there exist Ry >0 and jp € N such that for any j > jo and || zgRo

/B ( )%gs,m(aj—y)@(y)dySCU. (5.24)

We deduce from (5.23) and (5.24) that
- Brsm(x—y)oi(y)dy <C(v(o)+0). (5.25)

for any j > jo and |x| > Rp.
For each je€{1,---,j0—1}, it is clear that there exists a constant R; >0 such that
19l L' (B, (z)) <o for all [z| > R;. Hence, for all [z| > R; we have

B (- 4)63 (y)dy < Cv(o) + / Brom (7 — ) (y)dy

RN B ()

<Cv(o)+ H'%QS,quH(bjHLq/(BL(x)) <C(v(o)+o). (5.26)

Taking R=max{Ro,R1,---,Rj,—1} and using (5.25) and (5.26) we have
- PBrsm(x—y)d;(y)dy <C(v(o) +0)
for || > R uniformly in j € N. Letting ¢ —0, we obtain the desired conclusion for w;.

Finally, using (5.20), (5.22) and the comparison principle (see [2, Theorem 4.3]) we
know that 0 <wv;(z,0) <w;(z) in RY and we finish the proof of this lemma. O

LEMMA 5.7.  There exists vy >0 such that ||vj(2,0)||c > 1o for all j€N.

Proof. First, according to (5.9) we can see that
/ v?(;v,O)dx200>O
Br(0)

for some R>0 and j> jo. Assume by contradiction that ||v;(z,0)|e —0 as j—+o0,
then

0<00g/ o2 (2,0)dz < | Br|[o; (.0) |2 — 0 as j - oo,
Br(0)
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which is impossible. a

We now proceed as in the proof of Theorem 1.1 in [2] (see also [3]) to derive the
following exponential estimate.

LEMMA 5.8. There exist ¢, C >0 such that for all j€N
u;j(z,0) < Cexp(—clz—2z]).
Proof. By Lemma 5.6, (Ag) and (f1), there exists Ry >0 such that
K;(x)f(vj(x,0)) <dvj(x,0) (5.27)

for some d € (0,m?* 4+ Viyin) and || > Ry. Pick a smooth cut-off function ¢ defined in
R¥ such that 0< ¢ <1, ¢(x) =0 for |x| >1 and ¢ Z0. By using the Riesz representation
theorem, there exists a unique function v € H*(R") such that

(—A+m?)*T— (0 — Vipin )0 =¢ in RV,

Moreover, applying the extension method and Lemma 2.3, we can verify that v is
continuous and positive. Evidently, there exists Rs >1 we have

(—A+m?)*5— (6 — Vipin)0=0 in BY, . (5.28)

By constructing a suitable comparison function which has the exponential decay at in-
finity and using the comparison principle, we can obtain the exponential decay property
of v, that is,

0<o<Ce™®l for all zeRY (5.29)

for some C,c>0, the details of the proof are similar to the proof of (57) in [2].
Taking R=max{R;, Rz}, and using (Ag) and (5.27) we have

(=A+m?)*vj(2,0) — (§ — Vinin)v;(x,0) <0 in BE. (5.30)

Set a=ming, v >0, b=sup;cy||v;(z,0)[loc <00 and w;=(b+1)v—av;(x,0). Clearly,
w; >0 in Bgr. From (5.28) and (5.30), we infer that

(—=A+m?)*w; — (6 — Vipin)w; >0 in B,

Since 6 — Vinin <m?*, using the comparison principle (see [2, Theorem 4.3]) we can
infer that w; >0 in RY. Then v;(z,0) < b'le@, this, together with (5.29) gives

0<v;j(z,0) < Coe~ 1l for all z € RV,
for some Cp,c>0. Recall that u;(x,0)=v;(xz—2;,0), then we have
0<u;j(z,0) =vj(x—2;,0) <Coe~1*==| for all zcRY.
The proof is completed. ]

Now we are in a position to complete the proofs of Theorems 1.1 and 1.2.

Proof. (Proof of Theorem 1.1.) Firstly, from Lemma 5.2 we can see that problem
(2.5) has a positive ground state solution u. for € >0 small enough. Then u.(z,0) is a
positive ground state solution of problem (2.4), and U, (z) :=uc(%,0) is a positive ground
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state solution of problem (1.4). So, the conclusion (i) holds. Lemma 5.3 shows that the
conclusion (ii) holds.

Next we show the concentration of the maximum points of ground state solutions as
€—0. From Lemma 5.4, there exists a sequence {z.} CRY such that v (z,y) :==u.(z+
Ze,y)—v in E.. If p is a global maximum point of v.(x,0), we deduce from Lemma
5.6 and Lemma 5.7 that there exists Ry > 0 such that p. € Bg,(0). Thus, y. =p.+ z. is
a global maximum point of u¢(z,0), and z.=ey, is a global maximum point of u.(x).
According to Lemma 5.4, we get

xe —xo and limdist(z.,4%,) =0,
e—0

Moreover, u.(ex+x.) converges to a positive ground state solution u of
(—A+m?)*u+V(zo)u=K(20)f(u) in RV,
In particular, if ¥’ N.Z #0, then o, =¥ N.# and

lim dist(ze,? N¢) =0,
e—0

and U, (ex+x,) converges to a positive ground state solution @ of
(-A+ mz)su—i— Vinint = Kiax f (1) in RV,

So, conclusion (iii) holds.
Finally, from Lemma 5.8 we have

~ x X x
= —_ = _—— < —_ _——
()] = e (,0)] = [oe( £ = 2,0 < Cexp (=l = — )
X &
SCexp(—CIZ—yel)=Oexp<—glx—xe|)

for some ¢,C' > 0. Consequently, the proof of Theorem 1.1 is completed. 0

Proof. (Proof of Theorem 1.2.) For the case that (Ag) and (As) are satisfied, we
can assume without loss of generality that zp =0€ % or z;,=0€ ¥ N if ¥ N #£0.
Consequently,

K(0) = Kmax and 7:=V(0) <V (z) for all |z| > R.
Arguing as in the proof of Lemma 5.1, we also prove that

limsupce <crg
e—0

max *

The remaining proofs are similar to the proof of Theorem 1.1 with suitable modification.
Here we omit the details. ]

6. Multiplicity of positive solutions

In this section we will prove the multiplicity result of positive solutions and complete
the proof of Theorem 1.3. For this purpose, we always assume that A:=7% N.¢ #(.

Let u be a positive ground state solution of problem

i 1—2s 2,1-2s, : N+1
{ div(y Vw)+m?y w=0, in RY ™, (6.1)

% = —VmiHUJ(.T,O)+Kmaxf(’U)(.’E,O)), on RNa
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and ¢ be a smooth nonincreasing cut-off function in [0,+00) such that ((s) =1if0<s <3
and ((s)=01if s>1. For any z€ A, we define

EL—Z

\Ile,z(xay) :<(|(6{E—2,y)|)u(

- \Y)-

Then, according to Lemma 2.7, there exists t. >0 such that

P (t¥ =& (t.V.,).
Tilzagi e(t s,z) e(te 672)

We define e : A — ¢ by ve(z) =t ¥, .. By the construction, we can see that v.(z) has
compact support for any z € A.

LEMMA 6.1.  The function 7. satisfies
1irr(1) D (Ye(2)) = Vi Kunay uniformly in z € A.
e—

Proof.  Assume by contradiction that there exist €9 >0, {z,} CA and €, — 0 such
that

[De,, (Ve (2)) = CVinin Koo | = €0- (6.2)

Using the Lebesgue’s dominated convergence theorem, we can easily check that

U, o+ / V(enw) \Ilf . (x,O)dx—>||u||§(s+/ Vinint? (,0)dz, (6.3)
RN
and

/ K(ent) (0., . (2,0))dz— K / u(z,0))dz. (6.4)
RN

€n

Since (@, (te, Ve, 2, ) te, e, 2,) =0, making the change of variable &= “=*2 we have

enll  €n,2n _2>(S+t§n/ Vv Enx)\l/g Zn (m,O)daﬁ
]RN

= K(enw) f(te, Ve, \Zn (z,0))tc, Ve, \Zn (z,0)dx
]RN

= Jox K(en@ +2n) f (te, C(|(€n, 0))u(Z,0))te, C(| (en,0) u(E, 0)di. (6.5)

We claim that t., — 1. We first prove that {t.,} is bounded. Indeed, suppose by
contradiction that ¢, — oco. Using (6.5) and (f5) we have

190e Bt [ Vi), ., (200
]RN
= K(enx+zn)f(tenC(|(€n5:,0)|)u(£,0))t6nC(|(enic,O)|)( 0)t-2dz

t
>Kmm/ Fte, u(@0) o2 6)az
Bl (0) tfnu z O)

Mw / u?(&,0)d, (6.6)
te, u(T0,0) Jp, (0

¥
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where u(Zo,0) =min{u(%,0):|Z[< 1} >0. From (fi1), (6.3) and (6.6), we get a contra-
diction. Hence, {t. } is bounded. Passing to a subsequence, we may assume that
te, —t0>0. If to=0, we deduce from (f3) and (6.5) that

[, %+ / V(ena)¥2 . (2,0)dz—0,
RN

this contradicts relation (6.3). Consequently, to > 0.
Next, we prove that to=1. Letting n— oo in (6.5), we have

f(tou(z,0))

2
v tou(z.0) u*(z,0)dz. (6.7)

||| % s —l—/ Vinint? (2,0)dz = K pax
RN
Moreover, since u is a positive ground state solution of problem (6.1), then we have
lJul k- + / Vinintt®(2,0)d2 = Knax | f(u(2,0))u(z,0)dz. (6.8)
RN RN

It follows from (6.7) and (6.8) that

Flou@0)  f@o)] o
/RN[ tou(z,0) - u(z,0) ]u (2,0)dz=0.

Then, we infer from (f5) that to=1. Therefore, using (6.3) and (6.4) we have
2

t€
B O o) = 5 100t [ Vi) W2, (000

— K(epx)F(te, Ve, ., (2,0))dz
RN

1

—= {||u|§(s+/ Vminu2(x,0)dx] —Kmax/ F(u(x,0))dz
2 RN RN

=Timin K (1) = CVii K

Obviously, from (6.2) we can see that this is impossible. This ends the proof. |

Now, we are in the position to introduce the barycenter map. For any ¢ >0, let
p=p(6) >0 be such that A5 C B,(0). We define n:RY —RY as follows

px

for |x| > p.
||

n(x)=x for |z|<p and n(z)=

Let us consider 8, : A —RYN given by

w) = f]RN n(ex)u?(z,0)dx
Pl = 2 0)de

LEMMA 6.2. We have the following limit
lir%ﬁe(%(z)) =z uniformly in z € A.
e—
Proof. 1f it is not true, then there exist o9 >0, {z,} CA and €, — 0 such that

|Be., (Ve (20)) = 2| > 09 > 0. (6.9)
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EnT—2Zn

Using the definitions of 7., and 3., , and making the change of variable = we

get

n

. Jann(en® +20) = 2] (C(|(en,0))u2(2,0)d%
Jaw (€(|(e07,0))u2(7,0)d

Taking into account {z,} CAC B,(0) and using the Lebesgue dominated convergence
theorem, we have

Be, (Ven (2n)) =2n

|Be., (Ve (2n)) — 20| =0,
which contradicts relation (6.9). 0

LEMMA 6.3. Let e, —0 and {u,} C A, be a sequence satisfying ®c_ (Un) = vy Konos -

Then there exists {Z,} CRYN such that v, (z,y) =un(x+Z,,y) has a convergent subse-
quence. Moreover, up to a subsequence, z, — z € A, where z, =€, 2.

Proof.  Since u, € 4., and O (un) = Cv,, Kooy We have that {u,} is bounded.
We claim that there are Ro,d >0 and 2, € RY such that

n— oo

liminf/ u? (x,0)dx > 6. (6.10)
Bry (n)

Indeed, if relation (6.10) does not hold, Lemma 2.2 implies that u,,(x,0) —0 in L¢(RY)
for g€ (2,2%). From (2.7) and the fact u, € .4, it is easy to verify that u, —0 in E,
which is a contradiction, because ®._ (un) = cv, ;Ko > 0. So, (6.10) holds.

Setting v, (z,y) = un(x+ Z,,y), up to a subsequence, we can assume that v,, = v #0.
According to Lemma 2.7, there exists ¢,, >0 such that v, =t,v, € S/, K.... Then we
have

CVrin Ko < TVimin Kina (0n) = TViin Ko (Entin) < Pe, (Entin) < P (Un) = OV Ko

which shows that Jv._, k...(0n) = CVi Kuax- By virtue of Lemma 3.1-(e), we know
that {v,} is bounded. Thus, for some subsequence, ¥, =¥ with 0#0. Moreover,

T k... (0)=0. Using Lemma 4.1 we have

min

TVnin K (On =) = CViin Krnae = TVinin K (0) @0 Tz g (D —0) = 0.

Observe that, using (2.8) and Fatou’s lemma we have
. - 1 < -
Ve = B0 | o) = 5 oy e B0
1
= lim {Kmax/ (f(f)n(x,()))’bn(x,O) - F(f)n(x,O))) dx}
n— o0 ]RN 2

> Ko [ |5 000.0)00.0) - F(o(0.0)

(Tt K (0),0)

N |

= TVrmin Ko (0) =
= TVrmin K (V)
chmin Kmax*

It follows that

TVoain Kmae (U —0) — 0 and Jy,

min

Koo (On—0) = 0. (6.11)
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Moreover, using (f4) and (6.11) we have
N L~
On(l) :ijmeax (Uﬂ - U) - 5 <*7\//mm Kmax (Un - U) yUn — U)

_ (;_;) :H@n_m%@ +/RN Vinia i (2,0) — (2,0) *da

B [ |G 00.0) =500 50 :0) ~50.0) - F (5 :0) .00 | a

> (29) _||17n17|§(5+/RN Vinin [0n (2,0) — 3(z, 0)]2dx ,

which implies that v, =+v in Ey___.
to >0, and so, v, v in By

min *

Since {t,} is bounded, we can assume that ¢, —

Next, we will prove that {z,} ={e,Z,} has a subsequence satisfying z,, —»z€ A. We
first show that {z,} is bounded. Indeed, assume by contradiction that {z,} is not
bounded. Then, there exists a subsequence, still denoted by {z,}, such that |z,|— oo.
From v,, -+ in Fy, Vinin < Voo and Kpax > Koo, we can infer that

min ?

1
Vst = [+ [ Vit (0.0)de |~ Ko [ P00
2 .
1
<[||17||§(s+/ Voof/z(as,o)dx]—Koo F(9(z,0))dx
2 RN RN

<hm1nf[ |91 % s /V(en:c+zn) - (x, O)dx} K(enx—l—zn)F(ﬁn(x,O))dx}

RN

K(enx)F(tnun(x,O))dx]
RN
=liminf &,

n—00

tntn)

)|
<liminf{ [Ht un | % + / V(enz)t2u (x,O)dm} -

W

(

<liminf®. (uy,)

n—oo

= CVmin Kmax

which is a contradiction. Thus, {z,} is bounded and, up to a subsequence, we may
assume that z, —z. If z¢ A, then Vi, <V (2) and Kpax > K (2), and according to the
above steps we get a contradiction. Therefore, we conclude that z € A. 0

Let ¥:RT —R* be a positive function defined by
J(€) =max|Pe(7e(2)) = Vi Knas |-
z€EA

It follows from Lemma 6.1 that ¥(e) =0 as e—0. We introduce a subset .A#{ of A,.
Setting

No={ue NP (u) < ey Ko, +0(€) ).

Since v.(z) e N, for all z €A, then we can deduce that N # (). Moreover, we have the
following result.

LEMMA 6.4. For any § >0, then the following holds

i e 5,000
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Proof. Let e, —0 as n—oo. For each neN, there exists {u,} C.4,,, such that

1nf |Be, (un) —2z|= sup inf |B., (u)—z|+o0,(1).
z€ weN, z€As

€n

Hence, it is sufficient to prove that there exists {z,} C As such that
lim |B., (un) —2n| =0.
n—o0

Indeed, since {u,} C .4, , then we have
CViinKmax < Cen < Pe, (Un) S OV Kna TU(€n),
which implies that
D (Un) = OV Konay, A0 {un } CAE .

According to Lemma 6.3, there exists {Z,} CRY such that v,(z)=wu,(r+7,) has a
convergent subsequence. Moreover, up to a subsequence, z, =¢,Z, — z € A. Therefore,
we get

N W(énw) 2 (1‘ 0)dz
ﬁe"(u”):fR fRN (z,0)dz
fRNn €nd + 2 U2 (€% + 2,,,0)dT
Jan 2 (enZ+2,,0)dE
Jan N(en® + 2,) — 25 )03 (2,0)dZ
Jn v2(2,0)dz

=z, +
—zeA.
Consequently, there exists {z,} C As such that
T (B, (1) — 0] =0

The proof is now complete. 0

We shall use the Ljusternik-Schnirelmann category theory and the techniques devel-
oped by Benci-Cerami [8] to prove the multiplicity result of positive solutions. Observe
that, since .#{ is not a C!'-submanifold of E,, we cannot directly apply the Ljusternik-
Schnirelmann category theory. Fortunately, from Lemma 2.10, we can know that the
mapping m. is a homeomorphism between .4, and S,, and S, is a C'-submanifold of
FE.. So we can apply the Ljusternik-Schnirelmann category theory to the functional
I (u) =P (me(u))|s, = Pe(me(u)). Based on the above facts, we give the completed
proof of Theorem 1.3.

Proof. (Proof of Theorem 1.3.) For any €>0, we define w.: A — S, as follows
we(2)=m (t V. ) =m_ " (7.(2)) for all z€A.
Using Lemma 6.1 we get

151(1)16 (we(2))= 251% D (ve(2)) = v, Ky, uniformly in z € A.
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Moreover, we set

S, = {ueSe: I.(u) <cy, . K. +9(€)},

max

with 9(€) =sup,ep [Ie(We(2)) = v Koo | — 0 as €—0. Hence, w(z)€ S, for all z€ A,
and this shows that S. #0 for all €>0.
Combining Lemma 2.10, Lemma 2.11, Lemma 6.1 and Lemma 6.4, we can see that

there exists €5 >0 such that the diagram
~ -1 ~ ~
A2 ATy G A7 P A

is well defined for any e€ (0,e5). By Lemma 6.2, there exists a function I(e,z) with
|i(e,2)| < £ uniformly in z€ A for all €€ (0,¢5), such that Be(ve(z))=2z+1(e,z) for all
z€A. We define the function H(t,z)=z+(1—t)l(e,z). Then, H:[0,1] x A—As is
continuous. Evidently, H(0,2)=8.(7.(z)) and H(l,z)==z for all z€ A, and B.oy.=
(Beome)ow, is homotopic to the inclusion mapping id: A— As. So, making use of
Lemma 2.2 of [12] (see also [8]), we have

catg (Se) >cata,(A).

On the other hand, we choose a function ¥(e) >0 such that J(e) -0 as e—0 and
such that cy,,, k... +9Y(€) is not a critical level for ®.. For e >0 small enough, Lemma
4.3 shows that ®. satisfies the Palais-Smale condition in .4#;. Then, using Lemma 2.11,
we know that I, satisfies the Palais-Smale condition in S.. Therefore, applying the
Ljusternik-Schnirelmann category theory (see [12, Theorem 2.1]), we obtain that I. has

at least catg_ (S¢) critical points on Sc. Then, using Lemma 2.11 again, we can deduce
that ®. has at least catp,(A) critical points. This finishes the proof of Theorem 1.3. O

7. Nonexistence of positive ground state solutions
In this section we are going to prove the nonexistence result of positive ground state
solutions. We first consider the following auxiliary problem

s (1—2s 2,1-2s, _  mN41
{—dlv(y Vw)+m?y w=0, in Ry ™, (7.1)

Sy = —Vuw(,0) + K> f(w(z,0)), on RV,

where V' and K are given in condition (As). Clearly, from the discussion in Section
3, we can know that problem (7.1) has a positive ground state solution. In what follows
we are ready to give the proof of Theorem 1.4.

Proof. (Proof of Theorem 1.4.) First we need to claim that ¢, =cyw~ge for
each € >0. On the one hand, from (As), we see that V°° <V(x) and K (z) < K for all
xRN, then ¢, > cye g by Lemma 3.4.

On the other hand, we show that c. <cy«~g~ for any fixed e>0. Let u*> be a
positive ground state solution of problem (7.1), by Lemma 3.1-(b), we know that u® is
the unique global maximum of Jy« e (tu®). Set u, =u>(-—z,), where {z,} CR" is
a sequence satisfying |z,| — 0o as n—o00. According to Lemma 2.7, there exists ¢, >0
such that m.(u,)=tnu, € A is the unique global maximum of ®.(tu,) for each n.
Moreover, the sequence {t,,} is bounded.

Computing directly, we have

ce <Dc(tnun)
=Jveo koo (tnun)—o—%/ﬂw [V(e:r)—Voo]qu(:r,O)dm—}—/R [K™ — K (ex)|F (tnun(z,0))dz

N
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t2

=TJveo koo (tnu™)+ 5

/RN [V (ex+ezn) — V®lu™(z,0)[*dz

b [ = K  (5.0)
RN

2

t
<cyeo oo + 2 [V (ex +ezn) — V>l u™(z,0)[*dz
2 Jgn

+/ [K™ — K(ex+e€zn)|F(tnu™(z,0))dz. (7.2)
RN
Using the decay of >, it follows that for any € >0, there exists R >0 such that
/ [V (ex+ez,) — Vo0l u™(2,0)|*dx < ce.
|lz|>R
Moreover, using (As) and Lebesgue’s dominated convergence theorem we have

lim [V (ex+ezn) — V> u™(2,0)[2dz =0.

Thus, we have proved that
/R Vet ez) VI (r,0)da=o, (1), (7.3)
Similarly, using the above arguments and (2.7) we can easily check that
/RN [K*° — K (ex+ €2,)] F(tnu™(2,0))dz =0, (1). (7.4)

So, we deduce from (7.2), (7.3) and (7.4) that ¢ =cy e for each e >0.

We complete the proof by using a contradiction argument. Suppose that for some
€p >0 there exists a positive function wuy such that ug € ¢, and c¢, = P, (up). Lemma
3.1-(b) shows that ug is the unique global maximum of ®., (tug). Using Lemma 3.1-(b)
again, there exists t*° >0 such that t>°ug € A4/~ g, hence

Cy/oo (oo SJVOOKOO (t"ouo):r?ggcjvoo}(oc (tuo). (75)

On the other hand, using (A3) we have Jy = g (u) < P, (u) for any u. By (7.5) we
have

cvee oo < Jvee oo (P77U0) < Py (1710) < Py (U0) = Cep = Cvoc e

This shows that

Cy oo oo :jvooKoo (toouo):q)q) (toouo> (76)
Observe that
1
Tvee oo (Tug) =P, (tup) + 5/ [V —V (eoz)][t>ug(z,0) > dz
RN
+/ [K (egz) — K] F(t*°ug(x,0))dz. (7.7)
RN

We deduce from (Aj3) that
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/ [V —V (e0)][t™uo(z,0)|*dz <0, (7.8)
RN

and

/R K () ~ K] (2,0))dz <0. (7.9)

Finally, from (7.7), (7.8) and (7.9), we obtain Jy e g (t™ug) < P, (t*°ug), which
contradicts relation (7.6). This completes our proof. |
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