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HIGH ENERGY BLOWUP AND BLOWUP TIME FOR A CLASS OF
SEMILINEAR PARABOLIC EQUATIONS WITH SINGULAR
POTENTIAL ON MANIFOLDS WITH CONICAL SINGULARITIES*

YUXUAN CHEN', VICENTIU D. RADULESCU#, AND RUNZHANG XU$

Abstract. In this paper, we consider a class of semilinear parabolic equations with singular
potential on manifolds with conical singularities. At high initial energy level J(ug)>d, we present
a new sufficient condition to describe the global existence and nonexistence of solutions for problem
(1.1)-(1.3) respectively. Moreover, by applying the Levine’s concavity method, we give some affirmative
answers to finite time blow up of solutions at arbitrary positive initial energy J(ug) >0, including the
upper bound of blowup time. Finally, we show a lower bound of the blowup time and blowup rate for
problem (1.1)-(1.3) under arbitrary initial energy level.
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1. Introduction
In this paper, we concern with the following initial boundary value problem for
semilinear conical degenerate parabolic equations with singular potential

us — Apu+ KV (z)u=g(z)|ulP~u, x€intB,t >0,
u(z,0)=ug, x€intB,
u(z,t)=0, z€IB,t>0,
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where ug 67-[520% (B), 1<p< % and N >2 is the dimension of B, V€N, k€R. Here
the domain B=10,1) x X is regarded as the local model near the conical point on conical
singular manifolds, where X C RV~ is a closed compact C'> manifold. Denote by intB
the interior of B and the boundary of B by 0B:={0} x X. Near 0B we often use the
coordinates = (x1,7)=(x1,22,23,....,25) EB for 0<x; <1 and Z€ X. The Fuchsian

type Laplacian is defined as
Ap=Vi=(210,,)°+02, +...+02,

which is a special case of totally characteristic degeneracy operators on a stretched con-
ical manifold and Vg = (210, ,04,,...,0z ) denotes the corresponding gradient operator
with conical degeneracy on the boundary OB.

In Equation (1.1), we assume that g=g(z1,2)€ L (intB)NC(intB) is a positive
weighted function and V=V (z1,%) € L (intB) N C(intB) is non-negative potential func-
tion which satisfies the cone Hardy’s inequality (see Lemma 2.1 for detail). Specifically,
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the potential V(z1,T) contains two kinds of singular potential functions:

N-3\? 1
Vi = -
=(7") i

_L
Vo= N-1 QxIQe o1
2 : '

and

e 1472
Obviously, original point is the singular point of V7, meanwhile, V5 is unbounded on JB.
Notice that V; is the classical Hardy potential for A and V5 is a new Hardy potential
induced by Ap [1]. Before further exploring the conical singular manifold, we briefly
introduce some of the dynamics of the parabolic equations associated with this paper,
including the related progress of the heat equation problem with potential function, and
the topics to be dealt with in our paper.

Due to the fact that the study of the classical semilinear heat equation on the
bounded domain 2 C R™

g —Au=|ulP" u (1.4)

has been tackled with so many different unlinked tools, it is impossible to describe
all of these conclusions systematically. Depending on suitable properties of the initial
datum in H{ (2), we shall focus on the special interests of the dynamical behavior of the
solution for different initial energy levels. As reported in [2], these conclusions revealed
the relations between the solution and the initial datum by using the variational method,
so-called potential well method. Hence the following discussions aim to describe all of
the manifolds of the initial data which leads to the global solution or finite time blow
up solution as shared and summarized in [3-12].

Before this, we concentrate first on the celebrated potential term. For bounded
potentials or potentials with moderate singularities, the existence, uniqueness, and be-
havior of solutions to the linear parabolic equation u; — Au—V (|z|)u=0 is similar with
the corresponding properties of the heat kernel as the potential V' is small enough. Inter-
estingly, such situation changes dramatically for very singular potentials, a particularly
typical one of singular potentials is the so-called inverse-square potential V (&) ~ \|¢]|~2
due to many physical models, such as the reaction-diffusion of chemicals [13] and some
combustion models [14,15]. In particular, as a consequence of the important character of
a lack of regularity in the origin, the inverse-square potential has a number of remarkable
mathematical properties which make it useful in the linearized analysis for nonlinear
diffusion equations in solid-fuel ignition phenomena [16]. Another prominent applica-
tion of singular potentials can be found in nonrelativistic quantum mechanics when we
consider the Schrédinger equation by referring to [17-20] for a detailed discussion of the
backgrounds.

From the purely mathematical theoretical point of view, the singular potential has
mathematical interest in itself as it represents a threshold. To survey the singular
potential Baras and Goldstein [21] considered the linear heat equation with singular
potential

ur— Au=V(x)u+ f(z,t)

and discovered that existence and non-existence of positive solutions is crucially de-
termined by the value of the parameter ¢ of V(z)=c|z|~2. Even an attempt at a
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brief review of this linear case is beyond the scope of this introduction, here we refer
to [13,22-25] for more details. For the nonlinear case, P. Souplet [26] obtained the
stability properties of the parabolic equation with decaying potentials in R™ as follows

ug—Au+V(x)u=uP. (1.5)

Assuming the initial data ug € Lg° satisfies |[ugl/oo,x <0, it was shown that the corre-
sponding solution u of Cauchy problem of (1.5) is global in time under suitable con-
ditions on V(x). When ug € L NH*(R) and ug >0, they further achieved a uniform
priori estimate for global solutions and E(t) > 0. Besides that, if V' (x) and ug are radial,
there is an additional result that some global solutions have w-limit sets containing a
positive equilibrium. More literature on potential functions can be found in [27,28] and
the references therein.

Different from the classical domain 2 CR™, in the case of a singular manifold do-
main, say conical points on the boundary, it is no longer possible to define the derivative
in the classical sense. Therefore, its scope and techniques fall out of the traditional
analysis when near these singularities. Fortunately, there is a special pseudo-differential
operator that can reflect the singular structure of manifold, i.e., Fuchsian type Laplace
operator; such mathematical advances were sharpened in the work of Kondrat’ev [29]
as well as in related works of Schulze and collaborators [30-33]. In short, with the help
of the pseudo-differential operator, the specific differential and integral are properly
defined, and the corresponding functional analysis framework is constructed. Through
these analysis tools, the dynamic behavior of several different types of solutions for
differential equations in the distribution sense is studied, which provides an affirmative
method for dealing with problems of partial differential equations that arise in singu-
lar or degenerate geometric situations. With this observation a lot of mathematicians
began a variety of studies of differential equations associated with the manifold with
singularities, see [34-39]. Especially, comparing with the classical case of problem (1.4),
Chen [40] first investigated the initial boundary value problem of semilinear conical
degenerate parabolic equation

ug — Agu= |u|P" u, (1.6)

and obtained not only the existence of global solutions with exponential decay, but also
the blow up in finite time with low initial energy and critical initial energy J(up) <d.
Until recently, M. Alimohammady [41] also focused on the influence of the initial data
to solution of differential equation especially the critical value of the singular poten-
tial and discussed the existence theorem for a class of semilinear totally characteristic
hypoelliptic equations on manifold with singularities

OFu— Agu—V (z)u=g(z)|uP~ u, (1.7)

where k>1. As a key ingredient, in cone Sobolev space 'H;O% (B), by utilizing the cone
Sobolev embedding inequality, cone Poincaré inequality and potential well method,
M. Alimohammady proved the global existence and finite time blow up of solution to
problem (1.7) under sub-critical initial energy level, i.e, J(ug)<d. As another main
result, he also derived an exponential decay of solution with J(ug)<d provided the
solution exists globally.

An interesting as well as important point is the dynamic behavior of the solution to
problem (1.1)-(1.3) at high initial energy level, i.e., J(ug) >d. In fact, as the potential



28 SEMILINEAR PARABOLIC EQUATIONS WITH SINGULAR POTENTIAL

energy functional J(u) lacks the sharp constraints of mountain pass level d, demonstrat-
ing the invariant set under arbitrary high initial energy level will be a challenging task.
Corresponding to the case of usual Euclidean domain studied in [42,43], a new different
obstacle for studying the well-posedness of problem (1.1)-(1.3) at high initial energy lev-
els would be the analysis of the dynamic behavior of solutions in a degenerate measure
space, including the use of various forms of inequalities governed by cone differential
operator, which would bring additional technical complications caused by the singular-
ity of the domain. In addition, the existence of the undefinite sign potential function
is one of the important features of this paper as it covers the applicability of a wider
range of problems, but it increases the difficulty of estimating the conditions of both the
existence of global solutions and blowup solutions. Noticing the proof in [41], to decide
whether or not the resulting solution is global or blows up in finite time, they indicated
the sharp criteria stem from initial datum ug and exhibited the sufficient condition by
freezing the upper bound of initial energy, i.e., J(ug) <d. However, the unexpected re-
strictions of initial energy occupies our present attention, after releasing the subcritical
initial energy to the arbitrary positive case, (from 0< J(ug) <d to J(ug) >0), a corre-
sponding attraction motivates us to explore whether there are still sharp-like conditions
similar to the above described in [41]7 Or, at least to provide sufficient conditions for
the initial datum ug to determine whether the solution of the problem (1.1)-(1.3) exists
globally or blows up in finite time, respectively. To handle these, the present paper will
give the sufficient condition of initial datum uy under high initial energy which leads to
global existence and nonexistence of solutions, including a sufficient condition for the
finite time blow up of solutions at arbitrary positive initial energy. At the same time,
we will also complete some estimates about the blow up time and the blow up rate.

For the high initial energy levels case, according to the discussion above, the three
basic successive issues we will focus on include what, when and how. Specifically, what
kind of initial data will lead to the solution existing globally or blowing up in finite
time? Granted that finite time blow up occurs, when does the blow up occur? Can we
estimate the blow up time? Last but not least, how does finite time blow up occur?
In summary, our paper will give some affirmative answers as the main results of this
paper.

(a) Global existence and finite time blow up for high initial energy. (The-
orem 3.1 in the present paper). When the initial energy is larger than the
critical initial energy level, i.e., J(ug) > d, by characterizing the high-energy steady-

N

state set N, Theorem 3.1 gives a sharp-like condition, which uses the Ly -norm as

N
the radius to divide the phase space ’H;:OQ (B) into three parts, as shown in Figure
1.1. It not only shows the sufficient condition of initial datum ug leading to global
existence and blow up of solutions respectively, but also clarifies the distribution of

N N
these initial data in terms of L -norm in ’H;:OQ (B).

(b) Finite time blow up and upper bound of blowup time for positive initial
energy I (Theorem 3.2 in the present paper) and positive initial energy
IT (Theorem 3.3 in the present paper). The most interesting part of the
present paper seems to be these two theorems, i.e., Theorem 3.2 and Theorem 3.3,
roughly speaking, which can be regarded as some kind of sacrifice of the wide range
of conditions for initial data ensuring the finite time blow up of the solution in order
to obtain the estimates of the upper bound of the blowup time corresponding to two
different sets of the initial data. Different from the sharp-like condition of the global
existence in time and finite time blow up of the solution given in Theorem 3.1 aiming
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to reveal the relations between the conditions of the initial data for global existence

and finite time blow up of solution respectively, Theorem 3.2 and Theorem 3.3 aim

to focus on the upper bound of the blowup time by adding some more restrictive

conditions on the initial data. Indeed, these restrictions can be given in many

possible ways and forms, but our two theorems describe two important aspects of

them, by the coefficients of the norm of the initial datum ||ug||? y in the conditions
L2 (B

of Theorem 3.2 and Theorem 3.3 in the present paper. Gen2erally speaking, such
coefficient in Theorem 3.2 is about the parameters related to diffusion term and the
potential term on the left side of the equation, while the coefficient in Theorem 3.3
is from the parameters close to the nonlinear source term on the right side of the
equation. Based on these two different restrictions about the initial conditions, the
finite time blow up of solution is proved, and the corresponding different estimates
of upper bounds of blowup time are derived. More detailed analysis will be given
in Remarks 5.1 and 6.1.

(¢) Lower bound of blowup time and blowup rate for blowup solution. (The-
orem 3.4 in the present paper). Based on the blowup solution by supposing
that the finite time blow up happens to the solution, Theorem 3.4 estimates the
lower bound of the blowup time and the lower bound of the blowup rate of the
blowup solution. Unlike Theorem 3.2 and Theorem 3.3, the lower bound of the
blowup time is independent of the initial energy condition, so the results given by
Theorem 3.4 can apply to the finite time blow up solution described in Theorem
3.1-Theorem 3.3 and all the other possible and suitable finite time blow up solutions,
as long as the condition of Theorem 3.4 can be satisfied.

Open problems. (Global existence for positive initial energy). It is well known
that Laplacian operators in Euclidean space can be used as infinitesimal generators of
semigroups. Therefore, using semigroups method to represent the solution, then com-
bined with the potential well method and comparison principles, we can analyze the
dynamic behavior of solutions for nonlinear parabolic equations more clearly. For ex-
ample, to discuss the existence for global solutions and blowup solutions in N, under
positive initial energy level, see [2,8,44] for details. However, it is still unknown whether
conclusions similar to the classical comparison principle can be obtained for the degen-
erate cone operator case. Thus, it prevents us from discussing further the other results
tied to the global well-posedness of the solution with high initial energy case. Another
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important research topic on problem (1.1)-(1.3) is what kind of sufficient conditions the
initial data needs to satisfy under positive initial energy levels to induce the global exis-
tence of solutions. However, as an open problem, we would like to point that it is truly
difficult to find such a sufficient condition. The reason for this is that the appropriate
boundedness estimation is the necessary tool to demonstrate the global solutions, while
we nowadays have not found the right ways to control the long-term global dynamic
behavior of solutions by virtue of the boundedness of the initial energy. Another brief
explanation is the lack of a proof of invariant set. Perhaps there is a deeper level of
topological invariance and other profound mechanisms that we have not fully realized
yet, which may guide one to explore further.

2. Preliminaries

2.1. Cone Sobolev spaces. Owing to the differential topology defect, the sin-
gular domain; which means that the boundary has singularity such as conical, edge,
corner, etc., compared with the smooth one, there are more difficulties in analysis in-
cluding sufficient generality and regularity. For instance, the doubling property' as a
normal property for smooth domain does not apply to singular domain (see [45] Ex-
ample 3.1), but the doubling property plays a major role for establishing many basic
inequalities such as Poincaré inequality [46]. Moreover, it is rarely the real smooth
case. The non-smooth domain is naturally encountered in various practical settings in
applications, in which many inconveniences appear in microlocal non-smooth part [47].
Of course, after drawing the singular domain as singular manifold, the most difficult
task is to identify the differential operator reasonably on the singular manifold, which
should depend on the geometry of the corresponding manifold. Hence, instead of gen-
eral singular one, we focus on the essential singular space equipped with rich additional
structures, which permit one to define differential operators in a natural way. We call
it a manifold with conical singularities.

We first give the definition of a manifold with conical singularities.

DEFINITION 2.1. Let B be a second countable Hausdorff space and by,bs,...,b, € B
such that B\{b1,ba,....,bn} is a smooth manifold (without boundary) of dimension N.
To say that B is a manifold with conical singularities by,bs,...,b, means to require the
existence of a system ® of homeomorphisms ¢: B —By/~, where
(i) By is a smooth compact manifold with boundary OBy =Uj_; X4(j) with N —1 di-
mensional smooth compact manifolds X4(j);
(if) ~ means shrinking each of the X(j) to a point;
(iii) @:B\{b1,ba,....b,, } = intBy is a diffeomorphism and ¢(b;) =X4/ ~;
(iv) for each ¢1,¢2 € ® the restriction ¢, oqzﬁgl cintBg, — intBg, extends to a diffeomor-
phism (of manifolds with boundary) Bs, — By, .

As showed in [29,30], to construct the associated geometric operators on conic
manifolds needs resolving the singularity of the manifold, which is reflected in Definition
2.1. Details of this desingularization, for instance, by introducing polar coordinates, can
be found in [30]. In order to make the reader understand this process more intuitively, we
show in Figure 2.1 a graph formed by stretching and quotient map of a singular manifold
B, and indicate the relationship between the singular manifold B, the stretched manifold

1For a metric space M with a metric d, a measure f over (M,d) is said to have the doubling property
if f(2B)/f(B) is bounded where B and 2B are balls with the same center and the radius of 2B is twice
as that of B.
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B and the projection of the stretched manifold B/ ~.

Iowmg up the vertex

and stretching

F1c. 2.1. The relationship between B, B and B/ ~

Smooth manifold B is produced by stretching singular manifold B, which provides
facility to construct the differential structures. Naturally, when the operators contained
in the differential structure act near the boundary 0B, the behavior of operators should
be restricted so that they can reflect the singular characteristics. In details, this re-
striction should have two effects: to accurately express the derivative calculation near
the boundary and to definitely exhibit the singularity on the boundary as shown by the
operator A which will be defined below. Of course, the “stretching” does not commit
us to stray from the subject. The projection of the smooth manifold B/ ~, specified
by above differential structure in the quotient topology sense, is exactly homeomorphic
to the original singular manifold B. Such viewpoint of B.W. Schulze and other col-
laborators [30-32] makes our research finally focus on the pair (B,Dp), rather than the
troublesome B, where D C Diff(B)? consists of the so-called cone-degenerate operators,
which provide a smooth continuation to the entire stretched manifold B but degenerates
on the boundary JB.

To understand the degenerate behavior of the cone-degenerate operators clearly,
we herein mention the —x10,,-differential form appearing in operator Ap and discuss
some details. The typical —z10,, differential operators, called Fuchsian type operators,
defined in a neighborhood of z1 =0 of the following form

P k
Zak xl 8%1 )

where (21,7) € X" :=R, x X is a cylinder manifold near the boundary B (see Figure
2.2), and ay(x;) € C®(Ry,Diff* *(X)), s€R are smooth up to z; =0 [30-33]. Such
operators exhibit both degenerate and singular behaviors as follows: the derivative

2Diff*(Q) is a Fréchet space, which denotes all differential operators on €2 of order s with smooth
coefficients in local coordinates, where Q is a C°> manifold. In particular, Diff®(Q):=Diff(Q).
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210z, in the direction of cone axis vanishes at x; =0 and the factor x;*

Iy =0.

is singular at

Cylinder manifolds (0,1)xX

F1G. 2.2. Stretched manifold B and cylinder manifold (0,1) x X

Wy (int3)

Non-direct Frechet s
R AN (B)

p,0
8Y(vA
o Hp,l] (‘X ) *
Normalization <
W Subspac:
N Smoothness N Pull back P A Cut-off P
LW(R )=‘,"’Hs’7(R )=V"H "Y(X )_V_" H ’W(IB)
P\ p \"+ p P
\ )\ J \ J
Y ¥ Y
The functional spaces on The functional spaces on || The functional spaces on

RY :=Ry xRN! XMi=Ry x X B:=[0,1) x X

Fic. 2.3. A mind map of the construction of functional spaces.

As a widely accepted idea from the works by Kondrat’ev and Schulze [29-31] that
the Mellin transform being a Fourier transform in logarithmic variables is particularly
adapted to conical degeneration calculus which is well behaved under a Ry direction.
Moreover, the Fuchsian type operator —z10,, can be translated by Mellin transform
into multiplication with complex covariable, which motivates a better pseudodifferential
symbols calculus near the singularities. Cost-effectively, we will skip the calculation
related to Mellin transform and give the weighted Sobolev spaces directly [30,31,39,41],
details related to Mellin transform can also be found in [48].

The key to constructing the Sobolev space is to reasonably define it on the cylinder
manifold, in which the cylinder manifold is in accordance with the stretched manifold
near the boundary. However, the metrics are different in the R4 direction and non-
R, directions near the boundary, thus, it is necessary to consider their actions in the
function spaces respectively. Firstly, introducing the usual Lebesgue space in the sense
of polar coordinates may be the best choice as it just meets our needs. Subsequently, we
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realize the normalization of L,(RY) through the weight factor z; 7 and introduce the
derivative to get the H;’V(Rf ) space. With the aid of the pull back function, we map
the 1,7 space from the half space Rf onto the cylinder manifold X”. Finally, we give
the weighted Sobolev spaces H, '} (B) space combined by H,'j(X") and Wy (int(B))
via non-direct Fréchet sum (Refer to [30] in page 6). We present a mind map in Figure
2.3, which will help guide the reader to understand the path we use to construct the
weighted Sobolev spaces.
Firstly, we define the weighted Sobolev spaces on Rf =R, xRN-1,

DEFINITION 2.2 (The space L,(RY) and LY(RY) [31] p. 139, [39]). For (x1,7) eRY,
we say that u(z1,7) € L,(RY, dfl dz) with 1 <p<oo, if

~ dlL'l ~ »
Hu”Lp(Rf): </R+ /Rleﬁu(xl,x)pwldx) < 0.

The weighted L, spaces with weight v€R is denoted by LV(Rf,d;ldx) i.e., if ue
LV(Rf,dfldx) then z7 'u€e L (Rf,dfldx) which consists of functions u(xy,T) with

_ dey _\"
ol ey = (/ [ e @) d) <o,

DEFINITION 2.3 (The space 37 (RY) [30] p. 3, [39]). For seN,y€R and 1 <p< oo,
assuming u(z1,z) €D'(RY), where the dual (C(RY)) =:D'(RY) is the space of all
distributions in ]R_IX, we denote the spaces

H(RY) = {ueD’(M)

(2105, )P 05ue L (RY, de 1dx)}
X

Jor any k€N, multi-index 3 € NN"1 with k+|B|<s. Therefore, H37(RY) is a Banach
space with norm

lullpy ey = 30 ( [ [ e @ olu pr )
R+ RN 1

k+1Bl<s

D=

Turning to the weighted Sobolev spaces on cylinder manifold Ry x X, we now briefly
mention the necessary constructs from [30,31] as follows.

Note that X is a closed compact C° manifold and let O ={0s,...,Op} be an open
covering of X by coordinate neighborhoods. If we fix a subordinate partition of unity®
{¢1,....;¢a} and charts x;:0; =RV j=1,..,M, M €N, then "H;”(X/\) denotes the
closure of C§°(X”) with the norm

M
lellag ey = | D210 sl e
j=1

3Partition of unity: The set of continuous functions from a topological space to the unit interval
[0,1] such that for every point z, there is a neighborhood of = where a cofinite number of the functions
are 0, and such that the sum of all the function values at x is 1.
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Here 1x x5 :Cg°(Ry xRN =1) = C5°(R 4 x Oy) is the pull back function® with respect to
1xxj: Ry x0; Ry xRV~1. Roughly speaking, the H3 (X ") consists, by definition,
of all functions belonging to ’H;’;’"’(Rf ) in arbitrary local coordinates on X. Denote
H, 0 (X") as the subspace of H;7(X") which is defined as the closure of C5°(X") with
respect to the norm || [|357 (x4

Finally, after all the above preparations, we will give the weighted Sobolev space
on the stretched manifold B=[0,1) x X with the help of cut-off function. The weighted
Sobolev spaces H;:g (B) on stretched manifold B consists of two parts. The first part is
denoted by H,’;(X") on a collar neighborhood of 9B; and the another one is denoted
by WP (intB) on intB, which are coherent with each other via the non-direct Fréchet
sum [30]. Specifically, assume w(z1) € C§°(Ry) is a non-negative real-valued cut-off
function which equals 1 near OB and equals 0 outside the collar neighborhood of the
boundary, i.e.,

(1) 1 near x; =0,
w(xy)=
! 0 for x> const.

Then, we have the following definition.

DEFINITION 2.4 (The space H;?(B) and H;g(IB%) [30,39]).  The space Hy"(B) for
s€N,v€R denotes the subspace of all w€ WP (intB) such that

loc

Hy7(B) = {uecW,.? (intB) |wueHy"(X")}

loc

for any cut-off function w, supported by a collar neighborhood of [0,1). Here WP (intB)
denotes the subspace of all weD (intB) such that ¢pueWSP(intB) for every ¢e
C§° (intB).
Moreover, the subspace H,'((B) of ;7 (B) is defined as follows
Hyo (B) = [w]Hy (X ") +[1 - w] WP (intB),

where WP (intB) denotes the closure of C§°(intB) in Sobolev spaces WSP(;() and X is
a closed compact C*° manifold of dimension N that contains B as a submanifold with
boundary.®

PrOPOSITION 2.1 (Cone Sobolev inequality [39]). Let 1<p<N, p%:%—% and
v €R. The following estimate
al c
2
Jull ey <1, Yol + (1 +ea) D Wbtz oy + 2 el
i=2

holds for all u(z1,7) € C§°(RY ), where

7 =7-1,
_ (N=D)p
1=~
N(N-p)

4The pull back by x of a function v on RN 1 is the function x;fv =vox on O, where v:RN-1 5 0.
In short, pull-back can be interpreted as a composition. ’

5Let A is an algebra, E a Fréchet space which is a left module over A, i.e., the elements a € A
induce by mulitiplication e — ae linear oprators a: E — E with the usual algebraic rules, then we set
[a] E :={the closure of {ae:ec€ E} in E} for every a € A.
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(N=1)p|(N—1)— (=H(N-D)p ¥

Co =

(N—-1)p.

C3 = pr

Moreover, if u(z1,T )G’H o (RY), we have
leell e gy < €llellagso gy

where the constant c=cy1+cs.
PROPOSITION 2.2 (Cone Poincaré inequality [39]). Let 1<p<oo, yER. If u(z1,7) €

/Hll,:g (B) then

w(z1,2)|| Ly @) < pom||VIBU($1a )|y ()

where the constant Cpoim depends only on B and p. In particular, it follows that
”“HH;'g(B) and ||VeullLym) are the equivalent norms in the bounded domain by using

the cone Poincaré inequality.

= g
PROPOSITION 2.3 (Cone Holder inequality [41]). Ifu€ Ly (B),ve L}, (B) with p,p’ €
[1,00] and %—i—% =1, then we have the following cone type Hélder inequality

(wo)s<l[lul » ol »
£ ® LY ®)

where we denote (u,v)p ::fB uvdr%di and use it throughout this paper.

LEMMA 2.1 (Cone Hardy’s inequality [1,26]). For allue ’H;:O% (B)\{0} and ke R\{0},
the following inequality

o day O\ T d o7
(/V(xl,x)|u|2xldx) < (/v uP i )
B T
holds, where the best constant C, >0 is selected as follows

1
VZul|
Ly (B)

L, .
ueHy ¢ (B) p, if K>0;

1
V2ull ~
Ly (B)
Veull ~
L2 (B)

N
sup weH, ¢ (B) o, if <0,

REMARK 2.1. The Hardy’s inequality and its extensions and refinements are not
only of intrinsic interest but are indispensable tools in many areas of mathematics
and mathematical physics, such as to deal with the potential functions like those in our
paper. According to different model backgrounds, the potential function in the equation
considered by the previous work frequently appears as a positive one or a negative
one [1,26]. Naturally, the Hardy’s inequality will also have different manifestations.
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As a simplification, the Hardy’s inequality given by Lemma 2.1 contains the above two
cases, namely

|V 2ul? > C?||Vgul|® for k>0
and
|V 2u|? < C2||Vgulf® for k<0,

which allow us to deal with both cases simultaneously as shown in the problem (1.1)-
(1.3).

2.2. Potential well. To prove our main results, we begin by giving the definition
of weak solution of (1.1)-(1.3). Then we introduce the mathematical analysis tool, the
potential well method with its structures.

DEFINITION 2.5 (Weak solution).  Function u(x,t) is called a weak solution to problem
(1.1)-(1.3) on [0,T)xB, in which T is the maximum existence time of solution, if it
satisfies

N N
(i) ue L®(0,T;Hy ¢ (B)) and u, € L*(0,T; L7 (B));
(ii) for any UE’H;:O% (B) and a.e. t€1[0,T), the identity

/“t( )dex+/VBU V]videm/VU( )U%dx
B

B 1
— [ ahutoute T az
B

holds.
Now, we introduce the potential energy functional
J Yy 2 EIVEOIP y = —— g7 ()| 2.1
(u®)=5IVeu®)®y +SIVZu®)l x lg7 T u()|P* % (2.1)
2 Ly (B) 2 Lz ® ptl L7 ()

and the Nehari functional

1 _1
I(u() =IVeu®)|® y  +rllVZu@) y —llgmTu®)|P x (2.2)
Ly (B) Ly (B) LT (B)

which helps define the Nehari manifold
N
N ={ueryd B)\0} | I(w)=0},
N
which can divide the 7—[;:02 (B) space into two parts, that is the positive part
1.
Ny ={uet;s (B) ‘ I(u) >0}
and the negative part
1.
N_= {ueH2;02 (B) ‘ I(u) <o}.
In aid of the Nehari manifolds we can also define the depth of potential well

d= inf J( ).

ueN
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Furthermore, we consider the levels of J(u) by
1. N
Jo= {UEHQ:OQ (B) ] J(u) <a}.
Hence, for all o> d, we define

e : ﬁm@+0}
Na=N0J _{ueN\ IVeul 2 o) < Grmenm-1 5 7
2Cpoina(p+ 1)

= 2 1+-kC2)(p—1)
_{ue/\/‘ IIU||L§(B)< (1+nC$)(P—1)}7é®.

REMARK 2.2 (Some explanations on N, ).  As the manifolds N, is a key tool for
us to partition the manifold of the initial data under the high initial energy level,
which connects the Nehari manifold A" and the upper bound of the potential functional

J(u), also the top norm <||VBu|2N ) and the base norm <||u||2N ) of the space
L2 (B) Ly (B)

2
N
H;:OQ (B), we need to explain these connections clearly in this remark. In aid of the cone
Hardy’s inequality, we can derive the relationship between J(u) and I(u) as follows

+1
N
I3

1 K 1 1
J)=:|[Veul?y  +o|VEu?y  ———|lgFTu”
2 L7 (B) 2 L2 ( LI (B)

p+1

2

=3 <WWWN Rl )+Hw
L22 (B) L22 (IB)

2(p+1) p+1
-1
2(p+1)

>

ROVl 4T (w), (23)

p+1
here as we need to consider the two possible opposite signs of k € R, both the versions of

the cone Poincaré inequality will be applied. For any u€N,, i.e., ueN and J(u)<a,
we obtain from (2.3) that

(p—1)(A+~rC3)

a>J(u)> ST 1)

IVeul?y .
L.2

which means

2a(p+1)

\Y% 2 S A—
IVeull % o < GD 1 +rC)

i.e., the definition of the first line of N,.
From the cone Poincaré inequality, we also rewrite the above inequality as

full < 2ol
e ST 1)

which is the definition of the second line of N,.
Now it is convenient for us to define

Ao :=Inf {|u||2N
Ly (B)

2

ueNa}
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and

A, :=sup {||u||2 N
L7 (B)

2

UGNQ}.

Clearly we have the following monotonicity properties
a+— A is nonincreasing
and
a— A, is nondecreasing.

Finally, let us introduce following two sets,

N
SG ::./\f+ﬂ {UEH;ZOZ (B)‘ ||u||i%(153) S)\Q,J(U) <Oé}

and

SB;:N_Q{ueﬂé’og(B)‘HuHQﬂ > A, J(u) <o
B L22 (]B)

But Sg or Sp is not sharp.

3. The main results

As shown in (a)-(c) in Section 1, as the descriptions, summaries and explanations of
the main conclusions obtained in the present paper, in this section we shall exhibit these
main results in the following four theorems. Roughly speaking, Theorem 3.1 provides
a very general condition on the initial data to classify them for the global solution and
the non-global solution. By further restricting the initial condition for the finite time
blow up solution, Theorem 3.2 estimates the upper bound of the blowup time, when the
initial condition is related to the parameters associated to the diffusion term and the
potential term, comparing to Theorem 3.3, which makes it by the parameters related to
the nonlinearity. Finally, Theorem 3.4 estimates the lower bound of the blowup time,
and the lower bound of the blowup rate of the blowup solution without any restrictions
on the initial data but assuming the finite time blowup to be true.

THEOREM 3.1 (Global existence and finite time blow up for high initial energy). For
any a € (d,+o0) and k€ (—C;2,+00), the following conclusions hold
(i) If up € Sg, then the weak solution of problem (1.1)-(1.3) exists global in time and
u(t) =0 as t — +oo;
(i1) If ug € Sp, then the weak solution of problem (1.1)-(1.3) blows up in finite time.

THEOREM 3.2 (Finite time blow up and upper bound of blowup time for positive initial

energy I). Let ug E’H;:O% (B) and k€ (—C;2,+00), assume that J(ug) >0 and
(p—1)(kC2+1) 9

J(ug) < ————F——"1|u 3.1

( 0) 2Cpozn(p+1) || 0“[]2%(3) ( )

hold, then the weak solution w of problem (1.1)-(1.3) blows up in finite time, where Cpoin,

is the optimal constant of cone Poincaré inequality
Cpoinl|Veull® x> ul?
Ly (B)

(B L? (B)
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Moreover, there exists a time T7 satisfying

4uol? v
Tl* < Ly (B)
o [ =D(+kC2) 2 _
(» 1)( 2Cpoin (p+1) ||u0||L2g(B) J(U0)>

such that

t
lim/||u(7')||2ﬂ dr = 400,
0 Ly (B)

t—T

THEOREM 3.3 (Finite time blow up and upper bound of blowup time for positive initial
N
energy I1). Let ugp € H;’OZ (B), assume that J(ug) >0 and

p—1 1
(p—1)2 p—1 ||u0||p<"1>\1 (32)

J(U0)< N
2Bl 5 CyZ (p+1) BT ®)

hold, then the solution u of problem (1.1)-(1.3) blows up in finite time, where Cy, is
the essential supremum of the weighted function g~' € L (intB)NC(intB), i.e., Cy, =
inf{M ||g(z)|"* < M,a.e. z€B} and |B| denotes the volume of B. Moreover, there exists
a time T3 satisfying

Alluo |l
Ty < Ly (B)
(p—1) (zopl_lHUoHHNl —J(u0)>
209*2 (p+1) Lz2 (B)

such that

t—Ts

t
lim/||u(7')||2M dr =+o0.
0 Ly (B)

THEOREM 3.4 (Lower bound of blowup time and blowup rate of blowup solution). Let

N
ug 67—[%207 (B) and k€ (—C;2,+00). Suppose that u is the blowup solution of problem
(1.1)-(1.3), then a lower bound for the blow up time T\ of the solution is given by

T > 54(4e — 4+ KC2%e?)?
"7 88 CRCBSABI21-9) (20— 1) fuo SV

and the lower estimate of the blow up rate is described by

1
8e?C3C3 54 B|21-9) (26 —1) | <P )
g c(1-25
[[w(t)||L~ 2( 54(dc— A+ RCZe2)? (T, —t)=—2

where |B| denotes the volume of B,

and the odd number € satisfies
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Furthermore, Cy>0 is the essential supremum which depends on the weighted func-

tion g€ L™ (intB)NC(intB), i.e., Cy=inf{M ||g(z)| <M, a.e. z€B}, C is the optimal
an2

imbedding constant for Ly_5 (B) < L°(B) and S is the optimal constant of the cone

3N

Sobolev embedding, i.e.,

Vaul, 3

S L Tl
A u _N
uerty BN} LT (g

4. Proof of Theorem 3.1
Our goal in this section is to achieve a sharp-like theorem depending tightly on the

initial data in H;’O% (B) which can describe what kinds of initial data lead to the global
existence or the finite time blow up of the solution at arbitrary high initial energy level,
i.e., J(up)>d. To begin, we provide some of the significant characteristics of the Nehari
manifold. Without the special claim, here and in the following sections, the solution
u(t) for t €[0,T) we mentioned in each beginning always represents a local solution.
As some auxiliary results to prove Theorem 3.1, we first state the relationship
between the invariant set N, and the potential energy functional J(u), and combine
the two to give a bounded conclusion. Both results play a key role in proving the global
existence of the solution under the high initial energy level. At the same time, we also

N
give a fundamental feature of the invariant manifold N_ in space 7—[;:02 (B), which is
regarded as a powerful point for blow up analysis.

N
LEMMA 4.1. Suppose that ue?—l;(f (B), then
(i) for every ue Ny, we infer J(u)>0
N
(i) for each a>0, we assert that J*NNy is a bounded set in 7—[;:02 (B);

(iii) for any ueN_, we conclude

. 1+KkC2\ 7
dist (0, ) := min ||VBU||L2 ® 2 (@5”“) >0.

Proof.
(i) For ue Ny, i.e., I(u)>0, which implies HVBUHL%(B) #0, then by cone Hardy’s

2
inequality we have

Vaul?y = —<llg7ulPty

Zm ptl Ll (®)

1 9 K
J(u) —§||VIBU||L2% ® + §||

—1 1 1
=p(|vBu||2N wallVial? )+I<>
) L2 (B) (B)

2(p+1 p+1

p—1 2 2

> __

> sty (ROl y )
14+kC?

( )( )H ]BB'UIHQE
2(p+1) L2 (B)

>0.

(ii) Since I(u) >0, from the proof of (i) and J(u) < «, we get

o> Jw)> P=DUHRC), o 2()<”§”C>|| sl y
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. . 2 __2a(ptl)
which yields HVBUHL? ® < G=DFRCT

(iii) For ue N_, ie., I(u) <0, we also have ||V]BU||L%(]B) #0. From the definition of
N_, we get ’

1 dl‘1
IVoul? g eIV g <Pl = [l T2 @
Ly (B) Ly (B)

For the last term in (4.1), recalling g € L (intB) NC(intB), we know

dz; - dxy
/|9||u|p+17d50§||9||L°°(IBS)/|U|p+1 dx*||g||L&(IB)||qu+1 - (42
B 1 B 1 (B

p+1

Thus, together with (4.1), (4.2) and the cone embedding inequality, we obtain

IVeul® y  +sllVEul? y  <CoSPH|Vauly (43)
Ly (B) Ly (B) L2 (B)
where C, =inf{M ||g(z)| < M,a.e. z€B}.
On the other hand, using cone Hardy’s inequality, we have
(1+5C2)|Vaul® y  <[Vaul?y +r|VIul?y . (4.4)
Ly (B) Ly (B) Ly (B)
14xC?2 T
Combining (4.3) and (4.4) gives HVBUHL,% - > (W) >0.
a0

To clarify some monotonic properties and conservation law with respect to ¢ for
problem (1.1)-(1.3), we need the following lemmas.

N
LEMMA 4.2.  Suppose that ue’}—l;:(f (B), then we assert

dtJ( ) =—llue(®*y , tel0,T), (4.5)
Ly (B)
|| (t )IIZg(B):—ﬂ(U(t)), t€(0,T), (4.6)
furthermore,
t , o
+f ()P dr=T(u) (47)

Proof. Let u be any weak solution of problem (1.1)-(1.3). Multiplying (1.1) by wu
and integrating on B gives

1

, p+1

U = R —— V2 + p+1u

| ”L2<> 2dt” aull LF ® 2dt” ”L?(B) P+1dt”g HL”*SGB)

that is

d (1 K LT

2 2 22 7 [P

— Il = — — V u +7 V2U o1 o

e ¥ <2|| B ||L§(B) 2H ||L§(B) erl||9 ||LP+I(B)>
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then

=1y | <0

On the other hand, testing (1.1) by u also gives

1 1
thH u®?x  =lgFmu@®|"y [ Veu@®|?y  —wlIVEu@)®x =—I(u(t)).
Ly? (B) L;Il (B) Ly (B) Ly (B)

Finally, integrating (4.5) with respect to ¢ from 0 to ¢, one infers (4.7) immediately. 0O

Next we define T*(up) as the maximum existence time for initial datum ug and give
the proof of Theorem 3.1.

Proof. (Proof of Theorem 3.1.)
(i) In this case, as ug € Sg, namely ug €Ny, J(ug) <a and |lug|* x  <Aa. Re-
22 B
calling that A\, is non-increasing, one also sees that ||uo||2 <o < AJ(ug)- Then we
B

need the invariance of N, which claims that u(t) e N for any t € [0,7*(up)) provided

ug €EN1. Arguing by contradiction, due to the continuity of I(¢) in ¢, we suppose that

there exists the first time ¢; € (0,7*(ug)) such that u(t) e Ny for 0<t <t and u(ty) €N.

From u(t) e Ny for 0<t <ty [jupl? £ 5 <Aa < AJ(ue) and Lemma 4.2 one deduces that
L2 (B

2

toI? < 2 <AJju 4.8
Ity | <Toly | <Asc (4.9

and
J(u(tr)) < J(ug). (4.9)

Then by u(t1) €N and (4.9), we have u(t1) ENJ(UO). Together with the definition of

AJ(uo) and u(t1) € Nj(yy), it follows that Hu(t1)|| L. > X J(uo)> Which contradicts (4.8),

hence u(t) e N} for any t€[0,7* (uo)) In addltlon combining (4.9) and (ii) of Lemma

4.1, J7@0) AN, is bounded in Hy'? (B), ie., HVBUIIQL%( < el which yields
2

T*(up) =00 and the global existence of the weak solution.

Next we deal with the asymptotic behavior of the solution as ¢t — +oo. We firstly
denote the w-limits set of ug € Sg as follows,

)= {u@) =1}

t>0

Clearly, the w-limits set consists of all the stationary solutions of (1.1)-(1.3) which solve
the following elliptic problem

—Apu+ KV (z)u=g(x)ulP u,x €B,
u(z) =0,z € IB.
According to the fact u(t) € Ny for all t >0 and Lemma 4.1-(i), we derive from (4.5)

that J(u(t)) >0 is bounded below and decreasing with respect to ¢, which means that
there is a constant ¢ >0 such that

lim J(u(t))=c.

t——+o0
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Obviously, for any g €w(ug), we can infer that J(u(t))=c for all ¢>0, where ()
denotes the weak solution of (1.1)-(1.3) with initial data @y. Meanwhile, we know that
u(t) =1up for all t>0, which together with (4.6) shows that

—2I(u(t))=0,t€[0,00). (4.10)
Thus, the formula (4.10) implies that
w(ug) e NU{0}. (4.11)
However, if g €w(up), by the fact that @ € Si, we also have

<o

J(tp) <a and ||Up|® x < uoll® x
L2 (B L2 (B)

Then from the definition of N, it follows that 7y €N, and
w(ug) NN =0. (4.12)

Hence, from (4.11) and (4.12), we conclude that w(ug)=1{0}, which means that the
solution u of problem (1.1)-(1.3) exists global in time and decays to zero as t— +o0
provided ug € Sg.

(ii) If up € Sp. A similar contradictory argument as that in (i) of this proof indicates
that u(t) e N_ for all t € [0,T*(up)). In order to prove the finite time blow up we suppose
T*(up) =4o00. As (4.5) shows that J(u(t)) is non-increasing with respect to ¢, it has the
following two possible cases:

(a) There is a constant C' such that , lir+n J(u(t)=C
— 400
or

(b) i J(u(t)) =—oc.
Next, we shall prove that neither of the above cases can hold by showing the contradic-
tion to T™*(ug) =00, then we infer that the solution u blows up in finite time.

For case (a), that is to suppose that case (a) happens, by (4.5) and . ligrn J(u(t))=0C,
— 400

we deduce

d
—J(u(t)):—\|ut(t)||2ﬂ —0 as t — +o0,
dt L2 (B)

2

which indicates that wu(t) is approaching the stationary solution of problem (1.1)-(1.3)
ast— 400, i.e., u(t) N or u(t) =0 as t — +oo. However, u(t) € N_ for any ¢ > 0 implies
that u(t) €N for any ¢ >0, which tells us that u(t) =0 as t —+o00. On the other hand,
from u(t) € N_ and (iii) in Lemma 4.1, we can conclude that u(t) #0 as t — +o00, which
contradicts u(t) =0 as t — +o00. Hence, case (a) does not happen.

Next we test the possibility of case (b), similar to what we did for case (a), we
suppose that case (b) happens, then due to the continuity of J(u) with respect to ¢,
there must exist a first ¢; <T™*(ug) such that J(u(t1)) <0. Since we have proved that
u(t) e N_ for all t€[0,7*(up)), then u(t;) e N_. Taking u(t1) as a new initial data, by
Theorem 1.3 in [41] we know that the corresponding solution U(t) =wu(t; +t) blows up
in finite time, which contradicts the assumption that u is a global solution. Hence, case
(b) does not happen.

Therefore, combining (a) and (b), we assert that T (ug) < 00, i.e., the solution u of
problem (1.1)-(1.3) blows up in finite time provided uy € Sp. O
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5. Proof of Theorem 3.2

The well-known lemma that we introduce here originated from [49] and will be used
to demonstrate the trend of the auxiliary function to effectively analyze the finite time
blow up of solutions. At the same time, this lemma can also estimate the upper bound
of the blowup time.

LEMMA 5.1 ([49]). Suppose that a positive, twice-differentiable function ¢¥(t) satisfies
the inequality

V() — (1+0)(4' () >0, ¢>0,

where 9>0 is some positive constant. If ¥(0)>0 and ¢'(0) >0, then there exists 0<
t. <y such that (t) tends to infinity as t —t,.

Next, we establish the following invariant lemma, which plays a crucial role in the
proof of the blowup theorem at arbitrary positive initial energy.

LEMMA 5.2. Assume that uoe’;‘-[;:o% (B) satisfies (5.1), then u(t)EN_ for all te
[0,T).
Proof. Noting that

p_l 2 1 2 1
J(uo)=————{ IVau +rl|[Vay + —1I(u
(10) = gy (Il | Vol y ) o).

then (3.1) indicates that ug € N_.
Now, we prove u(t) e N_ for all t €[0,T"). Arguing by contradiction, by the continu-

ity of I(u(t)) in ¢, we suppose that there exists a first time ¢ € (0,7") such that u(t) e N_
for 0<t < and u(c) €N, then by (4.6) we have

d
—|u®)||? x =—2I(u(t))>0 for all t€[0,.), (5.1)
dt L7 (@)
which implies that
luoll® x  <lu()?y - (5.2)
Ly (B) Ly (B)

From (4.5) it follows that
J(u(e)) < J(up). (5.3)

By the definition of J(u), u(:) €N and cone Hardy’s inequality, we derive

p 2 1 2 1
J \Y +k||V? +—1
(u(r) e T (160 y | +RIVE@I g )+ 1)
p— 2 1 2
\Y V2 N
i 5 (I9suP y | +slVial )

1
sy (1w ) ¥t My,

Combining (5.3) and (3.1), we get

(p—1)(1+KC3) 2 (p—1)(A+KC?) 2
<J < N )
2Cpoin(p+1) e ()HLZ(B) (uo) 2Cpoin(p+1) HuOHL?(B)
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that is
luol® y > llu()y
Ly (B) Ly (B)
which contradicts (5.2). Hence, we have proved this lemma. |

Now we prove the high energy blowup and estimate the upper bound of the blowup
time of solutions for problem (1.1)-(1.3).

Proof. (Proof of Theorem 3.2.) For the sake of clarity, we divide the proof of
the theorem into two parts.

Part I. Finite time blow up. Arguing by contradiction, we assume the maximum
existence time T'=+o00. From the definition of J(u), I(u) and (4.6) we have

d
GO y | ==21()

=—2( |[Veu(®)[? x  +sllVEu®|?y  —lg7Tul®)|""y
Ly (B) Ly (B) (B)

p+1
2 2 L,

1 uiive: ;
=—4( IVesu®*x  +2IV2u@)?y  ———lg7Tu(t)|"*,
(2” sl g o+ IV RO 5~ gl Tl
4 1 1
+ (2— ) lgm T u(®)IP* s
p+1 LI (B)
2(p—1 1
:_4J(u(t))+(71)||gp+lU(t)llpi : >4
p+ Ly (B)

In the rest of the proof, we consider the following two cases.

Case I. J(u(t)) >0 for all ¢>0.
From (3.1), we choose p satisfying

&1lluol? y
1 2 M
PSS T )
where & := % Then substituting (4.7) into (5.4) and by virtue of J(u) >0,
we get '
d 2(p—1), 1
lu)? y  =4(p—1)I(ult) — 4pI (u(t)) + 22D gyt
dt L7 (B) p+1 Ll (®)

t 2p—1
> dpJ(ug) +4p / luPIE s dr+ 20D
0 L22 (B 1

1
It p+1
ar 22 gty

PH(B)
(5.5)

From Lemma 5.2 (i.e., I(u) <0) and Lemma 2.1, we know

_1 1
lg7ullty > Vsul®y +allVEul
7 (B L7 (B) Ly (B
1 2
Z +K/C* U ZE )
Chpoin L7Z (B)
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which makes (5.5) to be

d
FI@IP g >—4pT(uo) +4p®a(t) +&llu®) y (5.6)
Ly (B) Ly (B)
where W (¢ fo [lus (7 H ¥ d7. Hence we get the following differential inequality
Ly (B

|| ()ll2 —&lu®?y  >—4pJ(uo),
2 (B) Ly (B)

2

which yields

§1||u(t)||2ﬂ >§1||uo||2 N eflt+4pJ(uo) (1—6£1t). (5.7)
L7 (B) L7 (B)

2 2

Next, we define

t
= [l y _ar
0 Ly (B)

As the solution has been already supposed to be global in time, W5(¢) is bounded for
t€[0,00). Here we have

@' () = [lu(®)|* y (5.8)
L2 (B)
and
d
] //t _ 2
()= gy
Taking
0<e<p e (Gllal y | ~1p3w))
_ U — ug) |,
2plluoll* v S 8y pitio
S (B)
we derive
Glluol? x  —4pJ(ug) > 2pellug|® x . (5.9)
Ly (B) Ly (B)

Substituting (5.7) into (5.6), by (5.9) and e%1* >1 for ¢t >0, we arrive at
W 0) > a9 )+ (&l 5 |~ 10T un) ) e
2

>4pWy (t) +2pe|luol® x - (5.10)
Ly (B)

t 2 t
)= ( / lu(m)? 5 dT) Fe ol y / lu(D)?y  drte.
0 L2 (B) L2 (B)Jo L 2( )

Let
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where
1
c> 15_2\\u0\|4% . (5.11)
2

According to the definition of ¥3(t), we can derive

‘I’3l(t): <2‘I’2<t)+€1||U0||2N > \Ilzl(t) (512)

Ly (B)

and

\1’3”(t) = (2‘1’2(t> —|—E—1 ||U0||2L%

2

) B, (1) +2(85' (1)), (5.13)
B)

In order to well exhibit the coming results, we define (its positivity can be ensured by

(5.11))

S:=dc—e *|lugll* x>0,
Ly (B)

then (5.12) gives

<@3'<t>>2=(4w22<t>+4a—1||uo||% Ba() + < 2Jun]l* 5 )<w2'<t>>2
L,? (B) L,? (B)

= <4\Il22(t)+451||u0||2 N \Il2(t)+406> (B35 (t))?
Ly (B)
= (4T3(t) - 0) (L2 (1)), (5.14)
which says

405 (1) (W2'(1)* = (L3 (1)* +0(T2'(1))*. (5.15)

N
2

Taking advantage of the inner product in L3 (B), we have the following identity

2 dt lute Py PR CURNOS

Integrating the above identity over [0,t] gives

t
)Py | =lwl?y _+2 [ (e n(r)sdr (5.16)

2 2
Combining (5.8) and (5.16), by Holder and Cauchy’s inequalities we get

2

(w2 0 =0l y = (Il y | +2 [ utr)rsar)

2

N
N

2
§(|U0||i;g(ﬁ)+2(‘1’2(t)) (w1(1)) )

1
Sl | ol y | (#2(0)* (#2(0)
2

2

W=

+4W, (1) T (¢)

Slluoll®y  +42 ()1 () +2elluol® x  Ca(t)+2e7 uol? y  Ta(t)
L2 (B) L2 (B) L

2 7 (B)
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— (5.17)
From (5.13), (5.15) and (5.10), we get

2Ws5(t)Ws" (t)

- (<Q‘I’2(t)+5l||uo||2 .
L 2

2

11 / 2
B)) B, (1) + 2(22' (1)) )%(t)
- (2%( Ve ol )%"(t)%(t)+4<@z’<t>>2w3<t>

LQ(B)

=2 (Q‘Ilz(t) +€1||u0||igr(B)) \Il2u(t)‘1’3(t) + (‘I’3l(t))2 +5(\I’2/(t))2

2

S aps (1) (2%<t>+s-1||uo||2N ) (2w1<t>+snuon2w )+<w3’<t>>2+6<%'<t»2
5 (B) L2 (B)

=dpWs(t)Wa(t)+(Ls'(1)* +0(2' (1)) (5.18)
Combining (5.18), (5.14) and (5.17), we obtain

2053 (1) W5" (1) — (1+p) (L5 (1))
>4pWs(t)Ta(t)+0(P2'(1)" — p(¥s' (1))
=4pW3 (1) a(t) — p (4T3 (t) —8) (L2 (1)) +0(¥2' (1))
=dpWs(t)Wa(t)—4pPs(t)(L2' (1)) +0(1+p) (¥2'(t))?
>4pWs(t)Wa(t) —4pWs(t)¥a(t)
=0,
that is
" 1+p ’ 2
W3 (t)Ws (t)—?(\Il;; (t)*>0, te[0,400),
which implies that
(ws(1) = _%ﬁﬁ?(t) (5" (1) s (1) — (B+1)(5'(£))%) <0, tE[0,400),
where 3= £7= L >0. Since ¥3(0)=c> e % lugll* x  >0and 3'(0)=c"uol* x >

Ly (B) L, k1 (B)
0, by Lemma 5.1, it follows that there exists a

2¥5(0)

0<TF < — 2 5.19
(1% 0) (519
such that
lim W37 (t)=0,
t—T*
ie.,

lim ¥3(t)=

i, Pa(t) = oo,

which contradicts T'=+o00. Now, by employing the continuity of both ¥3(¢) and ¥a(t)
with respect to ¢, we can conclude that ¥a(t) tends to infinity as ¢ approaches T*, which
contradicts T = 4-o00.
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Case II. There exist some ¢ such that J(u(t)) <0.

Since J(ug) >0, by the continuity of J(u) in ¢, we can assume that there exists a
first time o >0 such that J(u(tp))=0 and J(u(f)) <0 for some #>t,. We take u(f) as
a new initial datum, then from Lemma 5.2, we have u(t) €N_ for t>#. Similarly as
the proof of Theorem 1.3 in [41], we can deduce that the solution of problem (1.1)-(1.3)
blows up in finite time.

Combining the above two cases, we conclude that v blows up in finite time.

REMARK 5.1.  Although we have given an estimate of the upper bound of the blow
up time in (5.19) in a specific form as follows by simple calculation

2c
0<T*< ,
(p=1)e=Huoll »
Ly (B)
where ¢ > —||u0|| is a constant, due to the unknown constant ¢ the work of the
2 (B)

argument has not reached the end. In order to further clarify the upper bound of the
blow up time 7™, and even clarify what factors such an upper bound is related to, we
need to carry out in-depth analysis, for example, to estimate the bound of the constant
¢, so as to reach the conclusion, which is the task of the following Part II.

Part II. Upper bound of blowup time estimate. Next, we estimate the upper
bound of blowup time as follows. Let u be the weak solution of problem (1.1)-(1.3), T
is the maximum existence time. For ¢t €[0,T), we denote

0= [ 117 g dr+ @0l 5 | +lt+07
Ly (B)

where >0 and v >0 are two constants, which will be determined later in the argu-
mentation process. Then we have

') =lu®)|? y  —lluol® y +2u(t+v), t€[0,T).
Ly (B) Ly (B)

By (4.6) and the relationship between J(u) and I(u) in (2.3), it follows that

Wy (t)=—21(u(t))+2u
>(p—1)(1+kC3) HVBU(t)Hig(B) —2(p+1)J(u(t)), tel0,T). (5.20)

2

Combining the cone Poincaré inequality and (4.7), (5.20) becomes

ws () > P oy —2(+1)5u(t)
_ 2 t
> P 2 2+ 1))+ 20+ ) [ )Py an
porn Ly (B) 0 Ly (B)

From Lemma 5.2 and Lemma 4.2, we know |[u(t)||? y  is strictly increasing on [0,7").

2
Therefore, we obtain

w0 220r+1) (Sl y |~ I)+91(0)) .21
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and Wg'(t)>2u(t+v)>0 for t€[0,T), which implies Wg(t)>W5(0)=T||uol|®> v +
Ly (B)

pv? >0 for all t€[0,7).

On the other hand, we derive

_i(\pg(t))Q:— (; <||u(t)||221v(B) - ||u0||2 ¥ ) +“(t+”)>2

_</ [lu(r ||2 ()d7'+,u (t+v) )(/ || (7 % d7'+,u>
2

1 2
- (5 (1o —||U0||2g )+utt+n)
2. (B) Ly? (B)

Iy

- (wstr-@=olanl?y ) ([ ara).

To estimate the above inequality clearly, we show I — I3 >0 next. Firstly, we have

2

1
11—12211—(2/ || ( H2 dT+M(t+V)>
Ly (B)

" 2
. (/ (u(T),ut(T))BdT+u(t+l/)) .
0
By using the cone Holder inequality, it follows that
L -

o1 (/ g 1 5, d7+u(t+l/))

211<(/0t|u(7)||i;2v d> </ [[ue(r % d7>;+ﬂ(t+1/)>2

= (@a(0) +plt+0)?) (B (1) + >—(<w2(t>>%<\111<>> Fulttn)
VI (0)}) 2R (1)} V() (B (1)} + (Vi) (1))

(
(V@) ~ Vitt-+0) (@2 (0) )
0.

2

2

W=
=

[N

v

Hence, we have

t
(1) > 4 (‘I’S(t)—(T—fHUoHZN ) ( (o) d¢+u>
L22 (]B) 0 L22 (B)
A1) (T (1) + ). (5.22)
Then by (5.22), we achieve

p+l

U5 (1) Ws5"(t) - 5

(Ts'(1))?
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>Ws(t) (O5"(t) = 2(p+1) (L1 (t) + 1)) (5.23)

Substituting (5.21) into (5.23), we get

W05 (1) - L (0 (02 20+ DWs(0) (6ol = Iun) ).
Ly (B)

By (3.1), we can choose a small enough p € (0,0] such that

Sl (o) — >0,

47 L ®
where 0::%‘||u0||2L% —J(ug). Then,
2
1
(1) 05" (1)~ L (/1) 20,

which implies that the conditions of Lemma 5.1 are satisfied. It is easy to verify that
W5(0)=T|luol|> y +upr?>0, ¥s'(0) >2ur >0, then by Lemma 5.1, we derive
L2 (B

lloll?
20s(0) v ®Ory Y (5.24)

T (p-1)®5'(0) T (p-w p—1

*

Now we choose v to be large enough such that

[uol®
ve ﬁ,m : (5.25)
then it follows from (5.24) that
2
* e (5.26)

<
~ (p—1)p —Juol*
L7 (B)

2

Next, we need to deal with the two parameters p and v in (5.26) to specify the upper
bound of the blow up time. First we introduce the following set to describe a pair of

(1,v)
HuoHi%(B) ||U0H2L%(B)
M= v ve 72,4_00 M E 2 ’ ’
(1) r—1)o 1)

then the upper bound of the blow up time can be considered as

2
T < et (5.27)

inf .
~ (uwyem (p—1)pv — |lug||* v
L7 (B)
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2

Letting f(u,v):= (p—l);wﬁ\yluo\lf“ — and then differentiating f(u,v) with respect to p,
L2 (B)
we deduce
uol? y
fpv)= =B <o,
(- V= luol )
Ly (B)

which means that f(u,v) is decreasing with p, then for any v, we have

0’V2

(5.28)

inf ,v)=inf f(o,v) =inf
e ) = ) = ey o
LY (B)

By differentiating f(o,r) with respect to v and taking f’(o,r) =0, we can get the min-

2\|u0\|2%
imum point vy, = (1)_7?30(]3), then
ol y
inf f(o,v) = f(0,Vmin) = —————,
i 1(0,0) = (0 in) =~
which together with (5.28) implies that
HrolP y
inf V)= f(0,Vmin) = ————. 5.29
Lt () = (o) = — 2 (529)
Hence, from (5.27) and (5.29), we obtain
uol
T*< inf V)= ®
‘(umeamf(“ ) (p—1)o
8Choin (p+1)|uoll® x
_ L7 (B) .
(P—1)?(1+kC)[uoll® y  —2Cpoin(p*—1)J (uo)
Ly (B)
]

Since both the conclusions of Theorem 3.1 and Theorem 3.2 involve the finite time
blow up of solutions, next we explain the correlation between them and compare their
own characteristics in the following remark.

REMARK 5.2. As we said in the introduction, both Theorem 3.1 and Theorem 3.2 give
sufficient conditions for finite time blow up, while they place the different concerns on
blow up, which naturally require different assumptions on the initial data. Obviously,
as the sharp condition for the global existence and finite time blow up of the solution
with low initial energy level has been obtained in [41], Theorem 3.1 concerns the key
task to classify the initial data under high initial energy (J(ug) > d). We hope to make a
complete division of the whole space as far as possible, so as to expect that the sufficient
conditions obtained in this way can cover more initial data to help us judge the global
existence and finite time blow up of solutions. However, the intention of Theorem 3.2 lies
in not only obtaining the sufficient conditions that satisfy the initial data leading to the
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solution blowing up in finite time, but also estimating the corresponding upper bound of
blow up time. Comparing the sufficient conditions in Theorem 3.1 and Theorem 3.2, we
find that the sufficient conditions for finite time blow up of solutions have overlapping
parts, but the overlapping parts between them are not easy to see. Therefore, we want
to explain this important conclusion through the following simple argument, namely,
assuming that the initial energy level satisfies J(ug) > d, we assert that if the initial data
satisfies (3.1) in Theorem 3.2, then ug € Sp.

From the proof of Lemma 5.2, we know that if uy satisfies (3.1), then ugeN_.

For any ueNj(,,), together with the definition of Nj(,,), we deduce |Vgul® y <
Ly (B)

%. By cone Poincaré inequality, we have
Jull y < Connl Toul? y | < Zpelolt ) (5.30)
Picking A j(u,) =sup {||u||2szzv " €N (uo) } then (5.30) tells us
Ajug) < 2Cpomj(u0)(p+1). (5.31)

(1+kC2)(p—1)

Substituting (3.1) into (5.31), we get Hw]”i%(]ﬂ%) > A j(uy)- Hence, we conclude that if

2

up satisfies (3.1), then
N
ug EN_N {uo EH;:(J? (B) Huo||i%(m > A J(ug)sJ (w) < J(uo)} =8Sp.
2

However, rearranging (3.1), we obtain

||u0||2 N 2Cp0in‘](u0)(p+1)
L2 (B) (kC2+1)(p—1) ’

together with (5.31), which tells that if up € Sp, it does not necessarily satisfy (3.1).

Therefore, through the above demonstration, we find that the conditions of Theorem
3.2 are more strict, while this “strictness” enables us to obtain a better estimation of
the upper bound of blow up time.

6. Proof of Theorem 3.3

In order to prove that the solution to problem (1.1)-(1.3) blows up in finite time at
arbitrary positive initial energy, we start with the following invariant manifold related
to initial data.

N
LEMMA 6.1.  Assume that ug 67-[;02 (B) satisfies (3.2), then u(t) eN_ for allt€[0,T).

Proof. By using the cone Holder inequality and the fact 0 < g € L (intB) N C(intB),
we have

p+1

d _ 2
Pt = ( / g g |u|2‘”“da:)
L2 (B) B T

p—2 2 2
+1dey L\ P 2 dxq \ PTHI
S (/ |giﬁ|% 1d$> < ‘gpiluﬂ% 1d£L‘>
B T B T
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p+1
p—1 2\ 2
p+1 p+1
(et ([t
x1 B A
_ 1
=g s lg7Tul"Ty (6.1)
L7 (B Ly (B)
p—1
N(p—1)
On the other hand, due to the imbedding theorem that L>(B)— L ,2 (B), it follows
p—1
that
p_1 p—1
||g_1H N(p=1) _1||L§o(]3)— 2o (6.2)
_2

where C,, =inf{M | |g(x)|~' < M,a.e. x €B}. Therefore, from (6.1) and (6.2), one can
deduce

1
sy
p+1
ngJrl u”LP+1 > m. (63)
p+1 (B) |B| 4 Cg*

Substituting (3.2) into (6.3) and using the relationship of J(u) and I(u) in (2.3), we
arrive at

1 2(p+1 1 2
||91’+1U0||p1 > u 1)‘](“0):HVBUO“2ﬂ +H||V§U0H2ﬂ +——1I(up). (6.4)
Ty P L7 (B) Ly ® p—1

p+1

Recalling the definition of I(u), (6.4) turns into

0> [Vauol?y +lViul?y  —lgmmuol?th 42 Tuo)> 2 r(ug),
Ly (B) Ly (B) tr® Pl p—1
which implies ug € N_.

Next, we prove u(t) e N_ for all t€[0,T). Arguing by contradiction, by the conti-
nuity of I(u(t)) in ¢, we suppose that there exists a first time ¢ € (0,7) such that ue N_
for 0<t < and u(e ) € N. Similar as the proof of Lemma 5.2, we can retrieve (5.1), (5.2)
and (5.3), and only need to modify the remainder as follows

p—1 2 L 2 ) 1
J(u(t))=—=———1{|Veu(c +rl|[Vau(e +——1I(u(e
(1)) = gy (9@ y | +mlVAUE )+ T (wto)
-1 1
= Veu(d)|? + x|V 2u()|? )
e (1Tl y | +elViu?y
p— +1
= lg7Tu(n)|P*y
2( +1) Lp+1(]B)
which together with (6.3) yields
p—1 +1
T00) 2 )17
2|B| Cy2 (p+1) L2t ()
Combining (5.3) with (3.2), we get
p—1 -1
T lu()[[”y < J(uo) < ; o™y

pl) P Pl) p

2[B| Co2 (p+1) L ®) 2[B Co2 (p+1) L2 ®

N |

)
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that is
2 2
U > ||u
fool? > Il
which contradicts (5.2). Hence, we finish the proof. d

Next we prove the high energy blowup and estimate the upper bound of the blowup
time of solutions to problem (1.1)-(1.3).

Proof. (Proof of Theorem 3.3.) For the sake of clarity, we divide the proof of
the theorem into two parts.

Part I. Finite time blow up

Similar as the proof of Theorem 3.2, we can attain the blowup results by slightly
modifying the corresponding argument in Theorem 3.2 as follows.

Arguing by contradiction, we assume the maximum existence time T'=+o00. From
the definition of J(u), I(u) and (4.6) we also have (5.4). Similarly, in the rest of the
proof, we again consider the following two cases.

Case I. J(u(t)) >0 for all ¢ >0.
From (3.2), we choose p’ satisfying

Ealluo "y
2 (

1 fe L (B) 6.5

ST (6.5)

where &3 := )22(p 1,17_)1 . Substituting (4.7) into (5.4) and by virtue of J(u) >0,
|B\ Cy? (p+1)

we get

SO 5 =4~ DI @(0) 49T w(0) + 22D gy

2 (B) p+1 LPH (B)
t
2
>4yt o) +4g! [ ol g ar+ 2D g,
0 L7 (B) p+1 LPH (B)
(6.6)
From (6.3), (4.6) and Lemma 6.1, we know
1 ||u||i§(3) ||uo|\’;+zv1
s p+1 2 2
o, 2o s o
p+1 B Cq, Bl Cy,
which makes (6.6) to be
|| ()Il2 > —4p' T (uo) +4p @1 (t) + o luo [Py (6.7)
2 (B) Ly (B)

Similar as the proof of Theorem 3.2, thanks to (6.5) and (3.2), we can choose a constant
g’ such that

1
0<€/</72 (£2||U0||p—~1_\11 _4P/J(u0)> )
20 ||uol|® & L? (B)

L (B)
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therefore,

Eolluol™y  —4p'T(u0) > 20 Juol* y . (6.8)
Ly (B) Ly (B)

2

Substituting (6.8) into (6.7), one arrives at
W' (1) > 49 W () + 20 ol .
Ly (B)
The remainder proof for Part I is completely similar as the proof of Theorem 3.2, hence,
we omit it.

Part II. Estimate of the upper bound of blowup time. Next, we estimate
the upper bound of blowup time as follows. Let u be the weak solution of problem
(1.1)-(1.3), T be the maximum existence time. For t € [0,T), we denote

t
To(t):=p / a2y dr+p(T—t)uol®x  +pu(t+v)2,
0 L22 (IB) L22 (IB)

where >0 and v >0 are two constants, which will be determined later in the argu-
mentation process. Differentiating We(t) with respect to ¢, we have

o' () =pllu®)* y —pluoll® y +2u(t+v).
B Ly (B)

2 2

Note that the relationship between J(u) and I(u) in (2.3) can also be expressed as

1 K 1 1
J(u) == Viu|? +—||V2ul? - p+1up+1
=gIVauly  +5IVI g e,
1 pfl 1 1
—_7 1 ||PT 6.9
S0 gl T, (6.9

From (4.6) and (6.9), it follows that

W6 (1) =—2pI(u(t))+2p

2p(p—1), 1
>71||91“+ u®) Py —4pJ(u(t)),
P+ Lrl(®)

which together with (6.3) and (4.7) turns into

2p(p—1)
W) 2B Y —ApI ()
|B| 09*2 (p+1) Ly (B)
p—1 .
T 1>( 7= 1) ()| f4pJ(u0)+4p/ lu(P)|? v dr.
[BI™7CoF (p+1) Ly () 0 L2 (B)

From Lemma 6.1 and (4.6) in Lemma 4.2, we know that ||u(¢)||? y  is strictly increasing

2

on [0,T). Therefore, we obtain

v (0240 (Lol ~ )+ 10 (6.10)
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and We'(t)>2u(t+v) >0, which implies Wg(t) > We(0)=T||lugl|?> y  +pr?>0 for all
? (B)

€[0,7).
On the other hand, we derive

~
S

w0 == (5 (| ~ll?

:(/Hu Iy, Attt )
- (5 (e y | Il y
(ot —px —Dluol? )/Otnut IRy dren)-

Then we show I3 — I, >0 as follows

t+1/>
([ 1tz y _ar+)
2

+ut+v) )

o)
)
B
(

13—14=13—</ eI 5 ()d¢+u(t+v)>2

" 2
=I3— (p/ (U(T)7Ut(T))BdT+M(t+V)> ,
0
by using the cone Hoélder inequality, which tells

I~ 1,
2

21 (v / Il o Juel 3 dr-+u+0))

L

>13—<(p/0t||u<7>§2 dT) (o[ vtz d7>é+u<t+v>>

(P2 (1) + plt-+0)%) (2 (0) ) — ((p2(0) 5 T2 () (1))
(VAR 2/ (1)) s (e +0) (@3 (1) + (VR 0) (2 (1))
(VW) — i+ ) (1))’

0.

2

[N

ol=
N

v

Hence, we have

t
~@a (02 ~1 (ol -pT -l g ) ([Tl g aren)
L22 (B) 0 L22 (B)
> AW () (1 (1) + ). (6.11)
Then in view of (6.11) and (6.10), for any ¥ > 1, we achieve

We(t)We" (1) — (e (1))
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o (1) (Ve (1) 49 (W1 (1) + 1)
24%0(0) (B2 ual? = pIun) + (o= 0)W1(0)-0n).
Ly (B)

2

taking ¥ =p, we have
Wo(0) 6" (1)~ 0006 () = @a(t) (Ll Tu0) ).
Ly (B)
Choose a small enough p’ € (0,0'] such that

2ol y = J(uo) ~ >0,
L7 (B)

2

where o’ ::%Huonﬂ — J(up). Then we have
Ly (B)

N

W6 (t) W6 (t) (¥ (1))* 20,

which implies that the conditions of Lemma 5.1 are satisfied. It is easy to verify that
We(0)=pT||lugll®> v +pr?>0, Wg'(0)>2ur>0. The remainder proof is similar as
Ly (B)

the proof of Theozrem 3.2-Part II, hence, we omit it. 0

As we did in Remark 5.2, Theorem 3.1 and Theorem 3.3 also have the correlations
similar to Theorem 3.1 and Theorem 3.2, so we give the following remark.

REMARK 6.1. Similar to the phenomenon discussed in Remark 5.2, Theorem 3.1 and
Theorem 3.3 also have different emphases on finite time blow up of solutions, and we
mainly discuss the overlapping parts of Theorem 3.1 and Theorem 3.3 when considering
the finite time blow up of solutions under high initial energy levels. Comparing the
sufficient conditions in Theorem 3.1 and Theorem 3.3, we conclude the result through
the following simple argument, namely, assuming that the initial energy level satisfies
J(ug) >d, we assert that if the initial data satisfies (3.2) in Theorem 3.3, then ug € Sp.

From the proof of Lemma 6.1, we know that if ug satisfies (3.2), then ugeN_.
Similar as the proof in Remark 5.2, for any ueN. J(uo)> together with the definition of
NJ(UO), we get

IVeul?y  +&[VEu|?y <
L2 (B) Lz ® p—1

Combining above inequality with (4.5), (6.3), we have

T
Lpl

(p71)22 p—1 < ”gp“u”pi

B "7 Cy2 L2 (B)

=Veul® x  +&lVEul? 5
L;? (B) L;? (B)

2 1
- (p+1)

b1 J(ug). (6.12)

Picking A (y,) =sup {||u||2 N uEJ\/J(uO)}, and (6.12) tells us
Ly (B)
1

ptl (-n?  p-l

i1 = 9B E Oy J(uo)(p+1

ad (g )T <2BLE G Jopt]) (6.13)
L (B) p—1
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Substituting (3.2) into (6.13), we get HuoHi%(B) > A j(uy)- Hence, from above discussion

we know that if ug satisfies (3.2), then
1,5
ug €EN-N {“0 €Hyg (B) ||UHig(E) > A J(ug)sJ (u) < J(uo)} =Sp.
2

However, rearranging (3.2), we obtain

(p—1)2 Bzl
2 2B Gy J(uo)(p+1)
ol
L} (B) p—1

together with (6.13), we see that if ug € Sp, it does not necessarily satisfy (3.2).

Therefore, compared with (ii) in Theorem 3.1, the sufficient conditions of Theorem
3.3 are stricter, but they also give us a better estimate of the upper bound of blow up
time.

7. Proof of Theorem 3.4
In this section we seek the lower bound of blow up time to problem (1.1)-(1.3).

Proof. (Proof of Theorem 3.4.) Let

d
/| ﬂdx

where the constant € is an odd number and will be chosen later.
Since u is the solution of (1.1)-(1.3), we have

dWq(t)
dt _€(|
—¢ (|u|€72u Agu—nVu+g(:c)|u|p*1u)B

d
_ ( 6—1 |u|€ 2|V u|2—d —li/V|u| 14

+ [atwhul 20z ).
T

. £
For convenience we now set v=|u|2, then

dTr(t)  4(e—1 d d
r(t) A )/\vmﬁﬂdz%e/vwﬂdf
dt € B Z1 B z1

u|€72u,ut)]Bg

te / (a2 42 e (7.1)
B

Mo

By virtue of the cone Hardy’s inequality (Lemma 2.1), (7.1) turns into

iU <—(4(6_1)+RCEG>/|VBU|2dxld5+e/g( ot R A gy (7.9)
€ B Z1 B

dt  — T1

For the second term on the right-hand side of (7.2), we deal with it by using the cone
N
Holder inequality and imbedding theorem L (B) < L3 (B) as follows

1 2
/g(x) 220 401 4o < </g(:v)3dxl %)3 </ 342 dxldx)
B T B T B I
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~ 2(p—1) da:l ~
gcugumﬁ)/w =uday
B

Z1

where C' is the optimal imbedding constant of L>(B) < L;? (B). Together with the fact
that g(z) € L*(B)NC(B), it follows that

2p 1 d 217 1 d
/g(x) 2420 CM 43 < G / 24250 O0L g (7.3)
B

X1 €
where C,; >0 is the essential supremum which depends on the weighted function g(z),

ie., Cy=inf{M||g(z)| < M,a.e. z€B}.
Again from the cone Hélder inequality, we know that

/ 2421 %d < (/v“cmld%)B (/ L e %d ) ; (7.4)
B 1 B Tl B !

then applying the cone Sobolev inequality

/ 4d$1dx<s4/|v v|4@d (7.5)
B

and substituting (7.4) and (7.5) into (7.3), we see

/g(x) 2421 dxldx<CC’ gt (/lval2dx1 ) (/ 1y2emn dzy oo ) (76)
B T B L1

N N
where S is the optimal constant of the cone Sobolev embedding 7—[;:02 (B)— L, (B).
By reusing the cone Holder inequality and recalling v = |u|?, we can easily get

.57) 1 d € p d
/B B _/lu\ S ar < B (1) (7.7)

where |B| denotes the volume of B and 4 ::%+3(1’2721). In particular, the constant e
needs to satisfy € >3(p—1) in order to ensure 6 <1.

Hence, substituting (7.7) into (7.6), we arrive at

/B gla)v**

Z(p 1) dxldx<CC S3|B| (1 6) (/'v 2dxldx> (\117(2‘:))2370

—x (] |va|2d"’“dx) (@ (1) ¥ (78)

Using the following Young’s inequality
X"Y*<rX+sY for r+s=1,X,Y >0,

we can rewrite (7.8) with a parameter 6 >0 as follows

ot 2 Sz (o ( [ vs T )3(9—2@117@))25)é

T
2K9 dx K02
50 [l T S @) (1)
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Combining (7.8), (7.9) with (7.2), we obtain

dW¥-(t d 072
") < (9, —m) / Vo2 Tz O (g (1)
dt B T1

where

N = 74(66_1) +KC2e,
1= 2eCC, S5 (B|31-0).

Choosing 6 to make the coefficient of [; |V]Bv|2%di’ vanish, we reach to

<(Wr (1), (7.10)

2
where ~y:= QT’”. Or upon integration we have for t < T

1
— <~(20 —1)t.
W,(0)2-1 Wy (t)20-1 <( )
So that letting ¢t — T, we conclude that
1 54(4e — 4+ kC?%e?)?

T* Z = po .
(26— 1)(®7(0))* 71 8SC3C3S4|BI2(1=9) (20 — 1) [Juo |3~

Moreover, integrating (7.10) from ¢ to T, we obtain
< de
T*—tz/ =F(Pr(1)). (7.11)

W, (t) 762 o

Obviously, F(¥7(t)) is a decreasing function of W7 (t), which means its inverse function
F~1 exists and it is also a decreasing one. Therefore, we know

W (t) > F(T,—1),
which implies the existence of the lower bound of blowup rate. By calculating the
generalized integral in (7.11), we deduce that

T* —t> m (‘]:’7(2‘:))1—257

which yields

1

Wy (1) > (7(25— 1)(T. 1)) ==

That is,

1
865@30354|B|2(176)(2571) €(1—20) .

g €(1—23)

Hu(t)HLQ’Z ( 5(de —d+ nC2E2)2 (T, —t)<a=—25),
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