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Abstract

We are concerned with the Lane—Emden—Fowler equatian = A f (u) + a(x)g () in £2, subject to the Dirichlet boundary
conditionu = 0 on 92, wheres2 c RY is a smooth bounded domaih,is a positive parametes,: 2 — [0, co) is a Holder
function, andf is a positive hondecreasing continuous function such fhaj/s is nonincreasing in0, co). The singular
character of the problem is given by the nonlineagitwhich is assumed to be unbounded around the origin. In this Note we
discuss the existence and the uniqueness of a positive solution of this problem and we also describe the precise decay rate
this solution near the boundary. The proofs rely essentially on the maximum principle and on elliptic esfimattssthis
article: M. Ghergu, V.D. Radulescu, C. R. Acad. Sci. Paris, Ser. | 337 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.
Résumé

Bifurcation et analyse asymptotique pour I’ éguation de L ane-Emden—Fowler. On considére I'équation de Lane—Emden—
Fowler —Au = Af (1) + a(x)g(u) dans$2 avec une condition de Dirichlet= 0 surd (2, ot 2 c RV est un domaine borné
régulier, A est un parametre positif,: 2 — [0, co) est une fonction de Hélder et est une fonction continue, positive et
croissante telle que I'applicatiofi(s)/s soit décroissante sub, co). Le caractére singulier de ce probléme est donné par la
nonlinéaritég, qui est non bornée autour de l'origine. Dans cette Note nous étudions I'existence et 'unicité d’'une solution
positive et nous établissons également son taux de décroissance vers 0 autour du bord. La méthode de démonstration repose
le principe du maximum et sur des estimations elliptiqiesr citer cet article: M. Ghergu, V.D. Radulescu, C. R. Acad. Sci.
Paris, Ser. | 337 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Version francaise abr égée

Soit £2 un domaine borné et régulier @' . On considére le probléme de Dirichlet suivant, associé a I'équation
de Lane—-Emden—Fowler
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—Au=XAf(u)+a(x)gu) danss,
u>0 dans, (P)
u=20 suros2,

ol x>0, aeCP%(R)eta> 0 danss2. On suppose qu¢ € C*¥[0, o) est une fonction croissante telle que
f >0 sur(0, 00) et I'application(0, c0) > s — f(s)/s soit décroissante. De plus, on suppose guéd, co) —
[0, o) est une fonction de Holder décroissante qui satisfait les conditions suivantes :

(91) limyo0g(s) = +00;

(92) il existeCo, no > 0 etB € (0, 1) tels queg(s) < Cos—# pour touts € (0, o) ;
(g3) il existed > 0 etrg > 1 tels queg(£1) > £~%g(r) pour toust € (0, 1) etr < 1o ;
(94) l'application(0, 00) 3 & = A(£) :=lim o 861 ast une fonction continue.

£g(r)
On suppose aussi qu'il exiség > 0 et une fonction positive croissarkte C (0, o) tels que
(k1) limgcono % =co € (0, 00), old(x) :=dist(x, 882) ;
(k2) limsok(t)g(t) = +o0.
On cherche des solutions du problémg)(&ans la classe
E={ueC?2)nc(2); AuecL*(2)}.

Soitm :=lim;_. f(s)/s € [0, 00). On suppose partout dans ce travail guea une croissance linéaire a l'infini,
c'est-a-diren > 0. Soiti; la premiére valeur propre de I'opérateur de Laplace (Hﬂ‘(ﬂ).
Le résultat principal de cette Note est le suivant.

Théoréeme 0.1. Soit A* = A1/m. Sous|es hypothéses précédenteson a

(i) pour tout » > A*, le probléme (P,) n'a pas de solutionsdansla classe £ ;

(ii) pour tout 0 < A < A*, le probléme (P,) admet une solution unique u;, € £. De plus, I'application A — u; est
strictement croissante et lim;,_»+ uy = 400, uniformément sur |es sous-ensembles compacts de §2 ;

(i) pour tout 0 < A < A*, le comportement asymptotique de u; autour de 92 est donnée par

im u;.(x)
d(x)\O0 h(d(x))

ol A(0) = cg - eth € C2(0, 71N C[O, ] (1 < 8o) est définie par

= &o,

h' (1) = —k()g(h) dans(0, 5],
]’l > O dal’lS(O, 7]],
h(0) =0.

1. Introduction and the main result

Let 2 c RY be a smooth bounded domain. Consider the following Dirichlet boundary value problem for the
Lane—Emden—Fowler equation

—Au=rf()+ax)g(u) ins2,
u=>0 in 2, (P)
u=~0 onas2,
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wherex is a positive parameter, and the variable poteatia) satisfies: € C%%(£2), anda > 0 in £2. We assume
that f € C%2[0, 0o) is a nondecreasing function which is positive@noc) and such that

i £6) i i
(f1) the mapping0, co) > 5 > TS is nonincreasing.
We suppose that € C%%(0, co) is a nonnegative and nonincreasing function which satisfies

(91) lime0g(s) = +00:
(92) there exist€g, no > 0 andp € (0, 1) such thatg(s) < Cos~” for all s € (0, no);
(g3) there exist§ > 0 andr > 1 such thag (&r) > £ %¢(¢) for all £ € (0, 1) andr < 1é;
(94) the mappind0, c0) 3 & > A(§) :=Ilimy\o % is a continuous function.

The link between the potential and the singular nonlinearity is given by the following assumptions: we
assume that there exisig > 0 and a positive nhondecreasing functioa C (0, §p) such that

(k1) liMy (o0 7s; = co € (0, 00), whered (x) := dist(x, 912);
(k2) limsok(t)g(t) = +o0.

Due to the singular character ¢®,), we cannot expect to find solutions @#¥(52) (see [6]). For this purpose
we introduce the class

E:={ueC?*)nct(2); AueL*(2)}.

We first observe that, in view of (f1), there exigts=lim;_,, f(s)/s € [0, 0c0). This number plays a crucial
role in our analysis. Throughout this paper we shall assumefthas asymptotically linear growth at infinity,
that is,m > 0. Let A1 be the first eigenvalue of the Laplace operator with the Dirichlet boundary condition and
A*:=Xx1/m. The main result of this Note is

Theorem 1.1. Assume (f1), (g1)—(g4), (k1)—(k2)The following assertions hold true:

(i) if x> A*, then (P,) hasno solutionsin &;

(i) if 0 <A < A*, then (Py) hasa unique solution u; € £ whichisstrictly increasing with respect to 1. Moreover,
lim;, =+ u; = 400, uniformly on compact subsets of £2;

(iii) for any 0 < A < A*, the asymptotic behaviour of «, near 352 is given by

. uy (x)
m
d(x)N\O h(d(x))

= &o,

where A(%0) = ¢y *, and i € C2(0, 7] N C[0, 1] (1 < 8o) is defined by

h"(t) = —k(t)g(h) in (0, nl,
h>0 in (O, n], (1)
h(0)=0.

We conclude this section with some examples of functipasadk that fulfill the above assumptions: §)¢) =
1P k() =19, 0<q < p<1; (i) g) = "HD k(1) =19, 0< g < p—1<1; (iil) g(t) = rrry. k(1) =14
ork(t)=In(1+1t7), 0<g<p<1;(iv)g(t) = L1 _ k()=arctadrork()=In(1+17), 0< g<p<l.

arctarr?’
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2. Proof of Theorem 1.1

(i) Let 91 > 0O be the first eigenfunction of the Laplace operataRiwith Dirichlet boundary condition. Arguing
by contradiction, let us suppose that there existsA* such thatP,) has a solutiom; € £. Multiplying by ¢1 in
(P,) and integrating we find

—/uxAd)l:—/Auxd)l:?»/f(ux)+/a(x)g(ux)>k/f(ux)>>»1/ux.
22 2 2 2 2 22

This is clearly a contradiction sinceA¢1 = A1¢1 in £2. Hence(P,) has no solutions i& for A > A*.

(i) For any 0< A < A* define®; (x, s) = Af(s) + a(x)g(s), for all (x,s) € 2 x (0, 00). Then®; fulfills the
assumptions in Lemmas 2.2 and 2.3 in [3] (see also [8]). So, with arguments similar to those given in the proof of
Theorem 1.3 in [3], we obtain the existence and the uniqueness of the soalytioproblem(P,). The regularity
of u, in the clas<t follows by Theorem 1 in [4] and using our assumption (g2).

In what follows we shall apply some ideas developed in [7]. Due to the special character of our problem, we
will be able to prove that, in certain caséZ-boundedness implieﬁ(}—boundedness!

Letu; € & be the unique solution aP,) for A < A*. We prove that lim .+ u; = 400, uniformly on compact
subsets of2. Suppose the contrary. Sin¢e, ), <+ is a sequence of nonnegative superharmonic functions then,
by Theorem 4.1.9 in [5], there exists a subsequena@ of, <,+ (still denoted by(u; ), <;+) which converges in
Lﬁ,c(s’z) to someu™*. The monotonicity ofu, yields (up to a subsequence) ' u* a.e. in§2. We first prove
that (u3),<+ is bounded inL2(£2). Arguing by contradiction and passing eventually at a subsequence, we have
u;, = M )w;, whereM () = ||uz]l 2y — o0 asi /' A* andw, € L?(£2), lwill 2y = 1. Using (f1), (92) and
the monotonicity assumption gn we deduce the existence of some constants m, andB, C, D > 0 such
that f(r) < At + B, g(t) <Ct™® + D, forallt > 0. This impliesﬁ Af(up) +ax)g(uy)) — 0in Llloc(.Q), SO

—Aw; — 0in L} (£2).

By definition, the sequence@w; ), ;+ is bounded inL?(£2). We claim that(w;); <+ is bounded inHol(.Q).
Indeed, by the growth assumptions grandg,

1 1
/IVwAI2=—/wAwa = W/wxmu = m/[waf(ux)Jra(x)g(ux)wx]
2 2

2 2
A llalloo —a . 2, llallC 1-a
2 2 2 2
AB+||a||ooD/wA<k*A+ llalloeC |Q|(1+a)/2+AB+||0||ooD|.Q|1/2'
M(}) M (1)L M (%)

It follows that the sequenadgu, ), <,+ is bounded inH&(Q), so the claim is proved. So, there exists Hol(SZ)
such thatw, — w weakly in H3(£2) andw; — w strongly in L2(£2). Thus we obtain thaw € H}($2) satisfies
Aw =0inD'(£2), which contradict$|wy || ; 2, = 1. Hence(u,),.<x+ is bounded inL2(£2), so inL1(£2).

Next, multiplying byés in (P,) we obtain— [, Aupp1 =1 [o f(u)e1+ [oa(x)gu;)e1, forall 0 < a < A*.
On the other hand, by (f1) it follows thaf(u;) > mu; in £2, for all A < A*. Thus we obtaim. [, use1 >
am [ounp1 + [oa(x)g(uy)er, for all 0 < A < A*. Passing to the limit a& ~ 1*, we can use the monotone
convergence theorem to get [, u*¢1 > A1 [, u*p1+ [ a(x)gw*)e1. Hence [, a(x)g(u*)p1 =0, which is a
contradiction. This shows that lim, ux = 400, uniformly on compact subsets 6.

(iii) We apply in the proof some ideas developed in [1,2]. However, we point out that the framework in the
present case is different: in [1,2] itis applied Karamata’s regular variation theory in order to establish the asymptotic
behaviour of blow-up boundary solutions, while in what follows we use a direct approach for a Dirichlet boundary
value problem with singular nonlinearity. We also mention that the funétidefined in (1) plays a similar role to
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the comparison function that describes the asymptotic behaviour of the blow-up boundary solution in [2]. We start
with two auxiliary results.

Lemma 2.1. Thefunction A : (0, co) — (0, co) is bijective.

Proof. Notice first that A(1/§) = 1/A(§), for any & € (0,00). Taking into account this fact and the
assumption (g4), it is enough to show that digy A(§) = oo, in order to achieve the surjectivity od. Fix

£ € (0,1). According to (g3), we havg% > £7179 for all 0 < r < €. Passing to the limit as, 0 we obtain

A) > 7179 Sincet € (0, 1) is chosen arbitrarily, we conclude that HQo A(€) = oo.
To complete the proof we only need to show thais decreasing o0, co). Fix 0 < &1 < &»2. S0, by (g3),

&1 £\’ &1
gty=g| =& ) = =) gan), fOfa||0<t<to$—2.

&2 & 2
Hence
—1-9
HGLES (§> 862D torall0<r <ok,
£18(1) ~ \& £28(1) £7
Letting nowr N\, O we deduce that
—-1-6
A > (%) AE) > AE),

which concludes our proof. O
Lemma 2.2. The function & defined in (1) satisfies

(i) heCo,nl;
(ii) lim ~0h" (1) = —oc.

Proof. (i) Sinceh is concave, we deduce that(0+) exists inR U {4+oc}. Using now the fact that > 0 in
(0, n], it follows that#’(0+) > 0. In order to prove that’(0+) < oo, we have%[(h’)z]’(t) = —k(t)g(h())I (t)

in (0, 7]. Integrating on(z, n1, 0 <t < n, we geth'(t) — h'(n) = 2 [ k(s)g(h(s))h'(s) ds < 2k(1) ],ﬁﬁ? g(s) ds.

Henceh'(r) < C1G(h(t)) + Co, for 0 <t < n, whereG(¢) := th(”) g(s) ds. By virtue of (g2), we conclude that
h' (0+) < o0, soh € CY[0, n].

(i) Let b = h’'(0) > 0. Sincel’ is decreasing on0, ), the Lagrange mean value theorem yields)/t =
[~() — h(0)]/t = h'(c;) < b, forall 0 <t < 5. Thush(r) < bt for all t € (0, n) and sog(h(z)) > g(bt) for all
t € (0, n). It follows that

, bt
W6 = —k()g (D)) < —k(Dg(br) = kDD E .
bg(1)
Passing to the limit as™ 0 in the above inequality, in view of (k2) and Lemma 2.1 we gefljgh” (1) = —o0,
which concludes the proof of Lemma 2.2

We are now in position to complete the proof of Theorem 1.1. De#in€0, co) — (0, oo) by
im a(x)g(h(d(x))&)
d)NOk(d (x))g(h(d(x))E’
The definition of¥ implies that for anyt > 0 we have¥ (&) = limy )\ 0 kf{}f;))% = cpA(§). So, by

Lemma 2.1¥ is bijective. Setg := ¥ ~1(1), that is A (&) = %

v =

forall & > 0.
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Fix £ € (0,1/2) and let&s, & > 0 be such thaw (§1) =1 — 26 and¥ (§2) = 1 + 2¢. The monotonicity of&
implies&1 > &. For anys > 0, we define2; = {x € £2; d(x) < §}. By the regularity ofos2 and Lemmas 2.1, 2.2
we can choosé e (0, ) sufficiently small such that

(i) d(x) € C*(£2);
(i) [ Ad(x) + A LELOD | ¢ forall (x,s) € 25 x (0,5), k=1,2;

h” (s) Eh” (s)
sy k(d(x))g(h(d(x)))é k(d(x))g(h(d(x)))& ;
(i) W(‘I’@Z)—e) <a(x) < W(W(Sl)+€) in ;5.

For anyx € 25 definev(x) = h(d(x))&1 andv(x) = h(d(x))&. Then

Av(x) = E[I (d(x))Ad(x) + 1" (d(x))|Vd(x)[*], forall x € 2.

We now use Lemma 2.2 and the assumption (g2) in order to obtaia L1(£25). Taking into account the fact that
h" <0, by (i), (ii) and the first inequality in (ii}) we have (sind&d(x)| = 1)

AD(x) + @; (x, 0(x)) = 17" (d(0) Ad (x) + 1" (d (x))E1 + Af (h(d (x))§1) + a(x) g (h(d (x))E1)

, B d () FERE) a(0)g(h(d(x))ED) }
=h"(d ——Ad A 1-—
( (x))él[h%d(x)) O @) T k) sthd()E
h(d h(d
< h”(d(x))sl[%m(x) + A% 1o (i + e)} <o.

In a similar manner, by (i), (ii) and the second inequality in (iii) we have

Av(x) + @; (x, u(x)) = &' (d(x) Ad (x) + 1" (d(x)) &2 + Af (h(d (x))&2) + a(x)g(h(d(x))E2)

_ h'(d(x)) f&hdx) . alx)g(h(d(x))é2)

=" (d(x))gz[h”(d(x))m(x)+A §2h" (d(x)) t k(d(x))g(h(d(x)))sj
" h'(d(x)) f(§2h(d(x)))

>h (d(x))gz[mm(x) + )\m +1— (&) — 8):| > 0.

HenceAd + @, (x, 1) <0< Av+®;.(x, v) in 25, v < D onds2s, andAv € L1(£25). Now, by Lemma 2.3in[3]

(seealso[8])y <vin 525 This yieldsg, > hbéfz(();))) > &9, for all x € £25. Lettinge \( 0 in the above inequality, we

obtain limy )\ 07 h(d(x)) = &p. The proof of Theorem 1.1 is now completet

Note added in proof

We thank Florica Cirstea for pointing out that our assumptions (g1)—(g4) can be reformulated in terms of the
Karamata regular variation theory.
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