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Abstract

Let £2 be a smooth bounded domainRY . Assume thatf > 0 is aC-function on[0, co) such thatf (x)/u is increasing
on (0, +00). Leta be a real number and lét> 0, b # 0 be a continuous function such that 0 on 2. The purpose of this
Note is to establish the asymptotic behaviour of the unique positive solution of the logistic prablerau = b(x) f (u) in £2,
subject to the singular boundary conditiotx) — +oco as distx, 3£2) — 0. Our analysis is based on the Karamata regular
variation theoryTo cite this article: F.-C. Cirstea, V. Rdulescu, C. R. Acad. Sci. Paris, Ser. | 336 (2003).
O 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Soit £2 un domaine borné et régulier ®&". On suppose qug clio, oo) est> 0 et telle quef(u)/u soit strictement
croissante suf0, +00). Soita un réel et > 0, b £ 0, une fonction continue sue telle queb = 0 surds2. Dans cette Note on
établit le comportement asymptotique de I'unique solution positive du probleme logigtigueau = b(x) f (1) sur 2 avec
la donnée au bord singuliergx) — +oo si dist(x, 3§2) — 0. Notre analyse porte sur la théorie de la variation réguliere de
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Version francaise abr égée

Soit 2 ¢ RN (N > 3) un domaine borné et régulier,un paramétre réel et b € C%* (2), b > 0 dansf2.
On considére le probleme logistique avec explosion au bord

Au+au=>b(x)f(u) danss, u(x) - +oo sid(x) :=dist(x,92) — 0, Q)

ol f € C10,00) est > 0 et satisfait la condition de Keller—Osserman (voir [6,7]) et telle ¢fde)/u soit
strictement croissante suB, +o00). Soit 2p := int{x € £2: b(x) = 0}. On suppose ques2y est régulier
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(éventuellement vide)2o C £2 eth > 0 surs2 \ £2o. On désigne pak. 1 la premiére valeur propre de I'opérateur
(=A) dansHol(Qo), avec la convention.s 1 = +oo si £29 = . Dans [2] on montre que le probleme (1)
admet une solution positive, si et seulement sé < A~ 1. L'unicité de la solutionu, est établie dans [1].
Soit K I'ensemble des fonctionk: (0, v) — (0, c0) (pour un certainv), de classeC!, croissantes, telles que
lim,o(fp k(s)ds/k(t))® := ¢;, pouri =0, 1.

Soit RV, (¢ € R) 'ensemble des fonctions positives et mesuralifegA, co) — R (avec A > 0) telles
que lim,— o0 Z(&u)/Z(u) = &4, pour tout§ > 0. On désigne paNRY, la classe des fonctiong définies par
f(u) = Cuf exp{]ﬁ‘q&(t)/tdt}, pour toutu > B > 0, ou C > 0 et ¢ € C[B, 0co) satisfait lim_ ¢ () = 0.
Supposons que g f € C[0, c0) N NRV,+1 (o > 0) est telle quef (1)/u soit strictement croissante s(@, co)
et queb = 0 surds2 vérifie b(x) = k%(d)(1 + o(1)) si d(x) — 0, aveck € K. Alors, pour chaque: < Aoo. 1
le probléme (1) admet une unique solution positiye(voir [1]). Le but de cette Note est d’établir la vitesse
d’explosion au bord de la solutian,.

Pour chaque > 0, soit

S k(u™) = doul Aw)]"texd — [; (s A(s)) "t ds] (u = d1), 0< A € CHd, 00),
00~ liMy— 00 AG) = iMoo u A’ () = 0, iMoo u 1A () = £, €R, do, d1> 0]

On aRo,: C K. De plus, sk € Ro; alors¢; =0 et lim_ok(¢) = 0.

On définit les classe$,, = {f e NRV,11(p > 0): ¢ e RV, 0u —¢ e RV,}, sine (—p—2,0] et Fpor =
{f € Fpo: liMysoc(INu)* ¢ (u) = £* € R}, pourt € (0, 00).

On démontre le résultat suivant.

Théoréme 1. On suppose qué(x) = k?(d)(1+ éd? + o(d?)) si d(x) — 0 (avecd > 0, ¢ € R), ol k € Ro.
Soit f € CY[0, o) telle quef > 0 et f(u)/u soit strictement croissante s, oo). De plus, on suppose que
satisfait 'une des conditions suivantes de croissance a I'inf{p)i f () = Cu?*! dans un voisinage de linfini
(i) f e Fpy avecn #£0; (i) f € Fpo,r, avecry =w /¢, ol =min{o, ¢}.

Alors, pour toutz € (—o0, Aso,1), 'Unique solution positiver, du probléme1) satisfait

uq(x) =&oh(d)(1+ xd” +0(d”)) sid(x)— 0,

ol & = [2(2 + p) 117 et h est définie parfho(‘;)[ZF(s)]‘l/zds = [y k(s)ds, pour ¢ > 0 suffisament petit.
L'expression de; est donnée par

_ —(1+ ;)e,(Z;)‘lHeavisideé) —¢)— Ep‘lHeavisideég —0)=yx1 dansles ca$) et(ii),
X7\ = o N=pla /2™ (L) (p +2) +In&o) pour le casii) .

Notons que le seul cas lié & ce résultat et correspondant & la situation particedieres, f(u) = u?*1,
k() = ct* € K (avecc,a > 0), 0 = 1, a été étudié dans [4]. Dans ce travail, les deux premiers termes du
développement asymptotique dg autour ded 2 tiennent compte dé(x) ainsi que de la courbure moyenfe
ded 2. Dans notre approche, on n'a pas besoin de la restribtiof dans2 et on garde la conditioh= 0 surd £2,
comme restriction naturelle héritée du probléme logistique (voir [4]). De plus, on améliore la vitesse d’explosion de
u, pour une large classe de potentielsvect > 0 quelconque et appartenant a un riche ensemble de fonctions.

Let 2 c RY (N > 3) be a smooth bounded domain. Consider the blow-up logistic problem

Au+au=>bx)f(m) ing2, u(x) -> +oo asd(x):=dist(x, 92) — 0, (1)

where 1 € C1[0, 00), a is a real parameter ands8b € C%#(£2) (for someu € (0, 1)) satisfiesb > 0 in £2.
Suppose that the absorption teyhfulfills both

(A) f >=0andf(u)/u isincreasing or0, co)
and the Keller-Osserman condition (see [6,/)[ F (1)1-¥/2dt < oo, whereF (1) = [ £ (s) ds.
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Assume throughout tha®g € 2 satisfies the exterior cone condition (possilsty, = ¢) andb > 0 on£2 \ o,
wheref2p :=int{x € £2: b(x) = 0}. Let A 1 be the first Dirichlet eigenvalue ¢ A) in Hol(.Qo). Sethy,1 =+00
if 20 =¢¥. Under the above assumptions, we have proved in [2] that (1) has a positive salytiband only
if a < Aco,1. Moreover, the uniqueness af, is studied in [1]. Denote byC the set of all positive increasing
C-functionsk defined on(0, v), for somev > 0, which satisfy limo( [y k(s) ds/ k(1))@ := ¢;, i € 0, 1. We have
Lo=0and¢q €0, 1].

Let us now recall some basic definitions related to the Karamata regular variation theory (see [5,8]).
Let RV, (¢ € R) be the set of all positive measurable functioZs[A,occ) — R (for some A > 0)
satisfying lim,_.o Z(5u)/Z(u) = £9, V& > 0. Define byNRY, the class of functiong in the form f(u) =
Cut exp{]g ¢(t)/tdt}, Vu > B > 0, whereC > 0 is a constant and € C[B, co) satisfies lim, ¢ (t) = 0. The
Karamata Representation Theorem showsNRY, C RV,.

If f € NRV,41 (p > 0) satisfies (A) anéd = 0 onds2 such thab(x) = k2(d)(1+ o(1)) asd(x) — 0, for some
k € IC, then for anya € (—o0, Ax.1), there is a unique positive solutian, of Eg. (1). Note that the Keller—
Osserman condition is automatically fulfilled. Moreover, we have, lim & (1) = lim,_ oo [F () 1Y f (1) x
JOFE)TH2ds1 7 = pl2(p +2)1 7 (see [1]).

We have seen in [1] that the uniqueness:@fis essentially based on the same boundary behaviour shown by
any positive solution of (1). The purpose of this Note is to refine the blow-up ratg okardas2 by giving the
second term in the expansiongf neard $2. This is a more subtle question which represents the goal of more recent
literature (see [4] and the references therein). The approach we give is very general and, as a novelty, it relies on th
theory of regular variation instituted in the 1930s by Karamata and subsequently developed by himself and many
others (see [5,8]). For arty> 0, setky ; the subset ok with £1 =0 and lim~ o7 ~¢ (fé k(s)ds/k(t)) ;=L €R.

It can be proven thdfo ; = Ro,;, where

P k(u™) = doul Aw)]"texd - [ (s A(s)) "t ds] (u = d1), 0< A € CHdy, 00),
00~ My 00 AG) = iMoo u A’ (u) = 0, iMoo u 1A () = £, €R, do, d1> 0]

Moreovert, andL, are connected b¥,, = —(1+ ¢)¢,/¢ (see [3] for details). Define
Fon={f€NRV,11(p>0): p RV, 0r —p €RV,}, ne(—p—20];
Fpoe=1{f e Fpo: lim (¢ =" eR}, e 00).
Our main result establishes the following asymptotic estimate.
Theorem 1. Assume that
b(x) = k*(d)(1+&d® +o(d?)) if d(x) — O, wherek € Ro¢, 6 >0, ¢eR. ()

Suppose thaff fulfills (A) and one of the following growth conditions at infini§) f () = Cu?*! in a
neighbourhood of infinity(ii) f € F,, with n # 0; (iii) f € Fpo0,r; With 71 = @ /¢, wherew = min{o, ¢}.
Then, for anyr € (—o0, Ax0,1), the unique positive solutiag, of (1) satisfies

1o (x) = Eoh(d)(1+ xd” +0(d”)) if d(x) — O, wherego =[2(2+ p)~*]"” (3)
and#h is defined b)Jh"(‘;)[ZF(s)]‘l/2 ds = fot k(s)ds, for t > 0 small enough. The expression)ofs
_ { —(1+ 0)€.(2r) T Heavisidgd — ¢) — ¢p Lt Heaviside€s — 0) := x1 if (i) or (i) holds,
x1—p H(=pt/2™[1/(p +2) +In&o] if £ obeysiii).

Note that the only case related, in same way, to our Theorem 1 correspaglst@, f (1) = u”+* on [0, 00),
k(t) = ct* € K (wherec,« > 0),0 =1 in (2), being studied in [4]. There, the two-term asymptotic expansion of
ug neards2 (a € R sinceios,1 = 00) involves both the distance functiaf(x) and the mean curvatug of 952.
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However, the blow-up rate af, we present in Theorem 1 is of a different nature since the dkass does not
includek(t) = cr®.

Our main result contributes to the knowledge in some new directions. More precisely, the blow-up rate of the
unique positive solution,, of (1) (found in [1]) is here refined

(a) onthe maximalinterval-oo, A 1) for the parameter, which is in connection with an appropriate semilinear
eigenvalue problem; thus, the conditib- 0 in 2 (which appears in [4]) is removed by defining the St
but we maintairb = 0 ond 2 since this is aaturalrestriction inherited from the logistic problem (see [4] for
details);

(b) whenb satisfies (2), wheré is any positive number andé belongs to a very rich class of functions, namely
Ro,; - The equivalenc&q ; = Ko, shows the connection to the larger cl&Sgintroduced in [1]) for which
the uniqueness af, holds. In addition, the explicit form df € R ; shows us how to built € Ko ;;

(c) for a wide class of functiong € NRV,1 where either = 0 (case (i)) ok (resp.,—¢) belongs taRV,, with
n € (—p — 2, 0] (cases (i) and (iii)). Therefore, the theory of regular variation plays a key role in understanding
the general framework and the approach as well.

Proof of Theorem 1. We first state two auxiliary results (see [3] for their proofs).
Lemma 1. Assumg2) and f € NRV, 1 satisfiegA). Thenk has the following properties

(i) heC?(0,v),lim~oh(t) = oo andlim, oh'(t) = —o0;

(i) lim ok (1)/[K2(t) f (h()E)] = (2+ pL1) /[E° 12+ p)], VE > O;

(iii) lim ;\oh(2)/h" () =lim~oh'(2)/h"(t) =lim,~oh(t)/h'(t) =0;

(iv) limoh'(0)/[th" ()] = —pl1/(2+ pl1) andlim o/ (1) /[2h" ()] = ,02@/[2(2+ pL)l;
(V) limpoh(2)/[th' ()] =limolInt1/[INh ()] = —pL1/2;

(vi) If £2=0, thenlim,\ ot/ (1) = oo, forall j > 0;

(vii) lim01/[£ Inh(1)] = —pl,/2 andlim~ o h'(t) /[£5 10" (1)] = pla/ (22), Yk € Ro; -

Let r > O be arbitrary. For any > 0, define 71 (u) = {p/[2(p + 2)] — EW)}(nu)* and To . (u) =
{fEou)/[Eof ()] — gg}dn u)*. Note that if f(u) = Cu”*L, for u in a neighbourhood/,, of infinity, then
T1,:(u) =Tz, (u) =0 for eachu € V.

Lemma 2. AssumgA) and f € F,,. The following hold(i) If f € Fo., thenlim,_, o T1 - (u) = —£*/(p + 2)?
andlim, o T2 - (u) = 56’6* In&o. (ii) If f e F,, withn #£0, thenlim, o0 T1,¢ (1) = iMoo T2, (1) = 0.

Fix ¢ € (0,1/2). We can finds > 0 such that/(x) is of classC? on {x € RV: d(x) < 8}, k is nondecreasing
on (0, 8), andh’(r) <0 < h”(r) for all ¢ € (0, §) (see [1] for details). A straightforward computation shows that
|imt\0tl_9k/(z‘)/k(t) = o0, for every6 > 0. Using now (2), it follows that we can diminish> 0 such that
k2(1)[1+ (¢ — )11 is increasing or0, §) and

14+ (@ —e)d? <b(x)/k*(d) <1+ (E+e)d’, Vxe 2 withd € (0,5). (4)

We defineu® (x) = &oh(d)(1+ xZd™), with d € (0, §), wherex = x & ¢[1+ Heavisidé, — 0)]/p. Takes > 0
small enough such that™(x) > 0, for eachx € 2 with 4 € (0, §). By the Lagrange mean value theorem, we
obtain f (u* (x)) = f(Eoh(d)) + EoxEd™ h(d) f'(YE(d)), whereT*(d) = &h(d)(1+ A*(d)xFd™), for some

A% (d) € [0, 1]. We claim that

. + _
lim f (7 *@)/1 (Eoh(@) =1 (5)

Fix o € (0,1) andM > 0 such thatxgi| < M. Chooseu* > 0sothaf(1+Mr)Pt1—1| <o /2, forallr € (0, 2u*).
Let u, € (0, (u*)Y™) be such that, for every € £2 with d € (0, )

| £ (Boh(@)(L£ M)/ f (Eoh(d) — (£ Muh* | <o/2.
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Hence, 1- 0 < (1 — Mp*)Pt — /2 < f(Y*(d))/f (Eoh(d)) < 1+ Mp*)P*tt +6/2 <1+ 0, for everyx € 2
with d € (0, uy). This proves (5).

Stepl. There exist$; € (0, 8) so thatAu™ + aut — k2(d)[1+ (¢ — )d?]1f(u™) < 0,Vx € £ with d € (0, §1)
andAu~ +au~ —k*(d)[1+ (G +)d?]1f(u™) > 0,Vx € 2 with d € (0, 81).

Indeed, for every € £2 with d € (0, §), we have

+ + 42 - 0 t\ e gmyn 1 h(d) 4. H(@) L W)
Au™+au— —k (d)[1+ (cFe)d ]f(u )=&0d" h"(d) |:an "' (d) Xe Ad h//(d) + ZZD' Xe dh//(d)
i h(d) + hd) h'(d) ah(d) +
+ @ XA S T d + o (@ — D) @ +Aad 2 T + e Zs (d)] (6)

where, for any € (0, §), we denote

ST = (—éx )" T k2(1) f (Eoh(1) /[l (D], Sy (1) = xF (L= KE2Oh@) £ (TE1) /0" ®)),
S5 () = (—éx)x I KPR £/ (Y)W (1), Si (1) =177 (L—k*(t) f (5oh (1)) /[£oh” (1)]).

By Lemma 1(ii), we find lim ok?(t) f (Eoh (1)) [£oh” (1)]~* = 1, which yields lim\ oS (1) = (—¢ £ &) x
HeaV|S|de§ —0). Usmg [1, Lemma 1] and (5) we obtain I;mokz(t)h(t)f (Y*@))/h"(t) = p + 1. Hence,
I|mt\08 )= —p)(g and |Imt\03 ) =

Using the expression df’, we deriveS; (1) = 2w f(he)) >3 8ai(1), Vi € (0,8), where we denotéy 1 (r) =

h//(t)
Eh(t)) , rt 5 Ty (h(1)) Dy (@)
ZT(fo k(s)ds/k(1)), Sa2(t) = Zm andSa 3(t) = —m-

SinceRo,; = Ko¢, we find lim 0S4.1(t) = — (1 + ) plel ~L(p +2) "L Heavisided — ¢).

Casedi), (ii). By Lemmas 1(vii) and 2(ii), we find lim\ o S4,2(¢) = lim;~ 0 S4,3(t) = 0. In view of Lemma 1(ji),
we derive that li 0 S7 (1) = —(1 + ¢)pl.(2¢) " Heavisidgd — ¢).

Case (iii). By Lemmas 1(vii) and 2(i), link\,0S42(t) = —2¢*(p + 2)~ 2(— pe /2)" and lim~o Sa, 3(t) =
—20*(p+2)"1(—pt,/2)™ In&. Using Lemma 1(ii) once more, we arrive atllqu4 (1) = —(1+0)pt.(20)71
Heavisid&d — ¢) — £*(—pl,/2)™[1/(p + 2) + In&o].

Note that in each of the cases (i)—(iii), the definition pf yields Iimt\ozj1 lSJr(t) =—¢ <0 and

|Imt\02 _18 (t) = ¢ > 0. By Lemma 1(vii), I|m\o t”h”() =0. But I|m,\o h,(t) =0, so |IrT}\o tnh/,(t) =0.
Thus, using Lemma 1(iii) and (iv), relation (6) concludes our Step 1.

Step2. There existd4 ™, §* > 0 such thair, (x) <u™(x) + M T, forallx € 2 withO<d <™.

Define (0, 00) > u > ¥y (u) = au — b(x) f (u), ¥x with d € (0, §1). Clearly, ¥, (1) is decreasing when < 0.
Suppose: € (0, 1x,1). Obviously, £ (r)/t: (0, 0c0) — (f'(0), 00) is bijective. Letsy € (0, §1) be such thab(x) <
1,Vx with d € (0, 82). Let u, define the unique positive solution bfx) f (1) /u = a + f'(0), Vx with d € (0, §7).
Hence, for anyx with d € (0, 2), u — W, (1) is decreasing ofu,, o). But Iimd(x)\o%z’;(x” = 400 (use
limg~ou™(x)/h(d) = &, (A) and Lemma 1(ii) and (iii)). So, fob> small enoughu™(x) > u,, Vx with
d € (0, 52).

Fix o € (0,82/4) and set\, := {x € 2: 0 < d(x) < §2/2}. We defineu* (x) = u™(d — o,5) + M™, where
(d, s) are the local coordinates afe N,. We choose ™ > 0 large enough to have’ (§2/2, s) > u,(82/2, s),
Vo € (0, 52/4) andVs € 952. Using (4) and Step 1, we find

—Auk(x) > aut(d—o0,5) = [1+ @ —e)(d — ) [k3(d — o) f(uT(d - 0,5))
> aut(d —o0,5) — [14 € — &)d’ K3 d) f(u™(d — 0,5)) > W, (uT(d - 0,5))
> W (up) =aul(x) —bx) f(ul(x)) inN;.
Thus, by [2, Lemma 1}, < u¥ in N, Vo € (0, 82/4). Lettingo — 0, we have proved Step 2.



236 F.-C. Cirstea, V. Rdulescu / C. R. Acad. Sci. Paris, Ser. | 336 (2003) 231-236

Step3. There existd/~, §~ > 0 such thati,(x) > u~(x) — M, forallx € 2 withO<d <5

For everyr € (0,48), definef2, = {x € 2: 0 < d(x) < r}. We will prove that forh > 0 sufficiently small,
A (x) Sug(x), Vx € £25,/4. Indeed, fix arbitrarilys € (0, 62/4). Definev} (x) =Au=(d +0,s),forx =(d, s) €
£25,/2. We choose € (0, 1) small enough such thaf (62/4,s) < uq(82/4,5), Yo € (0,82/4), Vs € 352. Using
(4), Step 1 and (A), we find

AvE(x)+avi(x) > A2 (d + o)[l—i— (c+e)d+ a)g]f(u_(d + o, s))
> K1+ @+ e)d’ ] f (A= (d +0,5)) > bf (V7).

for all x = (d, s) € £25,/4, that isv} is a subsolution oAu + au = b(x) f(u) in £2s,/4. By [2, Lemma 1], we
conclude thabv} < u, in £2s,/4. Lettingo — 0, we findiu~ (x) <uq(x), VX € £25,/4.

Since limpjou~(x)/h(d) = &, by using (A) and Lemma 1 (i) and (i), we can easily obtain
limg0k?(d) f (A%u~(x))/u~(x) = cc. So, there exists e (0, §2/4) such that

K@) [1+ E+e)d’]f (A2u™)/u™ > 2%|al, Vxe2with0<d <3. (7)

By Lemma 1(i) and (v), we deduce that (x) decreases withi whend < (0, 8) (if necessaryg > 0 is diminished).
Chooses, € (0, §), close enough t8, such that

h)(L+ % 87) /[ (L+ x767)] <1+ (8)

For eachyr € (0,8 — §,), we definezy (x) = u~(d + o,5) — (L —=2)u~ (8, s). We prove that, is a subsolution of
Au+au=b(x)f(u)in 2;,.Using (8),z5(x) Zu=(5,s) — (L — Au"(84,5) >0Vx =(d, s) € §25,. By (4) and
Step 1z, is a subsolution oi\u + au = b(x) f(u) in 25, if

Kd+o) |1+ E+e)d+0)][fu=@+0,9) = f(zo(d,$))] = a@—1u" (s, 9), (9)

for all (d,s) € £25,. Applying the Lagrange mean value theorem and (A), we infer that (9) is a consequence of
K2(d+0)[1+ E+e)d+0)°1 f(zo(d, 5))/20(d, s) > |al, Y(d, s) € 25,. This inequality holds by virtue of (7),
(8) and the decreasing characterofwith d.

On the other hand,, (8«, ) < Au™ (84, 5) < uq(x), Vx = (84, 5) € £2. Clearly, limsup_, o(zo — ua)(x) = —00
andb > 0 in £2;,. Thus, by [2, Lemma 1]z, < u, in £25,, Yo € (0, §—8y). Letting o — 0, we conclude the
assertion of Step 3.

By Steps 2 and 3y, > {—1 + u,(x)/[Eoh(d)]}d™" — M™/[&0d™ h(d)] Vx € 2 with d € (0,5%) and
Xe S<A=1+ uqa(x)/[Eoh(1}d™7 + M~ /[E0d® h(d)] Vx € 2 with d € (0,67). Passing to the limit ag —
0 and using Lemma 1(vi), we obtaig, < liminfy_o{—1 + u.(x)/[é0h(d)]}d~® and limsup_o{—1 +
uq(x)/[Eoh(d)]}d~ < x. Lettinge — 0, we conclude our proof. 0O
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