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Abstract

Let Ω be a smooth bounded domain inRN . Assume thatf � 0 is aC1-function on[0,∞) such thatf (u)/u is increasing
on (0,+∞). Let a be a real number and letb � 0, b �≡ 0 be a continuous function such thatb ≡ 0 on∂Ω. The purpose of this
Note is to establish the asymptotic behaviour of the unique positive solution of the logistic problem
u+ au = b(x)f (u) in Ω,
subject to the singular boundary conditionu(x) → +∞ as dist(x, ∂Ω) → 0. Our analysis is based on the Karamata reg
variation theory.To cite this article: F.-C. Cîrstea, V. R˘adulescu, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Soit Ω un domaine borné et régulier deRN . On suppose quef ∈ C1[0,∞) est� 0 et telle quef (u)/u soit strictement
croissante sur(0,+∞). Soita un réel etb � 0, b �≡ 0, une fonction continue sur	Ω telle queb ≡ 0 sur∂Ω. Dans cette Note on
établit le comportement asymptotique de l’unique solution positive du problème logistique
u+ au = b(x)f (u) surΩ avec
la donnée au bord singulièreu(x) → +∞ si dist(x, ∂Ω) → 0. Notre analyse porte sur la théorie de la variation régulièr
Karamata.Pour citer cet article : F.-C. Cîrstea, V. R˘adulescu, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. Tous droits réservés.

Version française abrégée
SoitΩ ⊂ RN (N � 3) un domaine borné et régulier,a un paramètre réel et 0�≡ b ∈ C0,µ (	Ω), b � 0 dansΩ .

On considère le problème logistique avec explosion au bord


u+ au= b(x)f (u) dansΩ, u(x)→ +∞ si d(x) := dist(x, ∂Ω)→ 0, (1)

où f ∈ C1[0,∞) est � 0 et satisfait la condition de Keller–Osserman (voir [6,7]) et telle quef (u)/u soit
strictement croissante sur(0,+∞). Soit Ω0 := int{x ∈ Ω : b(x) = 0}. On suppose que∂Ω0 est régulier
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1631-073X/03/$ – see front matter 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. Tous droits réservés.
doi:10.1016/S1631-073X(03)00027-X
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(éventuellement vide),	Ω0 ⊂Ω etb > 0 surΩ \ 	Ω0. On désigne parλ∞,1 la première valeur propre de l’opérate
(−
) dansH 1

0 (Ω0), avec la conventionλ∞,1 = +∞ si Ω0 = ∅. Dans [2] on montre que le problème (
admet une solution positiveua si et seulement sia < λ∞,1. L’unicité de la solutionua est établie dans [1]
Soit K l’ensemble des fonctionsk : (0, ν) → (0,∞) (pour un certainν), de classeC1, croissantes, telles qu
limt↘0(

∫ t

0 k(s)ds/k(t))(i) := �i , pouri = 0,1.
Soit RVq (q ∈ R) l’ensemble des fonctions positives et mesurablesZ : [A,∞) → R (avecA > 0) telles

que limu→∞Z(ξu)/Z(u) = ξq , pour toutξ > 0. On désigne parNRVq la classe des fonctionsf définies par
f (u) = Cuq exp{∫ u

B φ(t)/t dt}, pour toutu � B > 0, où C > 0 et φ ∈ C[B,∞) satisfait limt→∞ φ(t) = 0.
Supposons que 0� f ∈ C1[0,∞) ∩ NRVρ+1 (ρ > 0) est telle quef (u)/u soit strictement croissante sur(0,∞)

et queb ≡ 0 sur ∂Ω vérifie b(x) = k2(d)(1 + o(1)) si d(x) → 0, aveck ∈ K. Alors, pour chaquea < λ∞,1,
le problème (1) admet une unique solution positiveua (voir [1]). Le but de cette Note est d’établir la vites
d’explosion au bord de la solutionua .

Pour chaqueζ > 0, soit

R0,ζ =
{
k: k(u−1)= d0u[Λ(u)]−1 exp

[− ∫ u

d1
(sΛ(s))−1 ds

]
(u� d1), 0<Λ ∈ C1[d1,∞),

limu→∞Λ(u)= limu→∞ uΛ′(u)= 0, limu→∞ uζ+1Λ′(u)= �$ ∈ R, d0, d1 > 0

}
.

On aR0,ζ ⊂K. De plus, sik ∈ R0,ζ alors�1 = 0 et limt→0k(t)= 0.
On définit les classesFρη = {f ∈ NRVρ+1(ρ > 0): φ ∈ RVη ou − φ ∈ RVη}, si η ∈ (−ρ − 2,0] et Fρ0,τ =

{f ∈ Fρ0: limu→∞(lnu)τφ(u)= �$ ∈ R}, pourτ ∈ (0,∞).
On démontre le résultat suivant.

Théorème 1. On suppose queb(x) = k2(d)(1 + c̃dθ + o(dθ)) si d(x) → 0 (avecθ > 0, c̃ ∈ R), où k ∈ R0,ζ .
Soitf ∈ C1[0,∞) telle quef � 0 et f (u)/u soit strictement croissante sur(0,∞). De plus, on suppose quef
satisfait l’une des conditions suivantes de croissance à l’infini: (i) f (u) = Cuρ+1 dans un voisinage de l’infini;
(ii) f ∈ Fρη avecη �= 0 ; (iii) f ∈ Fρ0,τ1 avecτ1 =*/ζ , où* = min{θ, ζ }.

Alors, pour touta ∈ (−∞, λ∞,1), l’unique solution positiveua du problème(1) satisfait

ua(x)= ξ0h(d)
(
1+ χd* + o

(
d*

))
si d(x)→ 0,

où ξ0 = [2(2 + ρ)−1]1/ρ et h est définie par
∫ ∞
h(t)

[2F(s)]−1/2ds = ∫ t

0 k(s)ds, pour t > 0 suffisament petit
L’expression deχ est donnée par

χ =
{

−(1+ ζ )�$(2ζ )
−1Heaviside(θ − ζ )− c̃ρ−1Heaviside(ζ − θ)= χ1 dans les cas(i) et (ii) ,

χ1 − �$ρ−1(−ρ�$/2)τ1(1/(ρ + 2)+ ln ξ0) pour le cas(iii) .

Notons que le seul cas lié à ce résultat et correspondant à la situation particulièreΩ0 = ∅, f (u) = uρ+1,
k(t) = ctα ∈ K (avec c,α > 0), θ = 1, a été étudié dans [4]. Dans ce travail, les deux premiers terme
développement asymptotique deua autour de∂Ω tiennent compte ded(x) ainsi que de la courbure moyenneH
de∂Ω . Dans notre approche, on n’a pas besoin de la restrictionb > 0 dansΩ et on garde la conditionb≡ 0 sur∂Ω ,
comme restriction naturelle héritée du problème logistique (voir [4]). De plus, on améliore la vitesse d’explo
ua pour une large classe de potentielsb, avecθ > 0 quelconque etk appartenant à un riche ensemble de fonctio

LetΩ ⊂ RN (N � 3) be a smooth bounded domain. Consider the blow-up logistic problem


u+ au= b(x)f (u) in Ω, u(x)→ +∞ asd(x) := dist(x, ∂Ω)→ 0, (1)

wheref ∈ C1[0,∞), a is a real parameter and 0�≡ b ∈ C0,µ(	Ω) (for someµ ∈ (0,1)) satisfiesb � 0 in Ω .
Suppose that the absorption termf fulfills both

(A) f � 0 andf (u)/u is increasing on(0,∞)

and the Keller–Osserman condition (see [6,7])
∫ ∞

1 [F(t)]−1/2 dt <∞, whereF(t)= ∫ t

0 f (s)ds.
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Assume throughout thatΩ0 �Ω satisfies the exterior cone condition (possibly,Ω0 = ∅) andb > 0 onΩ \ 	Ω0,
whereΩ0 := int{x ∈Ω : b(x)= 0}. Letλ∞,1 be the first Dirichlet eigenvalue of(−
) in H 1

0 (Ω0). Setλ∞,1 = +∞
if Ω0 = ∅. Under the above assumptions, we have proved in [2] that (1) has a positive solutionua if and only
if a < λ∞,1. Moreover, the uniqueness ofua is studied in [1]. Denote byK the set of all positive increasin
C1-functionsk defined on(0, ν), for someν > 0, which satisfy limt↘0(

∫ t

0 k(s)ds/k(t))(i) := �i , i ∈ 0,1. We have
�0 = 0 and�1 ∈ [0,1].

Let us now recall some basic definitions related to the Karamata regular variation theory (see
Let RVq (q ∈ R) be the set of all positive measurable functionsZ : [A,∞) → R (for some A > 0)
satisfying limu→∞Z(ξu)/Z(u) = ξq , ∀ξ > 0. Define byNRVq the class of functionsf in the form f (u) =
Cuq exp{∫ u

B
φ(t)/t dt}, ∀u � B > 0, whereC > 0 is a constant andφ ∈ C[B,∞) satisfies limt→∞ φ(t) = 0. The

Karamata Representation Theorem shows thatNRVq ⊂RVq .
If f ∈ NRVρ+1 (ρ > 0) satisfies (A) andb≡ 0 on∂Ω such thatb(x)= k2(d)(1+ o(1)) asd(x)→ 0, for some

k ∈ K, then for anya ∈ (−∞, λ∞,1), there is a unique positive solutionua of Eq. (1). Note that the Keller–
Osserman condition is automatically fulfilled. Moreover, we have limu→∞Ξ(u) = limu→∞[F(u)]1/2[f (u)×∫ ∞
u
(F (s))−1/2 ds]−1 = ρ[2(ρ + 2)]−1 (see [1]).
We have seen in [1] that the uniqueness ofua is essentially based on the same boundary behaviour show

any positive solution of (1). The purpose of this Note is to refine the blow-up rate ofua near∂Ω by giving the
second term in the expansion ofua near∂Ω . This is a more subtle question which represents the goal of more r
literature (see [4] and the references therein). The approach we give is very general and, as a novelty, it rel
theory of regular variation instituted in the 1930s by Karamata and subsequently developed by himself an
others (see [5,8]). For anyζ > 0, setK0,ζ the subset ofK with �1 = 0 and limt↘0 t

−ζ (
∫ t

0 k(s)ds/k(t))′ := L$ ∈ R.
It can be proven thatK0,ζ ≡R0,ζ , where

R0,ζ =
{
k: k(u−1)= d0u[Λ(u)]−1 exp

[− ∫ u

d1
(sΛ(s))−1 ds

]
(u� d1), 0<Λ ∈ C1[d1,∞),

limu→∞Λ(u)= limu→∞ uΛ′(u)= 0, limu→∞ uζ+1Λ′(u)= �$ ∈ R, d0, d1 > 0

}
.

Moreover,�$ andL$ are connected byL$ = −(1+ ζ )�$/ζ (see [3] for details). Define

Fρη = {
f ∈ NRVρ+1 (ρ > 0): φ ∈ RVη or − φ ∈ RVη

}
, η ∈ (−ρ − 2,0];

Fρ0,τ =
{
f ∈Fρ0: lim

u→∞(lnu)
τφ(u)= �$ ∈ R

}
, τ ∈ (0,∞).

Our main result establishes the following asymptotic estimate.

Theorem 1. Assume that

b(x)= k2(d)
(
1+ c̃dθ + o

(
dθ

))
if d(x)→ 0, wherek ∈ R0,ζ , θ > 0, c̃ ∈ R. (2)

Suppose thatf fulfills (A) and one of the following growth conditions at infinity: (i) f (u) = Cuρ+1 in a
neighbourhood of infinity; (ii) f ∈ Fρη with η �= 0; (iii) f ∈ Fρ0,τ1 with τ1 =*/ζ , where* = min{θ, ζ }.

Then, for anya ∈ (−∞, λ∞,1), the unique positive solutionua of (1) satisfies

ua(x)= ξ0h(d)
(
1+ χd* + o

(
d*

))
if d(x)→ 0, whereξ0 = [

2(2+ ρ)−1]1/ρ (3)

andh is defined by
∫ ∞
h(t)

[2F(s)]−1/2ds = ∫ t

0 k(s)ds, for t > 0 small enough. The expression ofχ is

χ =
{−(1+ ζ )�$(2ζ )−1 Heaviside(θ − ζ )− c̃ρ−1 Heaviside(ζ − θ) := χ1 if (i) or (ii) holds,

χ1 − �$ρ−1(−ρ�$/2)τ1[1/(ρ + 2)+ ln ξ0] if f obeys(iii) .

Note that the only case related, in same way, to our Theorem 1 corresponds toΩ0 = ∅, f (u)= uρ+1 on [0,∞),
k(t) = ctα ∈ K (wherec,α > 0), θ = 1 in (2), being studied in [4]. There, the two-term asymptotic expansio
ua near∂Ω (a ∈ R sinceλ∞,1 = ∞) involves both the distance functiond(x) and the mean curvatureH of ∂Ω .
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However, the blow-up rate ofua we present in Theorem 1 is of a different nature since the classR0,ζ does not
includek(t)= ctα .

Our main result contributes to the knowledge in some new directions. More precisely, the blow-up rate
unique positive solutionua of (1) (found in [1]) is here refined

(a) on the maximal interval(−∞, λ∞,1) for the parametera, which is in connection with an appropriate semiline
eigenvalue problem; thus, the conditionb > 0 in Ω (which appears in [4]) is removed by defining the setΩ0,
but we maintainb ≡ 0 on∂Ω since this is anatural restriction inherited from the logistic problem (see [4] f
details);

(b) whenb satisfies (2), whereθ is anypositive number andk belongs to a very rich class of functions, nam
R0,ζ . The equivalenceR0,ζ ≡ K0,ζ shows the connection to the larger classK (introduced in [1]) for which
the uniqueness ofua holds. In addition, the explicit form ofk ∈ R0,ζ shows us how to builtk ∈K0,ζ ;

(c) for a wide class of functionsf ∈ NRVρ+1 where eitherφ ≡ 0 (case (i)) orφ (resp.,−φ) belongs toRVη with
η ∈ (−ρ−2,0] (cases (ii) and (iii)). Therefore, the theory of regular variation plays a key role in understa
the general framework and the approach as well.

Proof of Theorem 1. We first state two auxiliary results (see [3] for their proofs).

Lemma 1. Assume(2) andf ∈ NRVρ+1 satisfies(A). Thenh has the following properties:

(i) h ∈C2(0, ν), limt↘0h(t)= ∞ and limt↘0h
′(t)= −∞;

(ii) lim t↘0h
′′(t)/[k2(t)f (h(t)ξ)] = (2+ ρ�1)/[ξρ+1(2+ ρ)], ∀ξ > 0;

(iii) lim t↘0h(t)/h
′′(t)= limt↘0h

′(t)/h′′(t)= limt↘0h(t)/h
′(t)= 0;

(iv) lim t↘0h
′(t)/[th′′(t)] = −ρ�1/(2+ ρ�1) and limt↘0h(t)/[t2h′′(t)] = ρ2�2

1/[2(2+ ρ�1)];
(v) limt↘0h(t)/[th′(t)] = limt↘0[ln t]/[lnh(t)] = −ρ�1/2;
(vi) If �1 = 0, thenlimt↘0 t

j h(t)= ∞, for all j > 0;
(vii) lim t↘0 1/[tζ lnh(t)] = −ρ�$/2 and limt↘0h

′(t)/[tζ+1h′′(t)] = ρ�$/(2ζ ), ∀k ∈R0,ζ .

Let τ > 0 be arbitrary. For anyu > 0, define T1,τ (u) = {ρ/[2(ρ + 2)] − Ξ(u)}(lnu)τ and T2,τ (u) =
{f (ξ0u)/[ξ0f (u)] − ξ

ρ
0 }(lnu)τ . Note that if f (u) = Cuρ+1, for u in a neighbourhoodV∞ of infinity, then

T1,τ (u)= T2,τ (u)= 0 for eachu ∈ V∞.

Lemma 2. Assume(A) andf ∈ Fρη. The following hold: (i) If f ∈ Fρ0,τ , thenlimu→∞ T1,τ (u) = −�$/(ρ + 2)2

and limu→∞ T2,τ (u)= ξ
ρ
0 �

$ ln ξ0. (ii) If f ∈ Fρη with η �= 0, thenlimu→∞ T1,τ (u)= limu→∞ T2,τ (u)= 0.

Fix ε ∈ (0,1/2). We can findδ > 0 such thatd(x) is of classC2 on {x ∈ RN : d(x) < δ}, k is nondecreasing
on (0, δ), andh′(t) < 0< h′′(t) for all t ∈ (0, δ) (see [1] for details). A straightforward computation shows t
limt↘0 t

1−θ k′(t)/k(t) = ∞, for everyθ > 0. Using now (2), it follows that we can diminishδ > 0 such that
k2(t)[1+ (c̃− ε)tθ ] is increasing on(0, δ) and

1+ (c̃− ε)dθ < b(x)/k2(d) < 1+ (c̃+ ε)dθ , ∀x ∈Ω with d ∈ (0, δ). (4)

We defineu±(x)= ξ0h(d)(1+ χ±
ε d

* ), with d ∈ (0, δ), whereχ±
ε = χ ± ε[1+ Heaviside(ζ − θ)]/ρ. Takeδ > 0

small enough such thatu±(x) > 0, for eachx ∈ Ω with d ∈ (0, δ). By the Lagrange mean value theorem,
obtainf (u±(x)) = f (ξ0h(d)) + ξ0χ

±
ε d

*h(d)f ′(Υ ±(d)), whereΥ ±(d) = ξ0h(d)(1 + λ±(d)χ±
ε d

* ), for some
λ±(d) ∈ [0,1]. We claim that

lim
d↘0

f
(
Υ ±(d)

)
/f

(
ξ0h(d)

) = 1. (5)

Fix σ ∈ (0,1) andM > 0 such that|χ±
ε |<M. Chooseµ$ > 0 so that|(1±Mt)ρ+1−1|< σ/2, for all t ∈ (0,2µ$).

Let µ$ ∈ (0, (µ$)1/* ) be such that, for everyx ∈Ω with d ∈ (0,µ$)∣∣f (
ξ0h(d)(1±Mµ$)

)
/f

(
ξ0h(d)

) − (1±Mµ$)ρ+1
∣∣< σ/2.
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Hence, 1− σ < (1−Mµ$)ρ+1 − σ/2< f (Υ ±(d))/f (ξ0h(d)) < (1+Mµ$)ρ+1 + σ/2< 1+ σ , for everyx ∈Ω

with d ∈ (0,µ$). This proves (5).
Step1. There existsδ1 ∈ (0, δ) so that
u+ + au+ − k2(d)[1+ (c̃− ε)dθ ]f (u+)� 0, ∀x ∈Ω with d ∈ (0, δ1)

and
u− + au− − k2(d)[1+ (c̃+ ε)dθ ]f (u−)� 0, ∀x ∈Ω with d ∈ (0, δ1).
Indeed, for everyx ∈Ω with d ∈ (0, δ), we have


u± + au± − k2(d)
[
1+ (c̃∓ ε)dθ

]
f (u±)= ξ0d

*h′′(d)
[
aχ±

ε

h(d)

h′′(d)
+ χ±

ε 
d
h′(d)
h′′(d)

+ 2*χ±
ε

h′(d)
dh′′(d)

+*χ±
ε 
d

h(d)

dh′′(d)
+*(* − 1)χ±

ε

h(d)

d2h′′(d)
+
d

h′(d)
d*h′′(d)

+ a h(d)

d*h′′(d)
+

4∑
j=1

S±
j (d)

]
(6)

where, for anyt ∈ (0, δ), we denote

S±
1 (t)= (−c̃± ε)tθ−*k2(t)f

(
ξ0h(t)

)/[
ξ0h

′′(t)
]
, S±

2 (t)= χ±
ε

(
1− k2(t)h(t)f ′(Υ ±(t)

)/
h′′(t)

)
,

S±
3 (t)= (−c̃± ε)χ±

ε t
θ k2(t)h(t)f ′(Υ ±(t)

)
/h′′(t), S±

4 (t)= t−*
(
1− k2(t)f

(
ξ0h(t)

)/[
ξ0h

′′(t)
])
.

By Lemma 1(ii), we find limt↘0k
2(t)f (ξ0h(t))[ξ0h

′′(t)]−1 = 1, which yields limt↘0S±
1 (t) = (−c̃ ± ε)×

Heaviside(ζ − θ). Using [1, Lemma 1] and (5), we obtain limt↘0 k
2(t)h(t)f ′(Υ ±(t))/h′′(t) = ρ + 1. Hence,

limt↘0S±
2 (t)= −ρχ±

ε and limt↘0S±
3 (t)= 0.

Using the expression ofh′′, we deriveS±
4 (t)= k2(t)f (h(t))

h′′(t)
∑3

i=1S4,i (t), ∀t ∈ (0, δ), where we denoteS4,1(t)=
2Ξ(h(t))

t*
(
∫ t

0 k(s)ds/k(t))′, S4,2(t)= 2
T1,τ1(h(t))

[t ζ lnh(t)]τ1 andS4,3(t)= − T2,τ1(h(t))

[t ζ lnh(t)]τ1 .

SinceR0,ζ ≡K0,ζ , we find limt↘0S4,1(t)= −(1+ ζ )ρ�$ζ
−1(ρ + 2)−1 Heaviside(θ − ζ ).

Cases(i), (ii). By Lemmas 1(vii) and 2(ii), we find limt↘0S4,2(t)= limt↘0S4,3(t)= 0. In view of Lemma 1(ii),
we derive that limt↘0S

±
4 (t)= −(1+ ζ )ρ�$(2ζ )−1 Heaviside(θ − ζ ).

Case (iii). By Lemmas 1(vii) and 2(i), limt↘0S4,2(t) = −2�$(ρ + 2)−2(−ρ�$/2)τ1 and limt↘0S4,3(t) =
−2�$(ρ+2)−1(−ρ�$/2)τ1 ln ξ0. Using Lemma 1(ii) once more, we arrive at limt↘0S

±
4 (t)= −(1+ζ )ρ�$(2ζ )−1 ×

Heaviside(θ − ζ )− �$(−ρ�$/2)τ1[1/(ρ + 2)+ ln ξ0].
Note that in each of the cases (i)–(iii), the definition ofχ±

ε yields limt↘0
∑4

j=1S+
j (t) = −ε < 0 and

limt↘0
∑4

j=1S−
j (t) = ε > 0. By Lemma 1(vii), limt↘0

h′(t)
t* h′′(t) = 0. But limt↘0

h(t)
h′(t) = 0, so limt↘0

h(t)
t* h′′(t) = 0.

Thus, using Lemma 1(iii) and (iv), relation (6) concludes our Step 1.
Step2. There existsM+, δ+ > 0 such thatua(x)� u+(x)+M+, for all x ∈Ω with 0< d < δ+.
Define(0,∞) � u �→ Ψx(u) = au− b(x)f (u), ∀x with d ∈ (0, δ1). Clearly,Ψx(u) is decreasing whena � 0.

Supposea ∈ (0, λ∞,1). Obviously,f (t)/t : (0,∞)→ (f ′(0),∞) is bijective. Letδ2 ∈ (0, δ1) be such thatb(x) <
1, ∀x with d ∈ (0, δ2). Let ux define the unique positive solution ofb(x)f (u)/u= a + f ′(0), ∀x with d ∈ (0, δ2).

Hence, for anyx with d ∈ (0, δ2), u → Ψx(u) is decreasing on(ux,∞). But limd(x)↘0
b(x)f (u+(x))

u+(x) = +∞ (use

limd(x)↘0u
+(x)/h(d) = ξ0, (A) and Lemma 1(ii) and (iii)). So, forδ2 small enough,u+(x) > ux , ∀x with

d ∈ (0, δ2).
Fix σ ∈ (0, δ2/4) and setNσ := {x ∈ Ω : σ < d(x) < δ2/2}. We defineu∗

σ (x) = u+(d − σ, s) + M+, where
(d, s) are the local coordinates ofx ∈ Nσ . We chooseM+ > 0 large enough to haveu∗

σ (δ2/2, s) � ua(δ2/2, s),
∀σ ∈ (0, δ2/4) and∀s ∈ ∂Ω . Using (4) and Step 1, we find

−
u∗
σ (x) � au+(d − σ, s)− [

1+ (c̃− ε)(d − σ)θ
]
k2(d − σ)f

(
u+(d − σ, s)

)
� au+(d − σ, s)− [

1+ (c̃− ε)dθ
]
k2(d)f

(
u+(d − σ, s)

)
� Ψx

(
u+(d − σ, s)

)
� Ψx(u

∗
σ )= au∗

σ (x)− b(x)f
(
u∗
σ (x)

)
in Nσ .

Thus, by [2, Lemma 1],ua � u∗
σ in Nσ , ∀σ ∈ (0, δ2/4). Lettingσ → 0, we have proved Step 2.
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Step3. There existsM−, δ− > 0 such thatua(x)� u−(x)−M−, for all x ∈Ω with 0< d < δ−.
For everyr ∈ (0, δ), defineΩr = {x ∈ Ω : 0 < d(x) < r}. We will prove that forλ > 0 sufficiently small,

λu−(x)� ua(x), ∀x ∈Ωδ2/4. Indeed, fix arbitrarilyσ ∈ (0, δ2/4). Definev∗
σ (x)= λu−(d + σ, s), for x = (d, s) ∈

Ωδ2/2. We chooseλ ∈ (0,1) small enough such thatv∗
σ (δ2/4, s) � ua(δ2/4, s), ∀σ ∈ (0, δ2/4), ∀s ∈ ∂Ω . Using

(4), Step 1 and (A), we find


v∗
σ (x)+ av∗

σ (x) � λk2(d + σ)
[
1+ (c̃+ ε)(d + σ)θ

]
f

(
u−(d + σ, s)

)
� k2(d)

[
1+ (c̃+ ε)dθ

]
f

(
λu−(d + σ, s)

)
� bf (v∗

σ ),

for all x = (d, s) ∈ Ωδ2/4, that isv∗
σ is a subsolution of
u + au = b(x)f (u) in Ωδ2/4. By [2, Lemma 1], we

conclude thatv∗
σ � ua in Ωδ2/4. Lettingσ → 0, we findλu−(x)� ua(x), ∀x ∈Ωδ2/4.

Since limd↘0u
−(x)/h(d) = ξ0, by using (A) and Lemma 1 (ii) and (iii), we can easily obta

limd↘0 k
2(d)f (λ2u−(x))/u−(x)= ∞. So, there exists̃δ ∈ (0, δ2/4) such that

k2(d)
[
1+ (c̃+ ε)dθ

]
f

(
λ2u−)

/u− � λ2|a|, ∀x ∈Ω with 0< d � δ̃. (7)

By Lemma 1(i) and (v), we deduce thatu−(x) decreases withd whend ∈ (0, δ̃) (if necessary,̃δ > 0 is diminished).
Chooseδ∗ ∈ (0, δ̃), close enough tõδ, such that

h(δ∗)
(
1+ χ−

ε δ
*∗

)/[
h(δ̃)

(
1+ χ−

ε δ̃
*

)]
< 1+ λ. (8)

For eachσ ∈ (0, δ̃− δ∗), we definezσ (x)= u−(d + σ, s)− (1− λ)u−(δ∗, s). We prove thatzσ is a subsolution o

u+ au = b(x)f (u) in Ωδ∗ . Using (8),zσ (x)� u−(δ̃, s)− (1 − λ)u−(δ∗, s) > 0 ∀x = (d, s) ∈Ωδ∗ . By (4) and
Step 1,zσ is a subsolution of
u+ au= b(x)f (u) in Ωδ∗ if

k2(d + σ)
[
1+ (c̃+ ε)(d + σ)θ

][
f

(
u−(d + σ, s)

) − f
(
zσ (d, s)

)]
� a(1− λ)u−(δ∗, s), (9)

for all (d, s) ∈ Ωδ∗ . Applying the Lagrange mean value theorem and (A), we infer that (9) is a conseque
k2(d + σ)[1+ (c̃+ ε)(d + σ)θ ]f (zσ (d, s))/zσ (d, s)� |a|, ∀(d, s) ∈Ωδ∗ . This inequality holds by virtue of (7)
(8) and the decreasing character ofu− with d .

On the other hand,zσ (δ∗, s)� λu−(δ∗, s)� ua(x), ∀x = (δ∗, s) ∈Ω . Clearly, lim supd→0(zσ − ua)(x)= −∞
andb > 0 in Ωδ∗ . Thus, by [2, Lemma 1],zσ � ua in Ωδ∗ , ∀σ ∈ (0, δ̃ − δ∗). Letting σ → 0, we conclude the
assertion of Step 3.

By Steps 2 and 3,χ+
ε � {−1 + ua(x)/[ξ0h(d)]}d−* − M+/[ξ0d

*h(d)] ∀x ∈ Ω with d ∈ (0, δ+) and
χ−
ε � {−1 + ua(x)/[ξ0h(d)]}d−* + M−/[ξ0d

*h(d)] ∀x ∈ Ω with d ∈ (0, δ−). Passing to the limit asd →
0 and using Lemma 1(vi), we obtainχ−

ε � lim infd→0{−1 + ua(x)/[ξ0h(d)]}d−* and lim supd→0{−1 +
ua(x)/[ξ0h(d)]}d−* � χ+

ε . Lettingε → 0, we conclude our proof.✷
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