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Abstract

We study the bifurcation problemAu = g(u) + AVul? + win £, u=0o0nds2, wherex, u > 0 ands$2 is a smooth
bounded domain ii®Y . The singular character of the problem is given by the nonlinegrithich is assumed to be decreasing
and unbounded around the origin. In this Note we prove that the above problem has a positive classical solution (which is unique)
if and only if A(a + ©) < A1, wherea = lim;_, 4~ g(¢) and 1 is the first eigenvalue of the Laplace operatongt(SZ). We
also describe the decay rate of this solution, as well as a blow-up result around the bifurcation pafamitethis article:
M. Ghergu, V. Radulescu, C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Bifurcation pour une classe de problémes elliptiques singuliers a terme quadratique de convection. On étudie le
probléme elliptique de bifurcationAu = g(u) + A|Vu|? + 1 danss2, u =0 suras2, ol A, u > 0 et£2 est un domaine
borné régulier d&" . Le caractére singulier de ce probléme est donné par la nonlingatjté est décroissante et non bornée
autour de I'origine. Dans cette Note on montre que le probléme ci-dessus admet une solution classique positive (qui, de plus, es
unique) si et seulement s{a + 1) < A1, oUa = lim;_, 4o g(¢) etA1 est la premiére valeur propre de I'opérateur de Laplace
dansH&(Q). Nous établissons également le taux de décroissance de cette solution, ainsi qu'un résultat d’explosion autour du
paramétre de bifurcatioRour citer cet article: M. Ghergu, V. Radulescu, C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Soit £2 un domaine borné et régulier @&". On suppose qug: (0, oo) — (0, co) est une fonction de Holder
décroissante telle que limp g(r) = +o00. Soita := lim;_. g(t) € [0,00) et A, u > 0. On désigne pak; la
premiére valeur propre de I'opérateur de Laplae\) dansHol(Q).
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On cherche des solutions classiques du probleme

—Au=g(u)+ArVul?+pn danss,
u>0 dans$?, (1)
u=0 Suros2.

Les résultats principaux de cette Note sont contenus dans
Théoréme 0.1. Les propriétés suivantes sont vraies :

(i) Leprobléme (1) admet une solution si et seulement si A(a + ) < A1;

(i) Soit A* =A*(u) :=A1/(a + w), pour chaque i > 0. Alorsle probléme (1) admet une solution unique u; pour
tout < A* et, de plus, I'application (0, A*) > A — u; est croissante. S la fonction g vérifie la condition
lim Sup~ o?*g(t) < o0, pour un certaina € (0, 1), alorsla suite (uy); ales propriétés suivantes:
(ii1) Pour tout 0 < A < A™ il existe deux constantes positives ci1, c2 dépendantes de A telles que

crdist(x, 082) < uy <codist(x, 982) dans $2 ;

(i2) Onau; e CH4(Q2)NC3(R);
(ii3) Lasuite (uy), Vérifieu;, — +oo s A 7 A*, uniformément sur les sous-ensembles compactsde §2.

La démonstration de ce résultat repose sur le principe du maximum combiné avec des estimations elliptiques e
un théoréme de Hormander concertlas fonctions sur-harmoniques.

On remarque aussi que I'hypothése de décroissancg swtour de I'origine implique une condition du
type Keller—Osserman qui est équivalente diapriété du support compact formulée dans Bénilan, Brezis et
Crandall [1].

1. Themain result

Let 2 c RY be a smooth bounded domain. We assume gh&d, co) — (0, oo) is a Hélder function which
is decreasing and satisfying liRgp g(¢) = +00. Seta := lim;_.» g(¢) € [0, 00). Assume thak andy are non-
negative parameters and kgt denote the first eigenvalue 6 A) in Hol(s?).

We are concerned in this paper with classical solutions of the boundary value problem

—Au=g(u)+AVul®+p ing,
u=>0 in$2, (2)
u=0 onoas2.

Our main result is
Theorem 1.1. The following properties hold true:

(i) Problem(2) hasa solutionifandonlyif A(a + u) < A1.
(i) Denote A* = A*(u) := A1/(a + w), for any u > 0. Then problem (2) has a unique solution u; for all » < 1*
and the sequence (u; ) <+ isincreasing with respect to A. Moreover, if

limsupr®g(t) < +o00, for somea € (0, 1), 3)
™N\O

then the sequence of solutions (u; )0 <+ hasthe following properties.
(ii1) For all 0 < A < A™ there exists two positive constants c1, c2 depending on A such that ¢1 dist(x, 9£2) <
uy < codist(x, 082) in £2;
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(i2) uy e CL1*(2)NC2(2);
(ii3) uy — +ooasir 7 A%, uniformly on compact subsets of £2.

Assumption (3) impliesfol(fé g(s)ds)~1/2dr < +o00. As proved by Bénilan, Brezis and Crandall in [1], the
above Keller-Osserman-type growth conditeround the origin is equivalent to tpeoperty of compact support,
that is, for anyz € L1(R") with compact support, there exists a unigque WL1(RV) with compact support such
that Au € LY(RY) and—Au + g(u) =h a.e. inRV.

We split the proof of Theorem 1.1 into several steps.

Step 1.Existence of solutions. If A =0 then, by Lemma 2.2 in [2], problem (2) has a solution for any 0.
Next, we suppose that> 0 and fixu > 0. Denotev = €*“ — 1. Then

—Av=®,(v) Iin 2,
v>0 in$2, (4)
v=0 onas2,

where®, (s) = A(s+1)g(A "t In(s + 1)) + Au(s + 1), forall s € (0, o0). Thend;, is not monotone, but the mapping
(0,00) 35 > s Ly (s) is decreasing for all > 0, liM_ 100 5 ™1 @3 (s) = A(a+ ) and limy 052 @y (s) = +o0,
uniformly for A > 0. We first remark thatp, satisfies the hypothesesin Lemma 2.2 in [2] (see also [8]), provided
thati(a + 1) < A1. Hence problem (4) has at least one solution. On the other hand, sipaein (0, co), we
obtain

D)) = Aa+wn)(s+1), foralli,se(0,o0). (5)

If A(a + ) > A1 and problem (4) has a solutianthen, by (5),v is a super-solution of Az = A1(z + 1) in £2,
z=00nd$2. Since 0 is sub-solution of this boundary problem we deduce that there e#istsfulfills the above
properties. Letp; > 0 be the first eigenfunction gf-A) in Hol(Q). Hencery [, p1zdx =11 [, 01(z+ 1) dx, a
contradiction. This shows that problem (4) has no solutiongdf+ 1) > Aj.

Step 2.Uniqueness of the solution. Fix A > 0. Let u1 anduz be two classical solutions of problem (2) with
A < A*.Itis enough to show that; < u2 in £2. Supposing the contrary, we deduce that g — u2} > 0 is
achieved in a pointg € 2. This yieldsV (u1 — u2)(xg) = 0 and 0< —A(u1 — u2)(xo0) = g(u1(x0)) — g(u2(x0)) <
0, a contradiction. We conclude that < u2 in £2. Henceu1 = u».

Step 3.Dependence on A. Fix 0 < A1 < A2 < A* and letu,,, u,, be the unique solutions of problem (2) with
L = A1 andi = Ay respectively. Iffx € £2; u;, > uy,} is nonempty, then max{u,, — u;,} > 0 is achieved irf2.
At that point, sayx, we haveV (uy, — u;,)(X) =0 and 0< —A(uy, — ux,) () = g(un, (%)) — gur, (X)) + (A1 —
A2)|Vukl|2(i) < 0, which is a contradiction. Henae,, < u;, in 2 and, by the maximum principles,, < u;,
in £2.

Step 4.Regularity. Fix 0 < A < A*, u > 0 and assume that satisfies the growth condition (3). Taking again
v =€ — 1itfollows thatv, = €*** — 1 is the unique solution of problem (4). Since Jigps (" — 1) =1, we
conclude that (iil) and (ii2) in Theorem 1.1 are established if we prove the following

(a) cr dist(x, 082) < vy (x) < cadist(x, 352) in £2, for some positive constands, ¢2 > 0;

(b) vy, e CL1-4(2).

Proof of (a). Sinceg is monotone ang(s) < cs~® near the origin, there exists positive numbdrs B andC
such that

D, (s) <As+Bs *+C, forallO<A<A*ands> 0. (6)
Fix m > 0 such thatn1l¢1]lcc < A. Combining this with (5) we deduce that

— AV, —me1) = D, (vy) —mArpr > An —miipr >0 inQ2. (7)
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Sincev, —mg1 =0 0nd£2, we obtain

vy =me1  in £2. (8)
The last relation combined with the standard estimate

Cypdist(x, 02) < p1(x) < Codist(x,3£2) foranyx e 2

imply vy (x) > ¢1dist(x, 3£2) for all x € £2, for some positive constait > 0. The first inequality in the statement
of (a) is therefore established. For the second omeapply an idea found in Gui and Lin [4]. Using (8) and the
estimate (6), by virtue of Lemma 2.1 in [2] (see also [6]) we deducedhéb;) € L1(£2), that is, Avy, € L1(£2).
Using now the smoothness 8f2, there exists$ € (0, 1) such that for allkkg € 25 := {x € £2; dist(x, §2) < §},
there existsy € RV \ £2 with dist(y, 3£2) = 8 and distxg, 32) = |xo — y| — 8. Let K > 1 be such that
diam(£2) < (K — 1) and let¢ be the unique solution of the Dirichlet problem

—AE=®; (&) inBg(0)\ B1(0),

§>0 in Bk (0) \ B1(0),

£=0 ond(Bk (0) \ B1(0)),

where B, (0) denotes the open ball iRV of radiusr and centered at the origin. By uniquenesss radially
symmetric. Hencé(x) = &(|x|) and

Py N — 1~/ = .

§+——8§+2@)= 0 in(L K),

£E>0 in(1, K),

£ =§(K)=0.

Integrating above we find
t b
E () =& (a)aV LN — 1N / PN (E(r) dr = E/(0)pN TN N / PNl (E(r)) dr,
t

a

Where l<a<t<b<K. With th~e same arguments as above we ob#ait€) € L1(1, K) which implies that both
£'(1) and&’(K) are finite. Hencé € C2(1, K) N C1[1, K]. Furthermore,

£(x) < 5min{K —|x|,|x] =1}, foranyx € Bx(0)\ B1(0). 9)
Fix xo € £25. Then we can findyo € RY \ 2 with dist(yo, 92) = § and distxo, 3£2) = |xo — y| — §. Thus,

£2 C Bks(yo) \ Bs(yo). Define v(x) = £((x — yo)/d), for all x € 2. We show thatv is a super-solution of
problem (4). Indeed, for alt € £2 we have

_ _ 1(;, N-1 . 1{(., N-1 i
Av+¢x(v)=§<§ +T$)+¢A(c§)<§<§ +——¢ +¢A($)>:O,

wherer = |x — yp|/8. We have obtained thatv + @, (v) <0< Avy + @ (vy) IN 2, v,v), >0in 2, v=uv, On
352, andAv, € L1(£2). By Lemma 2.3 in [2] (see also [8]) we deduce that< v in £2. Combining this with (9)
we obtain

_ |xo=yol [xo—yol
s 8

~ c
v (xo) <v(xg) <C min{K 1} < 3 dist(xg, 082).

Hencev,, < 58—1dist(x, 9£2) in £25 and the second inequality in the statement of (a) follows.
Proof of (b). Let G be the Green function assoadtto the Laplace operator i with respect to Dirichlet bound-

ary condition. Then, foralt € 2, vy, (x) = — [, G(x, Y) @1 (vi.(y)) dy andVu, (x) = — [, G (x, y)®;.(vx(y)) dy.
If x1, x2 € £2, using (6) we obtain
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|V (x1) — Vo (x2)|

< /|Gx(x1, V) — Gy (2 )| - (Avs + Oy dy + B/|Gx<x1, V) = Gy (2 )| - v () dy.
2 2

Now, taking into account thawv, € C(£2), by the standard regularity theory (see [3]) we deduce that
]Q |G (x1,y) — Gx(x2,¥)| - (Avy + C)dy < ¢1]x1 — x2|. On the other hand, with the same arguments as in the
proof of Theorem 1 in [4], we deduce thﬁstz |Gx(x1,y) — Gx(x2, V)| - v} “(y) < C2lx1 — x2|1¢. The last two
inequalities implyu;, € C2(£2) N CL1*(2).

Step 5.Asymptotic behaviour of the solution. In order to conclude the asymptotic behaviour fqr, it is
enough to show that li;y-,« vy = 400 on compact subsets ¢*. To this aim, we use some techniques developed
in [7]. Due to the special character of our problem, widl tve able to show in what follows that, in certain
cases,L?-boundedness impIieHé—boundedness! We argue by contradiction. Singe; -,+ is a sequence of
nonnegative super-harmonic functionssinthen, by a theorem of Hérmander (see [5, Theorem 4.1.9]), we can
find a subsequence 6f), <, (still denoted by(v, ), <,+) which converges leOC(Q) to somev*. The monotony
of v, yields (up to a subsequencag)  v* a.e. inf2.

We first show thatvy); <+ is bounded inL2(£2). Suppose the contrary. Passing eventually at a subsequence,
we havev; = M (L)w;, where

M) = ||vx ||L2(.Q) — 00 asi /S A* and w; € LZ(Q), ||IU)L||L2(_Q) =1 (10)

Relation (6) yieldSM (1))~ ®; (vy) — 0'in LIOC(.Q) asi 7 A%, thatis,

—Awy, — 0 in L|0C(52) asr A, (11)
By Green’s first identity, we have

/Vw)x Vodx = — /q&AwA dx =— / ¢pAw,dx, forallg e Cqo(£2). (12)

2 Suppp

Using (11) we obtain

| ermar< [ wiswiac<iols [ 1dwidio0 ask i (13)
Suppp Suppp Suppp
Relations (12) and (13) yield

/Vwk-v¢dx—> 0 asx /A%, forall¢ € C3°(£2). (14)
2

Recall that(w; ), <+ is bounded inL?(£2). We claim that(w;);.<;+ is bounded inHg(£2). Indeed, using (6)
and Holder’s inequality, we have

1
/|Vw,x|2 /wAAwA M(K)/ u) = m/wxébx(vx)
2 2
C
M(x)/ wav M(x)/ M(x)/ o
2

B B c

_a [ w2 1-a / <A o +a)/2 o2
/w* t Moo /wA ey ] S AT ey 9 T
2 2 2
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The above estimates imply that; ), <, is bounded inHol(Q). Thus, there exists € H&(Q) such that
wy, —w weaklyinH}(2) and wj— w stronglyinL?(2) asi S A*. (15)

Combining relations (10) and (15), we obtajw|,2,) = 1. On the other hand, by (14) and (15) we find
]Q Vw - Ve dx =0, forall¢ € C5°(£2). Sow = 0, which contradictyw|| 2 ;) = 1. Hence(vy), <, is bounded
in L2(£2). As before forw;,, we obtain tha{v; ), <,+ is bounded inHol(SZ). Thus, up to a subsequence,

v, —v* weaklyin H3(£2), v, — v* stronglyinL?(2), v, —v* ae.in2 asi A" (16)

Now we can proceed to get a contradiction. We first observettfat Av, o1 dx = [, ;. (vi)g1dx, forall o < 1*.
Using now (5) we find

A1/ V1= Ala + ) /(UA + 1Depydx, forall0<i <A™ a7)
2 2

By (16), we can use Lebesgue’s dominated convergence theorem in order to pass to the limitwithin (17).

We obtainiy [, v*¢1dx > A1 [, (v* + De1dx, contradiction. This shows that lipy,+ v, = +o00, uniformly on
compact subsets g2. Consequently, the sequen@e,); -+ has the same property. This concludes the proof of
Theorem 1.1. O
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