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Abstract

We study the bifurcation problem−�u = g(u) + λ|∇u|2 + µ in Ω, u = 0 on ∂Ω, whereλ,µ � 0 andΩ is a smooth
bounded domain inRN . The singular character of the problem is given by the nonlinearityg which is assumed to be decreasi
and unbounded around the origin. In this Note we prove that the above problem has a positive classical solution (which
if and only if λ(a + µ) < λ1, wherea = limt→+∞ g(t) andλ1 is the first eigenvalue of the Laplace operator inH1

0 (Ω). We
also describe the decay rate of this solution, as well as a blow-up result around the bifurcation parameter.To cite this article:
M. Ghergu, V. Rădulescu, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Bifurcation pour une classe de problèmes elliptiques singuliers à terme quadratique de convection. On étudie le
problème elliptique de bifurcation−�u = g(u) + λ|∇u|2 + µ dansΩ, u = 0 sur ∂Ω, où λ,µ � 0 et Ω est un domaine
borné régulier deRN . Le caractère singulier de ce problème est donné par la nonlinéaritég, qui est décroissante et non born
autour de l’origine. Dans cette Note on montre que le problème ci-dessus admet une solution classique positive (qui, d
unique) si et seulement siλ(a + µ) < λ1, oùa = limt→+∞ g(t) et λ1 est la première valeur propre de l’opérateur de Lapl
dansH1

0 (Ω). Nous établissons également le taux de décroissance de cette solution, ainsi qu’un résultat d’explosion
paramètre de bifurcation.Pour citer cet article : M. Ghergu, V. Rădulescu, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Soit Ω un domaine borné et régulier deRN . On suppose queg : (0,∞) → (0,∞) est une fonction de Hölde
décroissante telle que limt↘0 g(t) = +∞. Soit a := limt→∞ g(t) ∈ [0,∞) et λ,µ � 0. On désigne parλ1 la
première valeur propre de l’opérateur de Laplace(−�) dansH 1

0 (Ω).
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On cherche des solutions classiques du problème


−�u = g(u) + λ|∇u|2 + µ dansΩ,

u > 0 dansΩ,

u = 0 sur∂Ω.

(1)

Les résultats principaux de cette Note sont contenus dans

Théorème 0.1. Les propriétés suivantes sont vraies :

(i) Le problème (1) admet une solution si et seulement si λ(a + µ) < λ1 ;
(ii) Soit λ∗ = λ∗(µ) := λ1/(a + µ), pour chaque µ > 0. Alors le problème (1) admet une solution unique uλ pour

tout λ < λ∗ et, de plus, l’application (0, λ∗) � λ �→ uλ est croissante. Si la fonction g vérifie la condition
lim supt↘0 tαg(t) < +∞, pour un certain α ∈ (0,1), alors la suite (uλ)λ a les propriétés suivantes :
(ii1) Pour tout 0 < λ < λ∗ il existe deux constantes positives c1, c2 dépendantes de λ telles que

c1 dist(x, ∂Ω) � uλ � c2 dist(x, ∂Ω) dans Ω ;
(ii2) On a uλ ∈ C1,1−α( 	Ω) ∩ C2(Ω) ;
(ii3) La suite (uλ)λ vérifie uλ → +∞ si λ ↗ λ∗, uniformément sur les sous-ensembles compacts de Ω.

La démonstration de ce résultat repose sur le principe du maximum combiné avec des estimations ellip
un théorème de Hörmander concernant les fonctions sur-harmoniques.

On remarque aussi que l’hypothèse de décroissance surg autour de l’origine implique une condition d
type Keller–Osserman qui est équivalente à lapropriété du support compact formulée dans Bénilan, Brezis
Crandall [1].

1. The main result

Let Ω ⊂ R
N be a smooth bounded domain. We assume thatg : (0,∞) → (0,∞) is a Hölder function which

is decreasing and satisfying limt↘0g(t) = +∞. Seta := limt→∞ g(t) ∈ [0,∞). Assume thatλ andµ are non-
negative parameters and letλ1 denote the first eigenvalue of(−�) in H 1

0 (Ω).
We are concerned in this paper with classical solutions of the boundary value problem


−�u = g(u) + λ|∇u|2 + µ in Ω,

u > 0 in Ω,

u = 0 on∂Ω.

(2)

Our main result is

Theorem 1.1. The following properties hold true:

(i) Problem (2) has a solution if and only if λ(a + µ) < λ1.

(ii) Denote λ∗ = λ∗(µ) := λ1/(a + µ), for any µ > 0. Then problem (2) has a unique solution uλ for all λ < λ∗
and the sequence (uλ)λ<λ∗ is increasing with respect to λ. Moreover, if

lim sup
t↘0

tαg(t) < +∞, for some α ∈ (0,1), (3)

then the sequence of solutions (uλ)0<λ<λ∗ has the following properties.
(ii1) For all 0 < λ < λ∗ there exists two positive constants c1, c2 depending on λ such that c1 dist(x, ∂Ω) �

uλ � c2 dist(x, ∂Ω) in Ω;
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(ii2) uλ ∈ C1,1−α( 	Ω) ∩ C2(Ω);
(ii3) uλ → +∞ as λ ↗ λ∗, uniformly on compact subsets of Ω.

Assumption (3) implies
∫ 1

0 (
∫ t

0 g(s)ds)−1/2 dt < +∞. As proved by Bénilan, Brezis and Crandall in [1], t
above Keller–Osserman-type growth condition around the origin is equivalent to theproperty of compact support,
that is, for anyh ∈ L1(RN) with compact support, there exists a uniqueu ∈ W1,1(RN) with compact support suc
that�u ∈ L1(RN) and−�u + g(u) = h a.e. inR

N .

We split the proof of Theorem 1.1 into several steps.
Step 1.Existence of solutions. If λ = 0 then, by Lemma 2.2 in [2], problem (2) has a solution for anyµ � 0.

Next, we suppose thatλ > 0 and fixµ � 0. Denotev = eλu − 1. Then


−�v = Φλ(v) in Ω,

v > 0 in Ω,

v = 0 on∂Ω,

(4)

whereΦλ(s) = λ(s+1)g(λ−1 ln(s+1))+λµ(s+1), for all s ∈ (0,∞). ThenΦλ is not monotone, but the mappin
(0,∞) � s �→ s−1 Φλ(s) is decreasing for allλ > 0, lims→+∞ s−1 Φλ(s) = λ(a+µ) and lims↘0 s−1 Φλ(s) = +∞,

uniformly for λ > 0. We first remark thatΦλ satisfies the hypotheses in Lemma 2.2 in [2] (see also [8]), prov
that λ(a + µ) < λ1. Hence problem (4) has at least one solution. On the other hand, sinceg � a in (0,∞), we
obtain

Φλ(s) � λ(a + µ)(s + 1), for all λ, s ∈ (0,∞). (5)

If λ(a + µ) � λ1 and problem (4) has a solutionv then, by (5),v is a super-solution of−�z = λ1(z + 1) in Ω ,
z = 0 on∂Ω . Since 0 is sub-solution of this boundary problem we deduce that there existsz that fulfills the above
properties. Letϕ1 > 0 be the first eigenfunction of(−�) in H 1

0 (Ω). Henceλ1
∫
Ω

ϕ1zdx = λ1
∫
Ω

ϕ1(z + 1)dx, a
contradiction. This shows that problem (4) has no solutions ifλ(a + µ) � λ1.

Step 2.Uniqueness of the solution. Fix λ � 0. Let u1 andu2 be two classical solutions of problem (2) wi
λ < λ∗. It is enough to show thatu1 � u2 in Ω. Supposing the contrary, we deduce that max	Ω{u1 − u2} > 0 is
achieved in a pointx0 ∈ Ω. This yields∇(u1 −u2)(x0) = 0 and 0� −�(u1 −u2)(x0) = g(u1(x0))− g(u2(x0)) <

0, a contradiction. We conclude thatu1 � u2 in Ω . Henceu1 = u2.
Step 3.Dependence on λ. Fix 0 � λ1 < λ2 < λ∗ and letuλ1, uλ2 be the unique solutions of problem (2) wi

λ = λ1 andλ = λ2 respectively. If{x ∈ Ω; uλ1 > uλ2} is nonempty, then max	Ω {uλ1 − uλ2} > 0 is achieved inΩ.

At that point, sayx̄, we have∇(uλ1 − uλ2)(x̄) = 0 and 0� −�(uλ1 − uλ2)(x̄) = g(uλ1(x̄)) − g(uλ2(x̄)) + (λ1 −
λ2)|∇uλ1|2(x̄) < 0, which is a contradiction. Henceuλ1 � uλ2 in 	Ω and, by the maximum principle,uλ1 < uλ2

in Ω.

Step 4.Regularity. Fix 0 < λ < λ∗, µ > 0 and assume thatg satisfies the growth condition (3). Taking aga
v = eλu − 1 it follows thatvλ = eλuλ − 1 is the unique solution of problem (4). Since lims↘0 s−1(eλs − 1) = λ, we
conclude that (ii1) and (ii2) in Theorem 1.1 are established if we prove the following

(a) c̃1 dist(x, ∂Ω) � vλ(x) � c̃2 dist(x, ∂Ω) in Ω, for some positive constantsc̃1, c̃2 > 0;
(b) vλ ∈ C1,1−α( 	Ω).

Proof of (a). Sinceg is monotone andg(s) � cs−α near the origin, there exists positive numbersA, B andC

such that

Φλ(s) � As + Bs−α + C, for all 0 < λ < λ∗ ands > 0. (6)

Fix m > 0 such thatmλ1‖ϕ1‖∞ < λµ. Combining this with (5) we deduce that

−�(vλ − mϕ1) = Φλ(vλ) − mλ1ϕ1 � λµ − mλ1ϕ1 � 0 in Ω. (7)
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Sincevλ − mϕ1 = 0 on∂Ω, we obtain

vλ � mϕ1 in Ω. (8)

The last relation combined with the standard estimate

C1 dist(x, ∂Ω) � ϕ1(x) � C2 dist(x, ∂Ω) for anyx ∈ Ω

imply vλ(x) � c̃1 dist(x, ∂Ω) for all x ∈ Ω, for some positive constantc̃1 > 0. The first inequality in the stateme
of (a) is therefore established. For the second one, we apply an idea found in Gui and Lin [4]. Using (8) and t
estimate (6), by virtue of Lemma 2.1 in [2] (see also [6]) we deduce thatΦλ(vλ) ∈ L1(Ω), that is,�vλ ∈ L1(Ω).

Using now the smoothness of∂Ω, there existsδ ∈ (0,1) such that for allx0 ∈ Ωδ := {x ∈ Ω; dist(x, ∂Ω) � δ},
there existsy ∈ R

N \ 	Ω with dist(y, ∂Ω) = δ and dist(x0, ∂Ω) = |x0 − y| − δ. Let K > 1 be such tha
diam(Ω) < (K − 1)δ and letξ be the unique solution of the Dirichlet problem


−�ξ = Φλ(ξ) in BK(0) \ B1(0),

ξ > 0 in BK(0) \ B1(0),

ξ = 0 on∂
(
BK(0) \ B1(0)

)
,

whereBr(0) denotes the open ball inRN of radiusr and centered at the origin. By uniqueness,ξ is radially
symmetric. Henceξ(x) = ξ̃ (|x|) and


ξ̃ ′′ + N − 1

r
ξ̃ ′ + Φλ(ξ̃ ) = 0 in (1,K),

ξ̃ > 0 in (1,K),

ξ̃ (1) = ξ̃ (K) = 0.

Integrating above we find

ξ̃ ′(t) = ξ̃ ′(a)aN−1t1−N − t1−N

t∫
a

rN−1Φλ

(
ξ̃ (r)

)
dr = ξ̃ ′(b)bN−1t1−N + t1−N

b∫
t

rN−1Φλ

(
ξ̃ (r)

)
dr,

where 1< a < t < b < K. With the same arguments as above we obtainΦλ(ξ̃ ) ∈ L1(1,K) which implies that both
ξ̃ ′(1) andξ̃ ′(K) are finite. Hencẽξ ∈ C2(1,K) ∩ C1[1,K]. Furthermore,

ξ(x) � C̃ min
{
K − |x|, |x| − 1

}
, for anyx ∈ BK(0) \ B1(0). (9)

Fix x0 ∈ Ωδ. Then we can findy0 ∈ R
N \ 	Ω with dist(y0, ∂Ω) = δ and dist(x0, ∂Ω) = |x0 − y| − δ. Thus,

Ω ⊂ BKδ(y0) \ Bδ(y0). Define v̄(x) = ξ((x − y0)/δ), for all x ∈ 	Ω. We show thatv̄ is a super-solution o
problem (4). Indeed, for allx ∈ Ω we have

�v̄ + Φλ(v̄) = 1

δ2

(
ξ̃ ′′ + N − 1

r
ξ̃ ′

)
+ Φλ(ξ̃) � 1

δ2

(
ξ̃ ′′ + N − 1

r
ξ̃ ′ + Φλ(ξ̃)

)
= 0,

wherer = |x − y0|/δ. We have obtained that�v̄ + Φλ(v̄) � 0 � �vλ + Φλ(vλ) in Ω, v̄, vλ > 0 in Ω, v̄ = vλ on
∂Ω , and�vλ ∈ L1(Ω). By Lemma 2.3 in [2] (see also [8]) we deduce thatvλ � v̄ in Ω. Combining this with (9)
we obtain

vλ(x0) � v̄(x0) � C̃ min

{
K − |x0 − y0|

δ
,
|x0 − y0|

δ
− 1

}
� C̃

δ
dist(x0, ∂Ω).

Hencevλ � C̃ δ−1 dist(x, ∂Ω) in Ωδ and the second inequality in the statement of (a) follows.

Proof of (b). Let G be the Green function associated to the Laplace operator inΩ with respect to Dirichlet bound
ary condition. Then, for allx ∈ Ω , vλ(x) = − ∫

Ω G(x,y)Φλ(vλ(y))dy and∇vλ(x) = − ∫
Ω Gx(x, y)Φλ(vλ(y))dy.

If x1, x2 ∈ Ω, using (6) we obtain
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∫
Ω

∣∣Gx(x1, y) − Gx(x2, y)
∣∣ · (Avλ + C)dy + B

∫
Ω

∣∣Gx(x1, y) − Gx(x2, y)
∣∣ · v−α

λ (y)dy.

Now, taking into account thatvλ ∈ C( 	Ω), by the standard regularity theory (see [3]) we deduce∫
Ω

|Gx(x1, y) − Gx(x2, y)| · (Avλ + C)dy � c̃1|x1 − x2|. On the other hand, with the same arguments as in
proof of Theorem 1 in [4], we deduce that

∫
Ω

|Gx(x1, y) − Gx(x2, y)| · v−α
λ (y) � c̃2|x1 − x2|1−α. The last two

inequalities implyuλ ∈ C2(Ω) ∩ C1,1−α(Ω).

Step 5.Asymptotic behaviour of the solution. In order to conclude the asymptotic behaviour foruλ, it is
enough to show that limλ↗λ∗ vλ = +∞ on compact subsets ofΩ. To this aim, we use some techniques develo
in [7]. Due to the special character of our problem, we will be able to show in what follows that, in certa
cases,L2-boundedness impliesH 1

0 -boundedness! We argue by contradiction. Since(vλ)λ<λ∗ is a sequence o
nonnegative super-harmonic functions inΩ then, by a theorem of Hörmander (see [5, Theorem 4.1.9]), we
find a subsequence of(vλ)λ<λ∗ (still denoted by(vλ)λ<λ∗) which converges inL1

loc(Ω) to somev∗. The monotony
of vλ yields (up to a subsequence)vλ ↗ v∗ a.e. inΩ.

We first show that(vλ)λ<λ∗ is bounded inL2(Ω). Suppose the contrary. Passing eventually at a subsequ
we havevλ = M(λ)wλ, where

M(λ) = ‖vλ‖L2(Ω) → ∞ asλ ↗ λ∗ and wλ ∈ L2(Ω), ‖wλ‖L2(Ω) = 1. (10)

Relation (6) yields(M(λ))−1 Φλ(vλ) → 0 in L1
loc(Ω) asλ ↗ λ∗, that is,

−�wλ → 0 in L1
loc(Ω) asλ ↗ λ∗. (11)

By Green’s first identity, we have∫
Ω

∇wλ · ∇φ dx = −
∫
Ω

φ�wλ dx = −
∫

Suppφ

φ�wλ dx, for all φ ∈ C∞
0 (Ω). (12)

Using (11) we obtain∣∣∣∣∣
∫

Suppφ

φ�wλ dx

∣∣∣∣∣ �
∫

Suppφ

|φ||�wλ|dx � ‖φ‖∞
∫

Suppφ

|�wλ|dx → 0 asλ ↗ λ∗. (13)

Relations (12) and (13) yield∫
Ω

∇wλ · ∇φ dx → 0 asλ ↗ λ∗, for all φ ∈ C∞
0 (Ω). (14)

Recall that(wλ)λ<λ∗ is bounded inL2(Ω). We claim that(wλ)λ<λ∗ is bounded inH 1
0 (Ω). Indeed, using (6)

and Hölder’s inequality, we have∫
Ω

|∇wλ|2 = −
∫
Ω

wλ�wλ = − 1

M(λ)

∫
Ω

wλ�uλ = 1

M(λ)

∫
Ω

wλΦλ(vλ)

� A

M(λ)

∫
Ω

wλvλ + B

M(λ)

∫
Ω

wλv
−α
λ + C

M(λ)

∫
Ω

wλ

= A

∫
w2

λ + B

M(λ)1+α

∫
w1−α

λ + C

M(λ)

∫
wλ � A + B

M(λ)1+α
|Ω |(1+α)/2 + C

M(λ)
|Ω |1/2.
Ω Ω Ω
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The above estimates imply that(wλ)λ<λ∗ is bounded inH 1
0 (Ω). Thus, there existsw ∈ H 1

0 (Ω) such that

wλ ⇀ w weakly inH 1
0 (Ω) and wλ → w strongly inL2(Ω) asλ ↗ λ∗. (15)

Combining relations (10) and (15), we obtain‖w‖L2(Ω) = 1. On the other hand, by (14) and (15) we fi∫
Ω

∇w · ∇φ dx = 0, for all φ ∈ C∞
0 (Ω). Sow = 0, which contradicts‖w‖L2(Ω) = 1. Hence(vλ)λ<λ∗ is bounded

in L2(Ω). As before forwλ, we obtain that(vλ)λ<λ∗ is bounded inH 1
0 (Ω). Thus, up to a subsequence,

vλ ⇀ v∗ weakly inH 1
0 (Ω), vλ → v∗ strongly inL2(Ω), vλ → v∗ a.e. inΩ asλ ↗ λ∗. (16)

Now we can proceed to get a contradiction. We first observe that− ∫
Ω

�vλϕ1 dx = ∫
Ω

Φλ(vλ)ϕ1 dx, for all λ < λ∗.
Using now (5) we find

λ1

∫
Ω

vλϕ1 � λ(a + µ)

∫
Ω

(vλ + 1)ϕ1 dx, for all 0 < λ < λ∗. (17)

By (16), we can use Lebesgue’s dominated convergence theorem in order to pass to the limit withλ ↗ λ∗ in (17).
We obtainλ1

∫
Ω

v∗ϕ1 dx � λ1
∫
Ω

(v∗ + 1)ϕ1 dx, contradiction. This shows that limλ↗λ∗ vλ = +∞, uniformly on
compact subsets ofΩ . Consequently, the sequence(uλ)λ<λ∗ has the same property. This concludes the proo
Theorem 1.1. �
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