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Abstract

In this paper, we study the following (p, ¢)-Laplacian equation with L”-constraint:

—Apu— Agu+AulP2u= fu), inRV,
Jrw lul?dx =cP,
ue whr@®N)nwlha@®M),

where l < p<qg <N, A; = div(|Vu|'=2Vu), with i € {p. q}, is the i-Laplacian operator, A is a Lagrange
multiplier and ¢ > 0 is a constant. The nonlinearity f is assumed to be continuous and satisfying weak mass
supercritical conditions. The purpose of this paper is twofold: to establish the existence of ground states,
and to reveal the basic behavior of the ground state energy E. as ¢ > 0 varies. Moreover, we introduce a
new approach based on the direct minimization of the energy functional on the linear combination of Nehari
and Pohozaev constraints intersected with the closed ball of radius ¢? in L” (RV). The analysis developed
in this paper allows to provide the general growth assumptions imposed to the reaction f.
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1. Introduction
In this paper, we consider the following (p, ¢)-Laplacian equation with L”-constraint:

—Apu— Agu+ rulP2u= f(u), inRV,
Jr ul? dx =c?, (1.1)
uek,

where l < p<qg <N, A; = diV(|Vu|"’2Vu), with i € {p, q}, is the i-Laplacian operator, A € R
is a Lagrange multiplier, ¢ > 0 is a given constant, f € C(R,R), E := WP (RY)n wh4(RN).
The features of problem (1.1) are the following:

(i) The presence of two differential operators with different growth, which generates a double
phase associated energy.

(i) The problem combines the effects generated by a general nonlinearity and an unbalanced
operator.

(iii) Due to the unboundedness of the domain, the Palais-Smale sequences do not have the com-
pactness property.

Since the content of the paper is closely concerned with unbalanced growth, we briefly in-
troduce in what follows the related background and applications and we recall some pioneering
contributions to these fields. Equation (1.1) is driven by a differential operator with unbalanced
growth due to the presence of the (p, g)-Laplace operator. This type of problem comes from a
general reaction-diffusion system:

u = div[A(Vu)Vul + c(x,u), and A(Vu) = |VulP~%+ |Vu|?2,

where the function u is a state variable and describes the density or concentration of multicompo-
nent substances, div[A(Vu)Vu] corresponds to the diffusion with coefficient A(Vu) and c(x, u)
is the reaction and relates to source and loss processes. Originally, the idea to treat such operators
comes from Zhikov [49] who introduced such classes to provide models of strongly anisotropic
materials, see also the monograph of Zhikov et al. [S0]. We refer to the remarkable works initiated
by Marcellini [31-33], where the author investigated the regularity and existence of solutions of
elliptic equations with unbalanced growth conditions. The (p, g)-Laplacian equation (1.1) is
also motivated by numerous models arising in mathematical physics. For instance, we can refer
to the following Born-Infeld equation [15] that appears in electromagnetism, electrostatics and
electrodynamics as a model based on a modification of Maxwell’s Lagrangian density:

) Vu .
—div| —— | =h@®) ing.
((1 —2|Vu|2)2)
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Indeed, by the Taylor formula, we have

R SN 3 o S s @no
— X = — —_X X L
' (n— 1) 201

4o forlx| < 1.

Taking x = 2|Vu|? and adopting the first order approximation, we obtain problem (1.1) for p =2
and g = 4. Furthermore, the n-th order approximation problem is driven by the multi-phase
differential operator

VN @n =3
—Au — Aqu — - Agut — -+ — —————A,u.
au — 586 D1 A

We also refer to the following fourth-order relativistic operator

. |Vul?
ur>div| ———Vu ),
(1 —|Vul?

which describes large classes of phenomena arising in relativistic quantum mechanics. Again, by
Taylor’s formula, we have

6 10
2 4y—3 2 3x 21x
1— 4 = —_—

x°(1—=x%) x+4+ 7

This shows that the fourth-order relativistic operator can be approximated by the following op-
erator

3
ur> Aqu + ZAgu.

For more details on the physical backgrounds and other applications, we refer to Bahrouni et
al. [6] (for phenomena associated with transonic flows) and to Benci et al. [11] (for models
arising in quantum physics).

In the past few decades, equation (1.1) has been the subject of extensive mathematical stud-
ies. Using various variational and topological arguments, many authors studied the existence
and multiplicity results of nontrivial solutions, ground state solutions, nodal solutions and some
qualitative properties of solutions, respectively. We refer to [19,35,38] for the case of bounded
domains. In this classical setting, we recall the seminal papers by Ni et al. [36], Li et al. [28], del
Pino et al. [16,17] and Ambrosetti et al. [5]. The regularity results, existence and multiplicity of
solutions to problem (1.1) on the whole space can be found in [3,22,47].

The study developed in this paper is inspired by the interest of physicists to the existence
of normalized solutions. Indeed, prescribed mass appears in nonlinear optics and in the theory
of Bose-Einstein condensates, see [18,30] and the reference therein. In particular, when p =2,
q =0, f(u) is replaced by |u I'=2y4, equation (1.1) is reduced to the following semilinear elliptic
equation

—Au=xu+ul""2u, (,u)eR xRN, (1.2)
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In the L2-subcritical case, namely [ <2 (1 + %), the functional on the constraint is coercive.
Hence one can obtain the existence of a global minimizer by minimizing on the sphere, cf.
[29,42]. In the L?-subcritical case, thatis [ > 2 (l + %), the functional on the sphere could not
be bounded from below. But one of the main difficulties in dealing with normalized solutions
as critical points of a functional constrained to a sphere consists in proving the Palais-Smale
condition. Jeanjean [23] overcame this problem in the L?-supercritical case by using a mountain
pass structure for an auxiliary functional proving the existence of at least one normalized solution
of (1.2). More precisely, Jeanjean studied the following equation

—Au+ru= f(u), inRV. (1.3)
We recall below the conditions introduced there.

(Hp) f:R — R is continuous and odd.
(H;) There exist «, B € R satisfying 2 + % < a < B < 2* such that

O<aF ()< f(t)t <BF(t) foranytre R\{0},
where 2* := % for N >3 and 2* :=+oowhen N =1,2, F(t) := fot f(r)dr.
(Hz) The function F(¢) := f ()t —2F (1) is of class C! and satisfies

F' ()t > <2 + %) F(r) foranyt#0.

In [23], under the conditions (Hp) and (H;), Jeanjean obtained a radial normalized solution at
a mountain pass value when N > 2. Moreover, when (H) is also assumed, the existence of
normalized ground states was proved in any dimension N > 1. Recently, Jeanjean and Lu [25]
made a more in-depth study of (1.3) in the mass supercritical case. First, they relaxed some of
the classical growth assumptions on f. In particular, the first part of (Hj) i.e.

4
there exists o > 2 + I such that 0 < a F () < f(t)t forany t #0 (1.4)

was used in a technical but essential way not only in showing that the problem is mass supercrit-
ical but also in obtaining bounded constrained Palais-Smale sequences. They showed that under
a weak and more natural mass supercritical condition. Consequently, they managed to extend
the previous results on the existence of normalized ground states and the multiplicity of radial
normalized solutions. Furthermore, they address new issues, such as the monotonicity of the
ground state energy as a function of L? constraint constant or the existence of infinitely many
nonradial sign-changing solutions. In the last, they stressed that all of their results were obtained
only assuming that the nonlinearity f, as any function built on f, is continuous. Similar to the
results in [25], Bieganowski and Mederski [14] introduced a new view point to the problem of
the existence of ground state on S,, by searching a global minimum for the energy functional on

Pi={ue H @Y\ : 4l g, < mand P =0},
where
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_ N ~ _
P(u)::/|Vu|2dx—E/F(u)dx, S = ueHl(RN):/uzdx:m
RN RN

This interesting approach relies on stronger regularity assumptions and in particular the function
F needs to be of class C!. So the approach of [14] did not permit to recover the results of
[25] in full generality. For other relevant results on the normalized solutions of elliptic equation,
see [9,10,26]. When it comes to combined nonlinearities, the following works deserve to be
highlighted. Soave in [39] first studied the following nonlinear Schrodinger equation

—Au+ru=uP2u+pu?%u, in RV (1.5)

The author considered the existence and nonexistence of the normalized solution for equation
(1.5) with € R and combined power nonlinearities 2 < g <2 + 5 < p < 2% with 2* := A%NQ
if N >3 and 2* := 400 if N =1,2, where N > 1 and made ploneermg Work by using the
variational method and Pohozaev constraint. In particular, when 2 < g <2 + N < p < 2* the
author obtained the existence of two solutions (local minimizer and Moutain-Pass type) for
equation (1.5). Furthermore, the author got the orbital stability of the ground state set when

qg=2+ % < p < 2%, Later, Soave in [40] further studied the existence and nonexistence of the
normalized solution for equation (1.5) with u € R, p =2* = % and ¢ € (2,2*) where N >3
by using the similar technique in [39]. However, when 2 < g <2 + % < p = 2%, the author
obtained only the existence of local minimizer for equation (1.5). It is worth mentioning that the

existence of the second normalized solution (Mountain-Pass type) for equation (1.5) in N > 3 is
given by [24,46].

Nowadays, to our best knowledge, when p # 2, ¢ =0, f (u) is replaced by |u|'~2u, there are
few results on the following p-Laplacian equation
—Apu = Al u + |u| 2u. (1.6)

In particular, when lul'=2u is g(x, t) with g(x, t) is LP-subcritical in the sense that

g(x,1)
1m = =
|t|—>+oo |t]P~1

holds uniformly for x € RV, where p := %2 + p. Li and Yan [27] obtained the existence of
normalized ground state solutions. In [21], Gu et al. proved the existence of normalized ground
state solutions with a trapping potential for (1.6) in case of / = p. Recently, Zhang and Zhang
[48] considered the following p-Laplacian equation with a L?”-norm constraint:
{—A,,u:A|u|p_2u+ulu|q_2u+g(u), xeRVN, (1.7

fRN [ulP dx = a?,

where N> 1,a>0,1<p<qg<p, neR, ge CR,R). Assume that g is odd and L?-
supercritical. When ¢ < p and u > 0, using Schwarz rearrangement and Ekeland variational
principle, they proved the existence of positive radial ground states for suitable ;. When g = p
and u > 0 or ¢ < p and u < 0, with an additional condition of g, they proved a positive radial
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ground state if p lies in a suitable range by the Schwarz rearrangement and minimax theo-
rems. Via a fountain theorem type argument, with suitable u € R, they showed the existence
of infinitely many radial solutions for any N > 2 and the existence of infinitely many nonradial
sign-changing solutions for N =4 or N > 6. In addition, Baldelli and Yang in [7] were con-
cerned with the existence of normalized solutions to the following (2, g)-Laplacian equation in

all possible cases according to the value of p with respect to the critical exponent 2 ( 1+ %)
{ —Au— Agqu=>hu+ lulP~2u, xeRV,
5 5 (1.8)

Jrv lul?dx = c*.

In the L2-subcritical case, they studied a global minimization problem and obtained a ground
state solution. While in the L?-critical case, they proved several nonexistence results, extended
also in the L7-critical case. For the L?-supercritical case, they derived a ground state and in-
finitely many radial solutions.

Inspired by the above literature, we want to study the existence of normalized solutions to the
(p, g)-Laplacian equation (1.1) with L”-constraint. Under mild conditions on f € C(R, R), we
can introduce the C! functional

1 1
I(u) ::—/qu|de+—/|Vu|qu—/F(u)dx
pRN qRN RN

on E, where F(t) := f(; f(r)drt fort € R. For any ¢ > 0, we let

Se = ueE:/|u|pdx=c1’
RN

Obviously, solutions to (1.1) correspond to critical points of the functional / constrained to the
sphere S. if u is a solution to equation (1.1), then the following Nehari identity holds

/|Vu|pdx+/|Vu|qu+)»/|u|pdx=[f(u)udx. (1.9)
RN RN RN RN

Here by a ground state it is intended a solution u to (1.1) that minimizes the functional / among
all the solutions to (1.1):

dlls,u)=0 and I(u)=inf{I():dI|s,(v)=0}.

From [7], we also know that if u is a solution to equation (1.1), then u satisfies the following
Pohozaev identity

N-— N - AN
—p/|Vu|pdx+—q/|Vu|qu+—/|u|pdx=N/F(u)dx. (1.10)
P RN 1 RN P RN RN

Combining with (1.9), (1.10), we obtain that solution u satisfies
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P(u)=0,

N N N _
Pu) ::/|Vu|pdx+<———+1)/qu|qu——/F(u)dx
p q p
RN RN RN

and F(u) = f(u)u — pF (u).
To find the normalized solutions of equation (1.1), for given ¢ > 0, we identify the suspected
ground state energy

where

E.:= inf I(u), (1.11)
ueP,

where P is the Pohozaev manifold defined by
P.:={ueS.: Pu)=0}.
Throughout this paper, we introduce some relevant results about the Sobolev spaces. For p €
(1,00) and N > p, we define D!"P(R") as the closure of C{°(R") with respect to || V]|, :=
1
( f]RN |Vu|?P dx) 7. Let WP (R™) be the usual Sobolev space endowed with the standard norm

1
lull iy := (fgn [Vul? + |ul? dx)? . For equation (1.1), we introduce the working space E

endowed with the norm

Nl p.g := llullwrp®wyy + lullyro @y
Next, we need to give the well-known Sobolev embedding theorem and Gagliardo—Nirenberg
inequality.
Lemma 1.1. [/] Let N > p. There exists a constant S > 0 such that, for any u € D"?(RN),

—1
lall e < STHIVullp.

Moreover, WP (RN) is embedded continuously into L™(RN) for any m € [p, p*] and com-

pactly into L;'{’)C(RN)for any m € [1, p*), where p* := Np_

N—p-

Lemma 1.2. [3] The space E is embedded continuously into L™ (R™N) for m € [p, ¢*] and com-
pactly into L' (RN) form € [1, g*).

loc

Lemma 1.3. [2,37] The following results hold.:
(i) Let m € (p, p*). There exists a sharp constant Cy , > 0 such that

lwllm < Cxm IVl el o7, Yu e WHPRY), (1.12)

_N
Pl

where §8,, .= %
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(ii)) Let 1 <q < N and 1 < p <m < q*. Then there exists a sharp constant Ky ,, > 0 such that

m 1 m
lullm < KN mlIVullg lull, ™, VuekE, (1.13)

Ng(m—p)

where vy, 1= ING=p(N=T"

From Lemma 1.3, combining with the definition of energy functional I (u), we know that
pi= % + ¢ is mass critical exponent to equation (1.1).
Before stating the main results of this paper, we present our conditions on f.

(f1) limo ltf‘" LSO — 0 and limy— o

(£2) limy— o0 7 = +o00

(f3) t— T; ?Q is strictly decreasing on (—o0, 0) and strictly increasing on (0, 00).

(f) ()t < p*F(z) for all € R\{0}.

(fs) lim,_ f; Tj},j = t+o0.

£

[P =t

=0, where p < p*.

Conditions (f1) and (fy) show that (1.1) is Sobolev subcritical but mass supercritical. Hypothe-
ses (f3)-(fs) play a crucial role in ensuring the Lagrange multipliers are positive and guaranteeing
that certain bounded Palais-Smale sequences are strongly convergent up to a subsequence and up
to translations if necessary.

As an example of the nonlinearity that fulfills (f;)-(fs), setting oy, , = Wz_p), we get the
odd continuous function

_ OlN,p|t|O”v"'7 p—2
1) :=| pln(1 + |¢]*N-r) + ——uo | t|P ™t
f@® [pn(+|| )+1+|t|°‘N-p |7

with the primitive function F(r) := |¢|PIn(1 + |¢|*N-r).
Inspired by [8], we introduce some analytical techniques. To be more precise, for any u #

0 and s € R, let (s * u)(x) := e%u(esx) for almost everywhere x € R" and define the free
functional

| 1 ) ) Ns
W, (s) 1= (s % 1) = —eP | Vu |5 4+ 4@t D5 | vy |7 — ¢~ / F (e z u) dx
p q
RN

on E\{0}. We shall see that critical points of ¥, allow to project a function on the Pohozaev man-
ifold P,. Thus, the properties of W, strongly affect the structure of P., which will be reflected in
subsequent proofs.

The main results read as follows.

Theorem 1.4. Assume that 1 < p <q < N and f € C(R,R) satisfies (f;)-(fy). Then equa-
tion (1.1) admits a ground state for any c > 0 with the associated Lagrange multiplier X > 0.
Moreover, when f is odd, equation (1.1) admits a positive ground state for any ¢ > 0 with the
associated Lagrange multiplier A > 0.
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Theorem 1.5. Assume that 1 < p <q < N and f € C(R, R) satisfies (f)-(f3). Then the function
¢ +— E. is positive, continuous, nonincreasing and lim._, o+ E. = 4+00. Moreover, when f also
satisfies (fy) and (fs), the following results hold:

(1) E. is strictly decreasing in ¢ > 0.
(i1) lim— oo E. =0.

Remark 1.6. Let us explain the strategy for the proof of Theorems 1.4 and 1.5. First, we show
that the Pohozaev manifold P, is nonempty and the ground state energy E. > 0. Since P, con-
tains all the possible critical points of I restricted to S, Our main task is to show that E. is a
critical level of /|, . In this process, we try to construct a bounded Palais-Smale sequence of |,
at the level E. and deal with the lack of compactness. In particular, the compactness would be
proved with aid of the monotonicity of the function ¢ + E.. So the study of the behavior of the
function ¢ — E. arises as a fundamental problem. We will develop robust arguments which can
be used to treat other constrained problems in general mass supercritical settings.

Remark 1.7. To our best knowledge, it seems to be the first work on the existence of normalized
solutions for the (p, ¢)-Laplacian equation with general nonlinearities. Compared with [25,48],
the appearance of two differential operators with different growth will affect the geometry of the
problem. We need to introduce the new Pohozaev manifold and use new analysis tools to judge
the change of the energy of the (p, ¢)-Laplacian equation with respect to L”-constraint constant
c. In addition, compared with [7], we consider the general nonlinearity f, which satisfies weak
mass supercritical conditions. This leads us to estimate the Pohozaev equality and describe the
relationship between the general nonlinearity term and the local term in more detail.

Remark 1.8. Because of the unbounded domain, the main difficulty we encounter in proving the
existence of normalized solutions is the lack of compactness. Since the embedding E < L"(R")
is not compact with v € (p, ¢*). Then we need to rely on the monotonicity of energy E. to
equation (1.1) and some compactness lemmas to over this difficulty.

Compared with the conditions (f1)-(fs), inspired by [14], although we need F to be of C!-
class, the more general growth conditions are given as follows. We want to study the existence
of normalized ground state solutions from a different point of view than Theorems 1.4 and 1.5.

Theorem 1.9. Assume that 1 < p <q < N and f € C(R, R) satisfies
(g1) F'(u) are continuous and there exists C > 0 such that
IF'Ol<CuP~ + 117" forteR.

(gz) ]imsupm_)o % < +o00.

(g3) limy|o0 T = 00
(24) limy— o0 l%’) =0, where p < p*.

(g5) pF(t) < F'()t fort e R.
(g8) (P—p)F@) <F@t) <(p*—p)F()fort eR.
(g7) F (&) > 0 for some &y # 0.
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Then there exists u € M, such that E. := infaq, I > 0 and infp I =infpq, 1. Moreover, if f
is odd, then u € P, is a positive, radially symmetric normalized ground state solution to (1.1),
where

Me={ueA.:Pu)=0}, Ac:={uekE:|ulp=<c}.

Remark 1.10. Note that (g;) implies that / () and P (u) are of class C ! Furthermore, assuming
in addition (g3) and (gg) hold, F(u) > 0, F(u) > 0 for u # 0 and (g;) hold. Observe that (g,)
admits LP-critical growth of F'(u) close to 0, but (gz) excludes the pure L?-critical case. In
addition, (g4) excludes the Sobolev critical case.

In order to illustrate Theorem 1.9, we provide the following examples and properties with
regard to our assumptions (g;)-(g;). Suppose that f satisfies (g;)-(g7) and f is odd, e.g. F'(u) =
%|u|m with p <m < p*. Then f is of class C! on (—o0, 0) U (0, 0o) and note that f'(¢) > 0 for
some ¢ > 0. On the one hand, we assume for simplicity { = 1. Then we define f :R +— R such
that £(0) =0 and

u P i <1
J)= (@) if 7] > 1.

Hence F(u) = [, f(s)ds and F(u) = fwu — pEu) satisfy (g,)-(z). On the other hand,

we observe that I:“(u) =&|u|? + F(u), £ >0 and ﬁ_(u) = f(u)u — plj"(u) satisfy (g1)-(g7). In
particular, we can deal with the case of f(u) = &|u|?2u + |u|"2u, p <m < p*.

Remark 1.11. Compared with Theorems 1.4 and 1.5, we consider the minimization problem
on the closed L”-ball in E of radius ¢? (instead of the sphere S.) intersected with P in Theo-
rem 1.9, where P is introduced in (5.1). More precisely, we briefly sketch our strategy to prove
Theorem 1.9. First of all, we show that 7 («) is bounded away from 0 on M, and coercive on
M. Next, if {u,} C M, is a minimizing sequence, then by means of the profile decomposition
theorem, we will find a sequence of translations {y,} C RY such that u, (- + y,) weakly and a.e.
converges to a minimizer u of I on M. Consequently, by the standard compactness lemma and
the Schwartz symmetrization, we may find a nonnegative and radially symmetric minimizer. In
the last, we show that for any u € (A:\S.) NP, the crucial inequality holds infp, I < I (u). Thus
the minimizer u# of I on M, is achieved in P.. Moreover, by analyzing Lagrange multipliers A
and u for constraints S, and P respectively, we obtain that 4 = 0 and « is a normalized ground
state solution to (1.1).

Remark 1.12. From Theorem 1.9, we appropriately weaken the conditions of Theorem 1.1 in
[14]. In particular, we do not need the inequality in (gg) to be strict due to the effect of two
differential operators. We only need to make full use of the Pohozaev equality and Nehari-type
equality to calculate the energy of equation (1.1).

The remaining part of this paper is organized as follows. In Section 2, we show some prelim-
inary results and then study in Section 3 some properties of the function ¢ — E.. In Section 4,
we prove Theorems 1.4 and 1.5. Section 5 is dedicated to characterizing the relationship between
E. and E, and proving Theorem 1.9.
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2. Preliminary results
In this section, we prepare several technical results for the proof of our main results.
Lemma 2.1. Assume that 1 < p <q < N and f satisfies (f|). Then the following results hold.

(i) Forany c > 0, there exists § = §(N, ¢) > 0 small enough such that
: IVullh + : IVullg < 1) < 1|IV I+ 1||V ¥
R u e u = u)=— u - u
2p 14 2q q p P q q

forall u € A, satisfying ||Vu||ﬁ <38, where A, is defined in Theorem 1.9.
(ii) Suppose that {u,} is a bounded sequence in E. If lim,_,  ||u,|l5 =0, then

lim | F(up)dx=0= lim /F(un)dx.
n—oo n—oo
RN RN

(iii) Suppose that {u,}, {v,} are two bounded sequences in E. If lim, ., ||vs|l5 =0, then
lim / fup)v,dx =0.
n—>oo
RV

Proof. (i) On the one hand, we observe that

| [ IR [ I
L) =—|Vulp + —Vullg = [ Fw)dx < —[Vul, + —Vullg. 2.D
p q o P q

On the other hand, using (f1), there exists C¢ > 0 such that | F(¢)| < €|t|’3 + C€|t|1’* forallr e R,
where € > 0 is arbitrary. For any u € A, by Lemma 1.1, (1.13), one has

[ 1Falax < et + Celui:

]RN
— a p
< eKn ;| VulldcP YD) 4 C. ST || Vull,) "

Then

1 1 o _N_ Ne
1(u>z;nwn%gnwnz—eKN,,anwnzc"“ V) — CeSTN ||V, "

172

1 N 1 S(1—vs
= (— —CeS™ W7 ||Vu||5"’) IVl + (— - eKN,ﬁcP“W) IVl
p q

So we take €, § small enough, so that
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1 p 1 q
L) = —[[Vulp + 5 Vullg. 2.2
2p 2q

Combining with (2.1), (2.2), we know that (i) holds. B i
(ii) Using (f}), there exists D, > 0 such that |F (u)|+ | F(¢)| < €|t|” + D¢ |t|1’*, which implies
that

/ |F )|+ |F(u)|dx < EIlullﬁ* + De||u|I§~
RN
By the boundedness of {u,}, lim,_ |lu#,||5 = 0 and the arbitrariness of €, we infer that (ii)

holds.
(iii) Using (f}), there exists D, > 0 such that | f (u)| < €|u|”"~' 4+ D¢|u|P~". Thus

*—1 p—1

PF

/|f(”n)||vi1|dx§€ /|”n|p*dx '||vn||p*+De /|un|ﬁdx lvall 5
RN N N

It follows from the boundedness of {u,} and {v,}, lim,_« ||v, || 5 = O and the arbitrariness of €
that

lim /f(u,,)vndxzo.
n—oo
RN

Hence (iii) holds. O

Lemma 2.2. Assume that 1 < p <q < N and f satisfies (f;) and (f;). For any u € E\{0}, one
has

(i) W, (s) = 0" ass — —oo.
(i) Wyu(s) > —ooass — +oo.

Proof. (i) Since s xu € S; C A; and
IV(s x5 =eP | Vullh, V(s xuwd=ePtDs|vud,

by Lemma 2.1(i), it follows that
1 ps p 1 (84+1)s q 1 s p 1 (84+1)s q
—eP | Vullp 4+ z=e? T | Vully < I(sxu) < —eP* | Vullp + —e? || Vully
2p 2q p q

as s — —o0. Therefore, lim,_, o, ¥, (s) =07,
(ii) For any A > 0, we define a function g, : R — R as follows:

0 TR A m, forr#0,
Eull) = ", fort =0.
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Obviously, F(t) = g, (t)|t|ﬁ — ;L|t|f’3 for all r € R. Moreover, it follows from (f;) and (f;) that
gy 1s continuous and

gu() — +oo ast— oo.

Hence we take u > 0 large enough such that g, (¢) > 0 for any € R. Then

Ns -

lim <67u) ul? dx = 4o00.

§—>+00 8u | | +
]RN

Since when s — 400,

1 1 5 p
‘I’u(S)=;|IV(S*M)II§+;IIV(S*M)IIZ+M||S*M||§—/gA(S*u)IS*Mlpdx

RN
ePs 1 = Ns -
= S ivuly+ O | 9t - [ o (e ) iPax |.
RN

we deduce that W, (s) > —oo as s — 4+00. 0O

Lemma 2.3. Assume that 1 < p <q < N. If f satisfies (f})-(f3), then

f@®)t>pF(t) forallt+#0.

Proof. We divide the proof of Lemma 2.3 into five steps.
Step 1. F(¢) > O for any ¢ # 0. If there exists #y # O such that F'(#p) < 0, then by (f;) and (f2),
@)

the function IIVIT reaches the global minimum at some #; # O satisfying F(#;) <0 and

[M] _ fwn —pF@t) _

|t|ﬁ t=1 |t1|ﬁ+15ign(tl)

In addition, it follows from (f}) and (f3) that f(z)t > pF(¢) for any t # 0. So

0< fn —pFt)=((p—pF) <0.

This is impossible. Hence F () > O for any # # 0.

Step 2. There exists a positive sequence {7, } and a negative sequence {7, } such that |t,f| -0
and f (t,ft)t,;t > pF (tj:) for each n > 1. We mainly focus on the positive case since the negative
case is similar. If we suppose that there exists f, > 0 small enough such that f(¢)t < pF(¢) for
any t € (0, 12]. Based on Step 1, we deduce that

F(t) F(
Fo > ) 0 foralls e 0, 2].
tP p

lh
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Observe that lim;_ F(—t ) —

Step 2.

Step 3. There exists a positive sequence {,/} and a negative sequence {t, } such that |t,jt| —
+o0 and f(t;F)t;F > pF(z;F) for each n > 1. Since the two cases are similar, we only need to
show the existence of {t;r }. Assume by contradiction that there exists #3 > 0 such that f(#)r <
pF(t) for any t > t3. Then

=0 by (f1). This is a contradiction. Hence we complete the proof of

F() _ F(3)
117 = |t3]P

< +oo forallt > 13,

which contradicts with (f2). So the sequence {z,'} exists and the proof of Step 3 is completed.

Step 4. f(¢t)t > pF(¢) for any t # 0. We can assume by contradiction that there exists a t4 7~ 0
such that f(t1)t2 < pF(t4). Without loss of generality, we can further assume that 74 > 0. Based
on Step 2 and Step 3, there exist 1, 70 € R such that 0 < 71 < 14 < 12,

f()t < pF(t) forallte (t1, 1) 2.3)
and

f@®)t=pF() whent=r1, 1. 24
On the one hand, by (2.3), we get

F (1) F(fz)
|71 |? Ileﬁ '

2.5)

On the other hand, it follows from (2.4) and (f3) that

F) _ 5o pF@ 5 Fo)  F@)
|T11? |1 1P l?  nl?’

which contradicts with (2.5) and hence the proof of Step 4 is completed.
Step 5. f(t)t > pF(t) for any t # 0. Based on Step 4, the function LA nonincreasing

|17
on (—oo, 0) and nondecreasing on (0, 0o). Then in view of (fs), the function | tf ,S’)l

is strictly
increasing on (—o00, 0) and (0, co). For any ¢ # 0, we infer that

@)

1P~

t
ﬁF(t):ﬁff(s)ds<ﬁ /II” Yds = fy
0

and this proves Step 5.
From Steps 1-5, we complete the proof of Lemma 2.3. O

Lemma 2.4. Assume that 1 < p <q < N and f satisfies (f1)-(f3). For any u € E\{0}, the fol-
lowing results hold:

(1) There exists a unique s, € R such that P (s, *u) =0
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@) W, (sy) > W, (s) for any s # s,. In particular, ¥, (s,) > 0.
(iii) The mapping u +— s, is continuous in u € E\{0}.
(iv) Su(+y) =58y foranyy € RY, If f is odd, then one has s.,, = sy.
Proof. (i) Since
ePs eq(8q+1)s Ns
W (s) = —1Vullh + S——|Vull§ — ™ / F (e u)dx,
14 q

RN

we easily find that I (s  u) is of class C' and by direct calculation,

d N _ / Ns
d—\lfu(s) - el’s||Vu||£ + (84 + l)eq(8q+1)S||Vu||Z — —e N / F (e P u) dx = P(s xu).
s p

RN
From Lemma 2.2, we know that
lim W,(s)=0" and lim W,(s)=—oo0.
§—>—00 §—> 400

Hence W, (s) reaches the global maximum at some s, € R and then

d
P(s, xu)= 75

W, (s) = 0.
Su

To prove the uniqueness of s,,, we define a continuous function # : R — R as follows:

h(t):={ 11?7’ forz #0,
0 fort =0.

Moreover, it is not difficult for us to see that 4 is strictly decreasing on (—o0, 0] and strictly
increasing on [0, o). Then F(¢) = g(¢)|t|? for all t € R. It follows that

N Ns =
P(s % u) = e | Vu ||} + e90a+Ds (8q+l)||Vu||Z——/h(e , u) \u|? dx
p
]RN

Ns
Obviously, for fixed ¢ € R\{0}, the function ¢ — h (67t> is strictly increasing by (f3). So we

conclude that s, is unique.

(ii) Based on (i), by Lemma 2.2, we know that W, (s) reaches the global maximum at s,,, s,
is unique and W, (s,,) > 0. Therefore W, (s,) > W, (s) for any s # s,,.

(iii) Based on (i), we find that the mapping u > s,, is well-defined. Let u € E\{0} and {u,} C
E\{0} be any sequence such that u, — u in E. Denoting s, :=s,, for any n > 1, we only need
to prove that up to a subsequence s, — s, as n — o0. First of all, we claim that {s,} is bounded.
Recall the continuous coercive function g, defined by Lemma 2.2. It follows from Lemma 2.3
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that go(t) > O for any 7 € R. Using the Fatou’s lemma and the fact that u,, — u # 0 almost
everywhere in RY, we deduce that

Nsp -
lim £0 (eTMn) [, |? dx = +o00.

n—>ooRN
Then from (ii), we obtain that
0< e~ 40q+Dsn W, (s)
= S 15t~ [ o (¢F ) P oo, PO
RV
which is a contradiction and the sequence {s,} is bounded. In addition, by (ii), one has
W, (sp) > Wy, (s,) foranyn>1.
Since s, * u, — s, *u in E, it follows that
Wy, (sp) = Wy (su) + 0n(1).
Hence
liminf W, (s,) > W, (s,) > 0. 2.7
n—>00

Using the fact that {s, * u,} C A, for ¢ > 0 large enough,

IV (s *un)llp = e [ Vuy, l
and (2.7), in view of Lemma 2.1(i), we obtain that {s, } is bounded from below. Then there exists
a sy € R such that s, — s1. Since u, — u in E, we get s, *x u, — s1 *u in E. On the other hand,
P (s, *u,) =0 for any n > 1, it follows that P(s; * u) = 0. Based on (i), we find that 51 = s,

and (iii) is completed.
(iv) For any y € RY, Note the fact that

P(sy*xu(-+y))=P(s, xu)=0.
So it follows from (i) that s, (.+y) = s,. In particular, if f is odd, then
P(sy * (—u)) = P(—(sy *xu)) = P(sy *xu) =0,
which yields that s, =s,. O
Lemma 2.5. Assume that 1 < p <q < N and f satisfies (f})-(f3). Then
1) P.#0.

72



L. Cai and V.D. Ridulescu Journal of Differential Equations 391 (2024) 57-104

(i) inf,ep, [|Vull, > 0.
(iii) inf,ep, I (u) > 0.
(iv) 1 is coercive on P, namely, I (u,) — 400 for any {uy} C Pe with ||lu, || p,q — oo.

Proof. (i) It follows from the definition of P, and Lemma 2.4(i) that P, # @.

(ii) If there exists {u,} C P, such that |Vu, ||, — 0, then P(u,) =0 as n — 00. On the other
hand, similar to the proof of Lemma 2.1(i), we obtain that for n large enough,

1
P(up) = ZIIVWIIZ > 0.

Combining with the above two aspects, we know that this is a contradiction and inf, cp, [|Vull, >
0.
(ii1) For any u € P, it follows from Lemma 2.4(i)(ii) that

I(w)=v,0)>Y,(s) forallseR.

Let § > 0 introduced by Lemma 2.1(i) and 5 := In (HVSTH,;) Then using |V (s % u)|, = 6 and
Lemma 2.1(i), we infer that

5 1 S p L &
I(u) = Wy (5) = gIIV(S*u)Hp: 55 .

Therefore, the proof of (iii) is completed.
(iv) We assume by contradiction that there exists {u,} C P, such that |u,|p 4, — o0,
sup,,>1 I (un) < d for some d € (0, +00). Without loss of generality, we further assume that

P
5T

IVunlly”™ > [IVun |y — +oc.
For any n > 1, we set

Sp

TG+ D)

In(||Vu,lly) and @, := (=3,) * u,.

Obviously, 5, — 400, {w,} C S¢, [V, llp <1 and |[Vaw,llg =1 forany n > 1. Let

p:=limsup | sup / |wn P dx
n—oo | yeRN
B(y,D)

In the following argument, we distinguish the two cases: p > 0 and p =0.
Case 1. p > 0. Up to a subsequence, there exists {y,} C R and @ € E\{0} such that

opi=wp(-+y))— v IinE
and
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on — @ ae. inRY.

Since 5, — o0, it follows from the continuous coercive function g,,, Lemma 2.3 and the Fatou’s
lemma that

. Nsp _ _ -
lim £0 <e P a)n) |, |P dx = +o00.
n—>0oo

RN

Hence in view of (iii), we deduce that

0 <e 1ty () = =10t Dy, (5,)

1 5, | Mo p
< —eP=q0+S 4 — / £0 <e p wn> |wn |P dx

p q
RN
1 - 1 Nép _
= —ePm40+ D 4 — f 80 (e , wn> |@on|P dx
p q
RN
— —OQ.

This is impossible. .
Case 2. p = 0. In this case, using Lemma I.1 in [29], we see that w,, — 0 in L?(R¥). Then it
follows from Lemma 2.1(ii) that

Ns
lim e_NS/F(e7a)n)dx:0 for any s € R.

n—o0

RN

Moreover, it follows that P (5, * w,) = P(u,) =0 and Lemma 2.4(i)(ii) that for any s € R,

d>1(up)= lIqu,, (Sp) = \ij,, (s)

1 Ns 1
> — 103 Y, |4 — &N / F(e? wy)dx = —elCtDs 1o (1),
q q
RN

In(gd)
q(8g+1)

Clearly, this leads a contradiction for s > . Thus I is coercive on P.. 0O

Remark 2.6. From Lemma 2.5(iv), suppose that 1 < p < g < N and f satisfies (f;)-(f3). For
any sequence {u,} C E\{0} such that

P(uy) =0, supllu,llp, <+oo, and supl(u,) < +oo.

n=1 n>1
Then we know that {u,} is bounded in E.
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3. The behavior of the function ¢ —~ E,
When 1 < p <g < N and f satisfies (f1)-(f3), for given ¢ > 0, it follows from Lemma 2.5
that the infimum E, is well defined and strictly positive. Next we will prove that E. is continuous

and nonincreasing in ¢ > 0.

Lemma 3.1. Assume that 1 < p <q < N and f satisfies (f1)-(f3). Then the function c — E. is
continuous at each ¢ > 0.

Proof. The result of Lemma 3.1 is equivalent to prove that for a given ¢ > 0 and any positive
sequence {c,} such that ¢, — ¢ as n — oo, one has lim,_, E., = E.. Then we first claim that

limsup E, < E,. 3.1

n—oo

For any u € P., we define

c
Up'=—-uesS., neNT,
C n

Then u, — u in E. Combining Lemma 2.4(iii), we deduce that lim,_, o Sy, = 5, = 0 and
Sy, ¥Uy = Sy xu=u inEasn— oo,

which implies that

limsup E., <limsup W, (s,,) =1().
n— oo n—o0

Observe that u € P, is arbitrary, hence (3.1) holds.
Next we show that

liminf E., > E.. (3.2)
n—oo

For each n € N T, there exists v, € P, such that

1
I(vn) < Ee, + —. (3.3)

Denoting
1
cP\ N _ .
t, = (3) and v, :=v, <E> IS
it follows from Lemma 2.4 and (3.3) that
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E. < W3, (s3,) < Wy, (s5,) + | W5, (53,) — Wy, (53,
< 1I(vy) + | W5, (s5,) — W, (53,)

1
<E,+ - + |3, (s5,) — Wy, (s3,)

1 _
=E., +-+ Cn,
n
where C,, := | ¥y, (s3,) — Wy, (s3,)|. Obviously, if
lim C, =0, (3.4)
n—>oo

then (3.2) holds. Noting that s (1 (3)) = (s * u) (), we deduce that
- 1 _ 1 _
Gy ='; (87 = 1) IV G, ol + (™7 = 1) IV G, )

- (t,ﬁv - 1) / F(sg, % vn) dx

RN
1 N—p p 1 N—q q
< — |7 =1 VG, # vl + = | = 1] 1965, % w0l
p q
+ r,ﬁv—l(-/|F(sﬁn*vn)|dx
RN
1 - 1 -
:; t,{v p—]‘An‘i‘; lyllv q_l‘Bn‘i‘ t,iv_l"cnv

where

An =11V (3, x vy, Bai=1V(sy, *va)lg, and C,:= / |F(s5, * va)|dx.
RN

From t,, — 1 as n — o0, we find that (3.4) is reduced to show that

limsup A4, < +oo, limsupB, <+oco and limsupC, < +o0. 3.5)

n—0o0 n—00 n—00

To verify (3.5), we prove below three steps in turn.

Step 1. The sequence {v,} is bounded in E. It follows from (3.1) and (3.3) that
limsup,,_, o, I (v,) < E.. Since v, € P;, and ¢, — ¢, based on Remark 2.6, we see that Step
1 is completed.

Step 2. The sequence {©,} is bounded in E, and there exists {y,} C R" and v € E such that up
to a subsequence v, (- + y,) — v # 0 almost everywhere in R¥. Indeed, by the fact that 7, — 1
and Step 1, we infer that {v,} is bounded in E. Set
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0 :=limsup | sup / |0, |P dx
n—o0 yERN
B(y.1)

Then we only need to exclude the case of p = 0. If p =0, then by Lemma L.1 in [29], we get
v, — 0in L?(R"). Consequently,

1o ll2 = 150 )1 = 1, 15115 — 0.
Combining Lemma 2.1(ii) with that P(v,) = 0, we deduce that
p g _N 2
IVupllp + (8 + DIIVunllg = o F(vp)dx — 0. (3.6)
RN

On the other hand, similar to the proof of Lemma 2.1(i), we obtain
1 p
P(vp) > ZIIanIIp >0

for n large enough, which along with (3.6) yields that 0 = P (v,) > ﬁ Vv, ||£ > 0 for n large
enough. This is impossible. So we complete the proof of Step 2.
Step 3. limsup,,_, o, 55, < +00. We assume by contradiction that

s, = +00 3.7
as n — +00. On the one hand, using Step 2, we see that up to a subsequence,
Ua(-+y) > v#£0 ae. inRY. (3.8)
On the other hand, it follows from Lemma 2.4(iv) and (3.7) that
S5y (-4yn) = S5, —> 00, 3.9
which along with Lemma 2.4(ii) implies that
L (55, (4y0) * Uk (- + y1)) = 0. (3.10)
Combining (3.8), (3.9) and (3.10), similar to (2.6), we can obtain a contradiction and Step 3 is

completed.
Now, from Steps 1-3, we find that

limsup ||s3, * vy ||g < +00,
n—00

which along with the conditions (f}), (f2) yields that (3.5) holds. So the proof of Lemma 3.1 is
completed. O
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Lemma 3.2. Assume that 1 < p <q < N and f satisfies (f1)-(f3). Then the function c — E. is
nonincreasing on (0, 0c0).

Proof. The result of Lemma 3.2 is equivalent to that for any ¢; > ¢ > 0 and any arbitrary € > 0
one has

Ee, <E., +e. (3.11)

By the definition of E,, there exists u € P, such that
€
I(u)5E02+§. (3.12)

Suppose that y € C(° (RV) is radial and satisfies

1, lx] <1,
y(x)=4¢€l[0,1], |x] € (1,2),
0, x| >2.

Then for any small § > 0, we define us(x) = u(x) - y(6x) € E\{0}. Noting that us — u in E as
5§ — 0T, by Lemma 2.4(iii), one has limg_, o+ s,; = s, = 0. It follows that

Sus kUs —> Sy *uU=1u inEasd—0".
Then we can take a § > 0 small enough such that

I (suy * us) < 1(u) + Z 3.13)

In addition, we take x € CS°(R™) such that supp(x) C B (0, 1 + %) \B (0, ;—‘) and set

1
e A
X=l——5] x

Ixlh

For any v <0, we define w, := us + A * v. Noting that

supp(ug) Nsupp(v * x) =0,
we have w, € S;,. Now we claim that s,,, is bounded from above as v — —oo. Indeed, we
assume by contradiction that |s,, | — +00. Observe that I (s, * w,) > 0 by Lemma 2.4(ii) and

that w, — us # 0 almost everywhere in RY as v — —oo. Similar to (2.6), we can obtain a
contradiction. That is, the claim is true. Next, since

Sy, FV—> —00 asv— —oQ,
we deduce that
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IVI(sw, +v) % X1p =0, [IVI(sw, +v) % Xx1lg — 0 and (s, +1)*0—0 in LP(RY).

Then it follows from Lemma 2.1(ii) that

[((sw, +v) % %) < Z (3.14)

for v < 0 small enough. In the last, in view of Lemma 2.4(ii), (3.11), (3.12) and (3.13), we get

E. =< I(Swv * Wy) = I(swv *ug) + I(Swu *(V* X))
< I(sus *us) +1((sw, +v)*X)
€
SI(M)+ESE62+E
Hence (3.10) holds and the proof of Lemma 3.2 is completed. O

Lemma 3.3. Assume that 1 < p < g < N and f satisfies (f})-(f3). If there exist u € S and A € R
such that

—Apu — Agu+ AulP2u = f(u)

and I (u) = E,, then E. > E; for any ¢ > c close enough to c if A > 0 and for each ¢ < c near
enough to c if A <O.

Proof. Forany t > 0 and s € R, we set u; 5 := s * (tu) € S¢;. Define
1 1 ) . Ns
alt,s) = 1(us) = —teP [ Vulj + 191005 vy |§ — e~ / F(te ’ x) dx.
p q B
By direct calculation, it is clear that

0 . . Ns \ Ns
ga(t,s) =tp71eps||Vu||§ + 19714 Gq s IVulg —e ™ / f (t » u)e P udx
RN
:till/(ut,s)ul,s-
When A > 0, combining the fact that u; ; — u in E as (¢, s) — (1, 0) and that
I'(wyu = —Allully, = —rcP <0,

we can fix a § > 0 small enough such that
ad ~ .~
Ea(t,s) <0 forany (t,s) € (1,14 8] x [-3, §].

It follows from the mean value theorem that
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a(t,s):a(l,s)+(t—1)'%a(§,s)<a(1,s), (3.15)

where 1 <¢ <t <1+ § and |s| < 8. From Lemma 2.4(iii), one has s, — s, =0ast — 11.1In
particular, for any ¢ > c¢ close enough to ¢, we choose

t:= ¢ € (1,1+(§] and s :=usy, e[—S,S]_
c

In view of (3.15) and Lemma 2.4(ii), one has

Ez:<a(t,sy) <a(l,syy) =105, xu) <I(u)=E,..
The case of A < 0 can be discussed similarly. So the proof Lemma 3.3 is completed. O
Lemma 3.4. Assume that 1 < p < q < N and f satisfies (f,)-(f3). Then E. — +00 as ¢ — 0T,

Proof. From the result of Lemma 3.4, it is sufficient to prove that for any sequence {u,} C E\{0}
such that

P(u,)=0 and lim [lu,|, =0,
n—oQ
one infers that I (u,) — +00 as n — 0o. Denote

Spi=In([Vuullp) and 0, := (=5,) *u,.

Obviously, [[Vd,ll, =1 and |8, = llunll, — 0. Noting that 3, — 0 in LP(RY), using
Lemma 2.1(ii), we obtain that

Ns
lim e~ N* / F(eTQn) dx =0 foranys eR.

n—oo

RN

Combining the fact that P (S, * 0,,) = P (u,) = 0, Lemma 2.4(i),(ii), we derive
I(up) =1 (8 % 0n) = I (s % 0p)
1 Ns 1
> —ePs — NS / F (e [ ﬁn) dx = —eP +0,(1),

p p
which yields that I (u,) — 400 due to the arbitrariness of s € R. We complete the proof of
Lemma3.4. O

Lemma 3.5. Assume that 1 < p < q < N and f satisfies (f)-(f3) and (fs). Then E. — 0 as
¢ —> 0.
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Proof. Fix u € S{NL®(RY) and set u. :=c-u € S, forany ¢ > 1. It follows from Lemma 2.4(i)
that there exists a unique s, € R such that s, x u. € P.. In addition, F is nonnegative by

Lemma 2.3. Then
1 o bs po L g a4 q
0<E;<I(scxuc) < —cle?||Vul + —c?e? 5% || Vu|y.
p q
Now we only need to show that
lim cPeP’ =0.
c—> 00

Since P(s. * u.) =0, it follows that

N _ ¢ Nsc
e[ Vel + (8 4 Ded OtV | Vu|§ = —e~ N / F (e uc) dx,
p
RN

which along with the definition of / yields that

(3.16)

N - Nse 5
C.Depsz:”VMHg + (5q + l)cng(éq—&-l)scnvunz = P pd(@qtDse f h (c e P u) lu|? dx
p

]RN
This means that
N - Nsc -
6+ DIVull? < —chh(c-e Fu) l? dx
p BV
and thus

. Ns¢
limc-e?» =0
c—> X

(3.17)

Finally, in view of Lemma 2.3 and (f5), there exists § > 0 small enough such that F(t) > ( p—

pYF(t) > e |t|1’* for any |7| < 5. Based on P (s, * u.) =0 and (3.17), we derive

: , N - Nsc
cPePSe||Vullh + (8, + 1)efedCatse | vy ||f = — . =N / F (c e’ u) dx
p B
N Nsc *
> Dl Nse oo ||u||§*,
p

which implies that (3.16) holds. Thus the proof of Lemma 3.5 is completed. O
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4. Proof of Theorems 1.4 and 1.5

In this section, in order to establish the existence of ground states to (1.1), we need to construct
a Palais-Smale sequence for the constrained functional /|, at the level E.. Inspired by [20], we
give the following technical result.

Definition 4.1. Let B be a closed subset of a metric space X. We say that a class G of compact
subsets of X is a homotopy stable family with closed boundary B provided

(i) every setin G contains B.
(ii) for any set A € G and any homotopy n € C([0, 1] x X, X) that satisfies n(z, u) = u for all
(t,u) € ({0} x X)U ([0, 1] x B), one has n({1} x A) € G.
We remark that the case B = ¢ is admissible.
Inspired by [8], we introduce the free functional U:E \{0} - R,
PSu q(8g+1)su Nsu
o IVullf + S Vull§ — N / F (e u) dx,
p q
RN

W(n) = 1(s, *xu)=

where s, € R is the unique number guaranteed by Lemma 2.4. Moreover, inspired by [43,44],
we find W is of class C! and

d\il(u)[go]zeps“/|Vu|p72VuV<pdx+eq(8”'+l)S“/qu|q72VuV<pdx
RN RN

—eiNS“/f(e%u)e%gadx
RN
=dI (sy * u)sy * ¢]

for any u € E\{0} and ¢ € E. In addition, for given ¢ > 0, we define the constrained functional
J =Vl : S, — R.
Clearly, the functional J : S, — R is of class C! and
dJ w)lpl = dW@)lp] = dI (su * u)lsu * ¢]
forany u € S; and ¢ € T, S.. Then we have the following result.

Lemma 4.1. Assume that G is a homotopy stable family of compact subsets of S.(with B = )
and set

E. g := inf max J(u).
g Xeg ue/i( @)
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If E. g > 0, then there exists a Palais-Smale sequence {u,} C P, for the constrained functional
I|s. at the level E. g. Moreover, when f is odd and G is the class of all singletons included in
S¢, we have ||lu,; ||, — 0, where u™ stands for the negative part of u.

Proof. Suppose that {A,} C G is an arbitrary minimizing sequence of E. g. By Lemma 2.4(iii),
we define the continuous mapping

n:[0,1] x S =S¢, nt,u)=_(ts,) *u

satisfying (¢, u) = u for all (¢, u) € {0} x S.. It follows from the definition of G that

D, =n,(1,A,) ={s, xulu e A,} €G.

Obviously, D, C P, for every n € NT. Moreover,

max J =maxJ — E. g
Dl‘l An

and thus {D,} C G is another minimizing sequence of E. g. Applying Theorem 3.2 in [20], we
obtain a Palais-Smale sequence {v,} C S; for J at the level E. g such that distg (v,, D,) — 0
as n — o0o. Denote u, :=s,, * v,. Now we claim that there exists C > 0 such that e 75w < C
_ IVulip
T IVually”
{IIVuy| »} is bounded from below by a positive constant. In addition, since D,, C P, for every n,
we deduce that

for every n. Observe that e~ 75w

From {u,} C P, and Lemma 2.5(ii), we see that

max [ = n})axj — E.g.

D}l n

In view of Lemma 2.5(iv), we find that {D,} is uniformly bounded in E. On the other hand,
it follows from distg (v, D) — 0 that sup,, [|Vv, ||, < co. Combining the above argument, we
know that the claim is true. Note that

I(up) = J(up) = J(vy) > E.g.

Then it is sufficient for us to prove that {u,} is a Palais-Smale sequence for I on S.. For any
Y € Ty, Sc, we can easily obtain that (—s,,) * ¥ € T,, Sc. By the boundedness of e~ 7%, there
exists C > 0 such that

I(=su,) * ¥llE < ClIYIlE.

Then denoting by || - ||« the dual norm of (7, S.)*, we have
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T (un)llu, = sup |1 (un) V]l
YeTy, Se, I¥le<1
= sup |d1(5vn * V)85 % ((—=5,) *¥)]|
weTunSm”‘p”Efl
= sup |dJ (n)[(=sy,) * V]
Yely, S, I¥Ie<1
< NdJ W)l - sup 1(=$n) * ¥lip.q

Ve, Se, I¥lle<1

< ClldJ )l v, 4>

which along with the fact that {v,} C S, is a Palais-Smale sequence of J yields that
1A () 1, — O.

In the last, we observe that the class of all singletons included in S, is a homotopy stable
family of compact subsets of S.(with B = ). if f is odd, then by Lemma 2.4(iv), J (u) is even.
Based on the above argument, we take a minimizing sequence {A,} C G, which includes non-
negative functions and the sequence {D,} also has this property. Combining distg (v,, D,) — 0O,
we can find a Palais-Smale sequence {u,} C P, for I|s, at the level E, g satisfying the property

ey 15 = lsw, * vy 1 = llvy Il = 0.
Hence the proof of Lemma 4.1 is completed. O

Lemma 4.2. There exists a Palais-Smale sequence {u,} C P. for the constrained functional I|s,
at the level E.. When f is odd, we have |lu, ||, — 0 as n — oc.

Proof. In view of Lemma 4.1, by E. > 0, we only need to show that E,. g = E.. Indeed, note
that

E.c = inf max J = inf I (s, *u).
g AeG ueA @ UEeS, (5u % 10)

On the one hand, for any u € S., we get I(s, * u) > E. by s, x u € P,, which implies that
E. g > E.. On the other hand, for any u € P, we have s, =0 and thus I (u) =1(0*xu) > E_ g,
which yields that E. > E. g. Combining the above aspects, we know that the proof of Lemma 4.2
is completed. O

Lemma 4.3. Assume that {u,} C S; is any bounded Palais-Smale sequence for the constrained
functional I|s, at the level E. > 0, satisfying P(u,) — 0. If (f;) holds, then there exists u € S,
and ) > 0 such that, up to the extraction of a subsequence and up to translations in RN, u, — u
strongly in E and

—Apu — Agu +AulP2u = fu).
Proof. Since {u,} C S is bounded in E, we can obtain the existence of limits to ||Vu,|| Z,
IVullf, fgv F(un)dx and [gy f(un)un dx. Applying Lemma 3 in [13] and the condition that

ldI (un)lu, «» we deduce that
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—Apity — Agity + A lun P21y — fuy) — 0 in E¥,

where

1
o= f F )it dx — [V |12 — | Vit 4
N

Since A, — A for some A € R, we get

_Apun('+Yn)_Aq“n("")’n)+)\|un('+)’n)|p_2un('+)7n)_f(un(‘+)7n)) —0 inE* (4.1)

for any {y,} C RY. Now we claim that {u,} is non-vanishing. Indeed, we assume by contradic-
tion that {u,} is vanishing. Then applying Lemma I.1 in [29], we derive u,, — 0 in LP(RM).
Combining with Lemma 2.1(ii) and P (u,) — 0, we get f]RN F(u,)dx — 0 and

N [ _
IVl + @ + DIy = Pl + / Fun)dx — 0.
RN

Hence E. =1lim,,_, « I (u,,) = 0, which contradicts with E. > 0. So the claim is true. That is,
{u,} is non-vanishing, up to a subsequence, there exists { y,{} c R" and u' € A.\{0} such that
u, (- + y,i) —~ulin E, u,(- + y,}) —u'in LY (RN) for any v € [1,¢*) and u, (- + y,ﬁ) — u!

loc
almost everywhere in RY . Then with the aid of Lemma A.I in [12] and compactness Lemma 2

in [41], one infers that

Jim [ [Lf 4 ) - Faie| s
RN

< l¢ll oy lim / | £+ ) = fh)] dx =0
supp(¢)

for any ¢ € C(‘)’O(RN). So by (4.1), we know that 1! satisfies
—Apu' — Ay F A 1P2ut = ft). 4.2)

Similarly, P(u') =0. Let v! :=u, —u'(- — y)) for every n € N*. Tt results that v} (- + y!) — 0
in E and

: 1 1 1P : P 1P
¢ = lim vy +y) +u' Iy = lim (oI5 + ' 15, 43)

Similarly,

lim F(u,,(-+y,§))dx=/F(u1)dx+ IEI;O/F(U,{(-+y,1))dx.

n—oo

RN RN RN
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In addition, by [4], we obtain that

i 1
e
14

i
L
1

i
+ lim | V()
1 n—>oo

lim Hv (v;(- +yh+ ul)
n—oo
where i = p, q. It follows that
Ec= lim I(uy) = lim I(u,(-+ )
=T+ lim T (+y) =1@w") + lim 1().
n—00 n—oo

Next we claim that lim,_, I(v,ll) > 0. Otherwise, lim,_ I(v,ll) < 0. Then {v,ll} is not-
vanishing. So up to a subsequence, there exists a sequence { y,%} c R¥ such that

lim v} 1P dx > 0.
n—oo

B(y2.1)

Based on the fact that v} (- 4+ y}) — 0 in LﬁC(RN), one has |y2 — y!| — oco. Therefore, up to a

subsequence, there exists u? € A:\{0} such that v,i(~ + y,%) —u?in E. Then
un-+yH=vl+yH+u'¢ =y +yH —~u®> mE.

Similarly, we also obtain that Pw?) =0and I (4?) > 0. Set
2 .
vy = vy — WG = D) =g — Yl (= 3.
j=1
Consequently,
0> lim I(v))=1@? + lim I(v?) > lim 1(v?).

n—0oo n—od n— o0

We can continue this way to obtain an infinite sequence {uk } € A:\{O} such that P(uk) =0and

k

DoIVel i < lim [Vl < 400
1 n— oo

J:

for any k € NT. This is impossible since similar to the proof of Lemma 2.1, we see the fact
that there exists a 6 > 0 such that ||Vul|, > é for any u € A:\{0} satisfying P(u) = 0. Thus
lim;— o I(v},) > 0. In the following, we set ¢ := flue! I, € (0, c]. It follows from lim,, _, o I(v,lz) >
0, u' € P; and (4.4) that
E.=I1uh+ lim I(v)>1@w") > E;.
n— o0

Then using Lemma 3.2, one infers that
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IuY=E;=E. lim I(v))=0. 4.5)
n—00

Combining (4.2), (4.5) and Lemmas 3.2, 3.3, we deduce that A > 0. Based on (fs), it follows
from P(u!) =0 and (4.2) that
1 N —
A= — / NF@) = 2L @y dx +8,|vu' |2 | > 0.
cP p
N

If ¢ <c, using (4.2) and Lemmas 3.2, 3.3 again, we have I(ul) = E; > E., which contra-
dicts (4.5). So & := |lu'll, = ¢ and |v}||, = O by (4.3). From Lemma 2.1(ii), we see that
limy— o0 g F(v))dx = 0, which along with (4.5) yields that [[Vv}||, — 0 and Vv, |, — 0.
Then u,, (- + y,{) — u! strongly in E. The proof of Lemma 4.3 is completed. 0O

Proof of Theorem 1.4. Applying Lemmas 2.5(iv) and 4.1, we obtain a bounded Palais-Smale
sequence {u,} C P, for the constrained functional /|s, at the level E. > 0. By Lemma 4.3,
we get the existence of a ground state u € S, at the level E.. Moreover, when f is odd, using
Lemma 4.2, we deduce that [lu, ||, — 0. Then in view of Lemma 4.3, we obtain a nonnegative
ground state u € S, at the level E.. using the regularity in [22] and Harnack’s inequality in [45],
we can conclude that u > 0. O

Proof of Theorem 1.5. Based on Theorem 1.4, E. is achieved by a ground state of (1.1) with
the associated Lagrange multiplier being positive. Applying Lemmas 3.1, 3.2 and 3.4, we know
that the function ¢ — E. is positive, continuous, nonincreasing and lim._, g+ E. = +00. More-
over, applying Lemmas 3.3, 3.5 and 4.3, we derive that E. is strictly decreasing in ¢ > 0 and
lim; 00 E.=0. O

5. Proof of Theorem 1.9

Compared with Section 4, we want to study the existence of solutions for (1.1) with the
level E. :=infyq, I and discuss the relationship between E. and E., where M, is defined in
Theorem 1.9. In addition, using (g;) and argument in [12], for any R > 0, one can find a radial

function u € Wy (B(0, R)) N W4 (B(0, R)) N L™(B(0, R)) such that fgx F(u)dx > 0. Then
let

N _
G(t) :=z!’||Vu||§+(aq+1)zq||W||g—;fF(u)dx.
RN

Since 1 < p < g < N, we can easily know that there exists 7 («) € R such that G(¢(«)) = 0. That
is

u(t(u)-) P, (5.1
where
P:={ue E\{0}: P(u) =0}.
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Hence P is nonempty.
Lemma 5.1. Assume that (g1), (g3), (84), (8¢) and (g7) hold. There holds inf, c pq, | Vull, > 0.

Proof. Using (g,), (g4) and (g¢), for any € > 0, there exists Ce > 0 such that
F) < (0" = pF@) = (0" = p) (elul?” + (e +10)lul” + Cclul™)

for any u € E, where m € (p, p*) and « :=limsup, % Then since u € M., by (1.12), we
get

IVullh + 64 + DIVulld
N

Z—/F(u)dx
p
RN
N . ) ] )
= ;(p* - D) [6 (“M”Z* + ||u||§) +K”””g + Cecﬁ’mcm(l am)”Vu”ZlamiI
= p* [ (Il + Null2) + sl + CeCRy ™= V2o
iy . — -~ o N
<ep*S” 7 || Vulb +€p*C1[\7/,ﬁCp(l ap)||vu”$p+Kp*Cl,\,,,ﬁcp(l 59 a2
— _8,
+p*C€C%’mcm(1 5'")||Vu||§ P

which implies that || Vi, is bounded away from 0 on M. So the proof of Lemma 5.1 is com-
pleted. O

Now we define
H() =1 (r%u(r-)), r € (0,00), ue E\{0).

Lemma 5.2. Assume that (g,), (84)-(8¢) hold. Then there exists a unique ro > 0 such that
N

VOFM(V(y) eP.
Proof. Fix u € E\{0}. From (g,),

Fa(g+1)

rv P g _ —N x
H(r)=—|Vul, + Vullg —r F(rru)dx — 0
p

RN

N
as r — 07, In addition, set R := |lu||, = |r 7 u(r-)||, > 0. Then it follows from (g,), (g4) (&)
and (1.13) that for every € > 0, there exists C > 0 such that

_ . _ S e «
fF(u)dx < (e +0)|ull? + Cellull?. < (e + 0K 5| Vully” RPIYP) 4+ Co8™ 7 | Vull§
RN
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Therefore,

H(r) FP—4@q+1)
FaG, )

1 N
||VM||§+—||VM||Z—V_q('qu)/F(rpu(rx)) dx
q o

1 Fys 5 585 - 5(1—v-
> — ||Vu||Z —(e+ K)rPVp(3q+1)—q(3q+1)K11\”] ,3||V’4||g » pP(1=vp)
q .
* _r *
= Cer? 10D ST |Vl

as r — 0T, which yields that H (r) > 0 for sufficiently small » > 0. On the other hand, it follows
from (g3) that

H(r) rP=a0g+) Vall? 1V p 4
s = IVullp - IVulg — | ot dx — oo

()

as r — 00. So H has a maximum at some ro > 0 and H'(r¢) = 0. That is,

_ So+1)—1 N _y_ _ (5
0=H'(ro) = rl " IVullh + (8, + Drd®+Y ||Vu||Z—;rON 1/F<ro’ u> dx.
]RN

N
This means that r;’ u(ro-) € P. Moreover,

N
= pACAD=H P0GV |0 4 8y + DIVulf - — f

N\P
Pav ()
_( N
F(rl’u)

From (gs), we see that r — f]R{N ~~7 dx is strictly increasing. Thus we know that ro is
PP

unique. So the proof of Lemma 5.2 is completed. 0O
Lemma 5.3. Assume that (g1)-(g¢) hold. Then I is coercive on M.

Proof. First of all, for u € M_, from (g4), we have

1
I(u)=[(u)—mp(u)
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_<l_;) ||Vu||p+L/F(u)dx—fF(u)dx>0
“\p g+ P pq(5q+1)RN o o

which implies that /(x) is bounded from below on M,. Next similar to the arguments in
Lemma 2.5, we suppose that {u,} C M, is a sequence such that |u,||g — oo and I(u,) is
bounded from above. Without loss of generality, we assume that

P

S+

IVunllg"™ > I Vu |l = +00.

I N
8g+1 n
Then we set r,, := |[Vuyll4 9" < 0 and define v, := r u,(ry-). Observe that r,, — 0T as n —
oo. Then
p p
lvnllp = llunllp < cl.
Furthermore,
P
p p p IVunllp
”an”p:rn ”Vun”p:ﬁ 1
-
”vun”qq
and
q(64+1)
IVuallg =ra I Vua 1§ = 1.

Then {v,} is bounded in E. If we suppose that

limsup | sup f|vn|”dx >0,
n—>00 \ yeRN
B(y,1)

then up to a subsequence, we can find translations {y,} C R" such that
Un(-+yu) ~v#0 inE
and v, (x 4+ y,) — v(x) for a.e. x € RY. Then using (g3), we deduce that

I, 1| Vuuly 1 F(un)
= q= 7L NS r——
”Vun”q p ”vun”q q BN Vuy, ”q

Sg+1)—
PO gy

P
1
n”p+——r,(,1(8"+])-rN/F(un(rnx))dx

p IVualld  a "
RN
q(6g+1—p N
7, 1 -
P ———— A / F <rn ’ vn> dx
p q

RN
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_N
q(8g+D)—p F <rn g Un) N 1P
R DY A N E
q

p

= —|— —_— <.
p q -x
RN |1y " Uy
_N
LAG+D=p F (rn "un(x +yn)> )
an“r;— ~ 5 Jvp(x + yp)|P dx > —o0
RV (rp " va(x + yn)

as n — oo. This is a contradiction. Hence we may assume that

sup / |v,|P dx — 0.

eRN
YEEBGL

=z

Using Lemma 1.1 in [29], we see that v,, — 0 in L’_’(RN). Note that u,, = r;;vn (E) e M..
Then it follows from Lemma 5.2 that

Tun)=1 (rngvn (7)) > 1 (r%vn(r-))

P » 74@q+1)
= —|IVu, ”p +
p

q —-N
Vv, ”q -r

=
2\
~
—~
~
Sz
<
N
SN—"
IS
=

(6, +1) N
> — N / F(rﬂvn) dx.
q

RN

N
Combining the property that r—V fR v F (r B vn> dx — 0 as n — 00, by taking sufficiently large
r > 0, we can obtain a contradiction. So I is coercive on M.. O

Lemma 5.4. Assume that (g1), (82), (84)-(g7) hold. Then

E.:=infI > 0.

c

Proof. For any u € M., it follows from (1.12) that

/ Fu)dx < (e +1)||ull + Cellul| .
RN
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_ - 55 ¥ "
< (e+1)Ch 5" PP Vil + Ce - ST | Vull

5 R 58— _r _
:((G—FK)C][\),’I;C(] P \Vuly "+ Ce- ST IVullh ”) IVull.
Hence

1 1
I(u)=—|Vullp + = IVul§ - / F(u)dx
p q
RN

1 5 R P85 — _r *_
> (——<e+x>c;; P\ [ R e N 4 ”) IVl
p ,

Then there exists & > 0 such that (Vull, < § and I(u)> ﬁ ||Vu||ﬁ. Fix u € M_, it follows from

N
Lemma 5.2 that for every r > 0, I (u) > 1 (r7u (r-)). In particular, we choose r := m >0

N ~
andlet v =77 u(7-). Obviously, ||v|, = [lu|l, and v € S.. In addition, ||Vv|, = 6. Thus

1) = 1) = — [ Vollh = 87 = 0
u v — v = — > U.
- ~2p p 2p

This means that E. > 0. The proof of Lemma 5.4 is completed. O

Lemma 5.5. Suppose that {u,} C E is bounded. Then there exist sequences {ii;}°, C E,

{yil}?io C RY forany n > 1, such that y,? =0, |y,i1 — y,{| — 00 asn — o0 fori # j, and passing

to a subsequence, the following results hold for any i > 0:
un(- 4 y) = i; inEasn— oo,

l
H P _ nonP : i P
lim (|Vuullp =D Va5 + lim [V, [5,
=0 (5.2)

i
; q _ non4 : in4
lim [Vl =D 1V lg + lim Vo1,
j=0

where vl :=u, — Z;:O wj(-— y,{) and if

Fo _ o FO_

lim = lim - =0, (5.3)
t—0 [t|P [t|—o0 |£|P
then
- i -
limsup/ F(un)dsz:/F(ﬁj)dx. (5.4)
n—oo .
RN J=Ogn

92



L. Cai and V.D. Ridulescu Journal of Differential Equations 391 (2024) 57-104

Proof. Since the proof of Lemma 5.5 is similar to Theorem 1.4 in [34], for the convenience of
the reader, we show the details of the proof. We claim that, passing to a subsequence, there exist
sequenceskeNU{oo} {ﬁz}, _oCE, for0<i <k+1(f k= o0, thenk+l:oo as well),

{v }CE, {yn} c R" and positive numbers {c,}l o0 {rl} _o such that yn 0, ro = 0 and for any
0<i <k+1 onehas

(1) up(-+yl) —d; in E and u, (- + y.) xpo.n) — ;i in LP(RY) as n — oo.

@) i A0ifi > 1.

(3) |y£l —yl=n—ri— r] forO < j#i <k+ 1 and sufficiently large .

) vl i=u, and v} := 4i(-—yi) forn>1

5) fB(y ,)Ivl_llpdx > c, > 1s upyerN [y, po 1o P dx for sufficiently large n, r; >
max{i,r;_1},if i > 1, and

3 . . i—
¢; == lim limsup sup / i P dx >0
4r—00 ;00 yeRN
B(y,r)

(6) ;

: p_ AP . i P

gngme—E%mmAu+gg;mwmw
J=

i
lim | Vu q:Z Vi 2+ lim |Vl |2,
i IVl = 3 19515+ i 19,1
j:

Let {u,} C E be a bounded sequence. Passing to a subsequence, we may assume that
limy o0 [ Vit |15, limy—s o0 | Vit || exists and

u, —~ug ink,

UnXBO.n) — fo  in LP(RY),

where xp(0,,) is the characteristic function of B(0, n). Take v,? :=u, — o and if

lim sup / |v2|”dx=0

n—00 By
B(y.r)

for every r > 1, then we can finish the proof of our claim with k = 0. Otherwise we get

3
oo>sup/ |v Pdx >cy: =3 hm limsup sup / |v2|pdx>0
n>1 T n—oo yeRN
B(y,r)

and there exists r; > 1 and, passing to subsequence, we find { y,ll} C R¥ such that
0 1 0
[v,|Pdx >c1 > 3 sup v, 1P dx. (5.5)

yeRN
B(y,{,rl) B(y,r1)
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Observe that {y,i} is unbounded and we may suppose that |y,{| >n —ry. Since {u, (- + y,i)} is
bounded in E, up to a subsequence, we find that there exists i, € E such that

un(-—l—y,i) —~4; inkE.

By (5.5), we deduce that 1] # 0, and we may suppose that u, (- + y,})xg(o,,,) — 41 in LP(RY).
Since

n—o0

lim /|V(un—ﬁo)<-+y,i>|"dx—f|Vv,1(~+y,1)|f’dx =/|Vﬁ1|l’dx
N RN RN

n—o0

lim /|V(un—ao><-+y,1)|qu—f|w,i<-+y,1>|qu =f|va1|qu,
\RN RN RN

where v} := v —f,(- — y)) =u, —dio — @i (- — y]), one has

lim /|Vu,,|”dx=/|Vﬁ0|”dx+/|Vﬁ1|pdx+ lim /|W,1|de,
n—0o0 n— o0

RN RN RN RN
lim /|Vun|qu=/|Vﬁo|qu+/|Vﬁ1|qu+ lim /|Vv,11|qu.
n— 0o n—od

RN RN RN RN

If
lim sup /|v,ll|pdx=0
n—00 N
B(y,r)

for every r > max{2, r}, then we can complete the proof of our claim with k = 1. Otherwise,

3.
¢y := = lim limsup sup / v} 1P dx > 0.
4r—>00 p00 RN
ye
B(y.r)

Then there exists rp > max{2, r1} and, passing to a subsequence, we find { yrzl} c RY such that

1
f v} P dx > ¢y > = sup / v} |7 dx (5.6)
2 RN
ye
B(y2.,r2) B(y,r2)

and |y,%| > n — rp. Furthermore, |y,% — y,ll >n — rp — ry. Otherwise, B(y,f, ) C B(y,l, n) and

the convergence u, (- + y,l) XB(O.n) — U1 in LP (RN), which contradicts with (5.6). Then, passing
to a subsequence, we find i1, # 0 such that

V4 YD), un(-+y2) —~dp inE
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and

(- + YD) XBo.ny = fi2  in LP(RY).

Similarly, if

lim sup /|v,2l|pdx=0
n—>0oo ERN

B(y,r)
for every r > max{3, rp}, where v,% = v,i — (- — y,zl), then we complete the proof with k = 2.
Continuing the above procedure, for each i > 1, we find a subsequence of {u,}, still denoted by
{u,}, satisfies (1)-(6). Similarly as above, if there exists i > 0 such that

lim sup vl 1P dx =0 (5.7)
n—oo VERN
" B

for every r > max{n, r;_1}, then k =i and we complete the proof of claim. Otherwise, k = co.
Using the standard diagonal method and passing to a subsequence, we show that (1)-(6) are
satisfied for every i > 0.

Next, we show that

i
limsup/ F(un)dx:Z/F(ﬁj)dx+limsup/ F(vl)dx. (5.8)
n—oo n—oo

RN J=OpN RN

It follows from Vitali’s convergence theorem that

1
_ _ d -
/F(u,,)—F(v,?)dx: / /—d—F(un—sﬁo)dsdx
N
RN RN 0O

1
://F/(un—sﬁo)ﬁodsdx

RN 0

1
=f / F' (g — stio)iodsdx + o, (1)
0 RN

1
d -
=//—d—F(ﬁo—sﬁo)dsdx+0n(l)
s
RN 0

= / F(itg) dx + 0,(1),

RN
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which yields that

lim F(un)—F(u,?)dx=/F(ﬁo)dx.

n—00
RN RN
As a consequence,
lim sup / F(up)dx = / F(fig) dx + limsup / I:"(vg) dx. (5.9)
n—0o0 n—>oo
RN RN RN

So (5.8) holds for i = 0. Similarly, we show that

n—0o0

RN RN

fim | F(Gun — o)+ y1)) — FQLC 4 y)) dx = / Flaydx.

Based on (5.9), we derive that

limsup/ F(un)dxzfF(ﬁo)dx—{-limsup/F(un—ﬁo)dx

n—oo n—o00

RN RN RN
=/F(ﬁo)dx+/F(ﬁl)dx+1imsup/F(v,1)dx.
n— oo
RN RN RN

Continuing the above procedure we obtain that (5.8) holds for every i > 0. In the last, we show
that

lim nmsup/F(v;)dx =0. (5.10)
1—>00 n—o00

]RN

Observe that if there exists i > 0 such that (5.7) holds for every r > max{i, r;}, then k =i. If
(5.3) holds, then we can easily obtain that

lim | F(v.))dx=0.

n—oo

RN

Hence we complete the proof by setting it j = 0 for j > i. Otherwise k = co. From (5), we infer
that

!
c+1 < / v, |7 dx
I+1
By ori41)
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P
1
<p / |vL|Pdx + p / 3 dje—yh| dx
B(y,ll+1,r[+1) B(yl+' et j=i+1
yeRN Jj=i+1
B(y,ri+1) BOLY —yn,r1+1)

for any 0 <i < [/, which along with (3) yields that letting n — 0o, we get ¢;j+1 < %”ciﬂ. Choose
! > 1 and sufficiently large n > 4r; such that (3) and (5) are satisfied. Then

IA
—_
=y

:

I
R

N

t

[
N
NNl
\

=

=

Y

=

B(yn Lrit)
-1 i P
5 f unl? + Yt C = )| | da

j=0
=0BGi )

IA

p

p N
Tl / unl” dx 57 / Zuj y”)XB(y’“ nen| 4%

i=0 j=0
UiZoBOR risn) RN

p

< o7 lullp + 5 ZZuJ( YDA

i=0 j=0 »

In addition, using (3) and since n > 4r;, we have

By ™ =y 1)) CRM\BO.n = 3n) for0<j<i<l
and

-1 i i
oD = DK, ris1) Z Z 42} X gyt —yg oy I

i=0 j=0 i=0 j=0

-1 i
= Z Z Nl j xRN\ B(0,n-3m) 1 p

i—0 j=0
-1

<Y 1 Xpityp sy llp =0
=0
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asn — 00. So

16
limsup | sup / vl (P dx 53—lplimsupllunllﬁ- (5.11)
n—>oo }'ERN n—oo

B(y,ri+1)

Assume by contradiction that (5.10) does not hold, namely, there exists a § > 0 such that

lim sup 1imsup/F'(u;',)dx > 6. (5.12)
i—00 n—oo

RN
Then we see that increasing sequences {i;}, {n;} C N such that
/ F (vi[l) dx >§
RN

and

. _ . 1

sup / v, |P <limsup | sup / v P dx | + —.

yeRN n— 00 yeRN 1
B(y.ri+1) B(y.ri4+1)

Based on (5.11), we obtain that
lim | sup / |v,i’] [?dx | =0.

[— 00 N
yeR
B(y,ri4+1)

Then
lim / I:"(v,"l’ )Ydx =0.
[—o00 !
RN
This is impossible. Thus (5.10) holds. It results to (5.4). The proof of Lemma 5.5 is com-
pleted. O

Lemma 5.6. Assume that (g,)-(g¢) hold. Then E.=inf M, 1 is achieved. Moreover, if f is odd,
then E. is achieved by a nonnegative and radially symmetric function in M_.

Proof. First of all, we choose any {u,} C M, such that I (u,) — E.. By Lemma 5.3, we know
that {u,} is bounded in E. Then it follows from (g,), (g4), (g¢) and Lemma 5.5 that there exist
a profile decomposition of {u,} satisfying (5.2) and (5.4). Now we claim that
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0 < [IViillh + (84 + DIVii; I3 N F(i;)d
<|IVuillp + g + Dl ul“q_p uj)yax
RN

for some i > 0. Let Z := {i > 0:4; #0}. Based on Lemma 5.1 and (5.4), Z # ). Assume by
contradiction that

Vil + 6+ DIV e = 2 [ Fand
I Mt||p+(q+ )i u1||q>p () dx
RN

for all i € Z. Then by (5.2) and (5.4), we derive that

N _
lim sup — f F(un) dx =limsup || Vuy || + limsup(84 + 1)|| Ve, ||

n—oo pP n— 00 n— 00

oo o
=D IVajlp+ @+ 1Y Vi

Jj=0 j=0
=Y VAl + G+ Vi
JjeT jeT
N [ - . _ N [ -
zZ— F(ij)dx =limsup — [ F(u,)dx.
- V4 n—oo P
j=0 RN RN

This is a contradiction. Thus there is i € Z such that 7 (iz;) > 1 and #; (t (i;)-) € P, where 7 (u) is
defined in (5.1). In addition,

PP S =N~ \ N
i (eI =t@) " iy <t@i)~NeP <cP.

Then u; (¢ (i;)-) € M,. In particular, if £(i1;) > 1, then passing to a subsequence u, (x + yfl) —
i (x) for a.e. x € RN . Based on the Fatou’s lemma,

0 </i\1/11£1 < I(;(t(@;)-))

v (1 1 .
=PV (@) (— - —) IV, |5
P q@g+1)

+ 17 N@y) L/F(ﬁ,-)dx—/F(ﬁ,-)dx
pqSs+1)
RN RN

1 1 N _
<|—=————=)IVailly + —/F(ﬁ~)dx—/F(ﬁ~)dx
(p q(aq+1>> P PG+ 1) ’ ’

RN RN

1 1 .
<liminf| [ = = ——— )} |Vu, (- e
< limin [(p q(8q+1)>” un (- +y )l
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Flun(- 4+ yi)) dx — f Flun(- 4+ yi)) dx

N /
RN RN

=liminf7 (u,) = E. = inf I.
n—oo ¢

This is impossible. Therefore 7(it;) = 1, it; € M, and I (it;) = c.

Suppose that f is odd. Then F(u) and F (u) are even, namely, F(Ju|) = F(«) and F(lu)) =
F(u) for all u € E. Set ; := |i;|* as the Schwarz symmetrization of |i;|. Then ||7; I, = laillp
and 9; € S.. Furthermore, by

A N A . N -
IV @)IIp + (g + DIV@)IG < V@I, + @6 + DIVE) G = " / F(u;)dx

RV
N [
=—/F(f1,-)dx
p

RN

Similarly, we get #(v;) = 1 and v; € M., where 7(?;) is defined in (5.1). Moreover, I (9;) =
infaq, I, 0; > 0 and ; is radially symmetric. O

Lemma 5.7. Assume that (g;)-(gg) hold. Then for any u € (A:\S;) NP, there holds

inf < I(u).
];]I)l[,' < (u)

Proof. Assume by contradiction that there exists & € P such that [|i]|, < ¢ and E.=1@) <
infp, I. Hence # is a local minimizer for I on M.. On the other hand, (A:\S;) NP is an open
set in P, we find that # is a local minimizer of I on P. Hence there is a Lagrange multiplier
A € R such that
I'Giv + &
VD=2~ vg—2 v N o/~
N\ p | IValP™*ViVvdx +q@6,+ 1) | |Vu|?*ViVvdx — — | F'i)vdx | =0
p
RN

RN RN

for any v € WP (RY) N W4 (RY). Hence 1 is a weak solution to

. 5 . 5 . Nk .
—(L+Ap)Apii — (1 4+Xg (S + 1) Agii = f(it) + 7F’(u).

In particular, & satisfies the following Nehari-type identity

. 5 . 5 . NA [ - ...
(1+Ap>||wn§+(1+xq(5q+1)>||w||3=/f(u)udx+7fF/(u>udx
R¥ RN
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If we take A = then

1
_q(Eq—H) ’

__r ~0p o\ _L _ .
(1 q(5q+1>)”V”””_R{f(”)”dx pq(sq+1)R£F(”)”dX- (5.13)

In addition, it follows from (gs) and (ge) that

A N = A v Vv N - v
/f(u)udx—m/F(u)udx§/f(u)udx—m/pF(u)dx
RN RN RN RN

=p/F(a)dx—_L/F(a)dx50,
p—r
RN RN

which contradicts with (5.13). So x #* — Moreover, on the one hand, since i € P, we get

_1
qg+1)"
v D cq_ N 9
IIVMI|p+(8q+1)|IVu||q=; F(u)dx. (5.14)
RN
On the other hand, # satisfies Nehari-type and Pohozaev identities. That is, i satisfies

A+ ip)IVilly + (8 + (1 +Ag (8, + ) Vit |d

N [z « [ N? N2
=—/F(ﬁ)dx+)u/ —zFl(ﬁ)ﬁ_—F(ﬁ)dx. (5.15)
p p p

RN RN

Combining (5.14) and (5.15), we deduce that

. . . N? _ .
x(p—q(8q+1>)||wn§=x?/F/(mu—pF(u)dx.
RN

In view of (g5), we find that % =0 and i is a weak solution to
—Apit — Agit = f(ih).
Similarly, we also obtain that i satisfies
||Vﬁ||§ + ||Vﬁ||3 = / f@)udx (5.16)
RN
and
“ P g N mor
||Vu||p+(8q+1)||Vu||q=; F(t)dx (5.17)
RN
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Combining (5.16) and (5.17), we deduce that

., N- . . .
6q||w||3=7” /F(u)dx—(p —p)/F(u)dx

RN RN
By (g¢), we obtain a contradiction. So for any u € (A.\S.) NP, there holds

infl < 1I(u).
ind ()

The proof of Lemma 5.7 is completed. 0O

Proof of Theorem 1.9. Using Lemmas 5.6 and 5.7, we derive that E. = infp_I is attained.
Moreover, if f is odd, then by the regularity in [22] and Harnack’s inequality in [45], we know
that E. =infp_I is achieved by & > 0, which is a radially symmetric function. Now there exist
Lagrange multipliers A, ¢ € R such that & € P, solves

— Apii — Agil — f(ii) + AP+ p

N -
. <—pApﬂ —qg+DAsu— —F/(ft)) =0,
p
namely,
_ e o N
(U ) Apit = (1 e g By + 1) Ayt Ml = f @)+ u G,

Similar to Lemma 5.7, we can find that ;« = 0. Finally, by (gs) and (gg), one has

ATV _ p P N _ N (NS
Ml = (1 7q(8q+1))I|Vu||p+/‘f(u)udx paGy + 1) / F'(m)udx
RN RN

)4 ~1P ~ )4 =~
<—(1——)IVul +p/F(u)dx—_—/F(u)dx <0,
( q(8q+1)) g p—>p
RN RN

which implies that A < 0. The proof of Theorem 1.9 is completed. O
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