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Abstract
In this paper, we investigate the following fractional p-Kirchhoff type problem

(a + b[u]p(9_1)> (—A)u = (IM % |u|q)|u|q—2u R 0> 0, in @,
u=0, in RM\Q,

_ p
where [u]s = ju0) = u()| dxdy, 2 is a bounded smooth domain of RN
P Jgow Tl = yIVERS

containing 0 with Lipschitz boundary, (—A)‘; denotes the fractional p-Laplacian,
0 <a < ps < Nwiths € 0,1), p>1,a>0,b>01<86 < pt/p,
Py = (1/\\/,—“)” is the fractional critical Hardy-Sobolev exponent, Z, (x) = |x| # is the
Riesz potential of order u € (0, min{N, 2ps}),q € (1, Np/(N — ps)) satisfies some
restrictions. By the concentration-compactness principle and mountain pass theorem,
we obtain the existence of a positive weak solution for the above problem as g satisfies

suitable ranges.
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1 Introduction and main results

This paper is devoted to the qualitative analysis of solutions for a class of p—fractional
Choquard—Kirchhoff problems. The features of this paper are the following:

(1) we are concerned with the existence of solutions if the reaction has a critical
growth;

(2) the problem has a singular behavior due to the presence of a Hardy potential;

(3) the lack of compactness is overcome by using the concentration-compactness
principle.

In the first part of this section, we recall some significant historical comments related
to the development of Choquard-type problems. The main result and some related
comments are described in the second part of the present section.

1.1 Historical comments

The Choquard equation

_ (L), iR
Au+u= ||>x<|u| u, in R, (1.1)
X

was first introduced in the pioneering work of Frohlich [1] and Pekar [2] for the mod-
eling of quantum polaron. This model corresponds to the study of how free electrons
in an ionic lattice interact with phonons associated to deformations of the lattice or
with the polarisation that it creates on the medium (interaction of an electron with its
own hole). In the approximation to Hartree-Fock theory of one component plasma,
Choquard used Eq. (1.1) to describe an electron trapped in its own hole,

The Choquard equation is also known as the Schrédinger-Newton equation in mod-
els coupling the Schrédinger equation of quantum physics together with nonrelativistic
Newtonian gravity. The equation can also be derived from the Einstein-Klein-Gordon
and Einstein-Dirac system. Such a model was proposed for boson stars and for the
collapse of galaxy fluctuations of scalar field dark matter. We refer for details to Elgart
and Schlein [3], Giulini and GroBardt [4], Jones [5], and Schunck and Mielke [6]. Pen-
rose [7,8] proposed Eq. (1.1) as a model of self-gravitating matter in which quantum
state reduction was understood as a gravitational phenomenon.

As pointed out by Lieb [9], Choquard used Eq. (1.1) to study steady states of the
one component plasma approximation in the Hartree-Fock theory. Classification of
solutions of (1.1) was first studied by Ma and Zhao [10]. For a broad survey of Choquard
equations we refer to Moroz and van Schaftingen [11] and references therein. We also
refer to D’ Avenia and Squassina [42], Cassani and Zhang [12], Mingqi, Rddulescu and
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Zhang [13] and Seok [14] as recent relevant contributions to the study of Choquard-
type problems.

1.2 Main result and related remarks

In this article, we consider the following fractional p-Kirchhoff type problem

(a + blul? ™ ”)(—A);u = (I,L " |u|q)|u|q_2u ¢ w0, in @
u=0, in RM\Q,
(1.2)

where © is a bounded smooth domain of RY containing 0 with Lipschitz boundary,
0<a<ps<Nwithse (0,1),p>1,a>0,b>0,0 >1,andZ,(x) = |[x| " is
the Riesz potential of order © € (0, min{N, 2ps}), the fractional p—Laplacian operator
(—A)j7 is the differential of the convex functional

) [u(x) —u(y)|?
ur—)—[u”, //RM Vs dxdy

defined on the Banach space (with respect to the norm [u]y, , defined above)

WP (Q) = {u eLl

loc

(RN):M EOinRN\Qand [uls,p < +oo}.

This definition is consistent, up to a normalization constant, with the linear fractional

Laplacian (—A)* for the case p = 2. Moreover, p} = (% 9P s the fractional critical

Hardy—Sobolev exponent, which arises from the general fractlonal Hardy—Sobolev

inequality
x 1/pg
|M|pa
dx < C(N, p,a)[uly,p. (1.3)
RV [X]¥

The latter is a scale invariant inequality and as such is critical for the embedding

WP (Q) < L (sz d—x)

x|

in the sense that the latter is continuous for any g € [1, p}] but (as long as 0 € €, as
we are assuming) is compact if and only if ¢ < pj. As a result, the energy functional
does not satisfy the Palais-Smale condition globally for the critical case, but it is
true for the energy functional in a suitable range related to the best fractional critical

Hardy-Sobolev constant in the embedding Wg P(Q) — L1 (Q, &%) To do this, let
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us define the best fractional critical Hardy-Sobolev constant S, as

|u(x) — u(y)|? 5.p . / |u|Pa
= inf dxdy : (Q th dx=1}.
o {//R Ty XA Wo T @I o Jed

(1.4)

For the critical fractional p-Laplacian case, the main difficulty is the lack of an explicit
formula for a minimizer of S,. We can overcome this difficulty by the asymptotic
estimates for minimizers obtained by Marano and Mosconi in [15], we will recall
them in Sect. 3.

This paper is motivated by some works which have been focused on the study of
Kirchhoff type problems and the Choquard equation. On the one hand, Fiscella and
Valdinoci [16] first proposed a stationary fractional Kirchhoff variational model as
follows

2 S, 2%-2 :
{M([u]x’z) (=AY u = Af(x,u) + [ 2u, inQ, s

u=020, inRN\Q,

where Q ¢ RY is an open bounded set, 2* = 2N /(N — 2s), N > 2s with s € (0, 1),
M and f are two continuous functions under some suitable assumptions. In [16], the
authors first provided a detailed discussion about the physical meaning underlying
the fractional Kirchhoff problems and their applications. They supposed that M :
Rt — Rt is an increasing and continuous function, and there exists mg > 0 such
that M(¢t) > mo = M(0) for all t+ € R*. Based on the truncated skill and the
mountain pass theorem, they obtained the existence of a non-negative solution to
problem (1.5) for any A > A* > 0, where A* is an appropriate threshold. Subsequently,
there were many extension and complement results, see for example [17] for the
existence and the asymptotic behavior of non—negative solutions to problem (1.5)
under different assumptions on M. In particular, the Kirchhoff function M may be
zero at zero; that is, the Kirchhoff-type problem is degenerate. We also refer to [18—
24] and references therein, for some recent results on the existence, uniqueness and
multiplicity of solutions for Kirchhoff-type fractional p-Laplacian problems. For the
case involving the Hardy term, Fiscella and Pucci in [25] considered the following
Kirchhoff-Hardy problem:

M ([l ) (=) u = Ao ()|uld2u + '“‘ﬁ;’l;z“ inQ,
u=20 in RN\ Q,

(1.6)

where pf < g < p, A is a real parameter, w(x) € LP"/P*~D(RN) with p* := 25
As a result, the existence of nontrivial mountain pass solution for (1.6) is obtained
as A is large enough, see [25, Theorem 1.2] for more details. We refer the interested
reader to [26,27] for more related results. The existence of infinitely many solutions
for p-fractional Kirchhoff equations with critical Hardy-Sobolev nonlinearities can
be seen in [25-29].
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On the other hand, there are some interesting results about the Choquard equation.
We refer to [11] for a good survey of the Choquard equation. In the setting of the
fractional Choquard equations, the following problem has been investigated recently

(A ’u+Vxu =T, * Fw)f(u), in RV, 1.7

The existence, regularity and asymptotic behavior of solutions to problem (1.7) with
f satisfying some mild assumptions have been obtained, we refer to [30-32] and
references therein. In the Kirchhoff setting, Mingqi et al. in [33] firstly considered the
following Choquard-type fractional p-Laplacian problem

(a+blull? ) (= A)u + Vo lulP2u] = i f(x, u)
(K s ) P2, in RY, (1.8)

where [lully = (1l p + frx VO lulPdx)'?, Kyu(x) = x|, a.b > 0 with a +
b > 0, pl*m = p(N — u/2)/(N — ps) is the upper critical exponent in the sense
of the Hardy-Littlewood-Sobolev inequality. Under some appropriate assumptions,
existence of mountain pass solutions for problem (1.8) is obtained when f satisfies
the sublinear or superlinear growth condition in the non-degenerate or degenerate case.
Subsequently, some existence results for problems like (1.8) with the extra magnetic
field are presented in [13].

It is worth mentioning that Chen et al. in [34] studied the following fractional
p-Laplacian problem with critical Hardy-Sobolev nonlinearity:

AV 1 (=2 P
{( Aypu = rul""u + =5, in Q, (1.9)

u=>0, in RN\Q,

where p < r < Np/(N — ps). By finding the minimizer of the corresponding
energy functional on positive Nehari and sign-changing Nehari sets, the existence of
positive and sign-changing least energy solutions for problem (1.9) was established.
Very recently, Chen in [35] was interested in the existence of positive solutions for the
following problem:

M(ul? ) (=AY u = A(IM % F(u))f(u) + ‘“'lpjf“, u>0, in Q,
u=0, in RM\Q,
(1.10)

where M : R} — R is a Kirchhoff function, f € C'(R, R) fulfills the Ambrosetti-
Rabinowitz type condition, F(u) = 6’ f(t)dt. Note that the authors in [35] and [31]
assumed the parameter A > 0 is large enough, in order to make the level of the energy
functional below a suitable compactness threshold.

Inspired by the above works, especially by [13,25,35], we are devoted to studying
the existence of positive solutions for problem (1.2) in the possibly degenerate case.
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Here we suppose that the parameter is a fixed number, and then consider the existence
of positive solutions by choosing ¢g in some suitable range. It is worth pointing out
that the related non-Choquard cases involving the critical Kirchhoff exponents, i.e.
0p = p¥, have been investigated in [24,36] as o = 0.

We first give the definition of weak solutions for problem (1.2).

Definition 1.1 We say that u € W,;'” () is a (weak) solution of problem (1.2), if

(a+b0a25™") (e o). = / / |'”(”y'w (0172 () p(x) dxdy

/Iu(x)l”“ u(x)w(X)d
|x|*

(U, @)s.p = // lu(x) — u(y)|p72(u(x) —u()(px) — o)) ded

|x _y|N+ps

s

for all ¢ € Wg’p(Q), where space Wg’p(Q) will be introduced in Sect. 2.
Now we can state our main result as follows.
Theorem 1.1 Assume that 0 < o < ps < Nwiths € (0,1), p > 1,0 < u <
min{N, 2ps}, and one of the following cases holds
() 1<6<a=% a=0andb > 0;

_p ’
2) 6= p ,a>0and0 < b < S(;p"‘/p, where S, is the best Sobolev embedding
constant of WO P(Q) — LPa(RQ, dx/|x|%), which is defined in (1.4);
3) 9—%;‘:)/2 a>0andb > 0.
Moreover, assume that q satisfies

2N —p)p P; * p *
PPy u P , 111
ax{ N 2 Prs T o0, Zy | T4 T P (1.11)
or
QN —wp po p Pa
e ) e R < Pa. 1.12
max{ N 2 Pus T o T1=7 (1.12)

Then problem (1.2) admits a positive solution in Wg’p(Q).

Remark 1.1 We would like to point out that there is no similar result exists for the local
counterpart of problem (1.2), thatis, the case s = 1. As far as we know, Ghoussoub and
Yuan [37] investigated the existence and multiplicity of solutions for the quasi-linear
problem

ul!"2u

|x|*

—Apu = Aul Pu+p in Q,

where A, u > 0,and 1 < p < N,p <g < (N—ao)p/(N—p)and p <r <
Np/(N — p).
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Remark 1.2 Comparing our main result with the result of [35], advantages of our result
are threefold:

(a) Our result is more delicate than that of [35]. In fact, our result may cover the
degenerate case of Kirchhoff-type problems.

(b) Our approach is quite different from that of [35]. Note that the existence of positive
solutions in our result heavily depends on the exponent ¢ in some certain range
instead of the adjusted parameter A in (1.10).

(c) Our result covers larger range of ¢ in [35]. In fact, f in [35] satisfies the

Ambrosetti-Rabinowitz type condition and hence g € (ijz;N”)p, %%’;i’)’), see

(1.11) and (1.12).

The main tool in this paper is variational methods. More precisely, we will use
the mountain pass theorem, which is proposed by Ambrosetti and Rabinowitz in the
celebrated paper [38]. The key point is to overcome the compactness for the associated
Lagrange-Euler functional, namely, the Palais-Smale ((PS) for short) condition. Since
the nonlinearity term in problem (1.2) contains the critical Hardy-Sobolev term, the
functional does not satisfy the Palais-Smale condition in all range, we will use a
fractional version of the concentration compactness principle to show that the energy
functional satisfies the local (PS). condition for ¢ less than some critical level when
q is in some suitable range.

The paper is organized as follows: In Sect. 2, we give some definitions and pre-
liminaries. In Sect. 3, we recall the decay properties for the Aubin-Talenti functions
optimizing the Hardy—Sobolev inequality, and give some estimates for suitable trun-
cations of the latter. Section 4 is devoted to proving a compactness result. Finally, we
complete the proof of Theorem 1.1 in Sect. 5.

Throughout this paper, the positive constant C may vary from line to line.

2 Abstract setting and preliminary properties

In this section, we introduce some useful notations. The fractional Sobolev space
W,'" () is defined by

WoP(Q) = {u cL’

loc

RN : [ul} ), < 400, u=0ae. on ]RN\SZ]
and the homogeneous fractional Sobolev space
D P®Y) = {u e L7 ®Y) : [ul, < +oo] > Wy ().

Forp > 1, Wg'p (Q) and D*-? (RN are separable reflexive Banach spaces with respect
to the norm [ - ]y, , and both can also be seen as the completion with respect to the norm
[15,p of C°(RY) (see e.g. [39, Theorem 2.1]). The topological dual of Wy'” () will
be denoted by WP (Q), with corresponding duality pairing (-, -) : WP (Q) x
Wg "7 (Q) — R. The weak and weak* convergence in W —* P (2) coincide because of
reflexivity.
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We first recall the following fractional Hardy-Sobolev inequality and Hardy-
Littlewood-Sobolev inequality.

Lemma 2.1 ( [34, Lemma 2.1]) (Hardy-Sobolev inequality) Assume that 0 < o <
ps < N. Then there exists a positive constant C such that

Pa 1/ * — P 1/
( lul P <C /f u@x) — u(y)l dx dy) p, foreveryu € Wé’p(Q).
R2N

Q IXI“ =y Ve

As a consequence of Lemma 2.1, it is easy to see that the optimization problem (1.4)
has a solution in D*?(RN).

Lemma 2.2 ([40, Theorem 4.3]) (Hardy-Littlewood-Sobolev inequality) Assume that
l<r,t<o000<pu<Nand

1 1 %
-4+ -+ —==2.
r+t+N

Then there exists C(N, i, r,t) > 0 such that

h
//R lg)ll <y>|d dy < C(N, . r. D)l Ill;

lx —
forall g € L"(RN) and h € L'(RN).

As a consequence, the integral

q q
// lu@)7 |u(y)|? Pl 4y
RN |x — y|#
is well defined if

B = 2N —)p ey 2N —-wp o
Hos 2N 2(N — ps) =~ “HF

Hence, py, s is called the lower critical exponentand p;, , is said to be the upper critical
exponent in the sense of the Hardy-Littlewood-Sobolev inequality.
The energy functional 7 : WS P (Q) — R associated with problem (1.2) is

a b 1 u(x)||\u 4 1 ulPa
J(u)=;||M||p+ﬁllullp9——/ ded B L dx

2q lx — y|# Py Ja |x|*
= D) — Yy (u) — Hy(u),
with

a b
D) = —|lull? + — [lull P,
p po
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1 | QO ()1
R zq/ @ oy

|u|pu
Hy(u) = ,
w Jao |xl¢
where and in what follows, || - | = [ - |5, denotes the norm of the space Wé’p(Q).

We have the following result.

Lemma23 Let 0 < o < ps < Nwiths € (0,1), 0 < u < min{N, 2ps} and
(ZNZRI")” <q < =P Thep the functional J is of class C'(Wy?(Q),R) and

2(N—ps)
q
T = (a-+bllul”*=) f / |' (y)' ()l u(0p () dxdy
/|u<x>|Pa 2u(g()
x| ’

forall ¢ € WS "P(Q). Moreover, J is sequentially weakly lower semi—continuous in

Wé P(Q), and the operator J' - p(Q) — WP (R2) is sequentially weak to weak
continuous.

Proof 1t easily follows from [19, Lemma 2], [31, Lemma 2.2] and [34, Lemma 2.3],
so we omit the details. O

Clearly, the critical points of [J are exactly the weak solutions of problem (1.2).

3 Hardy optimizers and some estimates

In this section, we recall the known decay properties for the Aubin—Talenti func-
tions optimizing the Hardy—Sobolev inequality, and give some estimates for suitable
truncations of the latter.

In [39] the existence and properties of solutions for the minimization problem (1.4)
when o = 0 was investigated. For 0 < a < ps, one can get the following results, see
[15, Theorem 1.1].

Proposition 3.1 (Existence and properties) Let 0 < « < ps < N. Then the following
facts hold.

(1) Problem (1.4) admits constant sign solutions, and any solution is bounded;
(2) Foreverynonnegative Uy € D*P (RM) solving problem (1.4), there exist xo € RN
and a non-increasing u : RT™ — R such that Uy (x) = u(|x — xo|);
(3) Every nonnegative minimizer U, € D*P(RN) of problem (1.4) weakly solves
pa—1
K _ o : N
(_A)ont = S(XW in RY.
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Le.,

po—1
@dx, forall p € D¥P(RY)

(—A)) Ua 9) = Sa/

RV |x|®
and the last integrand is absolutely integrable.
Next we fix N, p,s,«a and a positive radially symmetric decreasing minimizer
Uy, = Uy (r) for Sy asin (1.4). Multiplying U, by a positive constant, we may assume

that

po—1
(=A), Uy = I(jCT weakly in RV (3.1)

Testing this equation by U, and using (1.4), we get

» Uy Noa
1Uell® = dx =S84 . (3.2)
RN

|x[*

In [39] the asymptotic behavior for U, was obtained when o« = 0, while in [15] the
asymptotic for U, with 0 < o < ps was derived by similar arguments.

Lemma 3.1 (Optimal decay) There exist c; > 0 and ¢ > 0 such that

C1 o
Vo = Ug(r) < Neps forallr > 1.
r p—1 r p=1

Furthermore, there exists k > 1 such that
1
Uy(kr) < EUa(r) forallr > 1. 3.3)

For any & > 0, the function

Une () i= 6 7 Uy (g) (3.4)

is also a minimizer for S, satisfying (3.1). We note that ¢, ¢2, k¥ are universal since
we fixed N, p, s, o, Uy. In general, they depend upon these entries.

In what follows, 0 < o < ps < N, U, is a fixed minimizer for (1.4), « is the
constant in Lemma 3.1 depending only on N, p, s, @ and U,. For every § > ¢ > 0,
let us set

Uq,e(3)
Uo:,s(‘s) - Ua,e(KS).

mg,g =
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Due to (3.3) and the definition (3.4), it readily follows that m, s < 2. Furthermore, let
us set

0, i 0 <1 < Uys(kd),
gg’a(l) = mg,(g(t - U(I,E(K(S))a if U(x,a(K(S) <t=< UO{,S(S)v
t 4 Uge®)(m?5 = 1), if 1 = Ug e (8),

as well as
0, if 0 <t < Uye(kd),
t 1 .
GS,S(I) = / gé,a(f)” dt = m&g(l - Ua,s(’(a))a if Ua,s(’(fs) <t= Ucc,s((s),
0
t, if t > Uy (8).

The functions g, s and G, s are nondecreasing and absolutely continuous. Consider
now the radially symmetric nonincreasing function

ua,s,&(’") = Ga,S(Ua,s(r))s (3.5)
which satisfies
(r) = Ua,s(r), if r <,
Haed =1 ) if r > K.

Thenuy e 5 € Wy'? (), forany § < k= 18q := «~!dist(0, 9Q2). We have the following
estimates.

Lemma 3.2 ([34, Lemma 2.10]) There exists C > 0 such that, forany ) < 2¢ <§ <
K_IBQ, there holds

N—«o N=ps

Ds—a 3 p—
It 517 < S +c(5) = (3.6)
and
P N—a N—«a
[ et e s e () 6)
RN x| S

Using Lemma 3.1, we can get the following estimate.
Lemma 3.3 We have

/ |ua,s,5(x)|q|ua,e,5(.)7)|q
QJIQ

[x — y|#

p

2N—p—2 N_"Sq
9

dxdy > Ce 3.8)

for some positive constant C.
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Proof The desired conclusion follows immediately from the following observation:

// |ua,£.8(x)|q|ua,a,8()’)|qdxdyZf / |Ma,e,5(x)|q|ua,a.8(Y)|qdxdy
QJIQ |x_Y|“ Bs J Bs |x_Y|“

:/ / |Ua,5(x)|q|Ua,8(y)|qudy
Bs J Bs |x_)’|”

_ 2N 2oy / / IUa(X)I"IUa(y)I‘ldxdy
By JBs

lx — y|#
o N=ps
ZCSZNMz > q/
Bs\Bi
&€

1 1
/ (N p n)q |x _y|udXdy
Ba\Bi (1 4 |x]) (1+|y|)

_,,_N=ps
:0(82N n—2 7 q)’

where Bs denotes the ball with center at O and radius § > 0. O

4 Compactness result

This section is devoted to proving a compactness result. We start with the following
definition.

Definition 4.1 ([38]) For ¢ € R, we say that 7 satisfies the (PS). condition if for any
sequence {u,} C Wy'" () with

T ) = e T'(uy) = 0in W7 ()

has a convergent subsequence.

Lemma 4.1 (Palais-Smale condition) The functional J satisfies (PS). condition for
any ¢ < cy, where cy is defined as

N—a m
1 _ 1 (aSq) 5~ _ N—-«
(§ - ) —t= v 0= a>0,0<b<S,
<17hSaN_,,;
Cx 1= 1 1 oy s . N
(ﬁfﬁﬂbsa)mw, f1<0<2 a=0b>0
2(N—ps) 2(N—a) —
1 ps—a 1 1 ps—a ps—a M
[a(; )A ’ +(p9 p;)Al i|S ,if0 = s ,a>0,b>0,
“.1)

with

N—«a N—a
bS;"N " 428, " +4a

A:=A(a,b, Sy, p,s,a,N) = > . “4.2)
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Proof Assume that {u,} C Wy'"(Q) is the (PS). sequence of 7, that is
T () — ¢ and J'(up) — 0 in WP (Q).

If ¢ satisfies (1.11), we have 2qg > pj, then there exists C > 0 such that

1
C+llupll = J(up) — Fj/(un)un

o

11 1 1
=a <— - —*) lunll? + b <— - —*> Nl 1|7
22 P2

1 1 1y, )19 |1y (y) 14
o ———————dxdy
2g  py)Jala |x — y|#

b(#—%) lunl??, if1 <6 < If,le‘js,azo,b>0, s
a(%—%)”unnp 1f0— p ,a>0,b>0, .

for n large enough.
If ¢ satisfies (1.12), we have p0 < 2¢g < p}, then there exists C > 0 such that

1
C + lupll = T (up) — _j/(”n)un
po

11 1 1 Pa
=a<———> |17 — (———) nl™ 4
P po rs  po/)Ja Ix|¢
( )// Iun(X)Iqlun(y)l"d dy

2 po |x — y[#

11
>a <— - —) lunll”. 4.4
p po

From (4.3) and (4.4), we obtain that {u,, } is bounded in Wg’p (2). By the concentration-
compactness principle (see [41, Theorem 2.5]), there exist u € Wg P (Q), two Borel
regular measures o and v, A denumerable, at most countable set {x;};es € €2, and
non-negative numbers {0} jea, {v;j}jean C [0, 00) such that, up to subsequence

up—u in Wy (Q),
u, — u in L"(Q), forp <r < pg,

U, — u a.e. in 2, 4.5)
as n — 00. Moreover,
Pa
lall? %o, 2 s, “.6)
x|
do = |ul? + Y ojdy;, o) :=0x;), 4.7

JjeA
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|u|pot

dv=""o D vide. vj= v, 4.8)
X JEA

;= S,v/Pe. forall j € A. 4.9)

Fix ip € A, we prove that either v;, = 0 or

0

-1 . _ —
(laisg) , it =22 a>00<b<S,"
Vig > (ng)Pa =7 if1<6< *"jg, a=0,b>0, (4.10)
20—1
0 2 (20 0—1
<—bS“+ bZS" +4a5“) , if 0 = N=lpste)/2 }(\;’S;g)/z, a>0,b>0.

In fact, let g € C§°(Bae(xj,y)) satisfy 0 < ¢ < 1, 90€|B<("io) =1, and [|V@elloo <

C/e. Clearly {@cu,} is bounded in W' (). It follows from (' (i), geun) — 0 as
n — oo that

(a " ,,”Mn”p(e_n) // N it (¥) =t ()P 2 (6) = tn () (@ ()tn () = P Pn )
R

=y VP
|un<y>| g2 i | P
= [ ol e odsay + [ S gecods to. @D

On the one hand,

/ / |t (%) =ty (WP 72 (W (x) — 0y (V) [0 (Ot (X) — @ (Vun ()]
]RZN

x =yl ey

_ /f Jtt (X) — 1 (3)|P~ 2(unm—un<y>)[un<x>—un(y)]we(x) o
= e x — yNEps Y
N // |t (x) =ty (WP 72t (%) — 1 ()1t () [0 (X) — 0 ()] dx dy.
R2N |x — y|N+ps
4.12)

Since

[t (X) — tun (P)|P Qe (x)
//RZN |x — y|N+ps dxdy — %};N ¢e(x)do,

as n — oo. Taking € — 0, we have

— p
lim Lim // [t (x) — un (V)P e (x) dxdy = o;,.
R2N

e—=>0n—>00 |x — y|N+pS
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This gives that

p
lim llm <a+b||u ||p(9 1) /:/ |Mn(x) un()’)| g(x)dxdy
R2N

e—>0n |x_ |N+ps
P
> lim lim aff ) = tnOV vy
€—0n—>00 RV |x — y|N+PS

lun (x) —upn ()P 0
<//R2N |x — y|N+ps f(x)dXdy>:|

=aoj, + boio. (4.13)

By using Holder’s inequality and Lemma 2.3 in [24], we find

lim Tim_ <a+b||un||p(9_l)>
e—>0n

// Jun (6) = n (V)P 72 (Un (X) — un (1)) (9 (x) — we(y))un(y)dxd
R2N

x — y|NEps

p—1
. [tn(x) — un (NP o
= Cgﬂ)nlingo (//Rzzv |x — y|Ntps T T
1
[(@e (x) — @ (¥))un(¥)|P P
dxdy
R2N |x — y|N+ps

o (e (x) — @e(Y)ttn ()P ’
< Clim lim </£§2N P dxdy) =0. (4.14)

e—>0n—00

Moreover, by Lemma 2.2 in [31], we get

i / f |u"(y )' Ly (012 (1) ge ()dxdy = 0. (4.15)
Q

e—0n—00 |lx —

Furthermore, by (4.8), one has

"
_ _ . |Pa
lim lim [
e—>0n—o0 Jo |x|¢

Yedx = lim/ Yedv = vj. (4.16)
e—0 /o

Therefore, taking the limit for n — oo and € — 0 in (4.11), from (4.13), (4.15) and
(4.16), we obtain

4
Viy = aoj, + boj.

This together with (4.9) implies that v;, = 0 or (4.10) holds.
Next we claim that (4.10) cannot occur.
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Indeed, by contradiction, we assume that there exists ip € A such that (4.10) holds.
From (4.7) and (4.8), we have

1
c= nl;rr;o [J(un) — —(J/(Mn), Mn>:|

P
= lim a - — — // 4 ¥) = )] ————————dxdy
n—00 p R2N x —y |N ps
1 1 P 1 1 q q
+(___*> |“n|a dx—(———)/ [ty Q)N |1y ()] dxdy
po  py/ Ja IXI 2q po Q lx — y|*
p
= lim lim a P // ) = 4OV vy
e—0n—>00 p R2N |x_y|N ps
1 1 |u,,|1’a 1
- dx — [ —
+<p9 p;;> o x| be(x)dx <2q
1 q q
__)/ 147 )| |1 ()] (pg(x)dxdy]
po/ JaJa lx — y|#*

(1 1) +(1 1)
=a(l———)oi — —— )y
p po/ " \po pr)

Using this fact and (4.9), (4.10), we deduce that ¢ > c,.
This is a contradiction. Thus the claim holds. Hence v; = 0 for all j € A, then

|t | Pa |u| Pa

dx asn — oo. 4.17)
o |x]¥ Q [x[¢

Finally, we show that u,, — u strongly in Wy'” ().
We first assume that d := inf, > ||lu,|| > 0. For simplicity, let » € Wy’ (Q) be
fixed and By, be the linear functional on Wg "7 (Q) defined by

p—2 _
Bw(”)Z//RZ W) = YOI 2O =YD

lx — y[NEPs
forallv W(“; "P(Q). By the Holder inequality, we have
-1
By ()| < V15, [V]s,p,

for all v € WP (). Since J' () — 0in W=7 () and u,—u in Wy’ (), we
have

(T (un) = T W), un —u) - 0 asn — oo.
That is,

o) = (T (up) — T (), up — u)
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= (a+ bl 17OD) By, (a — ) = (a+ bl Byt — w0
o TR L Ce P A ) A
Q

*_ *_
B A T Ul T PR
ol xpe FICEE A

= (a+ D1l [ Byt = 1) = Bt — )]
[ (a+ blual ™) = (@ + bl =) | Buttn = w

- /Q [T a1 2100 = T el 2| 0 — )

Pa—2 Pa—2
_/Q[“‘n' Un _ Jul “Jn — wx. (4.18)

x| x|

The boundedness of {u,}, and (4.5) give that

im (@ bllual ") By —w) =0,

lim (a 4 b||u||l’<9—”) Bu(uty —u) = 0. (4.19)
n—0oo
From Lemma 2.2 in [31], we have

/ [(IM s | D)t |92 — (T * |u|‘1)|u|‘1_2u](u,, —wdx — 0, asn — oo.
Q

(4.20)
Moreover, from (4.17) and the well-known Brézis-Lieb Lemma, we get
_ pa P P
/ |up — ulPe _ [1tn| dx — |ul dx +o(1) = 0
x| Q [x]|¢ o |x[®
as n — oo. This together with the Holder inequality implies
unlPe 2w, fulPeu
[ — ](u,, —w)dx — 0, asn — oo. 4.21)
Q x| x|

From (4.18)—(4.21), we obtain
lim (a + bllunll”“}_l)) [Bu,, (tn — u) — By (un — u)] =
n— o0

By the assumptions inf,>1 ||u,| > 0,a > 0 and b > 0, we have

lim [Bun (i — 1) — By (tty — u)] —0. 4.22)

n—00
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Let us now recall the well-known Simon inequalities. There exist positive numbers ¢,
and C), depending only on p, such that

|£;. _ |p < cp(|%—|p—2§ - |77|p_2ﬂ)(€ ) fOI‘p > 2,
=\ g6 = mir-2m & - m]"20617 + PR forl < p <2,
(4.23)

for all £, 7 € RY. According to the Simon inequality, we divide the discussion into
two cases.
Case (I) p > 2: From (4.22) and (4.23), we have

iy — ull? = // ln (X) — u(x) — un(y) +u(y)\pdxdy
R2N

lx — y|N+es

- // i (¥) = tn ()P~ (1t () — () — ) — u(@)1P2@(x) = u(y)
=¢p
R2N

lx — y|Ntes

x (0a(6) = () = 0, () + u(y) )dedy

= o[ Buy G — ) = Bulan =) ] = o1,

asn — oo.
Case (2) 1 < p < 2:taking & = u, (x) — u,(y) and n = u(x) — u(y) in (4.23), as
n — 0o, we have

2 _
ity — ull? < Cp[Buy (ttn — ) = Byt — 10)]" > unll? + uf|?)@= P/
2 _ _
< C[Bu, (ttn — 1) — By (uy — )" N |PE=P2 4 JufPC=P/2) = o(1).

Here we used (4.22) and the fact that |ju, || and ||| are bounded, and the elementary
inequality (a + b)?~P/2 < g@=P/2 L pC=P)/2 foralla,b > 0and 1 < p < 2.
Thus u, — u strongly in Wy'” () as n — oo.

We now consider the case inf,> |lu,|| = 0, then either O is an accumulation point
of the sequence {u,} and so there exists a subsequence of {u,} strongly converging to
u = 0, or 0 is an isolated point of the sequence {u,} and so there exists a subsequence,
still denoted by {u,} such that inf,,>1 [lu,|| > 0. We are done the first case, while in
the second case we can process as before. The proof is thus complete. O

5 Proof of Theorem 1.1

The existence of positive solutions for problem (1.2) follows the standard mountain
pass approach. The next result shows that the functional 7 has the geometric structure
of the mountain pass theorem.

Lemma 5.1 Assume the conditions in Theorem 1.1 hold. Then

(1) There exists ¥, p > 0 such that J (u) > v forallu € Wé’p(Q) with ||u| = p.
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(2) There exists e € Wg’p(Q) such that ||e|| > p and J(e) < 0.

Proof (1) By using the Hardy-Littlewood-Sobolev inequality, fractional Sobolev
embedding and the definition of S,, we have

a b 1 u(x)||\u 4 1 ul|Pa
J(u)=—llu||”+—||u||”9——//dedy——* ™ g
p po 2q JoJa

lx — y|# ry Ja |x|?

a b 1 ra
—||M||p+—||“||p9 C||M||zq——5 7 u) P
p po P

Ifl <06 < ICI__;‘S i.e. pf < pl,in this case, we assume that > 0 and b > 0, then

we have

b 1 -
Tw) =—[u”? = —S, " [Jul|Pe = Clul*.
po o

Notice that if ¢ satisfies (1.11), we have p6 < p}; < 2q.If q satisfies (1.12), we have
pO < 2q < pk. Thus the claim follows if we choose p > 0 small enough.
_pa
Ifo = 1{,\7:;; i.e. pf = pZ, in this case, we assume thata > Oand 0 < b < S, [
then we have

a b—S a
T @) > —|lull? + ———ul|”® = Cllul® > —|ul|” — Cllu|*.
P )4 p

Since p < 2q, the claim follows if we choose p > 0 small enough.
(2) Taking uq.. s € Wy'"(Q) given in formula (3.5), without loss of generality, we
can consider § = 1. From Lemma 3.2, we have

b
6
j(”/l(xs )= _tp”“ots l”p + _tp ”uae 1””
;2q lu ( q q v v
a,e,1 x)| |ua,s,l(y)| t |ua,s,l|
dxdy — — | —=——dx
lx — y|* ry Jo x|
* *
a b tpoz |M 1|p0t
< L M 19+ ot g |7 = = [ e g
P po P | x|

3
o
N—« N—a
< =P8 + Ce = +it”9 Sa ¢
P po
[p;< Nfo‘ N—ot)
_ (537& _ CS =1
Pa

N—ps N—o b New  4p; N-a
< (1 +Ce ) [it”&f” + 9’”95 e _ —sgw} |

S

+C81’1)

P P )2
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N
that ||[tuge 1|l > p and J (tuge1) < 0.

Ifo = ]QV_’]‘)’{Y i.e. pd = pk, we have

Ifl <6< ]f,\’:;‘ i.e. pf < p’, we obtain that there exists t > 0 large enough such

N—ps a Nvfot b 9 Nvfa tp; Nifu
T (tug,e1) < (1 + Ce 771 ) [—t”S&” + —et”gsa”“‘” - — J”’}
p

p Py
N—ps Nf"‘ tp:; Py
_ (1 + Cgp—ll> s S-Sy |}
4 Py
It follows froma > 0,0 < b < S, alP that there exists ¢ > 0 large enough such that
”tua,s,l“ > p and j(“fia,a,l) < 0. O

Lemma 5.2 Under the assumptions in Theorem 1.1. There exists ug € Wg’p(Q)\{O}
such that

sup J (tug) < cx, 5.1

>0
where ¢ is given in (4.1).

Proof Write J(u) = I(u) — W, (u), where the functions I : Wg’p(Q) — R and
W, : WyP(Q) — R are defined by

a b 1 |u|Pa
Iw) = = ull” + —[ul”’ = — -
P po ra Ja x|

’

1 [t (x) |9 |u(y)|9
W, () = — WYV dx dy.
a(0) qusz o —ypm Y

Without loss of generality, we can consider § = 1 in the definition of uy ¢ 5 € Wg ()
given in formula (3.5), for any sufficiently small 0 < ¢ < 1, set ug = uq ¢,1. The map
h(t) := I(tup) satisfies h(t) > 0 for > 0 small, and h(¢) < O for r > 0 large. Note
that

d . Pa
Eh(t) =¢P~! |:a||uo||p + btPO7P ug||P? — tPaP wdx:| )

There exists f > 0 such that /2(¢) attains maximum value at the point 7, with 7 satisfying

i
~ph— 9 ~pr— ug|Pe
(JHM()HP +btp p||u0||p — PP de =0.
Q
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Pot
e In the case 0 = 1{,\/_7,‘;, a>0,0<b<Sy " .Direct calculations give that
ﬁ
G
- alluol?
]a ’
Jo M dx — bllug|| 7?
and
11 (allug||?) 7T
sup I (tuo) = I (fuo) = <— _ —9> aito .
>0 P P& 71
(fo 0% — bl
By the estimations in Lemma 3.2, we get
o Su) i
asSy) v Nps
sup I(tug) = (— — —) @ o(e7 ). 2
t>0 p po{ ]{]V’D‘ ps—a
<1 b} )
o Inthe case 1l <0 < 1{,\'__1‘;, a=0, b >0, we have
1
F—p0
PO ) L7
f Iuolpa '
Q \xl"
and
) P&
~ 1 1 bllug||P?) ra—ro
sup 1 (tug) = I Gug) = (— - —) ol )7
1>0 pt luo|a ;) 7e=p0
(fQ X[ )
By Lemma 3.2, we have
o) = (= L) (o) #5 + 0 (7 (5.3)
sup ) < (- = LY (o52) 5 4 o), .
>0 po  pi ¢
o In the case 0 = %;g)/z’ a >0, b>0,wehave pj — p=2(pf — p) and

f satisfies the following equality

.

lug|Pe 2(pb— 6 7p6—

( e PP — bllug | P77 — alluo)” = 0.
Q

5.4)
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By solving the above equation, we get

1
p@O—1)

blluol?? + \/ (blluollP?)2 + 4allug || fo, Mol dx

Juo|Pa
2 Jo ed

~
Il

J
pO—1)

B+ B*+4 p blluo|P?
_| B+ + 4alluoll . with B= lluoll

12 12"
‘ ‘Po{ | \Pa
2(fo, e ax) (/o ekt ax)

Therefore,

11 1 1 - Pa
sup I (tug) = I(fug) = <— - —) luollP£P + <p9 — —> 7@20=bp wdx
Q

t>0 P; |x ]

1
-1

1 » B2 + 4allug||?
= - 7 ”MO” 1/2
p Iuo\pa )
sz [x[*
20-1
0—1 .
< 1 1 ) B+ /B? + 4alluo||? |ug|Pe
po  pi ’

) 172 Q |x*
2 (Jo ")

From Lemma 3.2, we have

N—a

1 1 2(N—=ps) 1 1 2AN-a) — N—ps
sup I (tug) < |:a<———)A P +<———)A o= }s” +0( )
>0 )4 po po P

(5.5)

‘We note that

tP 1P? p
T (tuo) < a—lluoll” +b—Iluo||” for t > 0.
p po

Thus there exists fo > 0 such that

sup J(tug) < Cx.
0<r<1p

From (5.2), (5.3) and (5.5), we obtain

2q
N—ps ! q q
supj(tuo)gc*—i-O(a Pf;)—o—[ dedy.
1=1g 2q Q |lx—y*
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By Lemma 3.3, we find

N—ps N—ps
sup J (tug) < cx + O(g?’i) - o<g2wasz'q)‘

>t

Either condition (1.11) or (1.12) implies that

N — N —
RS VSR fo
p—1 p
Therefore, we get that sup J (fug) < cx. O
t>0

Proof of Theorem 1.1 By means of Lemmas 4.1, 5.1 and 5.2, the existence of a positive
solution for problem (1.2) follows from the well-known mountain pass theorem (see
[38]). O
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