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Abstract

We consider a nonlinear Dirichlet problem driven by a nonhomogeneous differential operator
with a growth of order (p — 1) near 400 and with a reaction which has the competing effects
of a parametric singular term and a (p — 1)-superlinear perturbation which does not satisfy
the usual Ambrosetti-Rabinowitz condition. Using variational tools, together with suitable
truncation and strong comparison techniques, we prove a “bifurcation-type” theorem that
describes the set of positive solutions as the parameter A moves on the positive semiaxis.
We also show that for every A > 0, the problem has a smallest positive solution 1} and we
demonstrate the monotonicity and continuity properties of the map A — uj.

Mathematics Subject Classification Primary 35J20; Secondary 35J75 - 35J92 - 35P30

1 Introduction

Let @ € RY be a bounded domain with a C2-boundary 3. In this paper, we study the
existence and multiplicity of positive solutions for the following nonlinear, nonhomogeneous
Dirichlet problem:

—diva(Du(z)) = 20 (u(z)) + f(z,u(z)) in Q, ulsgg =0, A > 0. (Py)
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In this problem, the map a : RN — R involved in the definition of the differential
operator is strictly monotone and continuous (hence maximal monotone, too) and satisfies
certain additional regularity and growth conditions listed in hypotheses H (a) below. In
particular, we assume that the differential operator has a growth of order (p — 1) near +o0.
These hypotheses are general enough to incorporate in our framework many differential
operators of interest such as the p-Laplacian and the (p, ¢)-Laplacian.

In the reaction of the problem (the right-hand side of (P,)), we have the competing
effects of two nonlinearities. One is the parametric term A¢ (x) with 9 (-) being singular at
x = 0. In the literature, we usually encounter the special case ¥ (x) = x P, x > 0, with
B € (0, 1). The second term is the perturbation f(z,x), which is a Carathéodory func-
tion (that is, for all x € R the map z — f(z, x) is measurable and for almost all z € @
the map x — f(z, x) is continuous). We assume that f(z, -) exhibits (p — 1)-superlinear
growth near 400 but without satisfying the usual (in such cases) Ambrosetti—Rabinowitz
condition (the AR-condition for short). Instead we employ a less restrictive condition which
incorporates in our framework superlinear nonlinearities with “slower” growth near 400,
which fails to satisfy the AR-condition. So, in problem (P;) we have the combined effects
of two different types of nonlinearities: singular and superlinear. Our aim is to study the
set of positive solutions of (P;) and determine how this set changes as the parameter A
moves along the positive semiaxis (0, +00). In this direction, we prove a “bifurcation-
type” result which produces a critical parameter A* > 0 such that the following properties
hold:

e forall & € (0, A*) problem (P;) has at least two positive smooth solutions;
e for . = A™ problem (P;) has at least one positive smooth solution;
e forall A > A* problem (P;) has no positive solutions.

In addition, we show that for every A € (0, A*] problem (P,) has a smallest positive
solution u} and we establish the monotonicity and continuity properties of the map A — u}.

Previously, such bifurcation type results have been proved by Sun et al. [41], Haitao
[18], Ghergu and Radulescu [14-16] (semilinear problems driven by the Laplacian), and by
Giacomoni et al. [17], Papageorgiou, Radulescu and Repovs [35], Papageorgiou and Smyrlis
[36], Papageorgiou et al. [37], Papageorgiou and Winkert [38] (nonlinear problems driven
by the p-Laplacian). In all these works the singular term has the special form u~#, where
B € (0, 1). To the best of our knowledge, there are no works dealing with nonhomogeneous
singular problems.

2 Mathematical background and hypotheses

Let X be a Banach space and X* its topological dual. We denote by (-, -) the duality brackets
for the pair (X*, X). Given ¢ € Cl(X,R), we say that ¢(-) satisfies the “Cerami condition”
(the “C-condition” for short), if the following property holds:

“Every sequence {u,},>1 € X such that
{@@n)}n>1 € Ris bounded and (1 + ||u,||x)¢’ (un) — 0in X* as n — oo,
admits a strongly convergent subsequence”.

Evidently, this is a compactness-type condition on the functional ¢(-). It is necessary
since, in general, the ambient space X is infinite-dimensional and therefore it is not locally
compact. This condition is the main tool in the proof of a deformation theorem which leads to
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Nonlinear nonhomogeneous singular problems Page 3 of 31 9

the minimax theory of critical values of ¢. Prominent in this theory is the so-called “mountain
pass theorem” of Ambrosetti and Rabinowitz [3], which we recall below.

Theorem 1 Assume that X is a Banach space, ¢ € C'(X,R) satisfies the C-condition,
uo, uy € X, |lur —uollx > p >0,
max{p(uo), p(u1)} <inf{e) : [lu —uollx = p} =m,

and ¢ = inf,er maxo< <1 @(y (1) with T = {y € C([0, 11, X) : y(0) = ug, y(1) = uy}.
Then ¢ > m,, and c is a critical value of ¢ (that is, there exists u € X such that ¢'(u) = 0
and o(u) = c).

We also refer to the monograph by Ambrosetti and Prodi [2] for advances related to the
mountain pass theory and to the survey by Pucci and Réddulescu [39] on the impact of this in
nonlinear analysis.

The two basic spaces which we will use in the analysis of problem (P, ) are the Sobolev

space W(;'p(Q) and the Banach space C(]) (Q) = {u € CL(Q) : ulyg = 0}. We denote by |||
the norm of the Sobolev space WO1 "7(£2). On account of the Poincaré inequality, we have
llul] = || Dul|, for all u € Wy'"(R).
The space Cé () is an ordered Banach space with positive cone
Ci={ue CO(Q) u(z) > 0forall z € Q).

This cone has nonempty interior given by
. ou
ntCy = {u € Cy:u(z) >0forz € Q, a—lag < 0},
n

with g—"j = (Du, n)gn, where n(-) is the outward unit normal on 9€2.
We will also use the following open cone in C 1(Q):

int é+ = {u e CY(Q):u(z) >0forallz € Q, |dQnu_1(0) < O}

Let! € C1(0, +00) with I(r) > 0 for all # > 0 and assume that

0<é< lz%’ <cpand e tP~ <I1(t) < er (51 1P~

forallr > 0, withcy,c0 >0, 1 <5 < p < o0.

ey

The hypotheses on the map a(-) are the following:
H(a) :a(y) = ap(]y])y forall y € RN with ap(r) > 0 forall t > 0 and

(i) ap € C1(0, +00), t > ag(t)t is strictly increasing on (0, +00), ag(t)t — 07 as
t = 0" and
ay (0t
im
1—0+ ap(t)

(i1) there exists c¢3 > 0 such that

L(yD
3
[yl

(i) (Va(y)§,&)ry = 7|)|g|2 forall y € RV\{0}, § € RY;

IVa(y)| < forall y € RV\{0};
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(iv) if Go(t) = for ap(s)sds, then there exists ¢ € (1, p] such that lim sup,_, o+ ‘1(’;3“) < c*

and
0 < pGo(t) — ag(t)t> for all 1 > 0.

Remark 1 Hypotheses H(a)(i), (ii), (iii) are dictated by the nonlinear regularity theory of
Lieberman [22] and the nonlinear maximum principle of Pucci and Serrin [40]. Hypothesis
H (a)(iv) serves the needs of our problem, but it is very mild and it is satisfied in all cases
of interest. Similar conditions have been recently used by Papageorgiou and Réddulescu [28,
30-32]. We mention that existence and multiplicity results for elliptic equations driven by
nonhomogeneous differential operators, can be also found in the works of Colasuonno, Pucci
and Varga [7], Filippucci and Pucci [10], and Papageorgiou and Réadulescu [29].

Evidently, Go(-) is strictly convex and strictly increasing. We set
G(y) = Go(ly|) forall y € RV,

Then G (-) is convex, G(0) = 0 and
VG(y) = Ga<|y|)|y] = ag(ly)y for all y € RM\{0}, VG(0) = 0.

Hence G(-) is the primitive of a(-). The convexity of G(-) and the fact that G(0) = 0
imply that
G(y) < (a(y), y)gw forall y e RY. )

The main properties of the map a(-) are listed in the next lemma and follow easily from
hypotheses H (a)(i)(ii)(iii) and (1).
Lemma 2 If hypotheses H (a)(i)(ii)(iii) hold, then

(a) themap y — a(y) is continuous and strictly monotone (hence maximal monotone, too);
(b) laly)| < ca (|y|s_1 + |y|P_])f0r ally € RN and some ¢4 > 0;
(c) (a(y), Y)py = %Iyl”forally e RV,

By this lemma and (2), we have the following growth estimates for the primitive G (-).

Corollary 3 If hypotheses H(a)(i)(ii)(iii) hold, then ﬁlylp <G <ces(A+y?)
forall y € RN and some cs > 0.

The examples that follow show that hypotheses H (a) are not restrictive and they incorpo-
rate in our framework many differential operators of interest (see Papageorgiou and Radulescu

(31D.
EXAMPLES:

(@) a(y) = |y|P~2y with I < p < oo. The differential operator is the p-Laplacian defined
by
Apu = div (|Du|”~2Du) for all u € Wy'" ().

(b) a(y) = |y|P"2y + |y|97%y with 1 < g < p < oo. The differential operator is the
(p, g)-Laplacian defined by

Aput+ Agu forall u € WP (Q).
Such operators arise in problems of mathematical physics and of mechanics, see Cher-

fils and Ilyasov [5] (reaction—diffusion systems) and Zhikov [44] (homogenization of
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composites made of two different materials). Recently some existence and multiplicity
results have been proved for such equations. In particular, we mention the works of Cin-
golani and Degiovanni [6], Marano and Mosconi [24], Marano et al. [25], Mugnai and
Papageorgiou [26], Papageorgiou and Radulescu [27], and Sun et al. [42].

©) ay) =1+ ylz)PT_zy with 1 < p < oo. The differential operator is the generalized
p-mean curvature differential operator defined by

. 9. P2 L.p
div (1 + |Dul?) 2" Du forall u € W;"" ().

(d) a(y) = |y|P—2y (1 + ﬁ) with 1 < p < oo. The differential operator is

Apu + div ('Dulp_zD”> forall u € Wy'"(Q).
P 14 |Du? 0
Such operators arise in problems of plasticity.
Let A : Wol‘p(Q) — W*I’P,(Q) 1p(Q)"‘ <7 pi = 1) be the nonlinear map
defined by

(Aw), h) = / (a(Du), Dh)gxdz forallu, h € Wy"(Q).
Q

The next result concerning the map A(-) can be found in Gasinski and Papageorgiou [12,
p- 279], see Problem 2.192.

Lemma 4 If hypotheses H(a) hold, then the map A(-) is bounded (that is, maps bounded
sets to bounded sets), continuous, strictly monotone (hence maximal monotone, too) and of

type (S) 4, that is,
“Up B win Wy'P (), limsup(Au,), un — u) < 0= u, — uin Wy"(Q).”

n—oQ

Next, we introduce the hypotheses on the singular nonlinearity 6 (-).
H@®): 9 : (0, +00) — (0, 400) is a locally Lipschitz function with the following prop-
erties:

(i) there exists S € (0, 1) such that

0 <ce < hm 1nf z?(x)x < lim sup ﬂ(x)x < c7;
x—0t

(i1) ¥(-) is nonincreasing.

In what follows, we set
X
0(x) = / ¥ (s)ds (the primitive of 9 (-)).
0

Remark 2 Hypothesis H (6)(i) implies that ¢ (-) is singular at x = 0. The function
P(x) = cx P for all x > 0 and for some ¢ > 0,
which we encounter in the literature, satisfies hypotheses H (8).

Let vy, vy € int C4 with v; < vy and introduce the function

?(v1(z)) ifx <vi(2)
y(z,x) =1 9 (x) ifv1(z) < x < 02(2)
P(v2(2)) ifva(z) < x.
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This is a Carathéodory function. We set I'(z, x) = f(f y(z, s)ds and consider the functional
ko : Wy'P(2) — R defined by

ko(u) = / I'(z,u(z))dz forallu € Wol’p(Q).
Q

Minor changes in the proof of Proposition 3 of Papageorgiou and Smyrlis [36] (in that
paper, ¥ (x) = x~P for all x > 0 with B € (0, 1)), lead to the following result.

Proposition 5 If hypotheses H (0) hold, then ko € C! (Wol’p(Q), R) and k{)(u) =y(,u(-))
forall u € Wy'" ()

We will also need strong comparison principles for singular problems.

Proposition 6 Assume that hypotheses H(a) and H(0) hold, é € L*®(Q), é‘(z) > 0 for
almost all 7 € R, and hy, hy € L*° () satisfy

0 < ¢ < ha(z) — hi(2) for almost all z € Q2.
Letu,v € Cl"’(ﬁ)\{O}, 0<u(z) Lv(z)forallz € Q, 1 > 0, and for almost all z € Q
—diva(Du(2) — 29 u()) +§@u@"" = hi();
—diva(Dv(2)) — A (v(2)) + E@u()" " = ha(2).
Then v —u € int é+.
Proof We have

—div (a(Dv(z)) — a(Du(z)))
=h2(2) = h1 () + AP (0(2) — O @(@)] — E@()P ™" = u(z)P =] for almost all z € Q.
3)

Let {ak(-)},](\':1 be the components of the map a(-). For y = (yl-)lNzl, y = (ylf)f\’:1 e RV
we have

g
a(y) —a(y) = / ;a(y’ +1(y — y')dt
0 t

1
= / Va(y' +t(y —¥))(y — y')dt (by the chain rule)
0

N 1 P
= a(y) —a(y) = Z/O aiy’f(y/ +1(y — y) (i — y)dt forall k € {1, ..., N}. (4)
i=1 !

Setting V; = diy, fori € {1, ..., N}, we introduce the following functions:

1
ak,,»(z)zfo ?f;" (Vu(z) + t(Vu(z) — Vu(z)))dt forall k,i € {1,..., N}.

On account of our hypothesis on /15 — k1, we have that ¢x; € W12°(Q). We introduce
the following second order differential operator in divergence form:

N N
Lw) = —~div (Y Gi@Viw) = = Y V(i) Viw). 5)

i=1 k,i=1
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Let n = v — u € CH¥(Q). By hypothesis we have
0<n(z) forallz € 2, n #0.

We first suppose that for some zg € €2, we have n(z9) = 0, hence v(z9) = u(zp). The
functions
x> xPLand x > A% (x)

are uniformly continuous on (0, 400) and on (i, +00), u > 0, respectively. Since § €
L*°(2) and u(zp) > 0, we can find small enough p > 0 such that

ha(2) = h1(2) + A0 (v(2) — O W@)] — E@ )P —u@)P~' > %8 >0
for almostall z € B,(z0) = (' € RY 1 |7/ —z0l < p} S Q. (6)

From (3)—(6) we see that

L) = %8 > 0 for almost all z € B, (o).
Invoking Theorem 4 of Vazquez [43] (alternatively we can also use the Harnack inequality,
see Pucci and Serrin [40, p. 163]), we have

n(z) >0 forall z € By(z0),
a contradiction to the fact that 1(zg) = 0. Therefore
u(z) < v(z) forall z € Q.

Next, let zo € 92 be such that 1(z9) = 0. Since by hypothesis, dQ2 is a C 2_manifold, we
can find small enough d > 0 and an open d-ball B, such that

B; C Qand 0Q N JIBy > zp.

Then the Hopf boundary point theorem (see Theorem 5.5.1 of Pucci and Serrin [40, p.
120] or Vazquez [43, Theorem 5]) implies that

d
izp) <0,
on
We conclude thatn = v — u € int CA‘+. O

The other strong comparison principle that we will use can be found in Papageorgiou
and Smyrlis [36, Proposition 4]. In [36], the differential operator is the p-Laplacian (that is,
a(y) = |y|P~2yforall y € RV). With minor changes in the proof, as we did in the first part of
the previous proof, we can obtain the result also for the more general differential operators of
this paper. For more details on strong comparison principles involving nonlinear differential
operators, we refer to Arcoya and Ruiz [4, Proposition 2.6], Gasinski and Papageorgiou [13,
Section 3] and Pucci and Serrin [40, Section 3.4].

First, we introduce the following notation. For functions &1, hy € L*°(2) we write h] <
hy, if for every compact K C 2, we can find ng > 0 such that

nk < ho(z) — hi(z) for almost all z € K.

Evidently, if 41, hy € C(2) and h1(z) < ha(z) forall z € @, then hy < hj.
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9 Page8o0f31 N. S. Papageorgiou et al.

Proposition 7 Assume that hypotheses H (6) hold, é € L®(Q), §(z) > 0 for almost all
7€ hy,hy € L®(RQ), hy < hy, u € Cy withu(z) > Oforall z € Q, v € int Cy, and for
almost all 7 € Q2

—diva(Du(2)) = 20 @) + E@u@)? ™" = hi (2);

—diva(Dv(2)) — A9 (v(2) + £(@v(@)P " = ha(2).

Thenv —u € int Cy.

Remark 3 Note that by the weak comparison principle (see Damascelli [8, Theorem 1.2]),
we have u < v.

Another result which we will use, is the following one about ordered Banach spaces (see
Gasinski and Papageorgiou [12, Problem 4.180, p.680]).

Proposition 8 Let X be an ordered Banach space with positive (order) cone K such that
int K # @ andug € intK.

Then for every u € K, we can find ,, > 0 such that »,uo —u € K.

We will also need some facts about the first eigenvalue of (—A;, WO1 Q) forl <7 <
00. So, we consider the following nonlinear eigenvalue problem:

— Azu(z) zilu(z)lfﬂu(z) in Q, ulpe =0. (@)

We say that X is an eigenvalue, if problem (7) admits a nontrivial solution & € W(}’T (),
known as an eigenfunction corresponding to the eigenvalue A. The nonlinear regularity theory
for the t- Lapla01an (see, for example, Gasinski and Papageorgiou [11, pp- 737-738]), we
deduce that i1 € C (€2). We know that there exists a smallest eigenvalue )q (7) having the
following propemes

° ):1 () is isolated (that is, we can find € > 0 such that (5\1 (1), )ALI (t) + €) does not contain
any eigenvalue);

° i (7) is simple (that is, if &, 0 are eigenfunctions corresponding to il (1), then it = &0
for some & € R\{0});

e we have

N Dull|t
) = nf{” ulle ., o

el 17

Wo“(fz)} > 0. ®)

The infimum in (8) is realized on the corresponding one-dimensional eigenspace. From
the above properties it follows that the elements of this eigenspace do not change sign. By
i11(t) we denote the positive, L*-normalized (that is, ||iz;(t)||; = 1) eigenfunction. By the
nonlinear maximum principle (see Vazquez [43, Theorem 5]), we have it (t) € int C4.

Now we will introduce some basic notation which we will use throughout this paper. So,
let x € R. We set x* = max{=+x, 0}. Thenif u € Wol’p(Q) we define

ui(z) = u(z)i forall z € Q.

‘We know that
ut e W(}’p(Q), u=u"—u", lu| = ut +u.
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Ifu,ve Wol’p(Q) and u < v, then

[u, v] = {y € Wy'P(Q) : u(z) < y(z) < v(z) for almost all z € Q}.

Also, we denote by intcé @ [u, v], the interior in the Cé (€2)-norm topology of [u, v] N

CH() and [1) = {y € Wy (Q) : u(z) < y(2) for almost all z € .
Recall that p’ is the conjugate exponent of p > 1, that is, + + % = 1. We denote by p*
the critical Sobolev exponent corresponding to p > 1, that is,
P = NN—_pp if N >p
400 if N < p.
Also, if X is a Banach space and ¢ € Cl(X, R), then Ky ={u € X : ¢'(u) = 0} (the
critical set of ¢).
Finally, we introduce the hypotheses on the perturbation term f(z, x).
H(f): f:Q2 xR — Risa Carathéodory function such that f(z, 0) = 0 for almost all
z € Qand

() f(z,x) < a1 +x""") for almost all z € Q and all x > 0 with a € L®(R),

p<r<ph
(i) if F(z,x) = [y f(z,s)ds, then limy_, 4o Fff,‘,x) = +o00 uniformly for almost all
7€

(iii) if for every A > 0, we define
e.(z,x) = AP (x)x — pd()] + [f(z, x)x — pF(z, x)],
then there exists BA € L'(2) such that the map A > ﬁx is nondecreasing and
e.(z,x) < ez, y) + Blz) foralmostall z € Q, andall 0 < x < y;
(iv) forevery s > 0, there exists 77, > 0 such that
Ns < f(z,x) foralmostall z € 2, andall x > s
and

f(z,x)

x—0+ xP~1

= 0 uniformly for almost all z € ;

(v) forevery p > 0, there exists ép > ( such that for almost all z € €2 the function

x = f(z,x) +§pxp71

is nondecreasing on [0, p].

Remark 4 Since we are looking for positive solutions and the above hypotheses concern the
positive semiaxis R4 = [0, +00), we may assume without any loss of generality that

f(z,x) =0 for almost all z € Q, and all x < 0. 9)
Hypotheses H(f)(ii), (iii) together with hypothesis H () (ii) imply that
i Sz, x)
im

x—>4oo xP—l

= 400 uniformly for almost all z € Q.
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9 Page 100f 31 N. S. Papageorgiou et al.

So, the perturbation term f(z, -) is (p — 1)-superlinear near +oc. However, we do not use
the standard (in such cases) AR-condition. Recall that the AR-condition (unilateral version
because of 9), says that there exist M > 0 and T > p such that

0<7tF(z,x) < f(z,x)x foralmostall z € Q, andallx > M (10a)
0< essénf F(-, M). (10b)

Integrating (10a) and using (10b), we produce the following weaker condition:

cox™ < F(z,x) foralmostall z € 2, and all x > M,
= cox™ ! < f(z,x) foralmost all z € Q, and all x > M (see 10a).
So, the AR-condition dictates that the perturbation f(z, -) has at least (7 — 1)-polynomial
growth near 4+-o00. Here, instead of the AR-condition, we use the quasimonotonicity require-
ment on ¢, (z, -) stated in hypothesis H (f)(iii). This hypothesis is a slightly more general

version of a condition used by Li and Yang [23]. It is satisfied if, for example, we can find
M > 0 such that for almost all z € 2 the function

AD ,X) .
X W is nondecreasing on [M, +00).
b

Hence hypothesis H (f)(iii) is less restrictive than the AR-condition and it also agrees
with (p — 1)-superlinear nonlinearities with “slower” growth near +o0c. For example, taking
the singularity to be ¢x P or, more generally, 9 (x) = xP(1+tsinx), 9 (x) = x P (ctcosx)
for ¢ > 1, then the following function satisfies hypotheses H( f) but not the AR-condition
(for the sake of simplicity we drop the z-dependence):

f)=xP""In(1 +x)ifx > 0.
On the other hand, the common superlinear nonlinearity
F)=x""lifx >0

satisfies both hypotheses H (f) (with the above 9 (-)) and the AR-condition.
We introduce the following two sets:

L = {A > 0: problem (P,) admits a positive solution},

Sy = the set of positive solutions of problem (/P;,).

Also, we define
A* =sup L.

We summarize our analysis of Problem (P, ) in the next theorem, which is the main result
of the present paper.

Theorem 9 If hypotheses H(a), H(%), H(f) hold, then there exists \* > O such that
(a) forall » € (0, A*) problem (P;) has at least two positive solutions
up, i € int C+, uo # 12;

(b) for ) = A* problem (P;) has at least one positive solution i+ € int C4;

(¢) forall » > A* problem (Py) has no positive solutions;

(d) forall A € (0, A*] problem (Py) has a smallest positive solution u; € int Cy and the
minimal solution map x : (0, A*] — Cé (Q) defined by x (A) = uj is strictly increasing
and left continuous.
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Nonlinear nonhomogeneous singular problems Page 11 of 31 9

3 Positive solutions

In this section we prove the bifurcation-type property described in Theorem 9.
We first show that £ # @. To this end, let n € (0, 1] and consider the following Dirichlet
problem:
—diva(Du(z)) =nin Q, ulsg =0. (11

Proposition 10 If hypotheses H (a)(i)(ii)(iii) holéthen problem (11) has a unique solution
iiy € int Cq, the map 1 v~ ity from (0, 1] into Cé (€2) is strictly increasing (that is, 0 < p <
n< 1= i, —iy, €intCy)andifn — O, then it,, — 0 in C} ().

Proof The map A : Wol’p(Q) — W*L”,(Q) is maximal monotone (see Lemma 4) and
coercive (see Lemma 2(c)), hence also surjective (see Corollary 3.2.31 of Gasinski and
Papageorgiou [11, p. 319]). Therefore we can find u,, € Wol’p(Q)\{O} such that

A(ﬁn) =n
= (AGiy), h) = n/ hdz for all h € Wy'"(Q).
Q

7 € W& P (Q) and using Lemma 2, we obtain

Choosing h = —1i

C1
p—1
=iy =0, i, # 0 (since n > 0).

IDii; 11 <0,

We have
—diva(Diiy(z)) = n for almost all z € 2, ii,|se = 0. (12)

Theorem 7.1 of Ladyzhenskaya and Uraltseva [20, p. 286], implies that iz, € L*°(Q).
Then the nonlinear regularity theory of Lieberman [22, p. 320] implies that

ii, € C;\{0}.

From (12) and the nonlinear strong maximum principle of Pucci and Serrin [40, pp.
111,120], we have
ﬁ,, € int C+.

Moreover, this solution is unique on account of the strict monotonicity of A(-).
Next, suppose that 0 < u < 1 < 1. We have

—diva(Dii,(z)) = p < n = —diva(Dii,(z)) for almost all z € 2,

= iy — Uy € int C4 (see Gasinski and Papageorgiou [13, Proposition 3.4]).

Finally, let n, — 0" and let ii,, = iy, € int C4. Clearly, {it,},>1 € Wé’p(Q) is bounded
and from Ladyzhenskaya and Uraltseva [20, p. 286], we have

[ltn]|loo < cio for some c1g > 0, alln € N.
Then it follows from Lieberman [22] that there exist « € (0, 1) and ¢1; > 0 such that

i, € Col’a(ﬁ) and ||ii,, c1y foralln e N.

| |Cé.a (ﬁ) <

Exploiting the compact embedding of C(l)’“ (Q) into C(l) () and recalling that {tin}n>1is
decreasing, we conclude that -
ity — 0in CL(RQ)
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(note that u = 0 is the only solution of A(u) = 0). O

Fix A > 0. On account of Proposition 10 and hypothesis H (6)(ii), we can find small
enough 19 € (0, 1] such that

n

0 < —
0 (i)

< A forall n € (0, nol. (13)

So, we have
—diva(Dii,(z)) = n < A9 (i, (z)) for almost all 7 € Q. (14)
We consider the following purely singular nonlinear, nonhomogeneous Dirichlet problem
—diva(Du(z)) = A (u(z2)) in Q, ulse =0, A > 0. (15)

Proposition 11 If hypotheses H (a)(i)(ii)(iii) hold and ) > 0, then problem (15) admits a
unique positive solution u, € int C.

Proof Let n € (0, no] and let i1, € intCy be the unique positive solution of (11) [see
Proposition 10 and 13]. We introduce the Carathéodory function k; (z, x) defined by

WGy (2) i x < ity (2)

AU (x) if iy (z) < x. (16)

ki(z,x) = [
Weset K, (z, x) = f(;( k; (z, s)ds and consider the functional ¥, : Wol’p(Q) — R defined
by
W, (u) = / G(Du)dz — / K).(z, u)dz forall u € WP (Q).
Q Q
Proposition 5 implies that W, € C 1(WO1 7 (Q), R). Hypothesis H (a)(iv) implies that if
c12 > ¢*, then we can find § > 0 such that
G(y) < crzly|? forall |y| < 6. (17)
Recall that i1, ii1(g) € int C. So, we can find small enough ¢ € (0, 1) such that
t|Dit1(q)(z)| < 8 forall z € Q and ti11(q) < i, (see Proposition 8). (18)

Then we have

W (tit1(q)) Z/QG(D(tﬁl(LI)))dZ_/QKA(Z, tiy(q)dz)

< et~ [ 06 )d:
Q
(see 16, 17, 18 and recall that ||ft1(q)||q =1)

< Clthjq (g) — Atcy3 for some c13 > 0. (19)
Since ¢ > 1, choosing t € (0, 1) even smaller if necessary, we infer from (19) that
W, (ti1(q)) <O. (20)

Letu € W,7 (). We have

A (it )udz — / MO () — 6(ii,)ldz

{tiy<u}

W () > Ci‘nDuni—/
pp—1)

u<iy
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[see Corollary 3 and (16)]
c u(z)

> — ||Dull; —/ AD (ity)udz — / LD (s)dsdz
pip—1 (u<iiy) {iiy<u} Jiiy (2)

> C71||Du||§ — / A (ity)udz (see hypothesis H (0)(ii))
p(p—1 Q

> — L |lu||? = heral|u]] for some c1g > 0. @1
pip—1
We choose py > 0 such that
ﬁpgil > ACl4.
Then from (21), we have
WYilas,, >0, (22)

1,
where By, = {u € Wy " (Q) : [lul| < po}.
Evidently, W; (-) is sequentially weakly lower semicontinuous, while B, C WO1 P(Q) is
weakly compact. So, we can find u; € Epo such that

W ;) = inf{W; () : u € By} (23)
On account of (20), we have

Wy () < 0= ,(0),
= u; # 0and ||uyl|| < po (see 22). 24)

Then (23) and (24) imply that
W, (1) =0,

= (A@), h) = / ki (z. y)hdz for all h € W) (€). (25)
Q
In (25) we choose h = (i1, — u;)" € Wol’p(Q). Then

(A(@y), (iy —w) ") = /Qw(ﬁn)(zz,, — 1) dz (see 16)
> (A(iy), (g —w,)7") (see 14),
= iiy < U (see Lemma 4). (26)
It follows from (16), (25), (26) that
—diva(Du, (z)) = A9 (u) (z)) for almost all z € Q, uy|yq # 0.
As before, the nonlinear regularity theory and (26) imply that
u) €intCy.
Now we show the uniqueness of this positive solution of problem (15). So, suppose
v € W&’p (2) is another such positive solution. Again, we have v, € int C4. Then
0 < (A@) — AWy, (@, — 1) 7) = 4 fg[ﬁ(m) — (O], — 03)Tdz <0
(see hypothesis H (0)(ii))
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= u; = v, (see Lemma 4).

Therefore u, € int C is the unique positive solution. O

Remark 5 Existence results for purely singular problems can also be found in the papers of
Lair and Shaker [21], Sun et al. [41] (semilinear problems with a(y) = y) and by Giacomoni
et al. [17], Papageorgiou and Smyrlis [36] (nonlinear problems with a(y) = |y|?~2y). In all
the aforementioned works the singular term has the particular form x~# with 8 € (0, 1). In
Lair and Shaker [21] the proof is based on a monotone iterative process which makes use
of the linearity of the differential operator. In Sun et al. [41] and Giacomoni et al. [17], the
approach is the same and is based on an argument which shows that the energy functional is
Gateaux differentiable at points in int C.. Papageorgiou and Smyrlis [36] have a proof based
on approximate equations which eliminate the singularity at x = 0. Our approach in this
paper is different from the ones in the aforementioned papers and we believe that it is more
straightforward and accomodates easily both the more general differential operator and the
more general singular term.

Now we are ready to prove the nonemptiness of the set L.
Proposition 12 If hypotheses H (a), H(0), H(f) hold, then L # $) and S, < int C.

Proof Let u, € int C, be the unique positive solution of problem (15) produced in Proposi-
tion 11. We introduce the following truncation of the reaction in problem (P;) (A > 0)

AY (U (2) + f(z, x) if x < un(z)

A0 (x) + f(z,x) if u) (z) < x. 27)

T (z, x) ={

This is a Carathéodory function. Let 7} (z, x) = f(f 7, (z, $)ds and consider the functional
@1 - W' () — R defined by

oy (u) :/ G(Du)dz —f T, (z,u)dz forall u Wol’p(Q).
Q Q

Using Proposition 5, we see that ¢, € c! (Wol’p(Q), R). We have

u(z)
or (1) > — || Dul|? —/ A0 (i) udz — A/ 9 (s)dsdz —
p(p—1 @<uy Jir@

{u<uy}

/ F(z,u)dz forallu e Wol’p(Q) (see Corollary 3 and (27))
Q

=

c
71||Du||§ —/ kﬁ(ﬁk)udz—/ F(z,u)dz
p(p—1 Q Q
forall u € Wg’p(Q) (see hypothesis H (0)(ii))
C1
> —————|[u|l” — rcis|full —/ F(z,u)dz
rip—1 Q

forallu € W(;’p(Q), and some c15 > 0. (28)

Hypotheses H (f)(i)(iv) imply that given € > 0, we can find c16 = c16(€) > 0 such that

F(z.x) < SxP + c16x for almost all z € Q. and all x > 0.
p
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Using this growth estimate in (28) and choosing € > 0 small, we obtain

@.(u) = ci7l|ull? — cigllull” — Acis||ul|
forall u W()l’p(fl), and some cy7, c1g > 0. (29)

We first choose 0 < p < (i;)q Let & = c17pP — c13p” > 0. We choose Ay > 0

c1
small such that 3
Acisp < & forall A € (0, Ap).
Then from (29) we have

¢ilop, > O forall A € (0, A9) (30)

(recall that B, = {u € Wol’p(Q) S lul] < p}).
Let 6 > 0 be as in (17). We choose ¢ € (0, 1) so small that

t|Dii1(q)(z)| < S forall z € Qand it (q) < ), 31)

(recall that i1 (q), u). € int C+ and use Proposition 8). We have

@ (tii1(q)) < 1931(q) —t/QM(ﬁx)ﬁﬂq)dz —/QF(z,tfu(q))dz

(see 17,27, 31 and recall that ||i( ()|, = 1)
< 1921(q) — Mcyo for some c19 > O (recall that F > 0).

Since ¢ > 1, choosing t € (0, 1) even smaller if necessary, we can infer that
@ (ti1(q)) < 0= :(0). (32)

The functional ¢ is sequentially weakly lower semicontinuous, whereas B, € W(; P(Q)
is w-compact. So, we can find u; € Wé’p(Q) such that

0.(uy) = inf{gs () 1 u € Wy (Q)).
From (30) and (32) it follows that

up # 0and [|lus|| < p,
= ¢, (uy) =0,

= (A(uy), h) :/ 7, (z, u;)hdz forall h € W(}’p(Q). (33)
Q
In (33) we choose h = (), —u)™ € Wol’p(Q). Then
(A(p), (@, —up)™) = /Q[M/‘(ﬁ,x) + f (@ w1y — up) T dz(see (27))

> f A0 (i3 (@), — uy) T dz (since f > 0)
Q

= (A@,), (@), —up)™),
= u; < uy (see Lemma 4). (34)

Then it follows from (27), (33) and (34) that
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—diva(Du;, (z)) = AP (ux(2)) + f(z, ux(z)) for almost all z € Q, uylye =0,
= u) € int C4 (by the nonlinear regularity theory and (34)).

So, we conclude that
(0,20) S L #@and S, CintCo.

The proof is now complete. O
Proposition 13 If hypotheses H (a), H(¥), H(f) hold, then \* < 4oc.

Proof On account of hypotheses H (f)(ii), (iii), we have
i Sz, x)
im

x—>4o00 xP—1

= 400 uniformly for almost all z € .

Therefore we can find M > 1 such that
f(z,x) > xP~! for almost all z € Q and all x > M.

MP—
Let A = 0(M)

Then
A0 (x) = MP~! > xP  foraa. x € (0, M] (see hypothesis H (9)(ii)),

= A0 (x) + f(z,x) = xP"foraa z € Q, all x > 0 (recall that & > 0, f > 0).
(35)

Consider A > A and suppose that A € L. Then we can find u; € S5 C intC (see
Proposition 12). Let ¢ € €2 be a strict open subset of Q2 with C 2 -boundary 320, 2 < Q.
We set

mo = minu, > 0.
Q0

Let p = ||u|loo and let é‘p > 0 be as postulated by hypothesis H(f)(v). For € > 0, we
set mg = mo + €. We have

—diva(Dm§) — 19 (m§) + &, (m§)P !
< épmgfl — A9 (mo) + x () with x(¢) — 0 as e — 0T (see hypotheses H (1))
< +Eymy~" - Pm) + %O
< f(z,mo) + Spmo ! for all small enough € > 0 (recall that A > X)

< [z ur(@) + Epui ()P (see hypothesis H (f)(v))
= —diva(Du, (z)) — AV (uy(2)) + é‘pu;\(z)p_l for almost all z € Q.
Invoking Proposition 6, we have
u; —mj5 € int C’+(Qo) for small enough € > 0,
which contradicts the fact that m; = minu;_.

Q0
Therefore A ¢ £ and so A* < . < +oo. O

Let i), € int C be the unique solution of problem (P;) produced in Proposition 11. Next,
we show that i, is a lower bound for the elements of S .
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Proposition 14 If hypotheses H(a), H(¥), H(f) hold and . € L, then u, < u for all
uesS, CintCy.

Proof Since > € L wehave J # S, CintC4.Letu € S,. Then
(A(u), h) = / [A9 () + f(z,u)lhdz forall h € Wé’p(Q). (36)
Q

In (36) we choose h = (i1, —u)T € Wol’p(Q). We have
(AG@y), (@, —w)™)

= f A0 () + f(z, )] — u)Tdz
Q

> / A0 () (it — u)tdz (since f > 0)
Q

> / A (i) (i), — u)Tdz (see hypothesis H () (ii))
Q

= (A@), (@, — u)*),
= u) < u (see Lemma 4).

The proof is now complete. O
We also show that the map A +— i, from (0, +00) into CO1 (Q) is nondecreasing, that is
O<pu<Ai=u) —u,ecCy.

Proposition 15 If hypotheses H(a), H(¥), H(f) hold, then the map A +— u; from (0, +00)
into C(l) (Q) is nondecreasing.

Proof Let 0 <t < A. We have
(A(,), h) = /qu&‘(ﬁu)hdz forall h € Wy"(Q). (37
In (37) we choose h = (i), — i)t e Wol’p(Q). Then
(A@0). Gy — i)™) = /Q W i) iy, — )z

< f A (i) (it — i) Tdz
Q
(since i < X and see hypothesis H (¢)(ii))
= (A, (i, —ip)*),
=i, <uy (see Lemma4).

Clearly, we also have u # i,. O
Now we can show that £ is an interval.

Proposition 16 If hypotheses H(a), H(®), H(f) hold, . € L and u; € S, C intCy, then
u € L andwe can findu, € S, C int C4 such that

uy —uy €intCy.
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Proof On account of Propositions 14 and 15, we have
iy < iy < uy.
We introduce the Carathéodory function y,, (z, x) defined by

wo (U, (2)) + f(z,u,(2) if x <y, (2)
Yu(z, x) = § no(x) + f(z, x) if i, (z) <x <up(z) (38)
w(uy(2)) + f(z, un(z)) ifup(z) < x.

Letl')(z,x) = f(f v (2, s)ds and consider the C!-functional O W&’p(Q) — R defined
by

@) =/ G(Du)dz —/ I'y(z,u)dz forall u € W(}’p(Q).
Q Q

Corollary 3 and (38) imply that ¢, (-) is coercive. Also it is sequentially weakly lower
semicontinuous. So, we can find u, € W(}’p (£2) such that

Gy = inf{@, () - u € Wy'P (),
= ‘Z’;&(”u) =0,

= (A(up). h) :/ Yu (2, uu)hdz forall h € Wy'”(Q). (39)
Q
In (39) we first choose h = (i1, — u,)t € W(}’p(Q). Then
(A, @y —u*) = /Q[m‘/‘(ﬁu) + [z )]y — uy)dz (see (38))

=2 / w (i) (it — u,) " dz (since f > 0)
Q

= <A(L_‘M)v (i — MM)+>’

= Uy < Uy.

Next, in (39) we choose h = (u,, — u)t e Wol’p(Q). Then
(A, (wy —up)™) = /Q[/M?(ux) + [z u) 1y — up) T dz (see (38))

< / 20 (up) + f(z, u3)(uy — u;)"dz (since p < A)
Q

= (A@up), (uy —up)t),
= uy < Uy

So, we have proved that
uy € [uy, uyl. (40)

From (38), (39), (40) it follows that
uy €8, CintCyandsop € L.
Now, let p = ||u,||co and let ép > () be as postulated by hypothesis H (f)(v). We have

—diva(Du,(2)) — 20 (1, (2)) + Eputy ()P
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= (= W) (@) + f (@ up @) + Epu ()P

< fz,un(2) + épuu (z)p_1 (since A > p and using hypothesis H (f)(v))

= —diva(Du; (2)) — 2 (u3(2)) + £pu5 (z)P " for almost all z €

(recall that u; € Sy). 41)

Note that
0< (=)0 (uu).
Therefore from (41) and Proposition 7, we conclude that
u) —uy, €intCy.
The proof is now complete. O
Next, we show that the critical parameter A* > 0 is admissible (that is, A* € £).

Proposition 17 If hypotheses H (a), H(¥), H(f) hold, then A* € L.

Proof Let {A,},>1 € L be such that &, 1 A*. We consider the Carathéodory functions
Jn + 2 x R — R defined by

M0 (U (2) + f(z, up, (2) if x < iy, (2)

I () + f(2, x) if i3, (2) < x. (“42)

Jn(z,x) = {

We set J,(z,x) = fox Jn(z, s)ds and consider the C!-functional ©., - Wol’p(Q) - R
defined by

P2, (1) :/ G(Du)dz—/ Jn(z,u)dz forallu € Wol’p(Q)
Q Q

(see Proposition 5). Since A, € £, wecanfindi, € S;, € int Cy foralln € N.Let y,, (z, x)
be the Carathéodory function defined by

A0 Uy, (2) + f(z,up, (2))  ifx <uy,(z)
Vo (2, X) = 1 AP (x) + f(z,x) ifiy, (2) <x <dpt1(2) (43)
Mn® (lnt1(2) + £z, lpg1(2) if 1 (2) < x.

We set Ty, (z, x) = [; 7.,(z, s)ds and then using Proposition 5, we introduce the C'-

functional ¢;,, : W(}’p(Q) — R defined by

@, () :/ G(Du)dz—[ T, (z, u)dz for all u € Wy"(Q).
Q Q

It is clear from Corollary 3 and (43) that ¢, (-) is coercive. Also, it is sequentially weakly
lower semicontinuous. So, we can find u,, € Wé’p (€2) such that

@1, (tn) = inf(@s,, () s u € Wy P (D). (44)
We have
O, (n) < @, (i3,)
< / G(Duy,)dz — )Ln/ Uiy, )dz
Q Q
(see (43) and recall that f > 0)
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< (A(ﬁxl),ml)—mf 9 (i, Vit dz
Q

(see (2) and recall that 0 < A} < A, n € N)
= 0 (since uy, € int C solves (15)).

From (42) and (43), we see that

@, = @, on [y, dyy1] foralln € N,
= ¢, (up) <Oforalln € N. (45)

Since u, € Kg, (see (44)), as in the proof of Proposition 16, using (43) we can show that
u € [uy, ip4+1] Nint C for all n € N. Therefore for every n € N, we have

(Aun), h) = / jn(z, un)hdz forall n € Nand all h € WP (). (46)
Q
In (46) we choose i = u, € Wy*” (). Then

— / (a(Duy), Dup)gndz —l—f Jn(z, up)updz = 0 foralln € N. 47)
Q Q

From (45) we have

/ pG(Duy)dz —/ pJn(z,up)dz < Oforalln e N. (48)
Q Q

We add (47) and (48) and obtain

/ [PG(DMn) — (a(Duy,), Dun)]RN]dZ + / [jn(z’ Up)Uy — pJn(Z’ un)]dz <0
Q Q
foralln € N,

= / [jn(z, up)upy — pJn(z, uy)ldz < 0 forall n € N (see hypothesis H (a)(iv)),
Q

= / [An® (un) + f (2, un))tty — p(rn0(un) + F (2, un))ldz < cpo for some ¢ > 0,
Q
all n € N (see (42)),
= / e,(z, up)dz < cyo forallnm e N. (49)
Q

Claim 1 {u,},>1 € Wy'?(Q) is bounded.

We argue by contradiction. So, suppose that the claim is not true. Then by passing to a
subsequence if necessary, we may assume that

[lun|] = +o0. (50)

We set y, = HZ—Z” for all n € N. Then ||y,|| = 1, y, = 0 for all n € N. So, we may
assume that
Vn X yin Wol’p(Q) and y, — yin L' (), y > 0. (51)

First, we assume that y # 0. If Q4 = {z € Q : y(z) > 0}, then |Q24|y > O where by
| - |n we denote the Lebesgue measure on RN (recall that y > 0, y # 0). We have

uy(z) - 4oo forall z € Q4 (see (50)).
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On account of hypothesis H (f)(ii), we have

PF(z, u,(2)) _ PF(z,u,(2))
[lunll? u, ()P

Then from Fatou’s lemma (see hypothesis H (f)(ii)), we have

yn(2)? — oo for almost all z € Q.

1
—_— pF(z,up)dz — 400,
Nunll? Ja,

pF(z,uy)dz — 400 (since F > 0). (52)
lunll? Ja

Also from hypotheses H () (i), (ii) we see that

1
< 7/ O(up)dz — 0asn — oo. (53)
unll? Jo

So, ﬁnally we can say that

Tanll? / (200 (un) + pF(z, upy)ldz — +00 asn — oo (see (52), (53)). (54)

From hypothesis H(f)(iii), we have for almost all z € 2, and all x > 0

0 < ey, (z, %) + Bas (2),
= plaf(x) + F(z, )] — Bur(2) < M (x) + f(z, 0)]x . (55)

From (47) and hypothesis H (a)(iv), we have
/ Jn(z, up)uydz < / pG(Duy)dz foralln € N,
Q Q
= / plrnO(un) + F(z,uy)]dz < / pG(Duy)dz + co1
Q Q
for some ¢31 > 0, alln € N (see (42) and (55)),

|u,,||P/D‘ O(up) + F(z,u,)]dz < czz(Hun”p + [yl ) 3

for some ¢, ¢23 > 0 and all n € N (see Corollary 3). (56)

We compare (54) and (56) and we obtain a contradiction.
Now assume that y = 0. For n > 0, we define

ve = (p)/Py, € Wy'P () forall n € N.
From (50) we see that we can find ng € N such that

(pn'/?)

< 1foralln > ng. 57
IIMnII

Consider the C'-functional 3, : WO’P (2) — R defined by

C1 1,
mnmng - /Q Jin (z, u)dz for allu € Wy " (Q).

Lett, € [0, 1] (for n € N) be such that

Sy () =

S (tn, up) = max{%kn (tuy) : 0 <t < 1) (58)
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From (57) and (58) it follows that
S)L,, (tyun) 2> RNSA(U,,)
n
> Dy, |15 - / Jry (@ v)dz
p—1 Q

_n
p—1
S f A 0 (vy) + F(z, vy)ldz — coallvall
p—1 Q

WV

- [ Jox(z, vy)dz (since ||y,|| = 1 and A, < A* forall n € N)
Q

WV

for some ¢4 > 0, and all n > ng (see (42)).

Since we have assumed that y = 0, we have

/ [A*0(vy) + F(z, vu)1dz + c4llvn|| — 0 as n — oo,
Q

foralln > n; > no.

= S tatt) > 5
! 2 p—1
But > 0 is arbitrary. So, we can infer that
S, (talty) = +00asn — 00. 59)
Note that
35, (0) = 0and 3y, (u,) < @), (uy) < 0forall n € N (see Corollary 3 and (45)).
Then from (59) it follows that
t, € (0, 1) forall n > ny,
= %S‘kn (tun)li=;, = 0 (see (58))
= (3, (tattn), tattn) = O (by the chain rule),
c
p—1
< f Don® (tntt) + 2ottt tntt)d + €25
for sogle crs5 > 0, and all n > ny (see (42))

< / p[)‘-ne(tnun) + F(Z, [n”n)]dz +f €x, (Z7 un)dz + c26
Q Q

for some cp¢ > 0, and all n > ny (see H(f)(iii)),

= D aun) I} 2/ o (@5 tnttn) (tpuin)dz
Q

= p3y, (tatty) < 27 for some 7 > 0, and all n > ny (see (49)). (60)

Comparing (59) and (60), we obtain a contradiction.
We conclude that {u,},>1 € WO1 "7 (€2) is bounded and this proves the claim.
On account of the claim, we way assume

tn 2w, in Wy'P () and u, — uy in L7 (R).

We return to (46) and use h = u, — uy € Wol’p(Q). Passing to the limit as n — oo, we
obtain

lim (A(u,), u, —uy) =0,
n—0o0
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= U, — Uy in Wol’p(Q) as n — oo (see Lemma 4). (61)
If in (46) we pass to the limit as n — oo and use (61), then we obtain
(A(uy), h) =/ Jor (2, u)hdz for all h € Wy'"(R). (62)
Q
Recall that
ity, < uy foralln € N (see Proposition 14 and 15),
= i), < Uy (see (61)),
= u, € S;+ C int C4 (see (62) and (42)) and so A* € L.
The proof is now complete. O

We have proved that

£=(0,2%].

Next, we show thatfor A € (0, A*), problem (P, ) has at least two positive smooth solutions.

Proposition 18 If hypotheses H(a), H(%), H(f) hold and A € (0, A*), then problem (P))

admits at least two positive solutions

uo, it € intCy, ug # .

Proof Let0 < pu < A < n < A*. According to Proposition 16, there exist ug € S C int Cy

andu, € S, CintCy, u, € §; C int C such that

ug —uy, € intCy and uy,y —ug € int Cy,

= ug € mtc&(ﬁ)[”w uy].
We introduce the following truncations of the reaction in problem (P ):

A (uy(2)) + (2 up(2) if x <uy(z)

ir(z,x) = {M?(x) + f(z,x) ifu,(z) <x

iz, x)  ifx < uy(2)

and 75 (z, x) = { ir(z,n(2)) if uy(z) < x.

Both are Carathéodory functions. We set
X R X R
I (z,x) = / i;(z,8)ds and I, (z, x) = / i)(z,s)ds
0 0
and consider the C!-functionals oy, 6 : W(;'p (2) — R defined by
oy (u) = / G(Du)dz — / I, (z,u)dz
Q Q
and 6, (u) =f G(Du)dz—/ Iz, wydz forall u € WP (Q).
Q Q

Using (64) and (65), as in the proof of Proposition 16, we show that

Ko, C [u,) NintCy and K5, € [uy, uy] Nint Cy.

(63)

(64)

(65)

(66)
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Evidently, we may assume that
Ko, N [uy, uyl = {uo}. (67)

Otherwise, from (66) and (64) we see that we already have a second positive smooth
solution and so we are done. From Corollary 3 and (65), it is clear that 6, (-) is coercive. Also
by the Sobolev embedding theorem, & (-) is sequentially weakly lower semicontinuous. So,
we can find g € Wol’p(Q) such that

6:.(g) = inf {65 () : 1 € Wy P (),
=i € Ks, .

Note that a/{ =0 /{ on [u,, uy] (see (64) and (65)). Therefore from (66) and (67) it follows
that

it = uo,

= ug is a local Cé () — minimizer of o;.(-)
(see (63) and note that o3, = &3 on [uy, uyl),
= ug is alocal W(}’p(Q) — minimizer of oy ()

(see Papageorgiou and Radulescu [32, Proposition 8]). (68)
From (64) and (66), it is clear that we may assume that
K, is finite. (69)

Otherwise on account of (66), we see that we already have an infinity of positive smooth
solutions and so we are done. Then from (68) and (69) it follows that we can find small
enough p € (0, 1) such that

o3 (uo) < inf{oy (u) : |[u —uoll = p} = m, (70)

(see Aizicovici et al. [1], proof of Proposition 29). Also, on account of hypotheses
H(f)(ii), (iii) for u € int C, we have

oy (tu) - —oo ast — +o0. (71)

We will show that
0,.(+) satisfies the C-condition. (72)

To this end, we consider a sequence {u,},>1 € WO1 "7 (Q) such that

loa(uy)| < cpg for some cog > 0, alln € N, (73)
(1 + [|unl)oy (un) — 0in W_l’”/(SZ) asn — oo. (74)

From (74) we have

‘(A(un),m—/ ix(z,un)hdz‘ < Skl
Q L+ [luy||
forall b € Wy'”(Q), withe, — 0%, (75)

In (75) we choose h = —u,, € W(}’p(Q) and obtain
c1
p—1

||Du;||£71 < ¢p9 for some cy9 > 0, and all n € N (see Lemma 2 and (64)),
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= {u; }n>1 € WP (R) is bounded. (76)

From (73) and (76) it follows that
/;ZpG(Du;:')dz — /Q phL.(z, u,‘f)dz < ¢30 for some ¢39 > 0, and alln € N. 77
In (75) we choose h = u;} € Wol’p(Q). Then
- /Q(a(Duj{), DuNpndz + /Q ix(z,uutdz < e, foralln € N. (78)
We add (77) and (78) and we use hypothesis H (a)(iv). We obtain
/;UA(Z, u:l')u;l' — ph(z, u;)]dz < c31 forsome cz; > 0, andalln € N
= /S;e,\(z, u,'f)dz < c3 for some ¢3p > 0, and all n € N (see (64)). (79)

Using (79) and reasoning as in the proof of Proposition 17 (see the claim of the proof of
Proposition 17), we show that

{u has1 C Wol‘p(Q) is bounded,
= {n}n>1 € W,P () is bounded (see (76)).
From this, as in the proof of Proposition 17, using the (S)-property of A(-) (see Lemma4),

we conclude that (72) is true.
On account of (70), (71), (72), we can use Theorem 1 (mountain pass theorem). So, we

canfind i € Wol’p(Q) such that

{a € K, C [uy) Nint Cy. (see (66)), } (80)
05.(ug) < my, < 0,(it) (see (70)).
From (80) and (64), we conclude that
ineS, CintCy, u # up.
The proof is now complete. O

4 The minimal positive solution

In this section we show that for every A € £ = (0, k*] problem (P,) has a smallest positive
solution #} and we examine the monotonicity and continuity properties of the map A — u}.

First, we show that S is downward directed. This means that if u, uy € S, then we can
find u € S, such that u < uy, u < up. Our proof is inspired by the proof of Lemma 4.1
of Filippakis and Papageorgiou [9], where a similar result is proved for the upper solutions
of nonlinear Dirichlet problems without singularities, driven by the p-Laplacian (see also
Papageorgiou et al. [33,34], for Robin problems).

Proposition 19 If hypotheses H(a), H(®), H(f) hold and » € L = (0, A*], then S, is
downward directed.
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Proof Letuy,u» € S; and € > 0. We introduce the following cut-off frunction
ne(x) =17 if —e<x<e
1

Evidently, . : R — R is Lipschitz continuous. So, we have

{m((ul —u2)” () € Wy (), } @D
Vite((un = u2)7) =0 = ) ) D((ur = u2)7)

(see, for example, Gasinski and Papageorgiou [11], Proposition 2.4.25 and Remark 2.4.26,
p. 195).
Lety € Cé(Q) ={y e CHQ): yhas compact support in 2}, y > 0. Then

{ne((ul —u2)7)y € Wy " (). } &
D(n((uy —u2)7)y) = yD(n((uy —u2)™)) + ne((u1 —uz)")Dy

(see Proposition 2.4.22 of Gasinski and Papageorgiou [11, p. 193]). Since u,us € Sy <
int C, we have

/(a(Dul), Dh)RNdZZf[w(ul)-irf(z,ul)]hdz, (83)
Q Q
/ (a(Duz), Dh)gndz = / [0 (u2) + f(z, u2)lhdz forall h € Wy P (). (84)
Q Q

In (83) we choose h = ne((uy — u2)7)y € W(;’p(Q) and in (84) we choose h = [1 —
Ne((uy —uz) )]y € Wol’p(Q). We add the two equalities and obtain

/Q(a(Du), D(me((ur —u2)7)y)redz + /Q(a(Duz), D((1 = ne((uy —u2)"))y)rvdz
= /Q[M?(Ml) + [z u)ne((wy —uz2)")ydz +
/Q A @) + (2, u)] (1 = () — u2)7))ydz. (85)
‘We examine the two summands on the left-hand side of (85). We have
| @D, DOt =2 3y
= /QY(CI(DM), D(me((ur —u2)™))pndz + /;2 Ne((u1 —u2)”)(@(Dui), Dy)gpvdz

= —/ yv(@(Duy), D(uy — uz))gvdz +f Ne((wy — uz)”)(a(Duy), Dy)gndz.
{(—e<u1 —ur <0} Q
(86)
Similarly we have
fQ (@(Dus), DL — ne((ut — u) Ny)gndz
= /Qy(a(Duz), D(uy — u2))pndz + /Q[l —Ne((u1 — uz2)")(a(Duz), Dy)pndz.

87
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We use (86) and (87) in (85). Since y > 0 and exploiting the monotonicity of a(-), we
obtain

/Qne((ul —uz)" )(a(Duy), Dy)pndz + /Q[l —ne((ur —uz) " )(a(Duy), Dy)pndz
2/9[w(u1)+f(z,u1)]ns((u1 ) )dz

+/Q[)»19(u2) + [z, u2)I(1 = ne((ur —u2)7))dz. (88)

Note that
e (U1 — u2)™(2)) = X{uy<u}(z) for almost all z € Q, ase — 0T

So, if in (88) we let e — 07, then

f (a(Duy), Dy)gndz +/ (a(Du3), Dy)pndz
{ur<us} {up<uy}

> / D) + £z un)lvdz + f A0 w) + Foun)ludz.  (89)
{ur<uz}

{ua<ui}

If i = min{uy, up} € Wol’p(Q), then we know that

- Du, for almost all z € {upy < uy}. (©0)

Di { Du for almost all z € {u; < u>}
Moreover, by Stampacchia’s theorem we have that
D(uy —uy) =0 for almost all z € {u; = us}

(see Gasinski and Papageorgiou [11, pp. 195-196]).
From (89) and (90) it follows that

/(a(Dﬁ), Dy)pndz > / A9 (i) + f(z. @)]ydz forall y € CH(Q), y > 0.
Q Q

The density of such y’s in the positive cone of Wol’p(Q) (that is, in the set W, = {u €

Wé’p (€2) : u(z) = 0 for almost all z € 2}, see Gasinski and Papageorgiou [12, Proposition
1.154]), implies that

| @i, Dyyevdz > [ 10 + sz iy
Q Q

forall y € Wy'” () with y > 0. 1)
We consider the following truncation of the reaction in problem (P;):

A0 (up(2)) + f(z, u(2)) if x < u;(2)
(2, x) = § A% (x) + f(z, x) ifuy(z) <x <uz) 92)
M () + f(z,i(z)) ifi(z) < x.

This is a Carathéodory function. We set M, (z, x) = f(;c 1 (z, s)ds and consider the
C!-functional (see Proposition 5) t; : wl-r (2) = R defined b
P 0 y

7. (v) = / G(Dv)dz —/ M, (z,v)dz forall v € WOI"p(Q).
Q Q
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As before (see the proof of Proposition 16), using (92), we can show that
Ky, C iy, u]Nint Cq. (93)

From (92) it is clear that 7 (-) is coercive. In addition, 7 (-) is sequentially weakly lower
semicontinuous. So, we can find u € Wé "7 (Q) such that

7.(u) = inf{z,(v) 1 v € Wy P ()},
= u € Ky, C [i,i]NintCy,
=suel, CintCyandu <u < up,us.

This proves that S, is downward directed. O

Using this proposition, we can show the existence of a minimal positive solution for
problem (P;).

Proposition 20 If hypotheses H (a), H(¥), H(f) hold and » € L = (0, A*], then problem
(Py) admits a smallest positive solution uj € S; C int Cy (that is, ui < u forallu € S;,).

Proof On account of Proposition 19 and using Lemma 3.10 of Hu and Papageorgiou [19, p.
178], we can find {u,},>1 € Sy C int C decreasing such that

inf S; = inf u,.

nz
We have
(A(up), h) = f A9 () + f (2, un) hdz for all h € Wy'P (Q), (94)
Q
0 < iy <u, <upforalln € N (see Proposition 14). (95)

Choosing h = u, € Wol’p(Q) in (94) and using (95) and hypotheses H (¢)(ii) and
H(f)(i), we can infer that

{Un}ns1 € Wy'? () is bounded.
So, we may assume that
wy 5wl in Wo'P (@) and u, — u in LP(R2). (96)

In (94) we choose h = u, — uj € Wol’p(Q), pass to the limit as n — oo and use (95),
(96). Then

'1]320 <A(un)s Up — M}t) =0,
= uy, — uj in Wol‘p(Q) (see Lemma 4).
Taking the limit as n — oo in (94), we obtain
(Awp), h) = / WO ul) + f(z, u) hdz forall h € Wy'P(R), ity < uf,
Q
= u} € S) CintCy and u} = inf Sj.

The proof is now complete.
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Consider the minimal solution map x : £ = (0, A*] — C}(S) defined by
x(x) =uj forallx € L.
The next proposition establishes the monotonicity and continuity properties of this map.
Proposition 21 If hypotheses H (a), H(¥), H(f) hold, then

(a) x(-) is strictly increasing (thatis, 0 < * <n < A" = x(n) — x(A) € intCy);
(b) x(-) is left continuous.

Proof (a)Let0 < p < A < A*. According to Proposition 16, we can find u,, € S;, C int C
such that

uy —uy, €intCy,
= uj — u;‘; € int C4 (since u:i <uy),
= x(-) is strictly increasing.
(b) Let {A,},>1 € £ and assume that A, — A~ (A € £). We setu}; = u}in foralln € N.

The sequence {uy},>1 C int Cy is increasing (see (a)) and uj; < uj. € S+ C int Cy. We
have

(Aup), h) = / [on® ) + f (2, ul)hdz forall h € WP (Q).
Q

The nonlinear regularity theory of Lieberman [22] implies that we can find @ € (0, 1) and
¢33 > 0 such that

Lo =
up € Cy*(Q), ||M:||Cé‘a(§) < c33 foralln € N.

The compact embedding of C(l)’“(ﬁ) into CJ(2) and the monotonicity of {u};},> imply
that
ut — ii* in CJ (). 97)

We claim that #* = u}. Arguing by contradiction, suppose that &* # uj. Then we can
find zo € 2 such that

u(zo) < 4" (z0),
= u} (z0) < u(zo) forall n > ng (see (97)),

which contradicts (a). Therefore #* = u} and so we have

ut — ufin CJ(Q),

= x(+) is left continuous,

which concludes the proof of Proposition 21. O

The proof of Theorem 9 is now complete.
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