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Abstract
In this paper, we study the following nonlinear magnetic Schrodinger equation

(?v - A(x))2u FV@u = fquPu inRY (N > 2),
ue H'(RN,C),

where € is a positive parameter, and V : R¥Y — R, A : R¥Y — R¥ are continuous potentials.
Under a local assumption on the potential V, by combining variational methods, penalization
techniques, and the Ljusternik—Schnirelmann theory, we prove multiplicity and concentration
properties of solutions for ¢ > 0 small. In our problem, the function f is only continuous,
which allows to consider larger classes of nonlinearities in the reaction.

Mathematics Subject Classification 35J60 (Primary); 35B33 (Secondary)

1 Introduction and main results

The Schrodinger equation is central in quantum mechanics and it plays the role of Newton’s
laws and conservation of energy in classical mechanics, that is, it predicts the future behaviour
of a dynamical system. It is striking to point out that talking about his celebrated equation,
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Erwin Schrodinger said: “T don’t like it, and I’'m sorry I ever had anything to do with it”.
The linear Schrodinger equation is a central tool of quantum mechanics, which provides a
thorough description of a particle in a non-relativistic setting. Schrodinger’s linear equation
is

2

T E V)Y =0,

where ¥ is the Schrodinger wave function, m is the mass of the particle, i denotes Planck’s
renormalized constant, E is the energy, and V stands for the potential energy.

Schrodinger also established the classical derivation of his equation, based upon the
analogy between mechanics and optics, and closer to de Broglie’s ideas. He developed a per-
turbation method, inspired by the work of Lord Rayleigh in acoustics, proved the equivalence
between his wave mechanics and Heisenberg’s matrix, and introduced the time dependent
Schrodinger’s equation

V2 +

2
ihw,=—f—m VA + VY —ylvlP 'y x e RV (N >2), (1.1)

where p < 2N/(N —2)if N >3and p < o0 if N = 2.

In physical problems, a cubic nonlinearity corresponding to p = 3 in equation (1.1) is
common; in this case, problem (1.1) is called the Gross-Pitaevskii equation. In the study of
equation (1.1), Floer, Weinstein [22] and Oh [30,31] supposed that the potential V is bounded
and possesses a non-degenerate critical point at x = 0. More precisely, it is assumed that V
belongs to the class (V,) (for some real number a) introduced by Kato [27]. Taking y > 0 and
h > 0 sufficiently small and using a Lyapunov-Schmidt type reduction, Oh [30,31] proved
the existence of bound state solutions of problem (1.1), that is, solutions of the form

Vix, 1) = e Py (x) . (1.2)

Using the Ansatz (1.2), we reduce the nonlinear Schrédinger equation (1.1) to the semilinear
elliptic equation

h2
—— VU4 (V@ —E)u=uP"u.
2m

The change of variable y = A~ !x (and replacing y by x) yields

—Vu+2m(Vax) —E)u=ul’"'u xeRV, (1.3)
where V;(x) = V (hx).
1.1 Related results

In this paper, we are concerned with multiplicity and concentration results for the following
nonlinear magnetic Schrodinger equation

(5v- A(x))zu +V@u = f(uPu inRY (N >2), (1.4)
l

where u € HI@RY,C), ¢ > Oisa parameter, V : RY — R is a continuous function,
f € C(R,R), and the magnetic potential A : RN — R" is Holder continuous with exponent
o € (0,1].
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Problem (1.4) arises when one looks for standing wave solutions ¥ (x, t) := e iEt/N

(with E € R) of the nonlinear evolution system

oy

a
From a physical point of view, the existence of such solutions and the study of their shape
in the semiclassical limit, namely, as i — O (or, equivalently, as ¢ — 0% in (1.4)), is of
the greatest importance, since the transition from quantum mechanics to classical mechanics
can be formally performed by sending to zero the Planck constant /.

For problem (1.4), there is a vast literature concerning the existence and the multiplicity
of bound state solutions for the case without magnetic field, namely if A = 0. The first result
in this direction was given by Floer and Weinstein [22], who considered the case N = 1 and
f = igr. Later on, several authors generalized this result to larger values of N, using different
methods. For instance, del Pino and Felmer [20] studied the existence and concentration of
solutions to the following problem

u(x)

2
ih (?V—A(x)) v +U@Y — f(¥)y inRY xR,

—2V2u+V(x)u = f(u)in Q,
u=0o0nos,

u > 0in Q,

where € is a possibly unbounded domain in R (N > 3), the potential V is locally Holder
continuous, bounded from below away from zero, there exists a bounded open set A C 2
such that
inf V(x) < min V(x), (1.5)
xeA xXedA
and the nonlinearity f satisfies some subcritical growth conditions. In [1], Alves and
Figueiredo considered the following quasilinear elliptic equation

—eP Apu+ V() |ulP2u = f(u)in RV,
u>0in RV,

where V is a positive continuous function and satisfies the local assumption (1.5), f € Clis
a function having subcritical and superlinear growth. By using the Nehari manifold method
and the Ljusternik—Schnirelmann category theory, the authors obtained the multiplicity of
positive solutions. In order to apply the Nehari manifold method, the authors assumed that
f e C!, which ensures that the Nehari manifold is a C!-manifold. If f is only continuous,
then the Nehari manifold is only a topological manifold, thus the arguments developed in
[1] collapse. We notice that Szulkin and Weth in [34] considered the multiple solutions for
the nonlinear stationary Schrodinger equation —Au + V(x)u = f(x,u) in RV, here f is
superlinear, subcritical and continuous. In order to use the method of Nehari manifold, they
developed a new approach. For further results about the existence, multiplicity and qualitative
properties of semiclassical states with various types of concentration behaviors, which have
been established under various assumptions on the potential V and on the nonlinearity f,
see [2,4,6-8,12,14,15,19,30,31,36] the references therein (see also [5,23] for the fractional
case).

On the other hand, the magnetic nonlinear Schrédinger equation (1.4) has been extensively
investigated by many authors applying suitable variational and topological methods (see
[3,10,11,16-18,21,25,26,28] and references therein). To the best of our knowledge, the first
result involving the magnetic field was obtained by Esteban and Lions [21]. They used the
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concentration-compactness principle and minimization arguments to obtain solutions for
& > 0 fixed and N = 2, 3. In particular, due to our scope, we want to mention [3] where the
authors used the method of the Nehari manifold, the penalization method, and the Ljusternik—
Schnirelmann category theory for a subcritical nonlinearity f € C'. We point out that if f is
only continuous, then the arguments developed in [3] fail. Moreover, as we will see later, due
to the presence of the magnetic field A(x), problem (1.4) cannot be changed into a pure real-
valued problem, hence we must deal directly with a complex-valued problem, which causes
several new difficulties in employing the methods to deal with our problem. Our problem is
more complicated than the problem without magnetic field and we need additional technical
estimates.

1.2 Main result

In this paper, motivated by [3,24,34], for the case where f is only continuous, we establish
multiplicity and concentration properties of nontrivial solutions to problem (1.4).
Throughout the paper, we make the following assumptions on the potential V.

(V1) There exists Vy > 0 such that V (x) > V; for all x € RV
(V2) There exists a bounded open set A C R¥ such that

Vo = ;IIEIZI\I Vx) < xrregr[l\ V(x).
Observe that
M:={xeA:V(x)=V} #0.
Moreover, let the nonlinearity f € C (R, R) be a function satisfying the following hypotheses.

(f1) f(r)y=0ifr <0;
(f2) There exists g € (2,2%) such that
2
o)t
lim G =0
t— 400 [‘1_1
where 2* =2N/(N —2)if N > 3,and 2* = c0 if N = 2;
(f3) There is a positive constant & > 2 such that

)

t
0 < %F([) <tf(t), Vt >0, where F(t) =/ f(s)ds;
0

(f4) f(¢v) is strictly increasing in (0, 00).

The main result of this paper is the following.

Theorem 1.1 Assume that V satisfies (V 1), (V2) and f satisfies (f1)—(f4). Then, for any
8 > 0 such that

Ms = {x e RN : dist (x, M) < 8} C A,

there exists es > 0 such that, for any 0 < ¢ < &5, problem (1.4) has at least catpy;(M)
nontrivial solutions. Moreover, for every sequence {e,} such that &, — 07 as n — 400,
if we denote by ug, one of these solutions of problem (1.4) for ¢ = ¢, and n, € RN is the
global maximum point of |ug, |, then

lim V(ne,) = Vo.
n
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The paper is organized as follows. In Sect. 2, we introduce the functional setting and give
some preliminaries. In Sect. 3, we study the modified problem. We prove the Palais-Smale
condition for the modified energy functional and provide some tools which are useful to
establish a multiplicity result. In Sect. 4, we study the autonomous problem associated. This
allows us to show that the modified problem has multiple solutions. Finally, in Sect. 5, we
complete the paper with the proof of Theorem 1.1. We refer to the recent monograph [32]
for some of the main abstract methods used in this paper.

Notation

e C,Cy, (3, ... denote positive constants whose exact values are inessential and can
change from line to line;

e Br(y) denotes the open disk centered at y € RY with radius R > 0 and B (y) denotes
the complement of Bz (y) in RY;

o [[-1I, 1l llg, and || - || oo () denote the usual norms of the spaces H'(RY, R), LY(RY | R),
and L*°(£2, R), respectively, where Q2 C RN, (-, -)o denotes the inner product of the
space H!(RN R).

2 Abstract setting and preliminary results

In this section, we present the functional spaces and some useful preliminary remarks which
will be useful for our arguments. We also introduce a classical equivalent version of problem
(1.4).

For u : RN — C, let us denote by

\Y
Vau := <f — A) u,
i

HYRYN, C) :={u € L*RY,C) : [Vaul € L*R",R)}.

and

The space H}‘ (RN, C) is an Hilbert space endowed with the scalar product
(u, v) := Re/ (VAMVAv + ui)dx, forany u, v € H)‘(RN, O,
R2
where Re and the bar denote the real part of a complex number and the complex conjugation,
respectively. Moreover we denote by ||u| 4 the norm induced by this inner product.

On H /i (R, C) we will frequently use the following diamagnetic inequality (see, e.g.,
Lieb and Loss [29, Theorem 7.21])

IVau(x)| = [V]u(0)]]. 2.1
Moreover, making a simple change of variables, we can see that (1.4) is equivalent to
1 2 2y, o mN
(57 = 4c) u+ Veu = f(uPyu inRY, 22)
i

where A (x) = A(ex) and V. (x) = V(ex).
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Let H, be the Hilbert space obtained as the closure of C2*(RY, C) with respect to the
scalar product

(u, v)e := Re/ (VASMVASU + Vg(x)ui)dx
RN

and let us denote by || - || the norm induced by this inner product.
The diamagnetic inequality (2.1) implies that if u € H)xp (RN, C), then |u| € H'(RY,R)
and ||u|| < C||u||¢. Therefore, the embedding H, — L"(RY, C) is continuous for 2 < r <

2* and the embedding Hy < L, (RN, C) is compact for 1 < r < 2*.

3 The modified problem

As in [20], to study system (1.4), or equivalently, problem (2.2) by variational methods, we
modify suitably the nonlinearity f so that, for ¢ > 0 small enough, the solutions of the
modified problem are also solutions of the original one. More precisely, we choose K > 2.
By (f4) there exists a unique number a > 0 verifying K f (a) = Vy, where Vj is given in
(V1). Hence we consider the function

f@, t <a,

F® ::{VO/K, t>a.

Now we introduce the penalized nonlinearity g : RN x R — R

g, 1) i= xa() f () + (1 — xa () f (1), 3.1
t
where x is the characteristic function on A and G(x, t) := / g(x,s)ds.

0
In view of (f1)—(f4), we deduce that g is a Carathéodory function satisfying the following
properties:

(gl) g(x,t) =0foreacht <0;
(g2) lim g(x,t) = 0 uniformly in x € RV;
t—0t

(g3) g(x,t) < f(¢) forall t > 0 and uniformly in x € RY,

(g4) 0 <6G(x,t) <2g(x,t)t,foreachx € A, t > O;

(g5 0<G(x,1) <g(x,t)t < Vot/K,foreach x € A°,t > 0;

(g6) foreach x € A, the function ¢t — g(x, 1) is strictly increasing in t € (0, +00) and for
each x € A€, the function ¢ > g(x, ?) is strictly increasing in (0, a).

Then we consider the modified problem
(%v - Ag(x))zu + Veu = g(ex. [uyu inRY. (3.2)
Note that if u is a solution of problem (3.2) with
lu(x)> <a forallx € AS, A.:={x e RV :ex € A},
then u is a solution of problem (2.2).

The energy functional associated to problem (3.2) is

1 1
Je(u) == f/ (IVa,ul* + Ve(x)|u|?)dx — ff G(ex, |u|)dx forallu € H,.
2 RN 2 RN
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It is standard to prove that J, € CY(H,,R) and its critical points are the weak solutions of
the modified problem (3.2).
We denote by N, the Nehari manifold of Jg, that is,

Ne i= {u € H\{O} : J;(w)[u] = 0},
and define the number c; by

Ce = uiet}\f/g Je(u).

Let H;" be the open subset of H, given by
H ={u € H, : |supp(u) N A¢| > 0},

and S} = S N H, where S, is the unit sphere of H,. Note that S is a non-complete
C!-manifold of codimension 1, modeled on H, and contained in H; . Therefore, H, =
T,S+ @ Ru for each u € T, S, where T,SF = {v € H; : (u, v). = 0}.

Now we show that the functional J, satisfies the mountain pass geometry (see [9,33,37]).

Lemma 3.1 For any fixed ¢ > 0, the functional J; satisfies the following properties:

(i) there exist B, r > O such that Jo(u) > B if |ulle =r;
(ii) there exists e € H, with ||e||; > r such that J;(e) < O.

Proof (i) By (g3), (f1) and (f2), for any ¢ > 0 small, there exists C; > 0 such that
Gex, |ul®) < ¢lul®> + Celul? forallx € RV,

By the Sobolev embedding it follows that

1 c
f/ (|VA,u|2+V6(x)|u|2)dx—£/ lu)?dx — i/ u|?dx
2 RN € 2 RN 2 RN

1
Zuunuz — CCllunld.

Je(u)

%

%

Hence we can choose some g, r > 0 such that J;(u) > B if |lu|| = r since g > 2.
(i) Foreachu € H}" and ¢ > 0, by the definition of g and (f3), one has

2 2 2 1 22
Je(tu) < (IVa,ul”+ Ve()|ul")dx — G(ex, t7|ul")dx,
2 RN i 2 Ag

2
t
< Sl = " [ jul'dx -+ Calsuppta) N A

&

Since 6 > 2, we get the conclusion. O

Since f is only continuous, the next results are very important because they allow us to
overcome the non-differentiability of A; and the incompleteness of S;F.

Lemma 3.2 Assume that (V1)—(V2) and (f1)-(f4) are satisfied, then the following prop-
erties hold.

(A1) Foranyu € HT, let g, : Rt — R be given by g,(t) = J.(tu). Then there exists a
unique t, > 0 such that g, (t) > 0in (0,1,) and g,,(t) < 0 in (t,, 00).
(A2) There exists T > 0 independent on u such that t, > t for all u € S}. Moreover, for

each compact VW C Sj there is Cyy such that t, < Cyy, forallu € W.
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(A3) The map i : H — N given by iig(u) = tyu is continuous and m, = fn\g|ss+ isa
homeomorphism between S and N;. Moreover, m; ! (u) = ﬁ

(A4) Ifthereis a sequence {u,} C Sj such that dist(u,, BS:) — 0, then ||m¢(uy)|ls — 00
and Jg(mg(u,)) — 00.

Proof (A1) As in the proof of Lemma 3.1, we have g,(0) = 0, g,(t) > 0 for r > 0 small

and g,(t) < O for ¢+ > 0 large. Therefore, max;>o g, (t) is achieved at a global maximum

point t = 1, verifying g, (t,) = 0 and t,u € N;. From (f4), the definition of g and

[supp(u) N Ag| > 0, we may obtain the uniqueness of #,,. Therefore, max, > g, (¢) is achieved

ata unique 7 = #, so that g, (r) = 0 and f,u € N;.

(A2) ForVu € ST, we have

fy = / glex, tylul)tluldx.
RN
From (g2), (g3), the Sobolev embeddings and ¢ > 2, we get
2 q—1 q q—1
Iy < gtu/ [ul“dx + C;‘tu / luldx < C1¢ty + CZCCtu s
RV RN

which implies that #, > © for some t > 0. If W C S is compact, and suppose by
contradiction that there is {u,} C W with ¢, :=t,, — o0. Since W is compact, there exists
u € W such that u,, — u in H,. Moreover, using the proof of Lemma 3.1(ii), we have that
Je (tyuy) — —o0.

On the other hand, let v, := t,,u, € N, from (g4), (g5) and (g6), it yields that

1
J&‘(vn) = Ja(vn) - gjé(vn)[vn]

1

1 2 1 2 2 1 2
= (3= 5) Il + fA (Fetex. lP)lval? = SGlex. o) )dx

= (5= 5) (Il - /RN V(ex)v, Pdx)

1 1 1 2
Z(E—a) 1—? lonllg-

Thus, substituting v, := t,u, and ||v,||. = t,, we obtain

0<(l—1) 1—i < Je(¥n) <0
2 0 K 12
as n — oo, which yields a contradiction. This proves (A2).
(A3) First of all, we note that m,, m, and m;l are well defined. Indeed, by (A2), for

each u € HJ, there is a unique /i, (u) € Ng. On the other hand, if u € A, thenu € H}.
Otherwise, we have |supp(u) N Az| = 0 and by (g5) we have

1
||u||§=f g(sx,|u|2)|u|2dx=/ glex, [u)|ul*dx < —f V(ex)|ul*dx
RN Ag K ]RN

1 2
= g llulle
which is impossible since K > 1and u # 0. Therefore, m_ ! (u) = Huulls € S is well defined
and continuous. From
tyu
mgl(mg(u)) = m;l(tuu) =" =u, Yue S:,
tullulls
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we conclude that m, is a bijection. Now we prove i, : Hj — N, is continuous, let
{u,} C H£+ and u € Hj such that u, — u in H;. By (A2), there is a #p > 0 such that
Iy :=ty, — to. Using tyu, € Ne,ie.,

2 2 210 12v:21, 12
Blual? = [ stex. Dk, Ve .
R
and passing to the limit as n — oo in the last equality, we obtain
2010112 20012y,2,12
fo llulle :/]RN g(ex, 1y |ul)iglul dx,

which implies that fou € N; and 1, = 1o. This proves i (u,) — Mg (u) in H. Thus, i,
and m, are continuous functions and (A3) is proved.

(A4) Let {u,} C SS"' be a subsequence such that dist(u,, BS;") — 0, then for each
v E BSj andn € N, we have |u,| = |u, — v| a.e. in A,. Therefore, by (V1), (V2) and the
Sobolev embedding, there exists a constant C; > 0 such that

lunllra,y < inf fluy —vllpra,)
ved S
1

2
C ( inf | (IVa,un —v* + Ve()luy — v|2>dx>

IA

ved St J A,
< C, dist(uy, 3S7)
foralln € N, r € [2, 2*]. By (g2), (g3) and (g5), for each r > 0, we have

2

t
/ G (ex, t2|un|?)dx 5/ F(t2|u,,|2)dx+—/ V(ex)|un|>dx
RN Ae K Jae

2
1
<’ f |un)?dx + Cot? / lun|9dx + — ||u,|?
Ae Ae K

2
t
< Car’dist(u,, 38;)% 4+ Cqr?dist(u,, 9857 + <

Therefore,

2
t

limsup/ G(ex, 2 lun|Hdx < —, ¥Vt > 0.
RN K

n

On the other hand, from the definition of m and the last inequality, for all # > 0, one has

lim inf J; (mg (1)) > liminf J,(tu,)
n n

o 5 2
thlr,}lelunllg—g
K-2,

= 1=,
2K

this implies that

1 -2
lim inf 5||m8(un)||§ > liminf J; (mg (1)) > 2, Vit > 0.
n n

From the arbitrariness of ¢ > 0, it is easy to see that ||m. (u,)|| — oo and J(mg(u,)) — 0o
as n — 00. This completes the proof of Lemma 3.2. O
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Now we define the function
@8 : H;‘ — R,

by U, (u) = J, (i, (u)) and denote by W, := (®£)|SE+.
From Lemma 3.2, arguing as Corollary 10 in [35], we may obtain the following result.

Lemma 3.3 Assume that (V1)—(V2) and (f1)-(f4) are satisfied, then
(B1) W, € C'(H;},R) and

o wy ||me(1/l)||e]( cW)v], Yue H;‘ and Vv € Hg;

llulle
(B2) W, € C'(SH,R) and
WL )v = [lmeu)|e J. (e ) [v], Vv € T,S;;

(B3) If{un}isa (PS). sequence of W, then {m(u,)} is a (PS). sequence of J. If {u,} C
N is a bounded (PS). sequence of Je, then {m;1 (un)}is a (PS). sequence of V;

(B4) u is a critical point of V. if and only if m¢(u) is a critical point of J.. Moreover, the
corresponding critical values coincide and

inf W,. = inf J,.
P B N, &
As in [35], we have the following variational characterization of the infimum of J, over
Ne:
ce = inf Jo.(u) = inf sup J.(tu) = inf sup J.(tu).

ueN; ueH; >0 uesSy >0
Lemma3.4 Letc > 0and {u,} isa (PS). sequence for Jg, then {u,} is bounded in H;.

Proof Assume that {u,} C H, isa (PS). sequence for J;, thatis, J,(u,) — cand J/(u,) —
0. By using (g4) and (g5), we have

1
c+on(D) +onllunlle = Je(un) — 7‘]8/(’4}1)[”]1]

G-

| — D —

1 2 21 2
lanl + [ (Gt lanPlunt® = 5Gex, unf)dx

%

1 1
o ) lunllZ + fA (Fex. lunPlunl® = 3 Glex. lunl®) ) dx

S
)

ol = [ s, unlPiun )
A§
= (5= 5) 0= .

Since K > 2, from the above inequalities we obtain that {u, } is bounded in H,. O

v

v
/N /N /N
>—ll\J\>—‘ l\)\v—‘ | =
Q}\»— co\.— |

|
N—" N—" N—" N—

w2 —/ Vel )

The following result is important to prove the (PS)., condition for the functional J;.

Lemma 3.5 The functional J; satisfies the (PS). condition at any level ¢ > 0.
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Proof Let (u,) C H, be a (PS). sequence for J.. By Lemma 3.4, (u,) is bounded in H,.

Thus, up to a subsequence, u,—u in H; and u, — u in LfOC(RN, C)foralll <r <2*as

n — +00. Moreover, the subcritical growth of g imply that J/ (1) = 0, and

flul|?2 =/ gex, [ul®)|ul*dx.
]RN

Let R > 0 be such that A, C Bg/2(0). We show that for any given ¢ > 0, for R large
enough,

lim sup / (IVa,ttn|* + Ve(O)|un|dx < ¢. (33)
B5,(0)

n
Let o € C®(RM, R) be a cut-off function such that
¢r =0 x € Brp(0), ¢r=1 x € Br(0), 0<¢r =<1, and |V¢r| <C/R

where C > 0 is a constant independent of R. Since the sequence (¢ru,) is bounded in H,
we have

I ) [pritn] = 0, (1),

that is
Re / Y a, unVa @Rum)dx + / Ve (O)lunlPprdx = / g(ex. lun| D lun P drdx + on (D).
RN RN RN
Since Va, (up@dr) = i, Vor + drVa,up, using (g5), we have
/ N<|vAgun|2 + Ve () |un ) prdx
R

=/ g(ex, |un|2)|un|2¢Rdx—Re/
RN

1V, unVrdx + 0y(1)
R

IA

1
—/ Ve () |ttn > prdx —Re/ iUV a,unVordx + 0,(1).
K Jry RN

By the definition of ¢, the Holder inequality and the boundedness of (u,) in H,, we obtain

1 ) ) c C
(1= %) [ 0Vau + VeluaPgrdx = Zlunl2|Va,tallz + 04 (1) = =+ 0 (1)
K/ Jon R R

and so (3.3) holds.
Using u, — win LT _(RN), forall 1 < r < 2* again, up to a subsequence, we have that

loc
lun| = |ul ae.inRY as n — +oo0,
then

g(ex, |un|H)un|*> — glex, lu)®)|ul* ae. in RN as n — +oo.

Moreover, from the subcritical growth of g and and the Lebesgue Dominated Convergence
Theorem, we can infer

lim e, lua ) un P = gex, ul)lul|dx = 0.
T JBg(0)
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Now, by (g5) and (3.3) we have

2 2
f e, lunPlunl? = glex, ulP)lul?|dx < —/ (IVa,un® + V(ex)lunP)dx < 2>
B4(0) K JBg0) K

for every ¢ > 0.
Therefore

/N g(ex, |un P |un)?dx — fN g(ex, ul?)|ul’dx as n — +oo.
R R

Finally, since J/(u) = 0, we have

on(D) = JLun)[un] = llunl? — /RN g(ex, lun|un*dx = Jun |2 — llul} + on(1).
Thus, the sequence (u, ) strong converges to u in H,. O

Since f is only assumed to be continuous, the following result is required for the multi-
plicity result in the next section.

Corollary 3.1 The functional ¥, satisfies the (PS). condition on S;r at any level ¢ > 0.

Proof Let {u,} C S;r be a (PS). sequence for W,. Then W, (u,) — c and [|¥/(u,)]l« — O,
where || - ||x is the norm in the dual space (7, S;‘)*. By Lemma 3.3(B3), we know that
{mg(uy)}is a (PS). sequence for J, in H,. From Lemma 3.5, we know that there exists a
u e Sj such that, up to a subsequence, mg(u,) — m(u) in H,. By Lemma 3.2(A3), we
obtain

U, —> u in S;" ,
and the proof is complete. O

Proposition 3.1 Assume that (V1)—(V2) and (f1)-(f4) hold, then problem (3.2) has a
ground state solution for any € > 0.

Proof Since

Ce = 1nf Je(u) = inf sup Je(tu) = inf sup Je(tu),

ueH; >0 ueS‘g >0

by the Ekeland variational principle [37], we obtain a minimizing (PS), sequence on S;
for the functional .. Moreover, by Corollary 3.1, we deduce the existence of a ground state
u € H; for problem (3.2). ]
4 Multiple solutions for the modified problem

4.1 The autonomous problem

For our scope, we need also to study the following limit problem
—Au + Vou = f(uz)u, u:RY 5 R, “4.1)

whose associated C!-functional, defined in H!(RV, R), is

1 1
Io(u) := f/ (IVul? + Voubdx — f/ Fu?)dx.
2 ]RN 2 RN
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Let
={uec H'®RY,R)\ {0} : I;(w)[u] = 0}
and

= inf [ .
an uleI}vo o(u)

Let Sp be the unit sphere of Hy := H (RN, R). Note that Sy is a complete smooth manifold
of codimension 1, therefore, Hy = T,,So € Ru for each u € T, So, where T,,So = {v € Hp :
(u, v)o = 0}. Arguing as in Lemma 3.2, we have the following result.

Lemma 4.1 Let Vy be given in (V1) and suppose that (f1)—(f4) are satisfied, then the
following properties hold.

(al) Foranyu € Ho\{0}, let g, : R* — R be given by g, (t) = Iy(tu). Then there exists
a unique t, > 0 such that g, (t) > 0in (0, t,,) and g, (t) < 0 in (t,, 00);

(a2) There exists T > 0 independent on u such that t, > t for all u € So. Moreover, for
each compact set W C Sy there is Cyy such that t, < Cyy, for all u € W;

(a3) The map m : Hy\{0} — Ny given by m(u) = tyu is continuous and mg = nip|s, is a
homeomorphism between Sy and Ny. Moreover, m™ L) =

IIM llo -
We shall consider the functional defined by
Wo(u) = loGii(u)) and Wy := Yols,.
Arguing as Proposition 9 and Corollary 10 in [35], we have that

Lemma 4.2 Let Vg be given in (V1) and suppose that ( f1)—( f4) are satisfied, then
(b1) Uy € C1(Hy\{0}, R) and

lm@)llo .,

W (u)v = Tl —— L@ @w)[v), Yu € Ho\{0) and Vv € Ho;

b2) Yy e C1(Sy, R) and

Wowv = [lm@)lloly(m)Ivl, Yv € TySo;

(b3) If{un}isa (PS). sequence of Wy, then {m(uy,)}isa (PS). sequence of Iy. If {u,} C Ny
is a bounded (P S). sequence of Iy, then {m_1 (un)} is a (PS). sequence of Wy,

(b4) wu is a critical point of W if and only if m(u) is a critical point of ly. Moreover, the
corresponding critical values coincide and

inf ¥y = 1nf Iy.
So

Similar to the previous argument, we have the following variational characterization of
the infimum of I over Ny:

cyy = 1nf Ip(u) = inf sup lp(tu) = inf sup Ip(tu).
ueNy ue Hp\{0 >0 UeS 0 >0

The next result is useful in later arguments.

Lemma4.3 Let {u,} C Hy be a (PS). sequence for Iy such that u,—0. Then one of the
following alternatives occurs:
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(i) uy, — 0in Hyasn — +00;
(ii) there are a sequence {y,} C RN and constants R, 8 > 0 such that

lim inf / lup|?dx > B.
BRr(yn)

n

Proof Assume that (ii) does not hold. Then, for every R > 0, we have
lim sup / |un|2dx =0.
" yeRN JBr(y)
Since {u,} is bounded in Hyp, by Lions’ lemma [37], it follows that
up, — 0in L' (RY), 2 <r < 2*.

From the subcritical growth of f, we have
/ Fu?)dx = 0,(1) = / fuldx.
RN RN

Moreover, from I(’) (up)[u,] — 0, it follows that

/ (|Vin |> 4 Vou2)dx = / Fuldx + 0,(1) = 0,(1).
RN RN
Thus, property (i) holds. O

Remark 4.1 From Lemma 4.3 we see that if u is the weak limit of ( PS)CVO sequence {u,} of
the functional Iy, then we have u # 0. Otherwise we have that u,—0 and if u, - 0, from
Lemma 4.3 it follows that there are a sequence {y,} C R" and constants R, 8 > 0 such that

n

liminf/ lup|?dx > B > 0.
Br(yn)

Then set v, (x) = u,(x + z,), it is easy to see that {v,} is also a (P S)CVO sequence for the
functional Iy, it is bounded, and there exists v € Hy such that v,—v in Hy with v # 0.

Lemma 4.4 Assume that V satisfies (V1), (V2) and f satisfies (f1)-(f4), then problem
(4.1) has a positive ground state solution.

Proof Firstof all, it is easy to show that cy, > 0. Moreover, if ug € N satisfies Ip(uo) = cv,,
thenm ! (up) € Spisaminimizer of Wy, so that ug is a critical point of /o by Lemma 4.2. Now,
we show that there exists a minimizer u € Ny of Iy| . Since infg, Wo = inf g I = cvy,
and So is a C!' manifold, by Ekeland’s variational principle, there exists a sequence w, C So
with Wo(w,) — cy, and ¥y(w,) — 0 asn — oo. Put u, = m(w,) € Ny forn € N.
Then Iy(u,) — cy, and Ié(u,,) — 0 asn — oo by Lemma 4.2(53). Similar to the proof
of Lemma 3.4, it is easy to know that {u,} is bounded in Hp. Thus, we have u,—u in Hy,
up — uwin Lj (RN), 1 <r < 2*and u, — u ae. in RY, thus I;(u) = 0. From Remark

loc
4.1, we know that u # 0. Moreover,

1
cyy < lo(u) = Ip(u) — 51(;@!)[”]
_ 1 1 2 1 o 1 5
= (3 -t + [ (Gratnd =3 rad)ax
.. 1 1 2 1 2 1 2
< llmnlnf {(5 — g)llun I+ /RN (gf(un)un — EF(M"))dx}
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1
= lim inf {Io(un) - 51{)(%)[%]}
= CVO’

thus, u is a ground state solution. From the assumption of f, u > 0, moreover, by [13,
Proposition 6 and Proposition 7], we know that #(x) > 0 for x € R". The proof is complete.
O

Note that, by [13, Proposition 3 and Proposition 4], the ground state solution of problem
(4.1) is radially symmetric, which implies that every ground state solution decays exponen-
tially at infinity with its gradient, and is C>(RY, R) N L® RV, R).

Lemma4.5 Let (u,) C No be such that Io(u,) — cv,. Then (u,) has a convergent subse-
quence in H.

Proof Since (u,) C Ny, from Lemma 4.1(a3), Lemma 4.2(b4) and the definition of cy,, we
have
Up

€Sy, Vn e N,
lunllo

—1
vy =m~ (uy) =

and

Wo(vp) = To(uy) — Cyy = ulgg Wo(u).
0

Since Sg is a complete C! manifold, by Ekeland’s variational principle, there exists a sequence
{v,} C So such that {v,,} is a (PS)CV0 sequence for ¥q on Sp and

19, — vnllo = 0, ().

Similar to the proof of Lemma 4.4, we may obtain the conclusion of this lemma. O

4.2 The technical results

In this subsection, we prove a multiplicity result for the modified problem (3.2) using the
Ljusternik—Schnirelmann category theory. In order to get it, we first provide some useful
preliminaries.

Let 8§ > 0 be such that Ms C A, w € H' (RY,R) be a positive ground state solution of
the limit problem (4.1), and n € C*®°(R™, [0, 1]) be a nonincreasing cut-off function defined
in [0, +00) such that n(r) = 1if0 <7 < §/2and n(t) =0ifr > §.

For any y € M, let us introduce the function

W,y (1) == n(lex — wa(exg— y) exp (”—V(ng_ y))

where
N
T (x) =) Ai(y)xi.
i

Let 7, > 0O be the unique positive number such that

max Jp (tWe y) = Jo (1 Ve, y)-
>0

Note that £, W, , € N.
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Let us define ®, : M — N as

D (y) = te"ys,y-

By construction, ®.(y) has compact support for any y € M. Moreover, the energy of the
above functions has the following behavior as ¢ — 07.

Lemma 4.6 The limit
lim T (@:()) = ewy
holds uniformly iny € M.

Proof Assume by contradiction that the statement is false. Then there exist 8y > 0, (y,) C M
and g, — 07 satisfying

Js,, (Cbs,, (yn)) — Cvo| = 0.

For simplicity, we write ®,, ¥, and t, for ®,, (y,), Vs, .y, and t,, , respectively.
We can check that

I, 12— / (IVo|* + Vow?)dx as n — +o0. 4.2)
RN

Indeed, by a change of variable of z = (,x — y,) /&, the Lebesgue Dominated Convergence
Theorem, the continuity of V and y, € M C A(which is bounded), we deduce that

f V(snx)l\llnlzdx = / V(enz + yn)ln(lenzl)w(z)lzdx — Vo/ wrdx asn — +00.
RN RN RN
Moreover, by the same change of variable z = (¢,x — y,)/&,, we also have
f IV, WoPdx = 2 / 7 (lenzDo(@)2dz + / n(enz) Voo () Pdlz
RN RN RN
2
+ [ ez (40m = Aterz + 3 oo dz
RN
Z
126, f ez Gen Do @ Ver@) - ds.
R

|z]

It is clear that
lim / 1n(lenzl) Voo (2)Pdz = / Vo (2)]%dz.
n RN RN

Moreover, using the definition of 7, the Holder continuity with exponent @ € (0, 1] of A, the
exponential decay of w, and the Lebesgue Dominated Convergence Theorem, we can infer

|, escbo@Pdz = o,),

/ In(lenz)n’ (lenz)w(2) Vo (2)|dz = 0,(1),
RN

and
2 2a 2 2a
[0z (40w = Ateaz + ) o (2| dz = Ce} W@l dz = 04D,
RN lenz| <8
obtaining (4.2).
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On the other hand, since Jg/n V) (1, V) = 0, by the change of variables z = (g,x —
Yn)/€n, observe that, if z € Bs/, (0), then £,z + y, € Bs(y,) C Ms C A, we have

1w, 17, = /R | 8Enz+ yu 120* (enzD e @)n* (lenzhe’ (2)dz
= /R L@ (enzhe® @)n* (enzhe? 2)dz
> / f(t20? ()0 (2)dz
Bs/(2e,)(0)
> / [y’ () (2)dz
Bs2(0)

> f(t2y?) a0 w*(2)dz
5/2

for all n large enough and where y = min{w(z) : |z| < §/2}.

Ift, — 400, by (f4) we deduce that |V, ||§n — 400 which contradicts (4.2). Therefore,
up to a subsequence, we may assume that , — 7o > 0.

If t, — 0, using the fact that f is increasing and the Lebesgue Dominated Convergence
Theorem, we obtain that

Wl = / | @ (enzhe® @)n* (enzhe? R)dz — 0, as n — +oo,
R
which contradicts (4.2). Thus, we have ¢ty > 0 and

/ (Vo|* + Vow?)dx = / ftow?)w?dx,
RN ]RN

so that row € Ny,. Since @ € Ny,, we obtain that 7y = 1 and so, using the Lebesgue
Dominated Convergence Theorem, we get

lim /RN F(t,V,*)dx = /RN F(o?)dx.
Hence
lim J, (g, (yn)) = lo(@) = ¢y,
which is a contradiction and the proof is complete. O

Now we define the barycenter map.
Let p > 0 be such that Ms C B, and consider Y : RN — R¥ defined by setting

X, if |x] < p,

o= {px/m, if x| = p.

The barycenter map g, : Ny — R is defined by
1
Be(u) == —2/ Y (ex)|u(x)|*dx.
llull; JrY

We have the following lemma.
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Lemma 4.7 The limit
lim Be(P:(y) =y
e—0F

holds uniformly in y € M.

Proof Assume by contradiction that there exist x > 0, (y,) C M and ¢, — 0 such that
|,38,,(q)sn ) — ynl = k. 4.3)

Using the change of variable z = (e,x — y,)/&n, we can see that

/R (Y (enz + yn) — y)1*(lenz@? (2)dz
ﬁa,,(cbs,, (yn)) =y +

/ P (enzDe (2)dz
RN

Taking into account (y,) C M C Ms C B, and the Lebesgue Dominated Convergence
Theorem, we can obtain that

[Be, (Pe, (Yn)) — Yul = 0, (1),
which contradicts (4.3). ]

Now, we prove the following useful compactness result.

Proposition 4.1 Let e, — 0 and (u,) C N, be such that Jg, (un) — cv,. Then there exists
(Fn) C RN such that the sequence (|v,|) C H'(RVY | R), where vy (x) := un(x + $p), has a
convergent subsequence in H (RN, R). Moreover, up to a subsequence, y, := g,y, — y €
M asn — +o0.

Proof The proof of this proposition can be found in [3]. However, for the reader’s con-
venience, we give in what follows the details of the proof. Since Ja’n (up)[u,] = 0 and
Je, (u,) — cy,, arguing as in the proof of Lemma 3.4, we can prove that there exists C > 0
such that ||u, ||, < C foralln € N.

Arguing as in the proof of Lemma 3.2 and recalling that cy, > 0, we have that there exist
a sequence {y,} C R¥ and constants R, 8 > 0 such that

lim inf / lun|>dx > B. (4.4)
n Br(n)

Now, let us consider the sequence {|v,|} C HY'(RY R), where v, (x) := up(x + Vn)-
By the diamagnetic inequality (2.1), we get that {|v,|} is bounded in H'(R", R), and using
(4.4), we may assume that |v,|—v in H'(RM, R) for some v # 0.

Let f, > 0 be such that v, := 1,,|v,| € Ny,, and set y, := &, J,.

By the diamagnetic inequality (2.1), we have

Vo = lo(Un) = max J, (tun) = Je, (un) = cvy + 0n (1),

which yields Io(v,) — cy, asn — +o0.

Since the sequences {|v,|} and {v,} are bounded in H (RN, R) and |v,] - O in
H'(RY, R), then (z,) is also bounded and so, up to a subsequence, we may assume that
ty — to > 0.

We claim that #y > 0. Indeed, if #y = 0, then, since (|v,|) is bounded, we have v, — 0 in
H' RN, R), that is Io(3,) — 0, which contradicts ¢y, > 0. Thus, up to a subsequence, we
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may assume that v, —v := fov # 0 in HY(RY R), and, by Lemma 4.5, we can deduce that
9, — 0in H' (RN, R), which gives |v,| — vin H!(RY, R).

Now we show the final part, namely that {y, } has a subsequence such that y, — y € M.
Assume by contradiction that {y,} is not bounded and so, up to a subsequence, |y, | — +00
as n — +o00. Choose R > 0 such that A C Bg(0). Then for n large enough, we have
[yn| > 2R, and, for any x € Bg/e, (0),

lenX + Yul = |ynl — &nlx| > R.

Since u, € N, , using (V1) and the diamagnetic inequality (2.1), we get that

/ (Vv ll* + Vol |*)dx 5/ 8(Enx + yn, |va ) val*dx
RN RN
. 4.5)
< / FvallvnPdx + / RIS
BRr/e, (0)

Bf?/s,, 0)

Since |v,| — v in H'(RY,R) and f(t) < Vo/K, we can see that (4.5) yields
: L 2 20
min 1, Vp(1 (IVIvall” + lva|P)dx = 0, (1),
K RN

that is |v,| — 0in H'(R", R), which contradicts to v # 0.

Therefore, we may assume that y, — yo € R". Assume by contradiction that yg ¢ A.
Then there exists » > 0 such that for every n large enough we have that |y, — yo| < r
and By, (yo) C N Then, if x € B, /g, (0), we have that |g,x + y, — yo| < 2r so that
enX +yn € A* and so, arguing as before, we reach a contradiction. Thus, yg € A.

To prove that V(yg) = Vp, we suppose by contradiction that V (yg) > Vp. Using the
Fatou’s lemma, the change of variable z = x + y, and max;>¢ Je, (tu,) = Jg, (u,), we
obtain

- 1 . - 1 N
ey, = Io(D) < 7/ (IVD* + V(o) |d1P)dx — f/ F(|5]»)dx
2 JrN 2 JrN

L. 1 - 5 1 .
< hmmf(— / (VT * + V(Enx + yu)|8adx — / F(|vn|2)dx)
n 2 RN 2 ]RN

2
e 1
=timint(% [ 0Vl + Vel Pdz - 5 [ Flna)
n 2 JrN 2 Jrw
<liminfJ,, (t,u,) <liminfJ,, (u,) = cy,
n n
which is impossible and the proof is complete. O

Let now
Ne = 1{u € N : Je(u) < cyy +h(e)},

where h : Rt — Rt, h(s) > 0ase — 0.

Fixed y € M, since, by Lemma 4.6, |/ (®:(y)) — cy,| — Oase — 0T, we get that
N, # @ for any & > 0 small enough.

We have the following relation between N, and the barycenter map.

Lemma 4.8 We have
1im+ sup dist(Be (u), Ms) = 0.

e—0 ueN,
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Proof Lete, — 0T asn — +o0. For any n € N, there exists u,, € /\75,, such that

sup inf [Bg, (u) — y| = inf |Be, (un) — y| + 0n(1).
ue, YEMs YEM;s

Therefore, it is enough to prove that there exists (y,) C Mjs such that
hzn |ﬂ5n (un) — ynl =0.

By the diamagnetic inequality (2;1), we can see that Io(t|u,|) < Jg, (tu,) for any t > 0.
Therefore, recalling that {u,} C N, C N,, we can deduce that

Cy, < max Io(t|uy,|) < max Je, (tuy) = Je, (uy) < ¢y, + h(en) (4.6)
1>0 >0
which implies that J;, (4,) — cy, as n — +o00. Then Proposition 4.1 implies that there

exists {y,} C R such that Yn = €nYn € Ms for n large enough. Thus, making the change
of variable z = x — ¥,, we get

f]RN (Y (enz + yn) — yn)lun(z + yn)|2dz
f]RN lun(z + yn)|2dz .

Since, up to a subsequence, i, |(- + 7,) converges strongly in H' (RN, R) and €,z + y, —
y € M for any z € R, we conclude the proof. O

Be, (Un) = yn +

4.3 Multiplicity of solutions for problem (3.2)

Finally, we present a relation between the topology of M and the number of solutions of the
modified problem (3.2).

Theorem 4.1 For any § > 0 such that Ms C A, there exists €5 > 0 such that, for any
e € (0, &), problem (3.2) has at least caty;; (M) nontrivial solutions.

Proof For any € > 0, we define the function 7. : M — S by
Te(y) = m;  (Pe(y)), Vy € M.

By Lemma 4.6 and Lemma 3.3(B4), we obtain

lin}) Y (e (y)) = lin}) Je(®c(y)) = cy,, uniformlyiny € M.

€— €—
Hence, there is a number € > 0 such that the set S'g"' ={u eSS We(u) <cy +hie)}is
nonempty, for all € € (0, €), since wc(M) C S‘;’ . Here h is given in the definition of No.

Given § > 0, by Lemma 4.6, Lemma 3.2(A3), Lemma 4.7, and Lemma 4.8, we can find
&s > 0 such that for any ¢ € (0, &;), the following diagram
@, mg! me Be
M— (M) — 7. (M) — O, (M) — Mjs

is well defined and continuous. From Lemma 4.7, we can choose a function ® (e, z) with
[®(, 2)] < % uniformly in z € M, for all € € (0, €) such that B (P.(z)) = z + O(e, z) for
allz € M. Define H(t,z) = z+ (1 —1)O(¢, z). Then H : [0, 1] x M — Mjs is continuous.
Clearly, H(0,z) = B:(®.(2)), H(l,z) = z for all z € M. That is, H(t, z) is a homotopy
between B, o ®, = (B; o m;) o m and the embedding ¢ : M — Mj;. Thus, this fact implies
that

caty, (m) (e (M)) > caty;(M). 4.7
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By Corollary 3.1 and the abstract category theorem [35], W, has at least caty,_ ) (e (M))
critical points on Sj . Therefore, from Lemma 3.3(B4) and (4.7), we have that J, has at
least catys, (M) critical points in N which implies that problem (3.2) has at least caty, (M)
solutions. O

5 Proof of Theorem 1.1

In this section we prove our main result. The idea is to show that the solutions u, obtained
in Theorem 4.1 satisfy

lug(x)|> < aforx € A
for ¢ small. The key ingredient is the following result.

Lemma5.1 Let s, — 07 and u, € ./\78n be a solution of problem (3.2) for ¢ = ¢,. Then
Je, (un) — cvy,. Moreover, there exists {y,} C RN such that, if vy (x) := u,(x + 3,), we
have that {|v,|} is bounded in L® (RN, R) and
lim |v,(x)| =0 uniformlyinn € N.
|x|—+4o00

Proof The proof of this lemma can be found in [3], for the convenience of the readers, we
give the proof here. Since J;, (u,) < cy, + h(e,) with lim, h(e,) = 0, we can argue as in
the proof of Lemma 4.8 (see (4.6)) to conclude that Jg, (u,) — cv,. Thus, by Proposition
4.1, we obtain the existence of a sequence {7,} € RN such that {|v,|} ¢ H'(RY R),
where v, (x) := u,(x + y,), has a convergent subsequence in H (RN R). Moreover, up to
a subsequence, y, 1= &,y, —> ¥y € M asn — +00.

Forany R > 0and 0 <r < R/2,letn € C®([RM),0 < n <1withn(x)=1if|x]| > R
and n(x) =0if x| < R —rand |Vn| <2/r.

For eachn € N and L > 0, we consider the functions

[v, ()] if Jv ()] < L, 2 2(8—=1) B—1
=nv v,, and w = nv Unl,
L if v, (x)| > L., L.n U n L.n Nup » [Vn |

v a(x) 1= {

where 8 > 1 will be determined later.
Since, by the diamagnetic inequality (2.1) we have that

- 2 v, P
Re(Va,, (+50Vn - Va,, (+50)3Ln) = nva(,f )|VAS,,(-+5'n)Un|2 +Re(Vu,un)V (nva(g ))
) 2(p-1
= 120, 0V IV A (5 vl + 1001 V[ 0a |V ( i )>
281 2
>0’y (’3 191wl + 209007 fon |V val,

taking zr, , as a test function, we have

/ MR l)dx+2/ Vb |0s| Vv ldx
RN RN
‘l e —
+ / V(enx + end)n’vy vy Pdx < Re f (Vau, (450 VA, (450 2Lm)dx
= 5.1)
+Re/N V(enx + Snyn)UnZL,ndx
R

2 1
=/ g(enx + endn. [valn*v7 s luadx.
RN
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We first deal with the case N > 3. From the definition of g, for any 0 < ¢ < V small, there
exists C¢ > 0 such that

g, 1)1 < ¢t + Celt)* forallx e RV, (5.2)
Using (5.1) and (5.2), we can obtain that

2(B—1 2 1 2(p—1 *
L9ttt Vax <2 [l o9t ienids ¢ [P
R R
(5.3)

For each 6 > 0, using Young’s inequality, we have from (5.3) that

/R IV val 0?07 Vax <25/ vy b 1)|V|vn||2dx+2C,s/R vp 8w, PV Pdx
+C/ n vL(/3 1)|v| dx.

Choosing & € (0, 1), it yields

2(B—1 2(B—1 2 1 *
/ IV v | P20 )dst/ v ® >|vn|2|vn|2dx+cf 2o Vv, 2 dx.
RV ’ RV ’ RV
(5.4)

On the other hand, by the Sobolev and Holder inequalities, we have
—1
01ale =€ [ VoraPdx=C [ 19 (sluof)') Pax
RN RN '

2(B—-1 2 1
50;32(/RNvL‘.€ >|vn|2|Vn|2dx+[]R o VI Pdx). (5.5)

Combining (5.4) and (5.5), we have
joal3 = CB( / 0 a1V + f P VP dx). (5.6
R

Let g = %, by the definition of wy, ,, and (5.6), we rewrite the last inequality as

2/2*
2%-2)/2,2%
/ (rlvalv,7)

« o \2/27 «\ (27=2)/2
scav ([ P a) T ([ )
|x|>R—r

+ [ PIvaPa)

RN

2 —2)/2 % 2/2* *_

=cwv.o( / (loalv, 7 dx) " 03k
+ [ R PivaPa).

RN

From Lemma 4.5, |v,| — |v| in H'(RY), for R large enough, we conclude that

* 1
2*-2 . .
[Unle x> R/2) = N2 uniformly in n € N.
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Hence we obtain

. N 2/2°
2%-2)/2
(] auif )
[x|=R

IA

2C(N, 2)[N v7 2 loal* 1V Pdx
R

C
=5 [
r RN

Using the Fatou’s lemma in the variable L, we have
2*2/2
|| € L (Jx] > R) for R large enough. (5.7)

Next, we note thatif 8 = 2*(r—1)/2¢ withr = 2*2/2(2*—2),then 8 > land2t/(t—1) < 2*.
Now suppose that |v,| € L>"/¢=D(|x| > R—r) forsome 8 > 1. Using the Holder inequality
with exponent ¢ /(¢ — 1) and ¢, then (5.7) gives that

_ 1-1/t % 1/t
|wL,n|%* S CﬂZ{(/ (n2|vn|2ﬂ)1/(l l)dx) </ |vl‘l|(2 2)[)
[x|=R—r |x|>R—r

RN _ (R — YN/t -1/t
+( ( ™) (/ |vn|2ﬂt/(t—1)dx) }
|x|=R—r

2
N/t

R 1-1/t
< Ccp(1 2pr/=Dyg . 5.8
=cp(i+5) ([ ) 58)

Letting L — 400 in (5.8), we obtain

28 < (1 RNITN o
Onlrpai=ry = CB (1 + =77 )Ionlapij—nyxizr—r)-

If we set x :=2*(t — 1)/(2t), s :=2t/(t — 1), then

RN/’)l/(Zﬂ)
2

[VnlBys(x1=R) < Cl/’gﬂl/ﬁ(l + [Vn | Bs(lx|=R—r)- (5.9)

Let 8 = x"(m =1,2,...), we obtain

P RN/T\N1/2p)
|vn|xm+ls(|x\zR) <C X (1 + 2 ) |vn|xms(|x|2R—r)'
It is clear that 2 > N /t. So if we take r,, = 2~ +tD R then (5.9) implies

[Unlgmt15(e1>R) = [Unlyms15(e1> R—rp 1)

i i " 2(i+1)
< CELI T g (30 A+ 2

)|Un|xs(|x|zR—n>

1
i=1 2x
< Clunla*(x|2R/2)-
Letting m — oo in the last inequality, we get
[vnlLee(x1=R) < Clunlox(x1=R/2)- (5.10)

Using |v,| — [v] in HI(RN) again, for any fixed a > 0, there exists R > 0 such that
[Un|Loe(xj=R) < a forall n € N. Therefore, | llim |vn (x)| = 0 uniformly in 7.
X|—> 00

To show that |v,| Lo®N)y < +00, we need only show that for any xo € N, there is a ball
Br(xp) = {x e RY) : |x — x| < R} such that [Un | L0 (Br(xg)) < +00. We can use the same
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arguments and take n € C®(RN), 0 < 5 < 1 with n(x) = 1 if |x — x| < p’ and n(x) =0
if |x — xg| > 2p’ and |Vn| < %, to prove that

[Vnl Lo (x—xol<p) < Clunlo(x>2p7)- (5.11)
From (5.10) and (5.11), using a standard covering argument it follows that
[Unl ooy = €
for some positive constant C.

For the case N = 2, similar with the proof for the case N > 3, we also let z; , =

nzvz(ﬂ 1)vn and wy ,, := nvf_nl |v,| with 8 > 1 to be determined later. Taking zz, , as a test

functlon we also have (5.1). Moreover, from the definition of g, for any 0 < ¢ < Vj small,
there exists C; > 0 such that

gx, tH1* < ¢ct? 4 Ce|r|? forallx e RV. (5.12)

where 2 < g < o0.
By (5.1) and (5.12), we obtain that

/ |V|vn||2n2v§<§‘“dx52/ oy ”|vn||V|vn|||Vn|dx+C/ v BV, 1dx.
R2 ’ R2 R2 ’
(5.13)

For any 6 > 0, using Young’s inequality, we have from (5.13) that
2(-1 2(-1 2(-1
/Rz V10l PPV < 26/R b >|V|vn||2dx+2caf V28D, 2|V pl2dx
+C/ n vz(ﬁ 1)Iv 9dx.
R2

Choosing 8 € (0, 1), it yields

1 2(B—1 2(B—1
/ MRS )dx<C/ e )Ivn|2|Vn|2dx+C/Rzn2va v |9dxx.
(5.14)

On the other hand, by the Sobolev embedding,
joLal? < C83( /R o2, vy dx + /R Pt VIV lRdx). 5.15)
Using (5.14) and (5.15), we have

2(B—-1 2 1
|wL,n|§sCﬂ2(/2va§ )|vn|2|Vn|2dx+f o Vlltdx). (516)
R R?

Let g = %, by the definition of @, ,, and (5.6), we rewrite the last inequality as

2/ 2/ (g=2)/
([ aunlofe, )™ < can{( [ atotoit,?ras)™ ([ i)
[x|>R—r

)
+ [ vl PivaPar)
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_ 2/q _
2)/2 2
<CQ, 2){(/ nlvalvy P! )qu) ol sk )2)
R2 -
-2
+ [ o PvnPax).
R2 ’

From Lemma 4.5, |v,| — |v| in H'(R?), we have |v,| — |v| in L9 (R2). Thus, for R
large enough, we conclude that

) 1 . .
|Un|Z(|X|2R/2) < m umformly inn € N.

Hence we obtain

—2)/2 2/q -2 -2
(f it )™ sacea( [ il ionbas+ [ oo Pax)

C
—2/ lvn|9dx.
r RrR2

Using the Fatou’s lemma in the variable L, we have

IA

lv,| € Lq2/2(|x| > R) for R large enough. (5.17)

Next, we note that if 8 = g(r — 1)/2¢ witht = ¢g?/2(q —2),then 8 > land 2t /(t — 1) < q.
Now suppose that |v,| € L21/@=D (x| = R — r) for some B > 1. Using the Holder
inequality with exponent 7/(+ — 1) and ¢, then (5.16) gives that

_ 1-1/t NV
w20 (( [ o) ()
[ Ix|=R—r

x|>R—r

R2_ (R — n)/t 1-1/t
+( ( %) (/ |v”|2ﬁl/(t—l)dx) ]
[x[>R—r

R2/1 1—1/¢
< C,32(1 + = )(/ |un|2ﬂ’/<’—”dx) . (5.18)
r |x|>R—r

Letting L — +o00 in (5.18), we obtain

21
28 2 R 28
vnlgp(xi=r) = CP <1+ = )|U”|2ﬂt/(t—l)(lx|zR—r)'

Ifweset x :=¢q(t —1)/(2t),s :=2t/(t — 1), then

R\ 1/2B)
) |Un|ﬂx(|x\zR7r)- (519)

|Un|ﬂxx(|x|zR) = Cl/ﬁﬂl/ﬁ<1 + r

LetB = x"(m =1,2,...), we obtain

R?/'\1/2B)
) vn'x"‘s(\xlzRfr)-

oalritgqaizy < € (1 P2
It is clear that 2 > 2/z. So if we take r,, = 2~ *D R, then (5.19) implies

[onlyms15(e1>R) = [Unlyms1s(e1> R—rp 1)

; ; m 2(i+1)
mo iy In(1+2
< CZi:l X XZ/:HX exp( E %

i=1

)|Un|xs(|x|zR—n>
= Clunlg(xi=r/2)-
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Letting m — oo in the last inequality, we get
[vnlLe(x)=R) < Clunlg(x|=R/2)- (5.20)

Using |v,| — |v| in H'(R?) again, for any fixed a > 0, there exists R > 0 such that
[Un|Loe(x|=R) < a forall n € N. Therefore, | llim |vn (x)| = 0 uniformly in 7.
X|—> 00

Similarly, in order to show that |v,|;~g2) < +00, we need only show that for any
xo € R, there is a ball Bg(xo) = {x € R? : |x —xo| < R} such that [, 1 (Bg(xg)) < +00-
We can use the same arguments and take n € C®(R?), 0 < 5 < 1 with n(x) = 1 if

|x —xol < p’and n(x) = 0if |x — x9| > 2p" and |Vy| < %, to prove that

[Vnl Lo (x—xol<p) = Clunlo(x|>2p7)- (5.2
From (5.20) and (5.21), using a standard covering argument it follows that
[Vnlpomey = C
for some positive constant C and the proof is complete. O

Now, we are ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1 Let § > 0 be such that M C A. We want to show that there exists
£s > 0 such that for any ¢ € (0, &5) and any u, € N, solution of problem (3.2), it holds

”usniw(Ag) =<a. (5.22)

We argue by contradiction and assume that there is a sequence &, — 0 such that for every n
there exists u, € N, which satisfies J; (u,) = 0 and

linlZoeag ) > a- (5.23)

Arguing asin Lemma 5.1, we have that J;, (#,) — cv,, and therefore we can use Proposition
4.1 to obtain a sequence (3,) C R" such that y, := ¢,3, — yo for some yg € M. Then, we
can find r > 0, such that B, (y,) C A, and so B, /., (¥») C Ag, for all n large enough.

Using Lemma 5.1, there exists R > 0 such that lva? < ain B%(0) and n large enough,
where v, = u,(- + ¥,). Hence lun|? < a in B%(¥,) and n large enough. Moreover, if n is
so large that r/e, > R, then Ay C By, (¥n) C Bg(ys), which gives |un|? < a for any
X € Agn. This contradicts (5.23) and proves the claim.

Letnow &5 := min{és, &}, where &5 > 0is givenby Theorem4.1. Then we have caty, (M)
nontrivial solutions to problem (3.2). If u, € N, is one of these solutions, then, by (5.22)
and the definition of g, we conclude that u, is also a solution to problem (2.2).

Finally, we study the behavior of the maximum points of it |, where i1 (x) := ugs(x/e)
is a solution to problem (1.4), as & — 0.

Take &, — 0T and the sequence (u,) where each u,, is a solution of (3.2) for ¢ = &,.
From the definition of g, there exists y € (0, a) such that

\%
g(ex, tz)t2 < ?Otz, forall x e RN, [t <y.

Arguing as above we can take R > 0 such that, for n large enough,

lunllLoo (B Gy) < V- (5.24)

Up to a subsequence, we may also assume that for n large enough

lunllLooBrGay) = V- (5.25)
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Indeed, if (5.25) does not hold, up to a subsequence, if necessary, we have ||u,||oo < y. Thus,
since JS’” (ug,) = 0, using (g5) and the diamagnetic inequality (2.1) that

Vo
/ VIl + VolunP)dx 5/ g(nx, lun Pl 2dx < —/ g Pdx
RN RN K Jry

and, being K > 2, ||u,|| = 0, which is a contradiction.

Taking into account (5.24) and (5.25), we can infer that the global maximum points p,, of
lug, | belongs to Br(yy), thatis p, = g, + y, for some g, € Bg. Recalling that the associated
solution of problem (1.4) is &1, (x) = un(x/&,), we can see that a maximum point 7, of |i,|
iS g, = €nYn + €nqn. Since g, € Br, €,Y, — Yo and V(yo) = Vp, the continuity of V
allows to conclude that

lim V(ng,) = Vo.
n
The proof is now complete. O
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