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ABSTRACT. The prime goal of this paper is to introduce and study a highly
nonlinear inverse problem of identification discontinuous parameters (in the
domain) and boundary data in a nonlinear variable exponent elliptic obsta-
cle problem involving a nonhomogeneous, nonlinear partial differential op-
erator, which is formulated the sum of a weighted anisotropic p-Laplacian
and a weighted anisotropic g-Laplacian (called the weighted anisotropic (p, q)-
Laplacian), a multivalued reaction term depending on the gradient, two mul-
tivalued boundary conditions and an obstacle constraint. We, first, employ
the theory of nonsmooth analysis and a surjectivity theorem for pseudomono-
tone operators to prove the existence of a nontrivial solution of the anisotropic
elliptic obstacle problem, which relies on the first eigenvalue of the Steklov
eigenvalue problem for the p_-Laplacian. Then, we introduce the parameter-
to-solution map for the anisotropic elliptic obstacle problem, and establish
a critical convergence result of the Kuratowski type to parameter-to-solution
map. Finally, a general framework is proposed to examine the solvability of
the nonlinear inverse problem.

1. Introduction. Let Q be a bounded domain in RV, N > 2 and its boundary I' :=
0 be Lipschitz continuous such that I' is decomposed into four mutually disjoint
parts I'y, Ty, I'¢, and 'y with T'; having positive Lebesgue measure. Also, let § > 0
and p,q,0 € C(Q) (see Section 2, below) satisfy 1 < ¢(z) < p(x) < 8(x) < p*(x)
for all = € €, where p* is the critical Sobolev variable exponent to p in the domain
Q (given in (5) for s = p). Given two multivalued mappings f: Q x R x RV — 2%
and U: Ty x R — 2% three functions a: @ — (0,+00), b: @ — (0,4+0c) and
h: Ty — R, a convex function ¥: I'. x R — R and an obstacle function ®: 3 — R,
in the present paper, we are interesting in the study of the following anisotropic
elliptic obstacle inclusion problem with the weighted anisotropic (p, ¢)-Laplacian, a
multivalued convection term, and two multivalued boundary conditions:

—A? yu— AZ(Z)U + ﬁ|u|9(m)_2u € f(x,u, Vu) in

p(w
u=20 on Iy,
ou
s = h(z) on I,
1
_5'?/Zb € Oc(x,u) on T, 1)
53:,1; e U(z,u) on Iy,
u(z) < O(z) in Q.
Here 5
uo p)—2 a(@)-27,,) .
s (a(m)\Vu| Vu + b(z)|Vul Vu) v,

where v is the outward unit normal vector on T, Ag(m) stands for the weighted

anisotropic p(x)-Laplace differential operator with respect to the weight a € L ()
defined by

AZ(GC)U = div (a($)|vu|p(x)72Vu) for all u € lep(')(Q),

and W1P()(Q) is the variable exponent Sobolev space.

In conclusion, the novelty of the present paper is the fact that problem (1) models
numerous interesting and challenge phenomena. We emphasize that the differen-
tial operator involved in problem (1) is a nonhomogeneous and nonlinear partial
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differential operator with different anisotropic growth, called weighted anisotropic
(p, q)-Laplacian, which is the sum of a weighted anisotropic p-Laplace operator
(Ag(_)) and a weighted anisotropic ¢-Laplace operator (AZ(A))’ where p,q € C(Q)
are such that 1 < q(z) < p(x) for a.e. z € Q. Especially, we have

e if a = b = 1, then the weighted anisotropic (p, q)-Laplacian reduces to the
anisotropic (p, ¢)-Laplacian

Apyt + Dgzyu := div (|Vu|p(z)_2Vu + |Vu|q($)_2Vu) for all u € WLP(')(Q),

e when p, g are constants such that 1 < ¢ < p, then the weighted anisotropic
(p, q)-Laplacian becomes to the weighted (p, q)-Laplacian

Afu+ Agu = div (a(2)|VuP*Vu + b(z)|Vu|?*Vu) for all u € WP (Q).

In fact, the main motivation to study the weighted anisotropic (p, ¢)-Laplacian is
that this partial differential operator has two important properties

e the presence of unbalanced growth,
e variable exponents structure and nonuniform parameters (or weights),

which could explain and describe exactly various complicated problems and natu-
ral phenomena in the Mechanics, Physics and Engineering Sciences. For example,
assume that a body (or the material) occupying the domain € is anisotropic and
heterogeneous. If u is the temperature field (resp. electric potential or magnetic
potential), then the first inclusion in (1) stands for a generalized anisotropic version
of the Fourier constitutive law of heat conduction (resp. nonlinear constitutive re-
lation for electric potential or nonlinear constitutive law for magnetic fluids), where
the thermal conductivity a (resp. the dielectric coefficient and magnetic permeabil-
ity) effectively depends on the space variable x. In consideration of the advantage of
weighted anisotropic (p, g)-Laplacian, it permits us to apply model (1) as a powerful
mathematical tool for solving the problems arising in electrostatics, magnetostatics,
and stationary heat transfer in anisotropic and heterogeneous materials.

We notice some impressive results concerning the anisotropic p-Laplacian, the
weighted (p, ¢)-Laplacian, and anisotropic (p, ¢)-Laplacian. Bai-Papageorgiou-Zeng
[1] have combined variational tools combined with suitable truncations and com-
parison techniques to study a parametric nonlinear, nonhomogeneous Dirichlet
problem driven by the (p, ¢)-Laplacian with a reaction involving a singular term
plus a superlinear reaction which does not satisfy the Ambrosetti-Rabinowitz con-
dition, and established a bifurcation-type theorem describing in a precise way
the dependence of the set of positive solutions on a parameter. Ciraolo-Figalli-
Roncoroni [8] characterized the solutions to the critical p-Laplacian equation in-
duced by a smooth norm inside any convex cone, and applied optimal transport
method to prove a general class of (weighted) anisotropic Sobolev inequalities in-
side arbitrary convex cones. By variational method based on critical point the-
ory and Morse theory (critical groups), Gasinski-Papageorgiou [21] studied a non-
linear Neumann problem driven by the anisotropic p-Laplacian differential oper-
ator and with a superlinear reaction which does not satisfy the usual in such
cases Ambrosetti-Rabinowitz condition, and proved that the nonlinear Neumann
problem has at least three nontrivial smooth solutions, two of which have con-
stant sign (one positive, the other negative). Mercuri-Riey-Sciunzi [42] consid-
ered the weak solutions to a class of Dirichlet boundary value problems involv-
ing the p-Laplace operator, and proved that the second weak derivatives are in
L% with ¢ as large as it is desirable, provided p is sufficiently close to py = 2.
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Some related developments can be found in Hannukainen-Hyvonen-Mustonen [29],
Gasiriski-Papageorgiou [20], Baroni-Colombo-Mingione al. [2, 3], Colombo-Mingione
[9], Papageorgiou-Radulescu-Repovs [53, 54], Zeng-Bai-Gasiniski-Winkert [61], Mar-
cellini [40, 41], and Liu-Motreanu-Zeng [38].

The second interesting feature of the paper consists in the presence of the multi-
valued convection term. It is well-known that in a single or a multiphase fluid flow,
the convection effect may appear spontaneously because of the combined effects
of material heterogeneity and the influence of body forces on a fluid (commonly
density and gravity). Whereas, the reaction terms which depend on the gradient of
unknown functions can precisely model the convection effect for various fluids flow.
From the point of view of methodology, the multivalued convection term appeared
in the problem (1) causes tremendous difficulty from two perspectives. On the one
hand, the multivalued convection phenomenon has a nonvariational character, so
we cannot apply the standard variational tools for the corresponding energy func-
tionals. On the other hand, the discontinuity of the multivalued convection term
renders many regularity theorems inapplicable. These two issues motivate us to
develop a new pattern and techniques to handle with such kinds of problems. This
is, actually, another motivation of the present paper.

We also refer to the recent works involving convection terms or multivalued
terms. Applying the Kakutani-Ky Fan fixed point theorem for multivalued op-
erators along with the theory of nonsmooth analysis and variational methods for
pseudomonotone operators, Zeng-Radulecu-Winkert [64] examined the existence of
solutions to a mixed boundary value problem with a nonhomogeneous, nonlinear
differential operator (called double phase operator), a nonlinear convection term (a
reaction term depending on the gradient), three multivalued terms and an implicit
obstacle constraint. Ghergu-Radulescu [23] established some bifurcation results for
a singular Lane-Emden-Fowler equation with a convection term, in the meanwhile,
the authors utilized the sub- and supersolutions method together with various tech-
niques related to the maximum principles to obtain the asymptotic behaviour of the
solution around the bifurcation point. Via employing nonlinear Trudinger-Moser
inequality and Galerkin approximation approach, de Araujo-Faria [10] verified the
existence of positive solutions to a new class of quasilinear elliptic equations with
exponential nonlinearity combined with convection term. For more details with
respect to the direction of problems having convection terms or multivalued terms,
we refer to El Manouni-Marino-Winkert [15], Figueiredo-Madeira [17], Gasinski-
Papageorgiou [19], Papageorgiou-Radulescu-Repovs [52], Marano-Winkert [39] and
Gasiriski-Winkert [22].

Another novelty of the paper is the multivalued boundary conditions, which have
been widely applied to various problems arising in contact mechanics, diffusion of
fluids through a semipermeable membrane, optimal transport, heat conductivity
and so on. It is worthy to point out that, in the present paper, the multivalued
boundary conditions involved in problem (1) are a multivalued monotone boundary
condition, which is formulated by convex subdifferential of a convex functional, and
a generalized multivalued boundary condition, which is nonmonotone in general.
A classical example for multivalued monotone boundary conditions is the Coulomb
law of dry friction, which is formulated by

loll < if vp =0,
HVT if v #0, on I,

or = —
vl
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where o, stands for the friction, p is the coefficient of dry friction, v, is the tan-
gential velocity on the contact boundary I'.. This constitutive law is equivalent to
the following inclusion form

—0r € M&:HVTH,

where O|| - || is the convex subdifferential operator of v, +— |v;|. On the other
hand, when U is specialized by the generalized Clakre subdiffrential of a locally
Lipschitz function (which is not convex in general), i.e., U(x,s) = 9j(x, s) for a.e.

xz € Ty and all s € R, then the relation %“b € U(x,u) reduces to the following
multivalued nonmonotone boundary condition
ou
€ dj(z,u) on 'y, 2
5y € D) on T @)

where j: I'y x R — R is locally Lipschitz continuous with respect to the second
variable, and 9j(z, s) stands for the Clarke subdifferential of s — j(x,s). In fact,
the multivalued nonmonotone boundary condition (2) has been used commonly
in numerous nonsmooth mechanics problems and semipermeability problems, for
instance, Liu et al. [36] used the theory of nonsmooth analysis and Lagrange multi-
pliers method to establish the remarkable existence and convergence results for an
elastic frictional contact problem with nonmonotone subdifferential boundary condi-
tions. Concerning the research of problems with multivalued boundary conditions,
we refer to the recent contribution of Migdrski-Ochal [46], Liu [37], Naniewicz-
Panagiotopoulos [49], Panagiotopoulos [50, 51], Migdrski-Paczka [48], Li-Liu [32],
Han [27], Liu el al. [35, 34], Zeng-Migérski-Khan [63] and etc.

The fourth feature of the paper is the presence of obstacle effect. The study
of obstacle problems goes back to the pioneering contributions of J.-L. Lions [33].
Various classes of obstacle problems arise naturally when describing phenomena in
real-world problems. Many of these models, such as the fluid filtration through
a porous medium, osmosis, optimal stopping, heat control, etc., are described in
monographs by Duvaut-Lions [14] and Rodrigues [57]. Recently, obstacle effects
arising in dynamic vehicle routing problems, contact problems in mechanics, fluids
flow models, the penetration phenomenon of the magnetic field, etc., have been
studied in Brezis-Kinderlehrer-Lewy [5], Wang-Han-Cheng [59], Han-Sofonea [28]
and the cited references therein.

Parameter identification is an inverse problem taking place in material model de-
velopment, which raises much interest in recent years, for example, Cakoni-Moskow-
Pangburn [7] considered the two scale asymptotic expansion for a transmission prob-
lem modeling scattering by a bounded inhomogeneity with a periodic coefficient in
the lower order term of the Helmholtz equation, and shown a new convergence
estimate for the second order boundary corrector on a square, and Guzina-Cakoni-
Bellis [26] investigated the possibility of multi-frequency reconstruction of sound-soft
and penetrable obstacles via the linear sampling method involving either far-field
or near-field observations of the scattered field. Finally, we note that the inverse
problem under investigation is motivated by the problem of identification of a dis-
continuous coefficient in an elliptic variational inequality, see Gutman [25], Zeev-
Cakoni [60], Migérski-Ochal [45], Cakoni-Haddar-Lechleiter [6], Zeng-Bai-Winkert-
Yao [62] and Migérski-Khan-Zeng [44, 43]. Since our direct problem is governed by
the weighted anisotropic (p, ¢)-Laplacian, the identification problem for (1) seeks to
determine the coefficients a and b (e.g., the permeabilities of the medium), and a
function h (representing a flux of heat, of fluid, or electricity, depending on a model)
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on a part of the boundary in such a way that the solution u (that can be either a
temperature, a pressure, or an electric potential) matches the observed or measured
data z. More precisely, since the problem (1) is not uniquely solvable, in general,
which leads to that the inverse problem is inevitable a double minimization one, see
Problem 4. The compactness of the set (28) of admissible parameters represents
the crucial consequence.

The main contribution of the paper is twofold. The first contribution of the
paper is to examine the existence of a weak nontrivial solution to the anisotropic
elliptic obstacle inclusion problem, problem (1), by employing the theory of non-
smooth analysis and a surjectivity theorem for multivalued mappings generated by
the sum of a maximal monotone multivalued operator and a bounded multivalued
pseudomonotone mapping. However, the second goal of the paper is to develop
the new sufficient conditions for determining the solvability of the nonlinear inverse
problem under consideration. To the best of our knowledge, this is the first work
that combines the weighted anisotropic (p, ¢)-Laplacian along with an obstacle con-
straint, a multivalued convection term (a reaction term depending on the gradient),
and multivalued mixed boundary conditions.

The paper is organized as follows. Section 2 recalls a preliminary material in-
cluding p-Laplacian eigenvalue problem with the Steklov boundary condition, the
necessary results in Lebesgue and Sobolev spaces with variable exponents, and a
surjectivity result for multivalued pseudomonotone operators. In Section 3, we first
impose the assumptions on the data of problem (1) and then examine the nonempti-
ness and compactness of the solution set to this problem. In Section 4, we present
a new existence result to the nonlinear inverse problem under consideration.

2. Mathematical prerequisites. In this section, we collect some the basic defi-
nitions and tools that will be needed in the sequel to derive the main results of the
paper.

Let © € RN be a bounded domain with Lipschitz boundary I' := 02 such that
I is decomposed into four mutually disjoint parts 'y, I'y, I'. and I'y with I', having
positive Lebesgue measure, and let 1 < § < oco. Let M() be the space of all
measurable functions u: 2 — R, and we always identify two functions which differ
on a Lebesgue-null set. Let D be a nonempty subset of . In what follows, we
denote by LY(D) := L%(D;R) and L°(D;RYN) the usual Lebesgue spaces endowed
with the norm || - ||5,p, that is,

1
s
5.0 = (/ |u|5dx> for all u € L°(D).
D

We set LO(D), = {u € L°(D) | u(z) > 0 for a.e.x € D}. Moreover, W9(Q)
stands for the Sobolev space endowed with the norm || - ||1,5.0, namely,

[[ul

Jullie0 = llullsq + [Vullse for all u € WH(Q).

Now we review the r-Laplacian eigenvalue problem with Steklov boundary con-
dition given by
—Ayu=—lu/""?u  inQ,

(3)

lu|"%u - v = Au|""?u on I

It is well-known that problem (3) has a smallest eigenvalue )\f’r > 0 that is isolated
and simple (see, for instance [30]). Also, it is not difficult to see that A?, > 0 can
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be characterized by

/|Vu|’"dac+/ |u|" dx
AL = inf 5 0 :

= i 4
Lr ueWhr(Q)\{0} /‘ulr dr’ ( )
T

For the sake of convenience, in what follows, we denote by ulsﬂ. the first eigenfunction

corresponding to the first eigenvalue )‘ir which, indeed, belongs to int (C1 (§)+),

where int(C*(Q);) stands for the interior of C'(Q); = {u € C*(Q) | u(z) >

0 for all z € Q}. Without any loss of generality, we suppose that ||U‘197r||7471‘ =1.
We introduce a subset Cy(Q) of C(Q2) defined by

Ci () :={aeC(Q) | 1<a(x) for all z € Q}.
For the sake of convenience, in the sequel, for any r € C' (), we define

r_ :=minr(z) and r; := maxr(z).
e z€Q

Let p € C,(Q). In what follows, we denote by p’ € C, () the conjugate variable

exponent to p, namely,

1 1

@ P

Also, we denote by s* and s, the critical Sobolev variable exponents to s € C (2)
in the domain and on the boundary, respectively, given by

=1 for all z € Q.

Ns(z) if < N —
s*(z) = N—s(z) 1 s(z) " forall z € Q, (5)
+00 if s(x) > N,
and
N-D)s(z) ¢ <N =
oo d v @ <N en, (6)
+00 if s(x) > N
respectively.

Let 7 € C (Q), let us recall the variable exponent Lebesgue space L") () defined
by

L'OQ) = {u e M(Q) | /Q|u|r<w> dz < +oo} .

It is well-known that L™()(Q) is equipped with the Luxemburg norm given by

. ]\
ullp(y,0 :==inf ¢ A >0 | = de <1},
: AS

to be a separable and reflexive Banach space, the dual space of L") (Q) is L") (Q)
(i.e., L"O(Q)* = L") (Q)), and the following Holder inequality holds:

1 1
de < | — + — .
[ ol < [+ ] o

for all w € L") (Q) and for all v € L™0)"(Q).

[ollrcya < 2llullec),ellvlley e
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Remark 2.1. It is not difficult to see that if r1,72 € C(Q) are such that ry(x)
ro(x) for all x € Q, then we have the continuous embedding

L=0(Q) = LO(Q).

IN

For any r € C(2), we consider the modular function g,() o : L'OQ) - Ry :
[0,400) given by

0r(),0(u / |u|"® dz for all u e L"0)(Q). (7)

The following proposition delivers some important relations between the norm of
variable exponent Lebesgue space L™() () and the modular function 0r(),@ (defined

in (7)).

Proposition 2.2. If r € C.(Q) and u € L™ (Q), then we have the following
assertions:

Q) [ullroyo =X <= 0r0y0 (%) =1 with u #0;
(ii) flullry,0 <1 (resp. =1, > 1) <= 0,¢),0(u) <1 (resp. =1, > 1);
(iii) [Jully(y,0 <1 = ||u||r( o S o), alu) < ||u||:(’) 0

o >1= ||u||,,,()’Q<QT()Q( u) < ||U||:(+)Q
)Q—>0<:>QT ’Q( )_>O}
),

(-
(-
(- ;
(-
r(:
(- ()—>+OO

y,0 = 00 = 0r(
Let D be a nonempty subset of Q. In what follows, we denote by || - ||,(.).p

and by the norm of variable exponent Lebesgue space L"()(D). Set or(y,p(u) =
lu|"® da for w € L"O)(D).

On the other hand, let us recall the corresponding variable exponent Sobolev
spaces, which could be formulated by the same way by applying the variable ex-
ponent Lebesgue spaces. Let 7 € C4(Q), we denote by W1"()(Q) the variable
exponent Sobolev space given in

WirO(Q) = {uey Q) | |Vl eLT()(Q)}
It can prove that variable exponent Sobolev space Wl’r(')(Q) is equipped with the
norm
lullirey.0 = lullroyo + 1Vully).o for all u e WErO(Q)
to be a separable and reflexive Banach space, where [|[Vul.) o = [[[Vulll,)o
We also consider a subspace WOI’T(')(Q) of Whr()(Q) defined by WOI’T(')(Q) =

CSO(Q)H.HI’T(')’Q. For space Wol"r(') (), it is well-known that the Poincaré inequality
is valid

[ull (.0 < col|Valln.).q for all u € Wy’ O(Q)
for some ¢g > 0. So, in what follows, we adopt the equivalent norm || - |1 »(.y,0,0 to
Wy (@)
lull1,r(),0,0 = IVUullp),q for all u € Wl (e )(Q)
Moreover, we introduce a subset V of W1P()(Q) given by

V.= {u c Wl*p(')(Q) |u=0fora.e. z € Fa}.
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Since T', has a positive measure, it follows from Gossez [24, Corollary 5.8] that the
norm || -|[,(.),o on V is equivalent to the one, |- |1 »(.),0,0 and V endowed the norm
lullv := [Jull1,r(),0,0 forall v € V,

becomes a reflexive Banach space.

In the sequel, we denote by OO s () the set of all functions 7: Q@ — R that
are log-Holder continuous, namely, there is a constant C' > 0 satisfying

r(z) = r(y)|

The following proposition gives several important embeddings results, its detailed
proof can be founded in Diening-Harjulehto-H&sto-Ruzicka [13, Corollary 8.3.2] and
Fan [16, Proposition 2.1].

< ——— for all z,y € Q with [z — y| < 3.
[log |z — /|

Proposition 2.3. The following statements hold
(i) ifre CO’@(Q) and s € C(Q) is such that
1 < s(z) <r*(z) for all z € Q,
then the embedding is continuous
WhrO(Q) — L*O(Q).
(ii) if s € C4(Q) is such that
1 < s(x) <r*(z) for all z € Q,
then the embedding is compact
WO (Q) — L*O(Q).
Proposition 2.4. The following statements hold
(i) if r € CL(Q)NWLS(Q) for some ¢ > N and s € C(Q) is such that
1 < s(z) <ro(z) for all x € Q,
then the embedding is continuous
Wwhr(Q) — L0 (09).
(ii) if s € C () is such that
1< s(x) < ru(z) for all z € Q,
then the embedding is compact
Whr(Q) — L0 (09Q).

Remark 2.5. The embeddings in Propositions 2.3 and 2.4 remain valid, if we
replace the space W) (Q) by V.

”

Throughout the paper the symbols  — ” and “—” stand for the weak and
the strong convergence, respectively, in various spaces. For any a € L*°(Q) with

infeq a(xz) > 0, we introduce the nonlinear operator A: V' — V* given by
(A(u),v) := / (a(w)|Vu|p(m)_2Vu) -Vude, (8)
Q

for u,v € V with (-,-) being the duality pairing between V and its dual space
V*. Arguing as in the proof of Proposition 2.5 of Gasinski-Parpagerogiou [18]
or Radulescu-Repovs [56] (p.40), we have the following result which states main
properties of AV 5V
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Proposition 2.6. The opemtorg defined by (8) is bounded, continuous, monotone
(hence mazimal monotone) and of type (S+), that is,
Up —> u inV and limsup(gun,un —u) <0,
n—oo

imply w, = u inV.

We now recall some notions and results concerning nonlinear and nonsmooth
analysis as well as multivalued analysis. We review the notions of pseudomono-
tonicity and generalized pseudomonotonicity in the sense of Brezis for multivalued
operators (see e.g., Migérski et al. [47, Definition 3.57]) which will be useful in the
sequel.

Definition 2.7. Let X be a reflexive real Banach space. The operator A: X — 2%~
is called
(a) pseudomonotone (in the sense of Brezis) if the following conditions hold:
(i) the set A(u) is nonempty, bounded, closed and convex for all u € X.
(ii) A is upper semicontinuous from each finite-dimensional subspace of X to
the weak topology on X*.
(i) if {un} C X with u,, — wuin X and v’ € A(u,) are such that
lim Sup<u2, Up — U>X* «x <0,
n—oo

then to each element v € X there exists u*(v) € A(u) with
(W (v),u —v)x+xx < lminf(u), u, — v) x+xx.
n— o0

(b) generalized pseudomonotone (in the sense of Brezis) if the following holds:
Let {u,} C X and {u}} C X* with v} € A(u,). Ifu, — wuin X and
w5 w*in X* and

lim sup(u),, un, — w)x+xx <0,
n— o0

then the element u* lies in A(u) and
(U, un) xo e x = (W55 U)oy x -

It is not difficult to see that every pseudomonotone operator is generalized pseu-
domonotone, see e.g. Migdrski-Ochal-Sofonea [47, Proposition 3.58] or Denkowski et
al. [12, Proposition 1.3.65]. Also, under an additional assumption of boundedness,
we obtain the converse statement, see e.g. Migérski-Ochal-Sofonea [47, Proposition
3.58] or Denkowski et al. [12, Proposition 1.3.66].

Proposition 2.8. Let X be a reflexive real Banach space and assume that A: X —
2X" satisfies the following conditions:
(i) for each u € X we have that A(u) is a nonempty, closed and convex subset of
X*.
(i) A: X — 2% is bounded.
(i) if un — win X and v, —= u* in X* with uf, € A(uy,) and if

lim sup(u5, t, — ) x-xx <0,
n—o0

then u* € A(u) and
<u;7un>X*><X - <U*au>X*><X .

Then the operator A: X — 2% is pseudomonotone.
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Additionally, we recall the following definition, see, for example, Papageorgiou-
Winkert [55, Definition 6.7.4].

Definition 2.9. Let (X, 7) be a Hausdorff topological space and let {4, } C 2% be
a sequence of sets. We define the 7-Kuratowski lower limit of the sets A,, by

7-liminf A,, .= {x eX|z=7 lim z,, v, € A, for all n> 1},
n— oo n— o0
and the 7-Kuratowski upper limit of the sets A,
7-limsup A4,, := {xGX \ I:T—klim Ty Ty € Any, 11 <ng < ... <ng < }
—00

n—roo

If

A =7-liminf A, = 7-limsup A,
n—00 n— o0

then A is called 7-Kuratowski limit of the sets A,,.

We conclude this section by recalling the following surjectivity theorem for mul-
tivalued mappings which is formulated by the sum of a maximal monotone multival-
ued operator and a bounded multivalued pseudomonotone mapping. The following
theorem was proved in Le [31, Theorem 2.2]. We use the notation Br(0) := {u €
X | flullx < R}

Theorem 2.10. Let X be a real reflexive Banach space, let G: D(G) C X — 2% pe
a mazimal monotone operator, let F: D(F) = X — 2% be a bounded multivalued
pseudomonotone operator and let L € X*. Assume that there exist ug € X and

R > |lug||x such that D(G) N Bgr(0) # 0 and
(€+n—Lyu—mug)x+xx >0 (9)
for all u € D(G) with ||u|lx = R, for all £ € G(u) and for all p € F(u). Then the

inclusion
F(u)+G(u)> L
has a solution in D(G).
Remark 2.11. Indeed, it is obvious that if we can prove the following result

€+ nu—ug)x+xx

= 400, (10)
l|ul| x —+o00,u€D(G) [lu|l x

then the estimate condition (9) holds automatically for some R large enough.

3. Existence of solutions for anisotropic obstacle inclusion problems. The
section is concerned with the investigation of solvability of anisotropic obstacle in-
clusion problem, problem (1), with a multivalued reaction term which depends on
the gradient of unknown function, and complicated multivalued boundary condi-
tions which contain a multivalued monotone boundary condition and a generalized
multivalued boundary condition that is nonmonotone in general.

In order to obtain the existence of a nontrivial (weak) solution to problem (1),
we make the following assumptions on the data of problem (1).

H(f): The multivalued convection mapping f: Q x R x RY — 2R has nonempty,
bounded, closed and convex values such that 0 ¢ f(z,0,0) for a.e. x € Q and
the following conditions are satisfied
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(i) the multivalued mapping x — f(z, s, ) is measurable in Q for all (s, &) €
R x RY;

(ii) the multivalued mapping (s,£) — f(z,s,&) is upper semicontinuous for
a.e.x € )

(iii) there exist ay € L%(Qh and ay,by > 0 such that

p(@)(r(z)—1

Il < aglel ™S + by s O 4 ap(a)

foralln € f(x,s,¢),alls € R, allé € RY and a.e.x € Q, wherer € C(Q)
is such that

r(z) < p*(z) for all x € Q,
with the critical Sobolev variable exponent p* in the domain 2 given in
(5) for s = p;

(iv) there exist B € L'(Q); and constants cy, df > 0 satisfying

ns < crl€P) + dylslP + By ()

for all np € f(x,5,&), all s € R, all £ € RY and a.e.z € Q.
H(®): The function ®: Q — [0, 00) is such that & € M ().

H(v): The function ¢: T'. X R — R is such that
(i) for all s € R, x + (x, s) is measurable on I'¢;
(i) for a.e. z € IT'¢, s — (x,s) is convex and lower semicontinous;
(iii) for each u € LP-(T.), the function z ~ (z,u(x)) belongs to L*(T.),

ie., / Y(z,u(z))dl’ < 400 for all u € LP-(T,).
Q

H(U): U: Ty x R — 2% satisfies the following conditions:
(i) U(z,s) is a nonempty, bounded, closed and convex set in R for a.e.z € T'y
and all s € R;
(ii) « + U(x,s) is measurable on 'y for all s € R;
(i) s — U(x,s) is us.c. for a.e. x € T'g;

(iv) there exist ay € L%(Fd)Jr and ay > 0 such that
U(z, )| < av(2) + ay s~
for a.e.x € Ty and all s € R, where § € C(T'y) is such that
§(x) < po(x) for all z € Ty
with the critical Sobolev variable exponent p, on the boundary I' given
in (6);
(v) there exist By € L' (I'y)4 and by > 0 satisfying
&s < bylsP~ + Bul(x)
forall £ € U(x,s), all s € R and a.e. z € T'y.
H(0): a, b € L*®(Q) are such that infycq a(z) > cp > 0and b(z) > 0fora.e. x € Q,
and h € L7021 (Ty).
H(1): The inequality holds

CA — Cf — bU()\ipi)il >0,

f7p7 is the first eigenvalue of the p_-Laplacian with the Steklov bound-

ary condition (see (3) and (4)).

where \



INVERSE PROBLEMS FOR ANISOTROPIC OBSTACLE PROBLEMS 13

Remark 3.1. A concrete example for function 1 is given as follows
Y(x,s) = w(x)|s| for all s € R and a.e. z € T,

where 7 € LP- (T'¢)+. In this case, the convex subdifferential of 4 is formulated by

m(x) if s >0,
Ocp(z,8) = ¢ w(x)[-1,1] ifs=0, fora.e zelL,.
—m(x) if s <0,

Let j: 'y x R — R be such that x — j(x, s) is measurable on T'y for all s € R and
s+ j(z,s) is locally Lipschitz continuous for a.e. x € I'y. If the generalized Clarke
subdifferential s — 9j(x, s) of j fulfills the following conditions:

H(j)(i) there exist a; € L$(Fd)+ and a; > 0 such that
6 < ay(x) + ay ]P0
for all £ € 9j(z,s), a.e.x € Ty and all s € R, where § € C(T;) is such that
§(x) < pu(z) for all x € Ty,
H(j)(ii) there exist 8; € L'(I'y)+ and b; > 0 satisfying
s < byls|P + B;(2)

for all £ € 9j(z,s), all s € R and a.e. x € Ty,

then hypotheses H(U) hold automatically.
Moreover, it should be pointed out that if hypotheses H(f)(iv) and (U)(v) are
replaced by the following conditions, respectively:

H(f)(iv)’ there exist By € L'(2); and constants cy, df > 0 satisfying
ns < g€+ df|slP + By ()

for all n € f(z,s,€), all s €R, all £ € RY and a.e.z € Q, where 91 € C(Q)
is such that ¥, (z) < p(z) for all z € Q,
H(U)(v)’ there exist By € L*(T'y); and by > 0 satisfying
s < by|s[”*@ + By (z)

for all £ € U(x,s), for all s € R and for a.a. x € 'y, where ¥ € Cy(Ty) is
such that ¥5(z) < p(z) for all x € Ty,

then hypothesis H(1) can be removed. Let € > 0 be arbitrary. In fact, it follows
from the Young inequality that there exist constants ¢ (g), ca(g) > 0 satisfying

ns < cp €] W) 4 dy|s[P- + Br(y) < elé]PW) + ci(e) + dy|sP~ + Br(y),
(s < bU|s\192(‘”) + fu(z) < 5|s|p($) + ea(e) + Bu(x)

for all n € f(y,s,&), all ¢ € U(z,s), all s € R, all £ € RN, a.e. y € Q and a.e.

x € I'y. Observe that if we take € € (O, W), then the inequality in H(1)
1+ 1,p_
is satisfied automatically.
Let us consider a subset K of V' defined by

K:={veV]|v<dinQ}. (11)
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Remark 3.2. Under the hypothesis H(®), we can see that the set K is a nonempty,
closed and convex subset of V. In fact, from H(®), we can see that ®(z) > 0 for
a.e. T € {Q, so, it holds 0 € K, that is, K # (). The convexity of K is obvious. Let
{un} C K be a sequence such that u,, — uin V as n — oo for some u € V. Keeping
in mind that the embedding of V' to LP- () is continuous, hence it has u,, — u in
LP- () as n — co. Passing to a subsequence if necessary, we have u, (x) — u(z) as
n — oo for a.e. x € Q. Therefore, we can see that ®(z) > lim, o un(z) = u(x)
for a.e. x € Q, thus, v € K. This means that K is closed.

Next, we give the definition of weak solutions to problem (1).

Definition 3.3. A function v € K is said to be a weak solution of problem
r() 5()

(1), if there exist functions n € L*O-1(Q) and { € L3O-1(T'y) with n(z) €

fz,u(x), Vu(x)) for a.e.x € Q, &(z) € U(x,u(x)) for a.e.x € Ty such that the

following inequality

/ (a(x)|Vu|p(”’)_2Vu+b($)|Vu|‘1(”’)_2Vu) V(v —u)dz

Q

+B/ [ul®@ =2y (v — u) dx—i—/ P(z,v) dF—/ Y(x,u)dl
Q T, Ie

> [ e -wde s [

is satisfied for all v € K, where the set K is defined by (11).

h(z)(v —u)dl + g &(z)(v—u)dl (12)

We are now in a position to deliver the main result in the section by the follow-

ing theorem which reveals that for each triple of functions (a,b,h) € L*°(Q)4 X
©)
L>®(Q)4 x LT (Tp) with a(z) > 0 and b(z) > 0 for a.e. x € §, the solution set

to problem (1), denoted by S(a,b, h), is nonempty, bounded, and weakly closed.
Theorem 3.4. Assume that H(f), H(0), H(1), H(v), H{U) and H(®) are satisfied.

Then, the solution set of problem (1) is nonempty, bounded, closed and weakly closed
(hence, weakly compact).

Proof. Existence. Assume that functions a, b € L>°(Q)) and h € LA (T'p) satisty
condition H(0). For any u € V fixed, by virtue of hypotheses H(f)(i) and (ii), we
can apply Yankov-von Neumann-Aumann selection theorem (see e.g. Denkowski et
al. [11, Theorem 4.3.7]) to conclude that there exists a measurable selection n:  —
R satisfying n(z) € f(z,u(x), Vu(z)) for a.e. = € Q. On the other hand, from
hypothesis H(f)(iii) and the elementary inequality (|r1|+|r2])® < 257 1(|r1|® +|ra|®)
for all r1, ro € R and s > 1, implies

5y p@)(r@)=1) _ ()
/Q\U(xﬂ'r(x) dmﬁ/ﬁ(aﬂvm (@) +bf|u|r(l)—1+af(x)) e
S/Q(227“(96)/_2|VU|1”($)+227"(96)/_2|u‘r(;c)+2T(x)/_1af(x)T(x)/) b
Q

< My (0p(),0(IVul) + 0r0),0(w) + 0r(y,0(y))

< My (max {[ully, Jully } + max { [l 75 ol o } + eror0(ar)
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where M := max, 522" =2, For any k € C+(Q) with k(z) < p*(z) for all z € Q,
in the sequel, let C > 0 be such that

lullke),0 < Crllullv for all u € V.

Keeping in mind that the embedding of V' to L"()(Q) is continuous (see hypothesis
H(f , we have

lll
/ (@)@ dz (13)
< My (max {[lull%, Jull2 ) + max {CT [fullly , Co* ulllF } + ovoales)) -

This turns out that n belongs to L’"(')'(Q). Under the above analysis, we are now
in a position to introduce the Nemytskij operator Ny: V' C L’"(')(Q) — L")

corresponding to the multivalued mapping f given by

Ny(w) = {n € I'0'(Q) | n(a) € f(x,u(x), Vu(x)) for a.c.x € O}

forall u e V.

Analogously, using hypotheses H(U)(i), (1 ) and (iii) and Yankov-von Neumann-
Aumann selection theorem, for each u € L()(Ty), we are able to find a measurable
function &: I'y — R satisfying &(x) € U(z,u(x)) for a.e. € T'y and

5(x)’
oscr @) = [ @ ar < [ (au@) +aghi @) ar - aa)
< Mz/ (aU(w)5 W Juf w)) dl' = M (05(yr,r, (av) + 050,14 (1))
Iy

5 5
< Mz (o5(y.raew) +max {lull30) o lul37 ), )

for some My > 0. So, in what follows, we denote by Ny : LOC)(Ty) — 9L*' (Na) the
Nemytskij operator associated with the multivalued mapping U given by

Ny (u) == {n € L0 (Ty) | n(z) € U(z, u(z)) for a.e.x € rd}

for all u € L°V)(Ty). Denote by ¢: V. — L™(Q) and w: V — LO)(Q) the em-
bedding operators of V to L") (Q) and of V to L) (Q) with the adjoint operators
o LPOY(Q) = VF and w*: LOO(Q) — V*. Also, let y: V — LIO)(I'y) be the trace
operator of V into L) (T'y) with its adjoint operator v*: L) (I'y) — V*.

On the other hand, let us consider the indicator function Ix: V — R := RU
{+o0} of K given by

0 ifueK,
Ix(u) = { 4o otherwise, forallu e V.

It is not difficult to observe that u € K is a solution of problem (1), if and only if
it solves the following problem

/ (a(x)|Vu\p(z)_2Vu + b(ac)\Vu|q(z)_2Vu) V(v —u)de
Q
+8 |u|6(x)2(v—u da:+/¢xvdf /¢xudF+IK() Ik (u)

Z/Qn(x)(v—u)dx+ h(a:)(v—u)dF+/Fd§(a:)(v—u)dF (15)

Ty
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for all v € V for some n € LTZT()'ll(Q) and & € L5<6‘(>21(I‘d) with n(z) € f(x,u(z),
Vu(z)) for a.e.x € Q and &(x) € U(z,u(z)) for a.e.z € I'y. In addition, we
consider the function I : V — R := RU {+o00} defined by

I (u) /¢$u

for all w € V. We assert that f;( is a proper, convex, and lower semicontinuous
function Because V is a subset of the effective domain of function V' > u —
fr (z,u)dl € R (see hypothesis H(z)(iii)). So, it is sufficient to show that V >
U > fr (x,u)dl’ € Ris a proper, convex, and lower semicontinuous function. The
convexity of V' 3 u — [ ¥(x,u)dl' € R is the direct consequence of hypothesis
H()(ii). Let sequence {u,} C V be such that u, — u in V as n — oo for some
u € V. So, u, — u in L*(T'.). Without any loss of generality, we may assume that
Un(x) = u(z) as n — oo for a.e. x € I'.. Employing Fatou lemma, we have

liminf | ¢¥(x,u,(z))dl 2/ inf ¢(z,u,)dl >/ P(z,u)
n— 00 . . n—00
This reveals that V 3 u — [ ¢(z,u)dl € R is Ls.c.
Whereas, we can use a standard argument to find that v € K is a solution of the
inequality (15), if and only if, it solves the following inclusion problem

Au+w*Bu — " Ny(u) —y*Ny(u) + ddrc(u) 3 h in V*, (16)

where the nonlinear functions A: V' — V* and B: L?0)(Q) — L?O)'(Q) are given
by

(Au, v) = / (a(ac)|Vu|p(x)_2Vu + b(a?)|Vu|Q(’”)_2Vu) -Voudz for all u,v € V,
Q
(Bw, 2) 1oy () x 160 () = ﬁ/ |w|?@ =2z da for all w, z € LVO)(Q),
Q

respectively.

Next, we are going to invoke Theorem 2.10 for examining the existence of a
nontrivial solution to problem (16). By the definition of A and Proposition 2.6,
we can see that A is a bounded map. From the definition of B, it is not difficult
to prove that B is also a bounded operator. Therefore, taking account into (13)
and (14), we conclude that F: V — 2V F(u) = Au+ w*Bu — t*Ny(u) — v* Ny (u)
for all u € V, is a bounded map thanks to the boundedness of w, ¢ and 7. Using
the convexity of f and U, we can verify that for each u € V the sets t*N¢(u) and
v*Ny(u) are both convex in V*. Indeed, we also can prove that F(u) is closed in
V* for each u € V. Moreover, we shall show that F' is generalized pseudomonotone.
Let sequences {u,} C V, {¢,} C V* and (u,{) € V x V* be such that ¢, € F(u,)
for each n € N,

G % G up — win V, and limsup,,_, o (G, tn — u) < 0. (17)
Then, for every n € N, there are n,, € Ny(u,,) and &, € Ny (uy,) such that

Cn = Auy, + w*Bu, — "0, —v*&, for all n € N.
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From (13) and (14), we can observe that sequences {n,} C L") (Q) and {&,} C
L‘s(')/(I‘d) are both bounded independently of n. Passing to a subsequence if neces-
sary, we may assume that

N —= nin L"O(Q), and &, — € in LSO (Ty) as n — oo

for some (1,€) € L' (Q) x LIO)'(Ty). Keeping in mind that the embeddings of V
to L) (Q) and V to L"()(Q), and the trace operator y: V — L*¢)(T';) are compact
(see Propositions 2.3 and 2.4), then we have

nli_{I;o<W*Bum Up — u) = nh_{I;O<Bun7un - u>L9’(')(Q)><L9(')(Q) =0,
Jim (g, — ) = T (1 (un = ) pecy ()2 () = 05 (18)
)

lim (y*&,, uy —u) = lim
n—oo n—oo

Using (17) and (18), one has

{€ns Y(un = u)) pocr (pgyx e (r,) = 0

0 > lim sup (G, up, — u)

n— oo
> lim sup(Auy,, u, — u) + liminf(w* Bug,, uy, — w) + Hminf (¢ np,, u — wy,)
n—oo n—oo n—oo

+ liminf(v* &, u — up)
n— o0

> lim sup(Auy,, uy, — u).
n—oo

The latter together with the monotonicity of s — b(z)|s|?(*)~2s deduces

0 > lim sup(Aun, u, — u).

n— oo

Taking into account the inequality above and the fact that A is of type (Si) (see
Proposition 2.6), we obtain

Uy, —> uin V asn — oo.
Passing to a subsequence if necessary, we may suppose that
un(z) = u(z) and Vu,(x) - Vu(z) as n — oo for a.e. z € Q, (19)

due to the continuity of the embedding of V to WP-(Q). Employing Mazur’s
theorem, we are able to find a sequence {xy, }nen of convex combinations of {7, } nen
satisfying

Xn — 1 in L"O(Q) as n — co.

This allows one to suppose that y,(x) — n(z) for a.e. = € Q (owing to the
continuity of the embedding of L)' (Q) to L™~ (£2)). From the convexity of f, it
finds

Xn(z) € f(x,un(z), Vuy(z)) for a.e. z € Q.

Because f is u.s.c. and has nonempty, bounded, closed and convex values (see
hypotheses H(f)(i) and (ii)). This allows us to invoke Denkowski et al. [11, Propo-
sition 4.1.9] to admit that the graph of (s,£) — f(x,s,€) is closed for a.e. x € Q.
Besides, we use the convergences (19) and x,(z) — n(z) for a.e. x € Q to confess

n(x) € f(z,u(z), Vu(z)) for a.e. z € Q.
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This means that 7 € Ny(u). Analogously, we could apply the same arguments to
infer that £ € Ny(u). However, it follows from the continuity of A, B and the
convergence (17) that

Cn = AUy + w*Buy — ' np — 7 60— Au+w*Bu—1'n— ¢ =¢ in V*. (20)
This means that ¢ € F(u). Note that
lim (Cp,, un)

n— oo
= lim (Au, +w*Bu, — "N — Y En, un)
n—o0
= nlLIng(Aun + W By, up) — 7}1_>Irgo<nna Lun>Lv-<~)’(Q)><LT'(->(Q)
B nh_)n;()(gn, ’yun>L5('>l(Fd)XL5(‘)(Fd)
= (Au+ w*Bu — " — v*€, u)
= <<a u>7

we use the equality above and (20) to profess that F is a generalized pseudomono-
tone operator. We are now in a position to employ Proposition 2.8 to admit that
F' is pseudomonotone.

Furthermore, we show that F' is coercive. For any u € V and ¢ € F(u), we have

(¢ w) (21)
= (Au,u) + <BU,U>L9(-)'(Q)><L9(-)(Q) - <777U>LT(-)'(Q)><LT(-)(Q)

= (& W L5y () x L3O (T)
> / ca|Vu|P@® 4 b(x)| Va2 dz + ﬁ/ Ju|?@ da — / n(x)u(z) da
Q Q Q

- E(x)u(x)dl

> eaper.a(IVul) + Bosgy.a(u) — /Q e [VulP® 1 dgfulP- + By(z) e

- / b lul?~ + By (z) dT

> (e = ¢f) 0p(,(IVul) + Bog) a(uw) — dfllully~ o = [1Bsllna
=bulluly” r, = IBullir.

where 7 € Ny(u) and £ € Ny(u) are such that ¢ = Au + w*Bu — " n — v*¢.
Employing the variational characteristic of the smallest eigenvalue )\fIL > 0 to
Steklov eigenvalue problem for the p_-Laplacian (see (4)), we have

bollull e, < bo (A,.) " (IVull g+ el o) (22)
Inserting (22) into (21), it yields
(Cru) > (ea = ¢f) 0py,(|Vul) + Bogy alu) = dfllull~ o — |15
—bo (3,.) " (190l g + il ) ~ B,

1
~ (e = ) gyl Vu) + Byl — (4540 (3,) )l

1,0
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S -1 P
~18rle —bu (A5,_)  IVul o = I8ulr,
-1
> <CA —cy —by ()\ig,p,) ) Qp(.),g(|Vu|) + B,Qg(.)’g(u) — |

- (df + by (Af,p)_l) lully” o

for some M3 >0, where the last inequality is obtained via using Young inequality,
namely,

IVully o = [ 1Vul dz

=/ |VaulP®) dz —|—/ |Vu|P- dz
{z€Q|p(z)=p-} {z€Q|p(z)>p-}

< / |VulP@ dz + / |VulP@ dz + M,
{z€Q | p(z)=p-} {z€Q|p(z)>p-}

:/Q \Vu\p(x) do 4+ My = op),0(|Vul) + My

M3

—1Bu

B

2((/\157p7)71bg+df>

for some My > 0. Let € = . Employing Young inequality again,

we get
Jull? ¢ = / P~ dz < e/ [l dz 4+ Ms = cgo0.0(u) + M
Q Q

for some Mz > 0. From the last three inequalities, we have

(¢ u) (23)

s \! B
> (ox—er =0 (38,0) ) mral7ul + Soncralo) = 157l
— Ms — ||Bullrr,

1
> (e —cp—bu (3,0) ) i bt Bl } - 137l = M

B . 0_ o
— 1Bullr.e, + 5 min {Jlullge) o Iullg?) o}

with some Mg > 0. This means that F' is coercive. Recall that IA;; is a proper,
convex, and lower semicontinuous function, then I is bounded from below by an
affine function (see, e.g., [4, Proposition 1.10]), thus, there exist constants a, Bx >
0 such that

Ik (v) > —akl|jv|lv — Bk for all v € K. (24)

Notice that 0 € K, by virtue of definition of convex subgradient, for any ¢ € (’“)Cf;((u)
we have

(,u) = — {5, —u) > Tre(u) — T (0) /wxo

> —agllullv — Bk — /1“ (z,0)dT. (25)
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Combining (23) and (25), it has

¢+ u)
1m _—
lully —oouek — ully

This indicates that the result (10) is valid with ug = 0.

Therefore, all conditions of Theorem 2.10 are verified. Using this theorem, we
conclude that there exists a function v € K such that inclusion (16) holds true,
which is also a solution of problem (1). However, the condition 0 ¢ f(x,0,0) for
a.e. x € € points out that u € K is a nontrivial solution of problem (1), thus,
S(a,b,h) # 0.

Boundedness. Arguing by contradiction, we suppose that the solution set S(a, b, h)
is unbounded. Therefore, we are able to find a sequence {u,,} C S(a,b, h) such that

:+Oo

lun|lv — 400 as n — .

Employing the same arguments as in the proof of the first part, we take v = 0 into
(12) with u = u,, and get the following estimates

-1 . _ B . 0_ 0
(ca s =00 (32,0) ) minlunl lenll 3 + § minlhun 5 ol )

< |Bsla + Mz + |Bullir, + / Y(x,0) dl + Mgkl v, Jun|lv + ok flun v
FC

+ Bk (26)

for all n € N, for some My, Mg > 0. This, obviously, leads to a contradiction.
Therefore, the solution set S(a, b, h) is bounded in V.

Closedness. Let a sequence {u,} C S(a,b,h) be such that
Up — win V asn — 0o

for some u € K. Hence, we could take n, € Ny(u,) and &, € Ny(uy) such that

/ (a(a:)|Vun|p(r)_2Vun + b(x)|Vun|q(m)_2Vun) V(v —uy,)dz

Q

8 [l (0 - u)do+ [ wle0)dr - [ leu)dr
Q Te Ie

Z/an(x)(v—un)dx—l— .

for all v € K. The boundedness of operators Ny and Ny (see (13) and (14)) allows
one to suppose that there are functions n € LT(‘)/(Q) and £ € L5(')/(I‘d) satisfying

M)~ )+ | Eu(@)(w - w)dr (27

N —= nin L"O(Q) and &, - ¢ in LSO (Dy) as n — oco.
Taking v = w in (27) and passing to the upper limit as n — oo in the resulting
inequality, we get

lim sup(Auy,, u, — u)
n—oo

§11msup<Bun,ufun>Lg(.)/(Q)XL6(.)(Q) +/ Y(x,udl fliminf/ U(x, uy)dl
r. r,

n—00 n—oo

— lim [ n,(u—u,)dz— lim h(u — u,)dl — lim &n(u—uy)dl
d

n— oo Q n—oo Fh n—oo T

<0.
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We apply Proposition 2.6 to obtain that u,, — u in V as n — oo. Using the upper
semicontinuity of f and U, we obtain n € Ny(u) and £ € Ny(u). Passing to the
upper limit as n — oo in inequality (27), we have u € S(a,b, h). This means that
S(a,b, h) is weakly closed. This completes the proof. O

4. Inverse problems for anisotropic obstacle inclusion systems. The cur-
rent section is devoted to consider a nonlinear inverse problem of identification of
parameters (in the domain) and boundary data in the problem (1), and to develop
a general framework for solving the nonlinear inverse problem. More precisely, we
shall introduce a highly nonlinear regularized optimization problem, Problem 4 be-
low, to identify two discontinuous parameters (a,b), which control the weighted
anisotropic (p, ¢)-Laplacian, and a discontinuous boundary data h on the part T'y.

For any g € L'(Q) fixed, we denote by TV (g) the total variation of function g
given by

TV(g) ==  sup {/ g(x)divp(z)dzr | |p(z)] <1 forall x € Q} .
vecr@rM) LJa

In what follows, we denote by BV () the function space of all integrable functions
with bounded variation, that is,

BV(Q):={g e L'(Q) | TV(g) < +o0}.
It is well-known that the function space BV (Q2) endowed with the norm
l9llBv () := llgll1,a +TV(g) for all g € BV (Q2)

becomes a Banach space. Let H be a nonempty, closed and convex subset in
Lp(')'(I‘b), and consider the set of admissible parameters A for weighted anisotropic
(p, q)-Laplacian defined by

A={a e L=®(Q)NBV(Q)|0<cp <a(x) <dp for a.e. z € Q}, (28)

where cp and d) are positive constants. It is obvious to see that A is a closed, and
convex subset of BV () and L>°(Q).

Let x, 7 and p > 0 be given regularization coefficients and z € Lp(')(Q;RN)
the known observed or measured data. We consider the following inverse problem
which is modelled by a highly nonlinear regularized optimal control system:

Problem. Find a*, b* € A and h* € H such that

inf L = L(a*,b*, h* 2
a,bell{l,heH (a,b,h) (a*, b, h"), (29)

where the cost functional L: A2 x H — R is formulated by

L(a,b,h) := min / |Vu — 2P dz + £ TV (a) + 7TV (b)
uGS(a,b,h) Q

u [ e ar, (30)
Iy
and S(a,b,h) is the solution set of problem (1) corresponding a, b € L*(Q) and
he LPO(Ty).

The main result of the section is provided by the following theorem, which
presents the sufficient conditions for determining the existence of an optimal so-
lution to nonlinear regularized optimization problem, Problem 4.



22 SHENGDA ZENG, YUNRU BAI AND VICENTIU D.RADULESCU

Theorem 4.1. If the hypotheses of Theorem 3.4 are fulfilled, then the solution set
of Problem 4 is nonempty and weakly compact.

Proof. The proof of the theorem is divided into four steps.
Step 1. For each (a,b,h) € A% x H fixed, the cost functional L defined by (30) is
well-defined.

Let (a,b,h) € A% x H be fixed. To this end, we only prove that the minimizer
of infyeg(ann) o VU — z|[P(*) dz is reachable. Assume that {u,} C S(a,b,h) is a
minimizing sequence of the problem infy,cg(q,p,n) fQ [Vu — z|p(””) dz. Then,

inf / |Vu — 2P dz = liminf [ |Vu, — 2P dz.
u€S(a,b,h) Jo n—oo [

From Theorem 3.4, we can see that the set S(a,b,h) is bounded in V, so does
{un}. Therefore, there exists a subsequence of {u,}, denoted still in the same
way, such that u, —> wu*in V as n — oo for some u* € V. This together
with the weak closedness of S(a,b,h) implies that u* € S(a,b,h). Note that the
function LPO)(Q) 3 u s [, [u[P® dz € R is convex and continuous, so, it is weakly
semicontinuous. Hence, one has

inf |Vu — z|P(m) dz = lim inf/ |V, — Z|p(z) dz
u€S(a,b,h) Jq n—oo Jq
> [ |[Vu' =2 de>  inf |V — 2P da.
Q u€S(a,b,h) Jo

This indicates that for every (a,b,h) € A? x H we are able to find a function
u* € S(a, b, h) satisfying

inf / |Vu — z[P@ d:z::/ |Vu* — z[P@ da,
u€S(a,b,h) Jq Q

and hence, L(a,b, h) is well defined.
Let (a,b,h) € A®> x H and u € S(a, b, h) be arbitrary. A simple calculation (see
e.g. (26)) gives

-1\ _ B . 0_ 0
(ea s =t (35,0 ) ™) l  }+ 5 il ol

<8¢l + Mo+ ||Bullir, +/ Y(z,0)dl + ag|ullv + Mo ||kl p.y o, l[ullv
r.

+ Bk
for some Mg, My > 0. We infer that S maps bounded sets of BV (2) x BV (Q) x H
into bounded sets of K.
Step 2. If sequence {(ay,,bn,h,)} C A? x H is such that {a,}, {b,} are bounded
in BV(Q), and (ay,b,) — (a,b) in L*(Q) x L'(Q) and h,, —= h in H for some
(a,b,h) € L'(Q)? x H, then (a,b) € A% and one has
0 # w—limsup S(an, by, hn) C S(a,b, h). (31)

n— oo
Let sequence {(an,bn,hy,)} C A% x H be such that (an,b,) — (a,b) in L*(Q)?
and h, — hin H for some (a,b,h) € L'(Q)? x H. Hence, by the properties
of A (that is, A is nonempty, closed and convex in BV (Q2) and L!(Q2)), one has
(a,b,h) € A?> x H. By virtue of boundedness of {(a,,b,)} C BV(Q) x BV (Q)
and the map S, we obtain that U,>15(an,bn, hy) is bounded in K. The latter
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together with the reflexivity of V' concludes that the set w—limsup,,_, ., S(an, bn, hn)
is nonempty.

Let w € w-limsup,,_, ., S(an,bn,h,) be arbitrary. Passing to a subsequence if
necessary, there exists a sequence {u,} C K satisfying

Up € S(an, by, hy) and u, Yy winV as n — oo.

Hence, for each n € N, we are able to find 1, € Ny(u,) and &, € Ny(u,) such that

/ (an(x)|Vun\p(m)_2Vun + bn(x)\Vun|‘1(”’)_2Vun) V(v —uy,)dx

Q

48 [l Pus (o - un)do [ e 0)dr - [ e
Q . e

> /wav—un)dm

for all v € K. Letting v = u for (32), we obtain

hn(z)(v — uy)dl 4+ &n(z)(v — up)dl (32)
Iy Tq

[ (@@ Va2V, 5, @) Va9 0, ) - Vit~ )

Q

< ﬂ/ |un|0(z)72un(u —up)dz + / Y(z,u)dl’ — / Y(x, un) dl
Q re r.

- / () (1 — 1) d — / o () (1 — 1) AT — [ &n(@)(u— un)dD.  (33)
Q Ty Iy

By hypotheses H(f)(iii) and H(U)(iv), we can see that sequences {n,} and {&,}
are bounded in L") () and L°0)'(T'y), respectively, due to (13) and (14). By the
compactness of the embeddings V' to LYC)(Q), L"()(Q) and of the trace of V to
L°C)(I'y) (see Propositions 2.3 and 2.4), it finds

lim 6/ |t |2 20 (0 —w)dz =0,  lim [ 5, (2)(u — uy,)dz =0,
Q Q

n—oo n—oo

lim /Fchn(x)(u—un)szo, nli_{%o/rdfn(x)(u—un)dl“:&

n—roo

(34)

However, the weak lower semicontinuity of V' 3 u — [ ¢(x,u)dl’ € R deduces

/ Y(z,u)dl — liminf/ P(z,u,)dl <0. (35)
r, r,

n—oo

Using the Hélder inequality, we have
/ ((an(x) - a(x))\vmp(ﬂﬂ)*?vu) YV (up — u) da
Q

— an,(x) —alzx ulP®) -1 uy, —u)|dz
> /Q|n<> (@) VuP@ LV (1, — w)|d

1 1
> = |t o) = a0Vl s, e =l
1 1 _p(x) (751)_
> |t o =l i ([ Joute) = ata) 9 an) T
— — Q

(/Q lan (z) — a(x)|%|vu|p(x) dx)(p'ﬁ)+ },
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where the last inequality is obtained by using Proposition 2.2. Since a,, — a in
LY(9), so, we may assume that a,(xr) — a(z) for a.e. =z € Q. Note {u,} C V
and {a,} C L*(Q) are bounded. This allows us to invoke Lebesgue dominated
convergence theorem to get

. p(x) (ﬁ)i 1 1
lim / |an (@) — a(z)] 7@ |Vu|P® dz X |— + | llun —uly = 0.
n—oo Q pi pi

Hence, we have

lim ((an(x) — a(m))|Vu|p($)_2Vu) -V(up — u)dz > 0. (36)

n—00 O

Keeping in mind that v, — w in V as n — 0o, so, we have

lim (a(m)|Vu|p($)_2Vu + b(x)|Vu\q(I)_2Vu) -V(u — up)de

= lim (Au,u, —u) =0. (37)

n—oo

We use the monotonicity of s — |s|9(®) =25 to find

/ (an(x)|Vun|p(””)_2Vun + bn(m)\Vun|q(I)_2Vun) -V(uy —u)dz
Q
= / an(x) (|Vun|p(”)_2Vun - |Vu|p(“')_2Vu) -V (up — u) dz
Q
+ / ((an(x) - a(a:))|Vu|p(”)_2Vu> Y (up — ) da
Q
—|—/ (a(x)|Vu\p(m)_2Vu) -V(u, —u)de
Q
Q
> / an(z) <|Vun|p(z)_2Vun - |Vu|p(m)_2Vu> -V (up —u)de
Q
((an(x) - a(a;))|vu|p<f>*2vu) Y (un — ) da
—|—/ (a(x)|Vu\p(z)72Vu> -V(up —u)de
Q

bn(z)|Vu|q(x)72Vu) -V (up —u)de

IV
S
3
8
~
_
<
S
3
=t
&
|
[\v}
<
S
3
\
<
£
=
&
|
[\v]
<
S
N—
<
—~
£
3
\
£
o
8

(an(z) — a(x))wuw@)*?w) YV (un — u) da

(

+/Q (a(m)|Vu\p($)*2Vu> -V (up, —u)de
((bn(x) - b(x))|vu|q@>-2vu) V(un — u) da
(

b(m)\vuw@—?vu) Y (up — w) da. (38)
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Passing to the upper limit as n — oo for (33) and using inequalities (34), (35), (36),
(37) and (38), we conclude that

lim sup/ an(x) <|Vun\p($)_2Vun — |Vu|p(”)_2Vu) - V(up —u)dz <0.
n— 00 Q

The latter combined with the nonnegativity of (|s|P(®)=2s — [¢t[P(*)=2¢)(s — t) for all

s,t € RY implies
lim | a,(zx) (|Vun|p($)*2Vun - |Vu|p(w)72Vu) -V(up —u)dz =0. (39)
n—oo Q

On the other hand, it follows from Simom [58, formula (2.2)], that the following
inequalities hold

crl€ —nl" < (1€°72¢ = [n|""*n) - (€ =), if t>2, (40)
E .

Col& = < (JE[726 =" 2n) - € —n) (I +nl") =, if 1<t<2, (41)
for all £, n € RY, where the constants ¢;, C; > 0 are independent of &, n € RY
given by
(-1(e-2)

¢ =57 and C, = (t—1)2

2—p(a) (p(2)=1) (p()=2)
2 p(x

Set ¢, :=min, 55 and C), := min_q(p(z)—1)2 (@) .Forp € C4(Q),
it is obvious that the domain 2 could be decomposed into two mutually disjoint
parts Q>0 and Qpc0, ie., @ = Q>0 UQpo and Q>0 N Qo = 0, where Q2,52 and
p<2 are given by

Qo :={x € Q | px) > 2} and Qpes :={z € Q | p(z) < 2}

In the part Q,>2, we can use (40) to get

/ an () (|Vun|p($)_2Vun - |Vu|p(””)_2Vu) -V(up —u)dz
Qp>2

> / an () Cp(z) |V — Vu|p(m) dx
Qp22

> CACpr(.)79p22(|VUn — VUD (42)

Set Q, ={x e Q| Vu, #0}U{zeQ | Vu#0}and £, ={z € Q| Vu = Vu, =
0}. So, it is valid that Q = Q,,UX,, and Q,,NX,, = 0. Using the absolute continuity
of the Lebesgue integral, it gives

/ an(x) (|Vun|p(x)_2Vun — |Vu|p(”)_2Vu) -V(uy, —u)dz = 0.
E’VL
Hence,

/ an () (|Vun|p(”’)_2Vun - |Vu|p(x)_2Vu> -V(up, —u)dz

Q

= / an(x) (|Vun|p(‘"”)_2Vun - |Vu|p(””)_2Vu) -V(uy —u)dz
Qp

—l—/ an(x) (\Vun|p(x)_2Vun - |Vu|p(”)_2Vu) -V(uy, —u)dz
)

n

= / an () (|Vun|p(x)_2Vun — |Vu|p(x)_2Vu) - V(uy — u)de.

n
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Regarding the part 0,9, it follows from (41) that
/ an(x) (|Vun\p(x)_2Vun - |Vu|p(£)_2Vu) -V(up —u)de
Qp<2

= / an () (|Vun|p(l)_2Vun - |Vu|p(””)_2Vu) -V (up —u)X
QnNQypes

2—p(=z)
p(x

(‘vun|p(m) + |Vun|p(””)) )

dz
)
([Vtun [P®) + [Ty [p(@)) 73

p(z)—2
> / Cpz)an () [V, — Vu|2 <|Vun\p(z) + |Vun|p(x)) " dg
Qnﬂﬂp<2

p(z)—2

>C, an(@) [Vt = Ful* (| + [Vun[f0) 77 do

QnNp<2

)2
> caCy |V, — Vul® (‘Vun|p(x) + |Vun|p(z)) ZOR

Qanp<2
Since 1 < p(x) < 2, we have % > 1. By the Hélder inequality, we obtain

9% P(@)
/ [V, — Vu|p(m) dz = / |V, — Vu|"* "2 da
Qnﬂﬂp<2 Qnﬁﬂp<2

p(=z)

p(z)—2 2
= / [Vu, — Vu\z (\Vun|p(m) + |vu|p(m)) () y
QnNQp<o

2—p(x)

(|Vun|1’<f>+\w|1’<m>) e

1 1

2 1302 eneyalloll 2 e
2-p)_

where functions [1, [y are given by

p(z)

p(z)—2 2
li(x) = <|Vun — Vu|2 <|Vun|p(z) + |vu|p(x)) p(@) >

2—p(x)

(@) = (VP 4 [Vupr))

Comparing between the norm and the modular, see Proposition 2.2, it yields

)2 6yl 2 20y

S max (/ ll(])) P(2m) dx> (E)— 7 </ ll(x)p(gr) dx> (5)+
QnNQp<a QnNQp<a

1 1

max (/ ZQ(x)fﬁm dm) (5)_ ’ (/ 12(1,)72,2(1) da:) (%),
Q.NQpe QnNQp<2
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From the last two inequalities, it has

/ |V, — Vul'™™ da
anQP<2

< (21) + (21> max (/Q . ll(:r)ﬁ dx) () ,

(/ l1(x)%m> dx) ). X max </ 12(95)% dm) (225) ’
QnNQpen QN en

[

QN2 o

that is,
-1
S + L / |V — VulP™ dox
(%)_ (ﬁ)_ QnNQp<s

P} (Zglp)— =@ (2%5), h
(max { (/Qnﬁﬂpd la(z)2-7@ dm) ) </§2an,,<2 la(z)2=7@® dx) })

L \GI .\,
< rnax{ </Q,,mn,,<2 Iy () =) dx) ; </ﬂnrmp<2 li(z) (=) dm)

Let My > 0 be such that

My
> max (/ 12(@% da:) (%) 7 (/ lg(x)ﬁ(vc) dx) (%),
N2 QuNQpes
1 1
X

ORES)

for all n € N, thanks to the boundedness of {u,,}. It follows from (39) that the limit
superior of fQ ll(x)ﬁ dx is strictly smaller than one. Therefore, we have

1

SR i
2 2
max / ll(a:)ﬂiw dz (p)f, / l1(z)7@® dx ().
Qnmﬂp<2 QWMQP<2
P;
9 2
_ </ L (z) 7 dx) .
QnﬁQTJ<2

Hence, it has

/ an(x) (|Vun|p(z)72Vun - |Vu|p(m)72Vu) -V(up —u)de
Qp<2



28 SHENGDA ZENG, YUNRU BAI AND VICENTIU D.RADULESCU

p(z)—2

ZCAC’p/ |V, — Vu|2 <|Vun|p(z) + |Vun|p(x)) B P
Qnﬂﬂp<2

>epCyp Mgl / YV, — VulP') da
0N s

=cAC, (Mg ! /Q IV, — V@ dx)
p<2

Inserting the inequality above and (42) into (39), it gives

P_
2

ooV — Vul) = / IV — Vul® dg - 0.
Q

The latter combined with Proposition 2.2 implies
| — ully — 0, ie., u, = uin V as n — oo.

Additionally, the boundedness of {n,} and {¢,}, and the reflexivity of L") (Q)
and L)' (Ty) point out that there exist subsequences of {n,} and {¢,}, denoted
still in the same way, and functions n € Lr(')/(Q) and £ € L‘s('),(Fd) satisfying

N — nin L"O'(Q) and &, —% € in L8O (Iy) as n — co.
Since u, — v in V as n — oco. Without any loss of generality, we may assume that
Vug(x) = Vu(z) and u,(z) = u(z) for a.e. x € Q. Using the same arguments

as before we did (see the proof of Theorem 3.4), we conclude that n € Ny(u) and
€ € Ny (u). Exploiting the Lebesgue dominated convergence theorem, it yields

lim (an(x)\VunV’(m)_QVun + bn($)|Vun|q(£)_2Vun) V(v —u,)de

n—oo Q

= / lim (an(a:)|Vun\p(m)_2Vun + bn(x)\VunF(m)_QVun) V(v —uy,)dx
Q n—oo

= / (a(x)|Vu|p(z)_2Vu + b(x)\Vu\q(””)_ZVu) V(v —u)de,
Q

because of the boundedness of {a,}, {b,} C L>®(Q) and {u,} C V. Letting n — oo
in inequality (32) and using the convergence results above we deduce

/ (a(x)|Vu|p($)*2Vun + b(x)|Vu|q(””)*2Vu) V(v —u)de
Q

0(x)—2 _ —
+B/Q | u(v —u)dz + /Fc Y(x,v)dl /Fc Y(x,u)dl

2/977(:5)(1)u)der/th(:c)(vu)dFJr Fdf(x)(v—u)df

for all v € K. This implies that u € K is a solution of problem (1) corresponding to
(a,b,h) € A>x H, namely, u € S(a,b,h). So, we get () # w—limsup,, ., S(an,bn, hn)
C S(a,b,h). Hence, (31) is valid.

Step 3. If sequence {(ay,,bn,h,)} C A? x H is such that {a,}, {b,} are bounded
in BV(Q), and (a,,b,) — (a,b) in L*(Q) x L'() and h,, — h in H for some
(a,b,h) € L'(Q)? x H, then the inequality is valid

L(a,b,h) <liminf L(ay, by, hy). (43)
n—oo
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Let {(an,bn,hn)} C A% x H be such that {a,}, {b,} are bounded in BV (Q),
and (an,by) — (a,b) in LY(Q)2 and h, — hin LPO)(T}) as n — oo for some
(a,b,h) € L'(Q)? x H. By virtue of Step 2, we know that (a,b) € A x A. Suppose
that sequence {u,} € K is such that

Up € S(an, by, hy)

inf / |Vu — 2P dz = / |V, — 2|P@ dz (44)
UES(an ,bn,hn) JQ Q
for each n € N. Remembering that U,,>15(an, by, hy) is bounded, passing to a
subsequence if necessary, we may suppose that u, — u* in V as n — oo for
some u* € K, i.e., u* € w-limsup,,_, . S(an,bn, h,). Applying Step 2, it yields
u* € S(a,b,h). Therefore, it follows from the lower semicontinuity of the function
LY(Q) 3 a— TV (a) € R, and the weak lower semicontinuity of V' 3 u — [, [Vu —
2@ dz € R and LPO'(Ty) 5 b [, [h(2)P @) dT" € R that
liminf L(ay,, by, hy)

n— oo

n—o0

= lim inf [/ Vuy, — 2P dz + KTV (a) + 7TV (bp) + o | A (2)[P'® dl“}
Q

Iy

n—oo

> lim inf / |V, — z|P® dz 4 lim inf £TV (a,,) + lim inf 77V (b,,)
Q n—oo n—oo
+liminf,u/ | (2) [P ) dT
n—oo Fb

> [ |Vur — Z|p(z) dz + KTV (a) + 7TV (b) + |h(z)|p'(m) dr

Q Iy
> inf / IVu — 2[P@ dz + TV (a) + 7TV (b) + u/ |h(z)|P"®) ar
u€S(a,b,h) Jo Ty
= L(a,b, h).

Hence (43) follows.

Step 4. The solution set of Problem 4 is nonempty and weakly compact.

It follows from the formulation of the cost functional L that L is nonnegative.
Let {(an,bn, hn)} C A? x H be a minimizing sequence of problem (29), that is,

inf  L(a,b,h) =liminf L(ay,, by, hy). (45)
a,beEN,he H n— 00

By virtue of definitions of L and A, we can see that {a,} C A, {b,} C A are bounded
in BV(Q) N L>(Q), and {h,} is bounded in LP()'(T;). Passing to a subsequence if
necessary, we have

an — a*, b, = b* in L'(Q) and h, —= h* in LPO)'(T}) (46)

for some (a*,b*,h*) € A2 x LP()'(T}), where we have used the closedness of A in

L'(Q) and the compactness of the embedding of BV () to LY(Q). Let {u,} C K

be a sequence such that (44) holds. From the convergence (46) and boundedness of

S, we conclude that {u,} is bounded in V. So, we are able to select a subsequence

of {u,}, denoted still in the same way, such that u, — u* in V as n — oo for

some u* € K. It is clear from Step 2 that u* € S(a*,b*, h*). Therefore, we have
liminf L(ay, by, hy)

n— oo
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= lim inf U |V, — z|P@ dz + kTV (ay) + 7TV (b,) + u/
Q

n—oo Fb

() ar

n—oo

> lim inf/ |V, — z|P® da 4 lim inf £TV (a,,) + lim inf 77V (b,,)

+ liminfu/ | (2)[P ) dT
Iy

n—oo

> [ [V = 2P do kT (@) 4 7TVE) 40 [ 00 dr
Q T,
= inf / |Vu - Z|p(x) dz + KTV(G*) + TTV(b*) + ,u/ |h*(z)|1’/(l') dr
u€S(a*,b*,h*) Jo -
= L(a*,b*,h*)
> inf L(a,b,h). (47)

a,beN, heH

The latter combined with (45) implies that (a*,b*,h*) € A% x H is a solution to
Problem 4.

Finally, we prove the weak compactness of solution set to Problem 4. Let
{(a@n,bn, hn)} be a sequence of solutions to Problem 4. It is obvious that {a,} C A,
{b,} C A are bounded in BV (Q) N L>®°(2), and {h,} is bounded in L)' (T}). Us-
ing the same arguments, we may assume that (46) holds with some (a*,b*, h*) €
A% x LPO) (D). Likewise, there exists a sequence {u,} such that (44) is fulfilled
and u, — u*in V as n — oo for some u* € S(a*,b*,h*). As we did before, we
prove the validity of (47). This means that (a*,b*,h*) € A2 x H is a solution to
Problem 4. Consequently, the solution set of Problem 4 is weakly compact. This
completes the proof. O

Remark 4.2. The results of this section remain valid if the functional (30) is
replaced by the following regularized cost functional
1

J(ab,h) = min / Vu—2P@ dz) " +rTV(a) + 7TV ()
u€eS(a,b,h) Q

3
i (/ [P dF> -
Iy
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