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Abstract

In this survey we report on some recent results related to various singular phenomena aris-
ing in the study of some classes of nonlinear elliptic equations. We establish qualitative results
on the existence, nonexistence or the uniqueness of solutions and we focus on the following
types of problems: (i) blow-up boundary solutions of logistic equations; (ii) Lane—Emden—
Fowler equations with singular nonlinearities and subquadratic convection term. We study the
combined effects of various terms involved in these problems: sublinear or superlinear nonlin-
earities, singular nonlinear terms, convection nonlinearities, as well as sign-changing poten-
tials. We also take into account bifurcation nonlinear problems and we establish the precise
rate decay of the solution in some concrete situations. Our approach combines standard tech-
niques based on the maximum principle with nonstandard arguments, such as the Karamata
regular variation theory.
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Singular phenomena in nonlinear elliptic problems 485
1. Motivation and previous results

Let £2 be a bounded domain with smooth boundary in RN, N > 2. We are concerned in
this paper with the following types of stationary singular problems:
L. The logistic equation

Au=®(x,u,Vu) in 2,
u=>0 in £2, (1.1)
u =400 on ds2.

II. The Lane—Emden—Fowler equation

—Au=¥(x,u,Vu) 1in $2,
u=>0 in £2, (1.2)
u=0 on 052,

where @ is a smooth nonlinear function, while ¥ has one or more singularities. The solu-
tions of (1.1) are called large (or blow-up) solutions.

In this work we focus on problems (1.1) and (1.2) and we establish several recent con-
tributions in the study of these equations. In order to illustrate the link between these
problems, consider the most natural case where @ (1, Vu) = u?, where p > 1. Then the
function v = u~! satisfies (1.2) for ¥ (u, Vv) = v2=P — 2p~! |Vv|2.

The study of large solutions has been initiated in 1916 by Bieberbach [12] for the partic-
ular case @ (x, u, Vu) = exp(u) and N =2. He showed that there exists a unique solution
of (1.1) such that u(x) — log(d(x)_z) is bounded as x — 052, where d(x) := dist(x, 052).
Problems of this type arise in Riemannian geometry: if a Riemannian metric of the form
|ds|2 =expu ()c))ld)cl2 has constant Gaussian curvature —c? then Au = ¢2 exp(2u). Mo-
tivated by a problem in mathematical physics, Rademacher [82] continued the study of
Bieberbach on smooth bounded domains in R3. Lazer and McKenna [69] extended the
results of Bieberbach and Rademacher for bounded domains in RY satisfying a uniform
external sphere condition and for nonlinearities @ (x, u, Vu) = b(x)exp(u), where b is
continuous and strictly positive on £2. Let @ (x,u, Vu) = f(u) where f € C 110, o0),
f'(s) >0 fors>0, f(0)=0 and f(s) > 0 for s > 0. In this case, Keller [63] and Os-
serman [79] proved that large solutions of (1.1) exist if and only if

o0 t
./1 J%<w, whereF(t):/0 f(s)ds.

In a celebrated paper, Loewner and Nirenberg [73] linked the uniqueness of the blow-up
solution to the growth rate at the boundary. Motivated by certain geometric problems, they
established the uniqueness for the case f(u) = uN+D/N=2) N = 2. Bandle and Mar-
cus [8] give results on asymptotic behavior and uniqueness of the large solution for more
general nonlinearities including f(u) = u” for any p > 1. We refer to Bandle [5], Bandle
and M. Essén [6], Bandle and Marcus [9], Du and Huang [40], Garcia-Melidn, Letelier-
Albornoz, and Sabina de Lis [44], Lazer and McKenna [70], Le Gall [71], Marcus and
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486 V.D. Radulescu

Véron [75,76], Ratto, Rigoli and Véron [83] and the references therein for several results
on large solutions extended to N-dimensional domains and for other classes of nonlineari-
ties.

Singular problems like (1.2) have been intensively studied in the last decades. Stationary
problems involving singular nonlinearities, as well as the associated evolution equations,
describe naturally several physical phenomena. At our best knowledge, the first study in
this direction is due to Fulks and Maybee [42], who proved existence and uniqueness re-
sults by using a fixed point argument; moreover, they showed that solutions of the associ-
ated parabolic problem tend to the unique solution of the corresponding elliptic equation.
A different approach (see Coclite and Palimieri [34], Crandall, Rabinowitz and Tartar [35],
Stuart [88]) consists in approximating the singular equation with a regular problem, where
the standard techniques (e.g., monotonicity methods) can be applied and then passing to
the limit to obtain the solution of the original equation. Nonlinear singular boundary value
problems arise in the context of chemical heterogeneous catalysts and chemical catalyst ki-
netics, in the theory of heat conduction in electrically conducting materials, singular mini-
mal surfaces, as well as in the study of non-Newtonian fluids, boundary layer phenomena
for viscous fluids (we refer for more details to Caffarelli, Hardt, and L. Simon [16], Cal-
legari and Nachman [17,18], Diaz [38], Diaz, Morel and Oswald [39] and the more recent
papers by Haitao [58], Herndndez, Mancebo and Vega [59,60], Meadows [77], Shi and Yao
[86,87]). We also point out that, due to the meaning of the unknowns (concentrations, pop-
ulations, etc.), only the positive solutions are relevant in most cases. For instance, problems
of this type characterize some reaction—diffusion processes where u > 0 is viewed as the
density of a reactant and the region where u =0 is called the dead core, where no reac-
tion takes place (see Aris [4] for the study of a single, irreversible steady-state reaction).
Nonlinear singular elliptic equations are also encountered in glacial advance, in transport
of coal slurries down conveyor belts and in several other geophysical and industrial con-
tents (see Callegari and Nachman [18] for the case of the incompressible flow of a uniform
stream past a semi-infinite flat plate at zero incidence).

In [35], Crandall, Rabinowitz and Tartar established that the boundary value problem

—Au—u"%=-u inS2,
u>0 in £2,
u=20 on 052

has a solution, for any & > 0. The importance of the linear and nonlinear terms is crucial for
the existence of solutions. For instance, Coclite and Palmieri studied in [34] the problem

—Au—u"%=xuP in £,
u>0 in £2, (1.3)
u=>0 onds2,

where A > 0 and «, p € (0, 1). In [34] it is proved that problem (1.3) has at least one
solution for all A >0 and 0 < p < 1. Moreover, if p > 1, then there exists A* such that

-
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problem (1.3) has a solution for A € [0, A*) and no solution for A > A*. In [34] it is also
proved a related nonexistence result. More exactly, the problem

—Au+u*=u in$2,
u>0 in £2,
u=>0 on 052

has no solution, provided that 0 < o < 1 and Ay > 1 (that is, if £2 is “small”), where A
denotes the first eigenvalue of (—A) in H(} (£2).

Problems related to multiplicity and uniqueness become difficult even in simple cases.
Shi and Yao studied in [86] the existence of radial symmetric solutions of the problem

Au+ AP —u=*) =0 in By,
u=>0 in By,
u=20 on dBj,

where @ > 0,0 < p < 1, A > 0, and B is the unit ball in RNV, Using a bifurcation theorem
of Crandall and Rabinowitz, it has been shown in [86] that there exists A; > A9 > 0 such
that the above problem has no solutions for A < ¢, exactly one solution for A = )¢ or
A > A1, and two solutions for Ag < A < Aj.

The author’s interest for the study of singular problems is motivated by several stim-
ulating discussions with Professor Haim Brezis in Spring 2001. I would like to use this
opportunity to thank once again Professor Brezis for his constant scientific support during
the years.

This work is organized as follows. Sections 2-5 are mainly devoted to the study of
blow-up boundary solutions of logistic type equations with absorption. In the second part
of this work (Sections 6-8), in connection with the previous results, we are concerned with
the study of the Dirichlet boundary value problem for the singular Lane—Emden—Fowler
equation. Our framework includes the presence of a convection term.

2. Large solutions of elliptic equations with absorption and subquadratic convection
term

Consider the problem

{Au+q(x)|Vu|“:p(x)f(u) in £2, 2.4)

uz=0, u##0 in £2,

where 2 ¢ RN (N > 3) is a smooth domain (bounded or possibly unbounded) with
compact (possibly empty) boundary. We assume that a < 2 is a positive real number,
p,q are nonnegative function such that p # 0, p,q € C%%(2) if £ is bounded, and
p.q € Cloo’g‘(.Q), otherwise. Throughout this section we assume that the nonlinearity f

fulfills the following conditions
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(f1) feC'[0,00), f'>0, f(0)=0and f > 0on (0, 00).

(f2) [{PIF (172 dt < oo, where F(1) = [y f(s)ds.

(f3) F(t)/f?%(t) - 0 as t — oo.

Cf. Véron [91], f is called an absorption term. The above conditions hold provided that
f)y=tF k>1,and0<a <2r/(r+1)(<2),0r f(r) =¢ —1,0r f(1)=¢ —t and
a < 2. We observe that by (f1) and (f3) it follows that f/F“/2 > B > 0 for ¢ large enough,
that is, (F'=%/2) > B > 0 for ¢ large enough which yields 0 < a < 2. We also deduce that
conditions (f2) and (f3) imply [~ f~1/%(1) dt < oo.

We are mainly interested in finding properties of large (explosive) solutions of (2.4),
that is solutions u satisfying u(x) — oo as dist(x, 3£2) — 0 (if 2 = R"N), or u(x) — oo as
|x| = oo (if 2 =RN). In the latter case the solution is called an entire large (explosive)
solution.

Problems of this type appear in stochastic control theory and have been first study
by Lasry and Lions [67]. The corresponding parabolic equation was considered in Quit-
tner [81] and in Galaktionov and Vazquez [43]. In terms of the dynamic programming
approach, an explosive solution of (2.4) corresponds to a value function (or Bellman func-
tion) associated to an infinite exit cost (see Lasry and Lions [67]).

Bandle and Giarrusso [7] studied the existence of a large solution of problem (2.4) in
the case p=1, g =1 and §2 bounded. Lair and Wood [66] studied the sublinear case
corresponding to p = 1, while Cirstea and Rédulescu [24] proved the existence of large
solutions to (2.4) in the case ¢ = 0.

As observed by Bandle and Giarrusso [7], the simplest case is a =2, which can be
reduced to a problem without gradient term. Indeed, if u is a solution of (2.4) for ¢ =1,
then the function v = e* (Gelfand transformation) satisfies

{ Av=px)vf(nv) in £,
v(x) > 400 if dist(x, 082) — 0.

We shall therefore mainly consider the case where 0 < a < 2.

The main results in this Section are due to Ghergu, Niculescu and Radulescu [45]. These
results generalize those obtained by Cirstea and Radulescu [24] in the case of the presence
of a convection (gradient) term.

Our first result concerns the existence of a large solution to problem (2.4) when 2 is
bounded.

THEOREM 2.1. Suppose that §2 is bounded and assume that p satisfies
(pl) for every xo € §2 with p(xg) = 0, there exists a domain §2¢ > xo such that 20C R
and p > 0 on 952.
Then problem (2.4) has a positive large solution.

A crucial role in the proof of the above result is played by the following auxiliary result
(see Ghergu, Niculescu and Radulescu [45]).

© O N O 0o A O N =
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LEMMA 2.2. Let 2 be a bounded domain. Assume that p,q € C%%(2) are nonnegative
functions, 0 < a < 2 is a real number, f satisfies (f1) and g:09$2 — (0, 00) is continuous.
Then the boundary value problem

Au+qx)|Vul* =px)f(u) in$2,

u=g, on 082, (2.5)

uz0, u#0, in 2

has a classical solution. If p is positive, then the solution is unique.
SKETCH OF THE PROOF OF THEOREM 2.1. By Lemma 2.2, the boundary value problem

Avy +q(x)|Vou|® = (p(x) + 1) fvy) in 2,
Uy =n on 452,
v, 20, v,#0 in £2

has a unique positive solution, for any n > 1. Next, by the maximum principle, the se-
quence (vy,) is nondecreasing and is bounded from below in §2 by a positive function.

To conclude the proof, it is sufficient to show that

(a) for all xg € £2 there exists an open set O € §2 which contains xo and My =

My(x¢) > 0 such that v, < My in O foralln > 1,

(b) limy_ 50 v(x) = 00, where v(x) = lim;,_ o v, (X).

We observe that the statement (a) shows that the sequence (v;,) is uniformly bounded
on every compact subset of §2. Standard elliptic regularity arguments (see Gilbarg and
Trudinger [55]) show that v is a solution of problem (2.4). Then, by (b), it follows that v is
a large solution of problem (2.4).

To prove (a) we distinguish two cases:

Case p(xo) > 0. By the continuity of p, there exists a ball B = B(xg, r) € §2 such that

mg :=min{p(x); x € B} > 0.
Let w be a positive solution of the problem

{ Aw+qgx)|Vw|?* =mo f(w) in B,
w(x) — oo as x — dB.

The existence of w follows by considering the problem

{ Awy + g (xX)|Vwy|* =mo f(w,) in B,

w, =n on dB.
The maximum principle implies w, < w,+1 < 60, where

{ AO + lgllL=|VO|* =mo f(0) in B,
0(x) — o0 as x — 0B.
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Standard arguments show that v, < w in B. Furthermore, w is bounded in B(xo, r/2).
Setting My = supp w, where O = B(xg, r/2), we obtain (a).

Case p(xp) = 0. Our hypothesis (pl) and the boundedness of §2 imply the existence
of a domain O € §2 which contains xo such that p > 0 on d0. The above case shows
that for any x € 9O there exist a ball B(x,r,) strictly contained in §2 and a constant
M, > 0 such that v, < M, on B(x, r,/2), for any n > 1. Since O is compact, it follows
that it may be covered by a finite number of such balls, say B(x;,ry,/2),i =1,...,ko.
Setting My = max{M,,, ..., Mxko} we have v, < My on 90, for any n > 1. Applying the
maximum principle we obtain v, < My in O and (a) follows.

Let z be the unique function satisfying —Az = p(x) in £2 and z =0, on 9£2. Moreover,
by the maximum principle, we have z > 0 in £2. We first observe that for proving (b) it is
sufficient to show that

°° dr
/ —— < z(x), foranyx € £2. (2.6)
v(x) f(t)

By [&1, Lemma 1], the left-hand side of (2.6) is well defined in £2. We choose R > 0 so
that £2 C B(0, R) and fix ¢ > 0. Since v, =n on 952, let n; = n(¢) be such that

1
: 27
" (N =3) (1 + R) 12+ 3e(1 + R 12 (&0
and
© dr _
f — <z Fe(1+ 1PV Vred, Vazny. 2.8)
vy (x) f(l)
In order to prove (2.6), it is enough to show that
e dr _
/ — <z Fe(1+kP)? Vxe@, Vazny. 2.9)
vy (x) f([)

Indeed, taking n — oo in (2.9) we deduce (2.6), since ¢ > 0 is arbitrarily chosen. Assume
now, by contradiction, that (2.9) fails. Then

masd [ i 20— o

Using (2.8) we see that the point where the maximum is achieved must lie in £2. A straight-
forward computation shows that at this point, say xo, we have

o dt —1/2)
0> A — —z) —e(1+ |x)? 0.
(‘/v)l(x) f(t) Z(x) 8( |X| ) Ix:xo -

This contradiction shows that inequality (2.8) holds and the proof of Theorem 2.1 is com-
plete. (]

32
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Similar arguments based on the maximum principle and the approximation of large balls
B(0, n) imply the following existence result.

THEOREM 2.3. Assume that 2 = RY and that problem (2.4) has at least one solution.
Suppose that p satisfies the condition

(pl") There exists a sequence of smooth bounded domains (8§2,),>1 such that 2, C

Qni1, RN = o2 | 2y, and (p1) holds in $2,, for anyn > 1.

Then there exists a classical solution U of (2.4) which is a maximal solution if p is
positive.

Assume that p verifies the additional condition

(P2) [y r@(r)dr < oo, where @ (r) =max{p(x): |x| =r}.

Then U is an entire large solution of (2.4).

We now consider the case in which £2 # R" and £2 is unbounded. We say that a large
solution u of (2.4) is regular if u tends to zero at infinity. In [74, Theorem 3.1] Marcus
proved for this case (and if g = 0) the existence of regular large solutions to problem (2.4)
by assuming that there exist y > 1 and 8 > O such that

liminf f(£)r ™Y >0 and liminf p(x)|x|? > 0.
t—0 |x]—o00

The large solution constructed in Marcus [74] is the smallest large solution of prob-
lem (2.4). In the next result we show that problem (2.4) admits a maximal classical solution
U and that U blows-up at infinity if £ =R \ B(0, R).

THEOREM 2.4. Suppose that 2 # RN is unbounded and that problem (2.4) has at least a
solution. Assume that p satisfies condition (pl’) in 2. Then there exists a classical solution
U of problem (2.4) which is maximal solution if p is positive.

If 2 =RN \ B(0, R) and p satisfies the additional condition (p2), with ®(r) =0 for
r € [0, R], then the solution U of (2.4) is a large solution that blows-up at infinity.

We refer to Ghergu, Niculescu and Radulescu [45] for complete proofs of Theorems 2.3
and 2.4.
A useful observation is given in the following

REMARK 1. Assume that p € C(R") is a nonnegative and nontrivial function which sat-
isfies (p2). Let f be a function satisfying assumption (f1). Then condition

|
1 f@®

is necessary for the existence of entire large solutions to (2.4).

(2.10)

Indeed, let u be an entire large solution of problem (2.4). Define

s ([ e ()
u = _— = — R s
NN Ju=r gy f @) oy Jig=1\Joy  f(©®)
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where wy denotes the surface area of the unit sphere in R and qq is chosen such that
ap € (0, up), where ug = infgv u > 0. By the divergence theorem we have

7' (r) ! / A(fu(x) d ) dx
u = —— —_—
onrN=1 Jpo.r a J@

Since u is a positive classical solution it follows that
li'(r)|<Cr—0 asr—0.

On the other hand

oy (RN (R) — Vit (r)) = /R</ A(/Mi>ds>dz.
r |x|=z ap f(t)

Dividing by R — r and taking R — r we find

oy (V1 () = / A</M(X)i>dS=/ div( ! Vu(x))dS
|x|=r ag f@® |x|=r fu(x))

= Ly (Vu(x)| L auo) |ds
_/u:r[(?> () - [Vue"+ 7055, “(X)}

</ p(x) f(u(x))
k= @)

dS <onr™ o).

The above inequality yields by integration

ﬁ(r)<ﬁ(0)+/ralN</g rN1¢(t)dt>do vr > 0. (2.11)
0 0

On the other hand, according to (p2), for all » > 0 we have

/ral—N</a tN_ICD(r)dt) do
0 0

1

r 1 r
= —rsz/ thl(b(r)dt — —/ oc®(o)do
2—N 0 2—N Jo

1

o0
g—/ r@(r)dr < oo.
N-=2Jo

So, by (2.11), u(r) < u(0) + K, for all » > 0. The last inequality implies that u# is bounded
and assuming that (2.10) is not fulfilled it follows that # cannot be a large solution.

We point out that the hypothesis (p2) on p is essential in the statement of Remark 1.
Indeed, let us consider f(t) =t, p=1,a2 € (0,1),g(x) = 2072 x|% a=2—ae(1,2).
Then the corresponding problem has the entire large solution u(x) = |x |2 + 2N, but (2.10)
is not fulfilled.

© O N O 0o A O N =



Singular phenomena in nonlinear elliptic problems 493
3. Singular solutions with lack of the Keller-Osserman condition

We have already seen that if f is smooth and increasing on [0, co) such that f(0) =0 and
f > 0in (0, 00), then the problem

Au= f(u) in$2,
u>0 in £2,

u=+00 on 952

—1/2

has a solution if and only if the Keller—Osserman condition f 1°O[F ] dt < oo is ful-

filled, where F(t) = fé f(s)ds. In particular, this implies that f must have a superlinear
growth. In this section we are concerned with the problem

{Au—HVMl:P(x)f(u) in £2, (3.12)

u=0 in §2,

where 2 C RN (N > 3) is either a smooth bounded domain or the whole space. Our main
assumptions on f is that it has a sublinear growth, so we cannot expect that problem (3.12)
admits a blow-up boundary solution. Our main purpose in this section is to establish a
necessary and sufficient condition on the variable potential p(x) for the existence of an
entire large solution.

Throughout this section we assume that p is a nonnegative function such that p €

CO%(2) (0 <a < 1) if £ is bounded, and p € C%*(R¥), otherwise. The nondecreas-

loc
ing nonlinearity f € Cloo’f [0, o0) fulfills £(0) =0 and f > 0 on (0, c0). We also assume
that f is sublinear at infinity, in the sense that A :=sup,>(f(s)/s) < oo.
The main results in this section have been established by Ghergu and Radulescu [51].
If £2 is bounded we prove the following nonexistence result.

THEOREM 3.1. Suppose that 2 C RN is a smooth bounded domain. Then problem (3.12)
has no positive large solution in S2.

PROOF. Suppose by contradiction that problem (3.12) has a positive large solution u
and define v(x) = In(1 + u(x)), x € £2. It follows that v is positive and v(x) — o0 as
dist(x, 0£2) — 0. We have

1 1
Av= Au — |Vul?> in 2
l4u (1 +u)?
and so
S (u) S (u) .
Av < < — <A 2,
v p(x)1+u ||P||ool+u Ul

for some constant A > 0. Therefore

A(v(x) — Alx[*) <0, forallx € £2.
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Let w(x) =v(x) — Alx|%, x € 2. Then Aw < 0 in £2. Moreover, since £2 is bounded, it
follows that w(x) — oo as dist(x, 9§2) — 0.
Let M > 0 be arbitrary. We claim that w > M in £2. For all § > 0, we set

25 = {x € 2; dist(x, 082) > §}.
Since w(x) — oo as dist(x, 0§2) — 0, we can choose § > 0 such that

w(x) > M, forallxe 2\ £25. (3.13)
On the other hand,

—A(w(x) — M) >0 in £5,

wx)—M >0 onods2s.

By the maximum principle we get w(x) — M > 0 in £25. So, by (3.13), w > M in 2.
Since M > 0 is arbitrary, it follows that w > n in §2, for all n > 1. Obviously, this is a
contradiction and the proof is now complete. (I

Next, we consider the problem (3.12) when £2 = RN . For all r > 0 we set

¢(r)=‘mg17()€), 1/f(r)=‘rglli:r}p(X), and  h(r)=¢@r) — ¥ ().

x|

We suppose that
[e¢)
/ rh(M¥ (r)dr < oo, (3.14)
0

where

A

Obviously, if p is radial then 7 = 0 and (3.14) occurs. Assumption (3.14) shows that
the variable potential p(x) has a slow variation. An example of nonradial potential for
which (3.14) holds is

L+ | 2
A+ A+ [x?) +17

px) =

In this case

241

PO=

and w(r):m

If Ay =1, by direct computation we get rh(r)¥ (r) = O(r~2) as r — oo and so (3.14)
holds.
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THEOREM 3.2. Assume 2 =RN and p satisfies (3.14). Then problem (3.12) has a posi-
tive entire large solution if and only if

o0 t
/ e_’tl_N/ e’ sV 1y (s) ds dr = oo. (3.15)
1 0

PROOF. Several times in the proof of Theorem 3.2 we shall apply the following elementary
inequality:

r t r
/e—le—N/ sV lg(s)dsdr < ftg(t)dt, Vr >0, (3.16)
0 0 0

N -2

for any continuous function g : [0, co) — [0, 00). The proof follows easily by integration
by parts.

Necessary condition. Suppose that (3.14) fails and the equation (3.12) has a positive
entire large solution u. We claim that

(9] t
/ e—’tl—N[ e sVl (s)ds dr < co. (3.17)
1 0

We first recall that ¢ = h + . Thus
o0 13 o0 t
/ e_’tl_N/ eSsN—lcp(s)dsdz:/ e—’tl—N/ sV 1y (s)ds dr
1 0 1 0

o0 t
+/ e—’tl—N/ e sV h(s)ds dr.
1 0

By virtue of (3.16) we find

o0 t
/ e_’tl_N/ eSsV g (s)ds dt
1 0
o0 t 1 o0
g/ e—le—N/ essN_ll//(s)dsdt+—/ th(r)dr
1 0 N —-2Jy

o0 t 1 9]
</ e*ft“N/ eSsN*‘w(s)dserr—/ th(t)¥ (1) dr.
1 0 N—=2Jy

Since (e~ 17N [7essN 1y (s) ds dt < oo, by (3.14) we deduce that (3.17) follows.
Now, let u be the spherical average of u, i.e.,

1
ﬁ(r):ﬁ/ u(x)doy, r=0,
WNT lx|=r
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where wy is the surface area of the unit sphere in RV. Since u is a positive entire large

solution of (2.4) it follows that u is positive and u(r) — oo as r — oco. With the change of
variable x — ry, we have

1
ﬁ(r):—/ u(ry)doy, r=0
lyl=1

wWN
and
— 1
ur)y=— Vu(ry)-ydoy, r2=>0. (3.18)
ON Jlyl=1
Hence
i) 1 / 8u( )d 1 / Z)u( )d
u\r)=— —\r Oy = ——— —(x)doy,
WN J)y|=1 ar Y Y a)Nerl lx|=r ar *
that is

i'(r) = Au(x)dx, forallr > 0. (3.19)

oyrV-1 /B(O,R)

Due to the gradient term |Vu| in (2.4), we cannot infer that Ax >0 in RV and so we
cannot expect that #’ > 0 in [0, 00). We define the auxiliary function

U(r)= max u(t), r=0. (3.20)

SISr

Then U is positive and nondecreasing. Moreover, U > i and U (r) — 00 as r — 0.
The assumptions (f1) and (f2) yield f(r) < A(1 4 ¢), for all + > 0. So, by (3.18)
and (3.19),

1
r = wyrN-1

1
= ﬁ/{l_ p(r) f (u(x)) doy

B wWNTr
/ (1 + u(x)) doy
|x|=r

= Ap(r)(1+u(r) < Ap()(1+UM)),

/ [Au(x) + |Vu|(x)] doy
|x|=r

1

<A
0

for all » > 0. It follows that

(rVleri') < AerN Tl (1 + U ),  forallr > 0.
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So, forall r > rg > 0,

r t
ﬁ(r)<ﬁ(r0)+Af e—’tl—Nf sVl (s)(1+ U(s)) ds dr.
0

ro
The monotonicity of U implies

r

t
ﬁ<r><ﬁ<ro>+A(1+U(r))/ e*fﬂ*Nf &5V 1o (5) ds dr,
0

ro

for all r > rg = 0. By (3.17) we can choose ro > 1 such that

© 1
/ efttlfN/ SNl (s)dsdr < —.
ro 0 2A

Thus (3.21) and (3.22) yield

1
iu(r) < u(ro) + 5(1 +U(r)), forallr>ro.
By the definition of U and lim,_, », i(r) = 00, we find r; > rg such that

U(r)= max u(r), forallr>r.
ro<t<r

Considering now (3.23) and (3.24) we obtain
_ 1
U(r) <u(ro) + 5(1 +U(r), forallr>ry.

Hence

U(r) <2u(ro)+1, forallr >ry.

497

(3.21)

(3.22)

(3.23)

(3.24)

This means that U is bounded, so u is also bounded, a contradiction. It follows that (2.4)

has no positive entire large solutions.

Sufficient condition. We need the following auxiliary comparison result.

LEMMA 3.3. Assume that (3.14) and (3.15) hold. Then the equations
Av+ Vv =¢(Ix]) f(v), Aw + [Vw| = (|x]) f (w)
have positive entire large solution such that

v<w in RN,

(3.25)

(3.26)
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PROOF. Radial solutions of (3.25) satisty

v+ VI =9@) f(v)

r

and
W'+ = ) fw)
Assuming that v" and w’ are nonnegative, we deduce
(M) =N o) £ )
and
(e rV ) = e PVl () f(w).

Thus any positive solutions v and w of the integral equations

r t
v(r)=1+/ e—’tl—N/ sV lo(s) f(v(s))dsdr, r >0, (3.27)
0 0
r t
w(r)=b+/ e*’r‘*N/ e sNly(s) f(w(s))dsde, >0, (3.28)
0 0

provide a solution of (3.25), for any b > 0. Since w > b, it follows that f(w) > f(b) >0
which yields

r t
w(r)>b+f(b>/ e—le—N/ sV 1y (s)dsdr, >0,
0 0

By (3.15), the right-hand side of this inequality goes to +o00 as r — 00. Thus w(r) — 0o
as r — oo. With a similar argument we find v(r) — oo as r — oo.

Let b > 1 be fixed. We first show that (3.28) has a positive solution. Similarly, (3.27) has
a positive solution.

Let {wy} be the sequence defined by w; = b and

r t
wk+1(r):b+/ e—ftl—N[ e sV () f(we(s))dsdr, k>=1.  (3.29)
0 0

We remark that {wy} is a nondecreasing sequence. To get the convergence of {wy} we
will show that {wy} is bounded from above on bounded subsets. To this aim, we fix R > 0
and we prove that

wi(r) < beMr, foranyO0<r <R, andforall k > 1, (3.30)

where M = Ay max;c[o, g1 1V (7).
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We achieve (3.30) by induction. We first notice that (3.30) is true for k = 1. Furthermore,

the assumption (f2) and the fact that wy > 1 lead us to f(wg) < Awy, for all k > 1. So,
by (3.29),

r

t
wk+1(r)<b+Af e—le‘N/ sVl (s)wi(s)dsdr, r>0.
0 0

Using now (3.16) (for g(¢) = ¥ (t)wi (¢)) we deduce
r
Wrr1(r) <b+ AN/ ty(wr()de, Vre[0,R].
0
The induction hypothesis yields
-
w1 (r) < b+ bM/ eM ar =peM”,  Vre|0, R).
0

Hence, by induction, the sequence {wy} is bounded in [0, R], for any R > 0. It follows
that w(r) = limg_, oo wi(r) is a positive solution of (3.28). In a similar way we conclude
that (3.27) has a positive solution on [0, c0).

The next step is to show that the constant b may be chosen sufficiently large so that
(3.26) holds. More exactly, if

b>1 —I—KAN/ sh(s)¥ (s)ds, (3.31)
0

where K =exp(Ay fooo th(t)dt), then (3.26) occurs.
We first prove that the solution v of (3.27) satisfies

v(r) < KW(r), Vr>0. (3.32)

Since v > 1, from (f2) we have f(v) < Av. We use this fact in (3.27) and then we apply
the estimate (3.16) for g = ¢. It follows that

v(r) <1+ AN/ sp(s)v(s)ds, Vr>=0. (3.33)
0
By Gronwall’s inequality we obtain
r
v(r) < exp(AN/ so(s) ds), Vr >0,
0

and, by (3.33),

WV
o

v(r) <14+ Ay /rsq&(s)exp(AN /S t¢(t)dt> ds, Vr
0 0
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v(r) <1 +/r(exp<AN /S t¢(t)dt)> ds, Vr>=0,
0 0

v(r) < exp(AN /r tp(t) dt), Vr > 0. (3.34)
0

Hence
that is

Inserting ¢ =k + ¢ in (3.34) we have
v(r) eI MOWY ) <KW (r), Vr>0,
so (3.32) follows.
Since b > 1 it follows that v(0) < w(0). Then there exists R > 0 such that v(r) < w(r),
for any 0 <r < R. Set

Roo =sup{R > 0] v(r) <w(r), ¥r €[0, R]}.

In order to conclude our proof, it remains to show that R., = 0o. Suppose the contrary.
Since v < w on [0, Rx] and ¢ = h + Y, from (3.27) we deduce

R~ t
U(Roo)=1+/ e*’tHV[ e"sN U n(s) £ (v(s)) ds dr

0 0
Roo t
+f e—’rl—N/ e* sV 1y () £ (v(s)) ds dr.
0 0

So, by (3.16),

1 (R
V(Roo) <1+m/0 th(t) f (v(1)) dt

Roo t
+/ e_’tl_N/ e"sN Ty (s) £ (w(s)) ds dt.
0 0

Taking into account that v > 1 and the assumption (f2), it follows that

Reo
V(Rx) <1+ KAN/ th(t)W (t)dr
0

Roo 1
+/ e_’tl_N/ eSsN_lw(s)f(w(s)) dsdt.
0 0

Now, using (3.31) we obtain

Roo

t
U(Roo)<b+/ e_’tl_N/ e“sN Ty (s) f(w(s)) ds df = w(Roo).
0

0
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Hence v(Rx) < w(Rso). Therefore, there exists R > Ry, such that v < w on [0, R], which
contradicts the maximality of Ry,. This contradiction shows that inequality (3.26) holds
and the proof of Lemma 3.3 is now complete. |

PROOF OF THEOREM 3.2 COMPLETED. Suppose that (3.15) holds. For all £ > 1 we con-
sider the problem

{AukJrIVukl =p(x) f(ur) in B(0,k), (335)

up(x) = w(k) on dB(0, k).

Then v and w defined by (3.27) and (3.28) are positive sub and super-solutions of (3.35).
So this problem has at least a positive solution uj and

v(lxl) Sup(x) < w(|x|) in B(0, k), forallk > 1.

By Theorem 14.3 in Gilbarg and Trudinger [55], the sequence {Vuy} is bounded on every
compact set in RY. Hence the sequence {uy} is bounded and equicontinuous on compact
subsets of RV . So, by the Arzela—Ascoli Theorem, the sequence {u;} has a uniform conver-
gent subsequence, {u,l} on the ball B(0, 1). Let u' = lim_, o0 u,i. Then {f(u,lc)} converges
uniformly to f (") on B(0, 1) and, by (3.35), the sequence {Au,i + |Vu,1|} converges uni-
formly to pf(u'). Since the sum of the Laplace and Gradient operators is a closed operator,
we deduce that ! satisfies (2.4) on B(0, 1).

Now, the sequence {u ,1} is bounded and equicontinuous on the ball B(0, 2), so it has a

convergent subsequence {u%}. Let 12 = limg oo u,%, on B(0,2), and u? satisfies (2.4) on
B(0, 2). Proceeding in the same way, we construct a sequence {u"} so that u” satisfies (2.4)
on B(0,n) and u"*! = u" on B(0, n) for all n. Moreover, the sequence {u”} converges in
Ly, (RM) to the function u defined by

u(x)=u"(x), forxe B(0,m).
Since v < u”” < w on B(0,n) it follows that v < u < w on RY, and u, satisfies 2.4).

From v < u we deduce that u is a positive entire large solution of (2.4). This completes the
proof. |

4. Blow-up boundary solutions of the logistic equation
Consider the semilinear elliptic equation

Au+au=>b(x)f(u) in £2, (4.36)

where _.Q is a smooth bounded domain in RY, N > 3. Let a be a real parameter and b €
C%*(2),0 < <1,suchthat b >0and b= 0in £2. Set

20 = int{x € R: b(x)= 0}
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and suppose, throughout, that 29 C £2 and b > 0 on £2 \ £2¢. Assume that f € C'[0, 00)
satisfies

(A1) f>0and f(u)/u is increasing on (0, 00).

Following Alama and Tarantello [2], define by H, the Dirichlet Laplacian on £2y as
the unique self-adjoint operator associated to the quadratic form ¥ (u) = | olVu |2 dx with
form domain

H}(20) = {u € H)(2): u(x) =0forae. x € 2\ Q).

If 952 satisfies the exterior cone condition then, according to [2], H [1)((20) coincides with
HO1 (£20) and H« is the classical Laplace operator with Dirichlet condition on 9£2.

Let Axo,1 be the first Dirichlet eigenvalue of H, in §£29. We understand Ao, = 00 if
20 =10.

Set po = limyo(f (u)/u), poo = limy—oo(f(u)/u), and denote by A1(uo) (resp.,
A1(Moo)) the first eigenvalue of the operator Hy,, = —A + uob (resp., Hy, = — A+ pooh)
in Hy (£2). Recall that A1 (+00) = Ao, 1.

Alama and Tarantello [2] proved that problem (4.36) subject to the Dirichlet boundary
condition

u=0 onadf2 4.37)

has a positive solution u, if and only if a € (A1 (uo), A1(teo)). Moreover, u, is the unique
positive solution for (4.36) 4 (4.37) (see [2, Theorem A (bis)]). We shall refer to the com-
bination of (4.36) + (4.37) as problem (E,).

Our first aim in this section is to give a corresponding necessary and sufficient condition,
but for the existence of large (or explosive) solutions of (4.36). An elementary argument
based on the maximum principle shows that if such a solution exists, then it is positive even
if f satisfies a weaker condition than (A1), namely

(A f(©0)=0, f'>0and f > 0on (0, 00).

We recall that Keller [63] and Osserman [79] supplied a necessary and sufficient condi-
tion on f for the existence of large solutions to (1) whena =0, b =1 and f is assumed to
fulfill (A’l). More precisely, f must satisfy the Keller—Osserman condition (see [63,79]),

(A2) floo(l/F(t)) dr < oo, where F(t) = f(; f(s)ds.

Typical examples of nonlinearities satisfying (A1) and (A,) are:

(i) fa)=e'=1; @) fw)=u’, p>1;
(i) f@)=u[ln@@+D]", p>2.

Our first result gives the maximal interval for the parameter a that ensures the existence
of large solutions to problem (4.36). More precisely, we prove

THEOREM 4.1. Assume that f satisfies conditions (A1) and (Aj). Then problem (4.36)
has a large solution if and only if a € (—00, Aoo,1)-
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We point out that our framework in the above result includes the case when b van-
ishes at some points on 952, or even if b=0 on 0£2. This later case includes the
“competition” 0 - co on 9§2. We also point out that, under our hypotheses, poo :=
limy— o0 f (1) /u =1lim,_ o f'(u) = co. Indeed, by I’Hospital’s rule, lim,_ oo F(u)/u2 =
oo/2. But, by (Az), we deduce that ptoo = 00. Then, by (A}) we find that f/(u) > f(u)/u
for any u > 0, which shows that lim,,_, o f/ (1) = 00.

Before giving the proof of Theorem 4.1 we claim that assuming (Aj), then prob-
lem (4.36) can have large solutions only if f satisfies the Keller—Osserman condition (A»).
Indeed, suppose that problem (4.36) has a large solution u .. Set f(u) = |alu+||b|lco f(u)
for u > 0. Notice that f € C'[0, co) satisfies (A/l). For any n > 1, consider the problem

Au= f(u) in$2,
u=n on ds2,
u=0 in 2.

A standard argument based on the maximum principle shows that this problem has a
unique solution, say u,, which, moreover, is positive in 2. Applying again the max-
imum principle we deduce that 0 < u, < uy4+1 < Uo, in §2, for all n > 1. Thus, for
every x € £2, we can define u(x) = lim,_, 1, (x). Moreover, since (u,) is uniformly
bounded on every compact subset of 2, standard elliptic regularity arguments show
that i is a positive large solution of the problem Au = f(u). It follows that f satisfies
the Keller—Osserman condition (A3). Then, by (A1), teo := lim,_, o f(u)/u > 0 which
yields lim,_ o f(u)/f(u) =lal/ieo + ||lcc < 00. Consequently, our claim follows.

PROOF OF THEOREM 4.1. A. Necessary condition. Let us, be a large solution of prob-
lem (4.36). Then, by the maximum principle, u is positive. Suppose Ao, 1 is finite. Ar-
guing by contradiction, let us assume a > Aso,1. Set A € (A1(140), Aoo,1) and denote by u;
the unique positive solution of problem (E,) with a = 1. We have

A(Muoo) + oot (M) < b(x) f(Muso) in £2,
Mo, =00 on ds2,
Muoo > Uup in 99

where M := max{maxg u;/ming ux; 1}. By the sub-super solution method we conclude
that problem (E,) with @ = A1 has at least a positive solution (between u; and Mux).
But this is a contradiction. So, necessarily, a € (—00, Aso.1)-

B. Sufficient condition. This will be proved with the aid of several results.

LEMMA 4.2. Let w be a smooth bounded domain in RY. Assume p, q, r are Cconr.
functions on @ such that r >0 and p >0 in ®. Then for any nonnegative function
0% & € CO"(dw) the boundary value problem

Au+gX)u=px)fu) —rx) inw,
u=>0 inw, (4.38)
u=ao on dw,

has a unique solution.
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We refer to Cirstea and Rédulescu [27, Lemma 3.1] for the proof of the above result.
Under the assumptions of Lemma 4.2 we obtain the following result which generalizes
[75, Lemma 1.3].

COROLLARY 4.3. There exists a positive large solution of the problem
Au+q(x)u=px)fu)—rx) ino. (4.39)

PROOF. Set @ =n and let u,, be the unique solution of (4.38). By the maximum principle,
up < upy1 < uin w, where u denotes a large solution of

Au+||glloctt = pof(u) —F inow.

Thus lim,, o 4, (x) = U (x) exists and is a positive large solution of (4.39). Furthermore,
every positive large solution of (4.39) dominates uo, i.€., the solution u«, is the minimal
large solution. This follows from the definition of u, and the maximum principle. (|

LEMMA 4.4. If0 ® € CO*(382) is a nonnegative function and b > 0 on 352, then the
boundary value problem

Au+au=>bx)f(u) in$2,
u>0 in $2, (4.40)
u=ao on 052,

has a solution if and only if a € (—00, Aso,1). Moreover, in this case, the solution is unique.

PROOF. The first part follows exactly in the same way as the proof of Theorem 4.1 (nec-
essary condition).

For the sufficient condition, fix a < Aso,1 and let Ao 1 > A, > max{a, A1 (wo)}. Let u,
be the unique positive solution of (E,) with a = A,.

Let £2; (i = 1,2) be subdomains of £2 such that 29 € 2| € 2, € 2 and 2 \ 2] is
smooth. We define u, € C?(£2) as a positive function in £2 such that u, = us on 2\ 2,
and uy = u, on £21. Here uo, denotes a positive large solution of (4.39) for p(x) = b(x),
r(x)=0,g(x)=a and w = £2 \51. So, since by :=infp,\ o, b is positive, it is easy to
check that if C > 0 is large enough then vy = Cu satisfies

Ave +ave < b(x) f(vp) in $2,
Vp = 00 on 052,
Ve = maxyp @ in 2.

Let v 4 be the unique classical solution of the problem

Avg =lalvg + bl f(vg) in£2,
Ve >0 in £2,
Vo= on 92.
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It is clear that v 4 is a positive sub-solution of (4.40) and v 4 < maxye @ < v in £2.
Therefore, by the sub-super solution method, problem (4.40) has at least a solution vg
between v 4 and ve. Next, the uniqueness of solution to (4.40) can be obtained by using
essentially the same technique as in [15, Theorem 1] or [14, Appendix II]. |

PROOF OF THEOREM 4.1 COMPLETED. Fix a € (=00, Ax,1). TWo cases may occur:

Case I: b > 0 on 9£2. Denote by v,, the unique solution of (4.40) with ® =n.For ® =1,
setv:=vg4 and V :=vg, where v 4 and vg are defined in the proof of Lemma 4.4. The
sub and super-solutions method combined with the uniqueness of solution of (4.40) shows
that v < v, < V41 < Vin 2. Hence veo (x) 1= 1im,,_, o0 v, (x) exists and is a positive large
solution of (4.36).

Case 2: b >0 on 052. Let z, (n > 1) be the unique solution of (4.38) for p=b+ 1/n,
r=0,q9 =a, ® =n and w = §2. By the maximum principle, (z,,) is nondecreasing. More-
over, (z,) is uniformly bounded on every compact subdomain of £2. Indeed, if K C §2 is an
arbitrary compact set, then d := dist(K, d§2) > 0. Choose é € (0, d) small enough so that
20 C Cs, where Cs = {x € £2: dist(x, 3£2) > 8}. Since b > 0 on dCs, Case 1 allows us
to define z as a positive large solution of (4.36) for £2 = Cs. Using A standard argument
based on the maximum principle implies that z, < z4+ in Cs, for all n > 1. So, (z,) is uni-
formly bounded on K. By the monotonicity of (z,), we conclude that z, — z in Lf’ooc(ﬂ).
Finally, standard elliptic regularity arguments lead to z, — zin C 2.14(£2). This completes
the proof of Theorem 4.1. g

Denote by D and ‘R the boundary operators
Du:=u and Ru:=0du+ B(x)u,

where v is the unit outward normal to d§2, and 8 € C 1’“(BQ) is nonnegative. Hence, D is
the Dirichlet boundary operator and R is either the Neumann boundary operator, if 8 =0,
or the Robin boundary operator, if B # 0. Throughout this work, B can define any of these
boundary operators.

Note that the Robin condition R = 0 relies essentially to heat flow problems in a body
with constant temperature in the surrounding medium. More generally, if « and S are
smooth functions on 92 such that o, 8 > 0, ¢ 4+ B > 0, then the boundary condition
Bu = ad,u+ Bu = 0 represents the exchange of heat at the surface of the reactant by New-
tonian cooling. Moreover, the boundary condition Bu = 0 is called isothermal (Dirichlet)
condition if &« =0, and it becomes an adiabatic (Neumann) condition if 8§ =0. An intu-
itive meaning of the condition & + 8 > 0 on 952 is that, for the diffusion process described
by problem (4.36), either the reflection phenomenon or the absorption phenomenon may
occur at each point of the boundary.

We are now concerned with the following boundary blow-up problem

Au+au=>bx)fw) in 2\ Ro,
Bu=0 on 982, (4.41)
U =00 on 0582,
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where b > 0 on 352, while 29 is nonempty, connected and with smooth boundary. Here,
u = 00 on 9§29 means that u(x) - oo as x € §2 \50 and d(x) := dist(x, £29) — 0.

The question of existence and uniqueness of positive solutions for problem (4.41) in the
case of pure superlinear power in the nonlinearity is treated by Du and Huang [40]. Our
next results extend their previous paper to the case of much more general nonlinearities of
Keller—Osserman type.

In the following, by (A 1) we mean that (A;) is fulfilled and there exists
lim,— oo (F/f) (1) :=y. Then, y > 0.

We prove

THEOREM 4.5. Let (Al) and (A3) hold. Then,folany a € R, problem (4.41) has a mini-
mal (resp., maximal) positive solution U , (resp., U,).

PROOF. In proving Theorem 4.5 we rely on an appropriate comparison principle which
allows us to prove that (u#,),>1 is nondecreasing, where u, is the unique positive solution
of problem (4.43) with @ = n. The minimal positive solution of (4.41) will be obtained
as the limit of the sequence (u,),>1. Note that, since b =0 on 929, the main difficulty is
related to the construction of an upper bound of this sequence which must fit to our general
framework. Next, we deduce the maximal positive solution of (4.41) as the limit of the
nonincreasing sequence (v ), >m, provided m is large so that £2,,, € £2. We denoted by
vy, the minimal positive solution of (4.41) with £2¢ replaced by

1
2n = {xe.Q: d(x)<—}, m>=>mj. (4.42)
m

We start with the following auxiliary result (see Cirstea and Réadulescu [27]).

LEMMA 4.6. Assume b > 0 on 052. If (A1) and (A3) hold, then for any positive function
@ € C>*(3820) and a € R the problem

Au+au=>bx)fu) in2\ Ro,
Bu=0 on 452, (4.43)
u=¢eo on 052,

has a unique positive solution.

We now come back to the proof of Theorem 4.5, that will be divided into two steps:

Step 1. Existence of the minimal positive solution for problem (4.41).

For any n > 1, let u,, be the unique positive solution of problem (4.43) with @ =n. By
the maximum principle, u, (x) increases with n for all x € £2 \ £2¢. Moreover, we prove

LEMMA 4.7. The sequence (u,(x)), is bounded_frorl above by some function V (x) which
is uniformly bounded on all compact subsets of §2 \ §2y.
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PROOF. Let b* be a C2-function on §2 \ £2y such that
0 <b*(x) <b(x) Vxef2\Ro.

For x bounded away from 92 is not a problem to find such a function b*. For x satisfying
0 < d(x) < & with 8 > 0 small such that x — d(x) is a C2-function, we can take

d(x)
b*(x)—/ / min b(z) dsdt

d(z)2>s

Let g € G be a function such that (Ag) holds. Since b*(x) — 0 as d(x) \, 0, we deduce,
by (A1), the existence of some § > 0 such that for all x € 2 withO <d(x) <dand § > 1

b*(x0) f (8B (x)E) sup V6 + 8B (x) inf (Ab*)+a g(b*(x))
g"(b*(x))§ 2\2 g'b*(x) 2 \90 g (b*(x)

Here, § > 0 is taken sufficiently small so that g’(b*(x)) < 0 and g”(b*(x)) > 0 for all x
with 0 <d(x) < 4.

For ng > 1 fixed, define V* as follows

(i) V*(x) =up,(x) + 1 for x € £2 and near 92;

(i) V*(x) = g(b*(x)) for x satisfying 0 < d(x) < 3;

(iii) V* e C?(2\ 29) is positive on 2 \ 2.

We show that for £ > 1 large enough the upper bound of the sequence (u,(x)), can be
taken as V (x) = £V *(x). Since

BV(x) =&BV*(x) > &min{l,B(x)} >0, Vxe€df2 and
lim [u,(x) = V(x)]=—00 <0,

dx)\O
to conclude that u, (x) < V(x) for all x € 2 \ 2 it is sufficient to show that
AV ZaV (@) —bx) f(V(). VYxe 2\ . (4.44)

For x € £2 satisfying 0 < d(x) < § and £ > 1 we have

—AV(x) —aV(x) +b(x) f(V(x))
=—£Ag(b*(x)) —akg(b*(x)) + b(x) f(g(b*(x))E)

g(b*(x))

11 (1% g (b*(x)) % % 2
>eg" (b (x))( 2 Ab*(x) — | Vb ()| —am

g"(b*(x))
f(g(b*(x))é))
———— ] >0.

b*
O e
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For x € §2 satisfying d(x) > 4,
—AV(x)—aV(x)+ b(x)f(V(x))

:§<—AV*(X) —aV*(x) +b(x)w) >0

§

for & sufficiently large. It follows that (4.44) is fulfilled provided £ is large enough. This
finishes the proof of the lemma. |

By Lemma 4.7, U, (x) = lim,,_, oo 4 (x) exists, for any x € £2 \ £2¢. Moreover, U , is
a positive solution of (4.41). Using the maximum principle once more, we find that any
positive solution u of (4.41) satisfies u > u, on I3 \ 20, for all n > 1. Hence U, is the
minimal positive solution of (4.41).

PROOF OF THEOREM 4.5 COMPLETED.
Step 2. Existence of the maximal positive solution for problem (4.41).

LEMMA 4.8. If §2¢ is replaced by $2,, defined in (4.42), then problem (4.41) has a mini-
mal positive solution provided that (A1) and (Ay) are fulfilled.

PROOF. The argument used here (more easier, since b > 0 on £2 \ £2,,,) is similar to that in
Step 1. The only difference which appears in the proof (except the replacement of 29 by
£2,,) is related to the construction of V*(x) for x near 9£2,,. Here, we use our Theorem 4.1
which says that, for any a € R, there exists a positive large solution u, ~ of problem (4.36)
in the domain £2 \ £2,,. We define V*(x) = uy o0 (x) for x € 2 \ 2,, and near 32,,. For
E>landx € 2 \ﬁm near 952, we have

b[f(EVF () —EF (V)] =0.

This completes the proof. O

Let v,, be the minimal positive solution for the problem considered in the statement
of Lemma 4.8. By the maximum principle, v,, = V11 > u on 2 \ £2,,, where u is any
positive solution of (4.41). Hence Uy (x) :=limy— 00 Uy (x) = u(x). A regularity and com-
pactness argument shows that U, is a positive solution of (4.41). Consequently, U, is the
maximal positive solution. This concludes the proof of Theorem 4.5. ]

The next question is whether one can conclude the uniqueness of positive solutions of
problem (4.41). We recall first what is already known in this direction. When f(u) = u?,
p > 1, Du and Huang [40] proved the uniqueness of solution to problem (4.41) and estab-
lished its behavior near d£2¢, under the assumption

b(x)
1m
d(x)\O [d(x)]*

=c for some positive constants 7, ¢ > 0. (4.45)
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We shall give a general uniqueness result provided that b and f satisfy the following
assumptions:

(B1) limg\o0b(x)/k(d(x)) = c for some constant ¢ > 0, where 0 < k € (0, 8p) is
increasing and satisfies

B2) K@) = (fot JVk(s) ds)//k(t) € C[0, 8y), for some 8y > 0.

Assume there exist ¢ > 0 and 79 > 1 such that

(A3) fED<E @), VE €O, 1), Vi >10/%

(A4) the mapping (0,1]13 & — A(§) = limy— oo (f(§u)/Ef (1)) is a continuous posi-
tive function.

Our uniqueness result is

THEOREM 4.9. Assume the conditions (A]) with y # 0, (A3), (As), (B1) and (B) hold.
Then, for any a € R, problem (4.41) has a unique positive solution U,. Moreover,
i Uqa(x)
im
d)NO h(d(x))

= &o,

where h is defined by

/h()m /,/k(s yds, Vit e (0,8) (4.46)
t

and &g is the unique positive solution of A(§) = (K'(0)(1 —2y) +2y)/c.

REMARK 2.
(@) (A1) 4+ (Az) = (A3). Indeed, lim,_ f(u)/u”f > ( since f(t)/tl‘“ is nonde-
creasing for t > t.
(b) K'(0)(1 —2y)+2y € (0, 1] when (A;) with y #0, (As), (B1) and (B») hold.
(c) The function (0,00) 3 & > A(&) € (0, 00) is bijective when (A3) and (A4) hold
(see Lemma 4.10).

Among the nonlinearities f that satisfy the assumptions of Theorem 4.9 we note:
Q) fw)y=uP, p>1;3G) f(u) =u’In(u+1), p > 1; (iii) f(u) =u? arctanu, p > 1.

PROOF OF THEOREM 4.9. By (A4) we deduce that the mapping (0,00) 3 & — A(§) =
lim,—  f(Eu)/(Ef (u)) is a continuous positive function, since A(1/£) = 1/A (&) for any
& € (0, 1). Moreover, we claim

LEMMA 4.10. The function A : (0, 0c0) — (0, 00) is bijective, provided that (A3z) and (A4)
are fulfilled.

PROOF. By the continuity of A, we see that the surjectivity of A follows if we prove that
limg\ o A(§) = 0. To this aim, let £ € (0, 1) be fixed. Using (A3) we find

fEu)
Ef (u)

<&,

<
WV

1
§
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which yields A(£) < £°. Since £ € (0, 1) is arbitrary, it follows that limg\ 0 A(§) =0.

We now prove that the function £ — A (&) is increasing on (0, co) which concludes our
lemma. Let 0 < &1 < & < oo be chosen arbitrarily. Using assumption (A3) once more, we
obtain

1+¢
fEu) = f(é—lézu) < <§—1) f&u), Yuz toé—z.
& & &

It follows that

e
AL <§_1> f&w) Vu}f()é_z'
§1f(w) &) &fw) &1

Passing to the limit as # — oo we find

AE) < (?

2

¢
) A(&) < A(&2),

which finishes the proof. O

PROOF OF THEOREM 4.9 COMPLETED. Set

o FAE)E)
nE = o) aenE

for any £ > 0. Using (B) we find
b(x) k(d(x))f(h(d(x))) f(h(d(x))§)

= lim
d(x)\O k(d(x)) h’(d(x)) §f (h(d(x)))

k@) @) L f(Eu) c
=clim lim =
N0 RV(t)  wu—ooEf(u)  K'(0)(1 —2y)+2y

11(§)

A(8).

This and Lemma 4.10 imply that the function I7 : (0, o0) — (0, 00) is bijective. Let &y be
the unique positive solution of IT(¢) = 1, that is A(&§9) = (K’ (0)(1 —2y) +2y)/c.
For ¢ € (0, 1/4) arbitrary, we denote & = IT~' (1 —4e), respectively & = IT~!(1 + 4e¢).
We choose 6 > 0 small enough such that
(i) dist(x, 8820) is a C? function on the set {x € £2: dist(x, 082¢) < 26};

.. ' (s) h(s) "
(i) ) Ad(x) + ah”(s) <e and h'(s)>0
for all s € (0, 26) and x satisfying 0 < d(x) < 26;
h'(d(x))& h"(d(x))&
I —g)————————<bx) < (11 _—
i) (1€ =€) T Ganey < <6 +0) G0

for every x with 0 < d(x) < 24.
@1iv) b(y) < (1 +¢&)b(x), forevery x, y with 0 < d(y) < d(x) < 26.
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Leto € (0, ) be arbitrary. We define v ; (x) = h(d(x) +0)&;, for any x withd(x)+0 <
2§, respectively v, (x) = h(d(x) — 0)&; for any x with o0 < d(x) < 26.

Using (ii), (iv) and the first inequality in (iii), when o < d(x) < 2§, we obtain (since
[Vd(x)|=1)

—Abg (x) = avy (x) +b(x) f (Vo (x))

=& (—h’(d(x) —0)Ad(x) —h"(d(x) — o) —ah(d(x) — o)

bx) f (h(d(x) — o)sz>>
+
&
_ 1 h'(d(x) — o) . h(d(x) — o) _
=& de) - a)<_ W) —o) Y T e = o)
b() f(h(d(x) — o)sz))
W (dx) — 0)&

B h(dx) —o) AdG) —a hdx)—o)
h'(d(x)—o) h'(d(x)—o)

+17($2)—8>>O
1+e¢

> &h"(d(x) — a)(

for all x satisfying o < d(x) < 28.
Similarly, using (ii), (iv) and the second inequality in (iii), when d(x) + o < 26 we find

—Av, (x) —av, (x) +bx) f (v, (1)

p h(d(x) +
=& h (d(x)—i-a)(—#))_kz))Ad(x)
. h(d(x) + o) _1 b(X)f(h(d(x)+0)§1))
h"(d(x) +o0) h'(d(x) + 0)é
h(d
<6 (d0) —i—a)(—%Ad(ﬂ
h(d(x) + o)
—am -1+ +8)(n($l)+8)> <0,

for all x satisfying d(x) + o < 26.

Define 25 = {x € £2: d(x) < 8}. Let w € £2¢ be such that the first Dirichlet eigenvalue
of (—A) in the smooth domain 2 \ @ is strictly greater than a. Denote by w a positive
large solution to the following problem

—Aw=aw — p(x)f(w) in 25,
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where p € CO*(25) satisfies 0 < p(x) < b(x) for x € 25\ £20, p(x) =0 on 29 \ w and

p(x) > 0 for x € w. The existence of w is guaranteed by our Theorem 4.1.
Suppose that u is an arbitrary solution of (4.41) and let v := u + w. Then v satisfies

—Av>av—bx)f(v) in s\ Qo.

Since

Vg, =00>0,lan, and v|se; =00>v,l50;,
we find

u+w>=v, ons2s\ 2. (4.47)
Similarly

o +w>u onf2s\ 2. (4.48)

Letting 0 — 0 in (4.47) and (4.48), we deduce
h(d))&2 +2w > u+w > h(d(x)&,  Vx € 25\ 2.

Since w is uniformly bounded on 92y, it follows that

L. (x ) u(x)
S raey S aey) S® (449

Letting ¢ — 0 in (4.49) and looking at the definition of &; respectively & we find

u(x)
lim =
d(@)N\O h(d(x))

£. (4.50)

This behavior of the solution will be speculated in order to prove that problem (4.41) has
a unique solution. Indeed, let u{, us be two positive solutions of (4.41). For any & > 0,
denote i1; = (1 + &)u;, i =1, 2. By virtue of (4.50) we get

ui(x) —i2(x) . up(x) —ug(x)
im —————— = |lim ————— =—¢g&; <0
deNO  h(d(x)) deNO  h(d(x))

which implies

d(l;)rgo[ul(x) —ix(x)] = dé??io[““x) — iy (x)] = —o0.
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On the other hand, since f(u)/u is increasing for u > 0, we obtain

—Aij =—(14&)Au; = (1 +¢&)(au; — b(x) f(u;))
> ail; — b(x) f(#;) in £2\ 2o,
Bi; =Bu; =0 onas2.

So, by the maximum principle,
ui(x) <ida(x), wux(x) <iij(x), Vx €2\ Q.
Letting ¢ — 0, we obtain u| = u;. The proof of Theorem 4.9 is complete. (|

The above results have been established by Cirstea and Radulescu [27,29].

4.1. Uniqueness and asymptotic behavior of the large solution. A Karamata regular
variation theory approach

The major purpose in this section is to advance innovative methods to study the unique-
ness and asymptotic behavior of large solutions of (4.36). This approach is due to Cirstea
and Rédulescu [25,28,30-32] and it relies essentially on the regular variation theory in-
troduces by Karamata (see Bingham, Goldie and Teugels [13], Karamata [72]), not only
in the statement but in the proof as well. This enables us to obtain significant information
about the qualitative behavior of the large solution to (4.36) in a general framework that
removes previous restrictions in the literature.

DEFINITION 4.11. A positive measurable function R defined on [D, 00), for some D > 0,
is called regularly varying (at infinity) with index g € R (written R € RV ) if forall§ > 0

lim R(§u)/R(u) =&9.
u— 00
When the index of regular variation g is zero, we say that the function is slowly varying.

We remark that any function R € RV, can be written in terms of a slowly varying func-
tion. Indeed, set R(u) = u? L (u). From the above definition we easily deduce that L varies
slowly.

The canonical g-varying function is u?. The functions In(l 4+ u), Inln(e 4 u),
exp{(Inu)®}, o € (0, 1) vary slowly, as well as any measurable function on [D, co) with
positive limit at infinity.

In what follows L denotes an arbitrary slowly varying function and D > 0 a positive
number. For details on the below properties, we refer to Seneta [85].

PROPOSITION 4.12.
(i) Foranym >0, u™L(u) — oo, u”"L(u) — 0 as u — oo.
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(ii) Any positive C'-function on [D, 00) satisfying uL((u)/Li(u) — 0 as u — oo is
slowly varying. Moreover, if the above limit is g € R, then L1 € RV .

(iii) Assume R :[D, 00)o(0, 00) is measurable and Lebesgue integrable on each finite
subinterval of [ D, 00). Then R varies regularly iff there exists j € R such that

w TR (u)

_ _ 4.51
w00 [px/R(x)dx @41

exists and is a positive number, say a;j + 1. In this case, R € RV, withqg =aj — j.
(iv) (Karamata Theorem, 1933) If R € RV, is Lebesgue integrable on each finite
subinterval of [D, 00), then the limit defined by (4.51) is q + j + 1, for every

j>—q—1.
LEMMA 4.13. Assume (A1) holds. Then we have the equivalence
(@) f €RV, <= (b) uli)rgouf/(u)/f(u) =7 <0
= (© lim (F/f) u):=y>0.

REMARK 3. Let (a) of Lemma 4.13 be fulfilled. Then the following assertions hold
(i) p is nonnegative;

) y=1/(p+2)=1/0+1);

(iii) If p #£ 0, then (A») holds (use lim,— o f () /u? =00, Vp € (1, 1+ p)). The con-
verse implication is not necessarily true (take f(u) =u In*(u + 1)). However, there
are cases when p =0 and (A,) fails so that (4.36) has no large solutions. This is
illustrated by f(u) =u or f(u) =uln(u +1).

Inspired by the definition of y, we denote by K the set of all positive, increasing
C!-functions k defined on (0, v), for some v > 0, which satisfy

t (i)
lim ((/ k(s)ds)/k(t)) =f,, i=01.
t—07t 0

It is easy to see that £o = 0 and ¢; € [0, 1], for every k € K. Our next result gives
examples of functions k € KL with lim,_, o+ k(¢) = 0, for every £; € [0, 1].

LEMMA 4.14. Let S € C'[D, 00) be such that S’ € RV, with q > —1. Hence the following
hold:

@) Ifk() =exp{—S(/)}Vt < 1/D, then k € K with £; = 0.

(b) Ifk(t) =1/S(1/t) Vi < 1/D, then k€ K with €1 =1/(q +2) € (0, 1).

©) Ifk(t)=1/InS(1/t) Vt < 1/D, thenk € K with £; = 1.

REMARK 4. If S € C'[D, 00), then S’ € RV, with g > —1 iff for some m > 0, C > 0
and B > D we have S(u) = Cu™ exp{fg(y(t)/t) dt}, Yu > B, where y € C[B, 00) satis-
fies lim, o0 y(u) = 0. In this case, S’ € RV, with ¢ =m — 1. (This is a consequence of
Proposition 4.12 (iii) and (iv)).
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Our main result is

THEOREM 4.15. Let (A1) hold and f' € RV, with p > 0. Assume b = 0 on 352 satisfies
(B) b(x) = ck?(d(x)) + o(k*(d(x))) as d(x) — 0, for some constant ¢ > 0 and k € K.
Then, for any a € (—00, Axo.1), equation (4.36) admits a unique large solution u,. More-

over,

Uq(x)

a0 Ry (*32)

where &g = (2 + £1p)/(c2 + p)))'/? and h is defined by

© ds !
/;,(,)T(S):/o k(s)ds, Vte(0,v). (4.53)

By Remark 4, the assumption f’ € RV, with p > 0 holds if and only if there exist p > 1
and B > 0 such that f(«) = Cu? exp{fg(y(t))/tdt}, for all u > B (y as before and p =
o+ 1). If B is large enough (y > —p on [B, 00)), then f(u)/u is increasing on [B, 00).
Thus, to get the whole range of functions f for which our Theorem 4.15 applies we have
only to “paste” a suitable smooth function on [0, B] in accordance with (A1). A simple way
to do this is to define f(u) = u? exp{fou(z(t)/t) dr}, for all u > 0, where z € C[0, o0) is
nonnegative such that lim,_, g+ z(#) /¢ € [0, c0) and lim,,_, o, z(#) = 0. Clearly, f(u) = u?,
fw)=uPIn(u+ 1), and f(u) =uP arctanu (p > 1) fall into this category.

Lemma 4.14 provides a practical method to find functions k which can be considered in
the statement of Theorem 4.15. Here are some examples:

k(t):_i, k(t):fa, k([):exp{_l‘iw}7

Int
0 =enpf LV k) = enpf - SR
KO= a1

for some « > 0.

As we shall see, the uniqueness lies upon the crucial observation (4.52), which shows
that all explosive solutions have the same boundary behavior. Note that the only case of
Theorem 4.15 studied so far is f(u) = u? (p > 1) and k(t) = t* (¢ > 0) (see Garcia-
Melian, Letelier-Albornoz and Sabina de Lis [44]). For related results on the uniqueness
of explosive solutions (mainly in the cases b = 1 and a = 0) we refer to Bandle and Mar-
cus [8], Loewner and Nirenberg [73], Marcus and Véron [75].

PROOF OF LEMMA 4.13. From Property 4.12(iv) and Remark 3(i) we deduce (a) = (b)
and ¥ = p + 1. Conversely, (b) = (a) follows by 4.12(iii) since ¢ > 1 cf. (Ay).
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(b) = (c). Indeed, lim,_,couf(u)/F(u) = 149, which yields ¢/(1+9) =
limy—oo[1 = (F/f) )] =1-y.

(¢) = (b). Choose s; > 0 such that (F/f) (u) > y/2, Yu > s1. So, (F/f)(u) >
(u—s1)y /24 (F/f)(s1), Yu > s1. Passing to the limit u — oo, we find

F(u)
1m =
u=o0 f(u)

Thus, lim, o uf @)/ F(u) = 5 Since 1 — y :=limy,_ F(u)f/(u)/fz(u), we obtain
limy oo uf' )/ f(u)=1—y/y. U

PROOF OF LEMMA 4.14. Since lim,_, oo uS’ (1) = 0o (cf. Property 4.12(i)), from Kara-
mata Theorem we deduce limy, oo uS’ (1)/S(u) = g + 1 > 0. Therefore, in any of the
cases (a)—(c), lim,_, g+ k(#) = 0 and k is an increasing C !_function on (0, v), for v>0
sufficiently small.

(a) It is clear that

QN (VO

lim ————— = =— 1.
A Ok® o sy -9t
By I’Hospital’s rule,
k(t "k(s)ds) Ink(t 1
to=tim ~2 _0 and  lim (o k() ds)Ink() 1
t—0t k' (1) t—0t tk(t) q+1
So,
t
k(s)ds)k' (¢
1—2¢;:= lim le_
t—>0t kz(t)

(b) We see that

tk’ (t) 81/
im = lim =q
=0+t k() 0t tS(1/t)

By I’Hospital’s rule, £y = 0 and

t
i Jo k(s)ds _ 1 .
t—0t  tk(t) q+2

So,

t
k(s)ds tk’ 1
=1 tim DEOBHKO L
t—0t  tk(t) k() q+2
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(c) We have

tk' (1) .S/
im =lim ———=gq
10+ k2(t) 10+ tS(1/t)

By I’Hospital’s rule,

_ fok(s)ds
=0t tk(r)

Thus, £g = 0 and

_ Jok(s)ds 1K' (1)
¢ =1— lim 20— — =1.
! Py PR # 1 O

PROOF OF THEOREM 4.15. Fix a € (—00, Aso,1). By Theorem 4.1, problem (4.36) has at
least a large solution.

If we prove that (4.52) holds for an arbitrary large solution u, of (4.36), then the
uniqueness follows easily. Indeed, if #; and u, are two arbitrary large solutions of (4.36),
then (4.52) yields limy o+ (u1(x)/u2(x)) = 1. Hence, for any ¢ € (0, 1), there exists
8 = §(e) > 0 such that

(I=8ur(x) <u1(x) <A +8)uz(x), Vxe2with0<d(x)<é. (4.54)

Choosing eventually a smaller § > 0, we can assume that 20 C Cs, where Cs .= {x € £2:
d(x) > §}.
It is clear that u is a positive solution of the boundary value problem

Ap+ap=b(x)f(¢) inCs, ¢=u ondCs. (4.55)

By (A1) and (4.54), we see that ¢~ = (1 — &)uy (resp., ¢ = (1 + &)uy) is a positive sub-
solution (resp., super-solution) of (4.55). By the sub and super-solutions method, (4.55) has
a positive solution ¢ satisfying ¢~ < ¢ < ¢T in Cs. Since b > 0 on Cs \ £2¢, we deduce
that (4.55) has a unique positive solution, that is, u; = ¢ in Cs. This yields (1 —&)ur(x) <
u1(x) < (14 &)us(x) in Cs, so that (4.54) holds in £2. Passing to the limit £ — 0T, we
conclude that u; = u».

In order to prove (4.52) we state some useful properties about /:

(hy) he C%(0,v), lim,_, o+ h(t) = oo (straightforward from (4.53)).

1

() lim h”(t) _ 1 2+p€1’

10t k2(0) f(h()E)  EPFL 24 p
V& > 0 (so, i’ > 0 on (0, 28), for § > 0 small enough).

(h3) limy_ o+ k(2)/h"(r) =lim,_, o+ K'(t) /K" () = 0.
We check (hy) for & =1 only, since f € RV 1. Clearly, W (t) = —k(t)s/2F (h(t)) and
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k/(t)(ftk(s)ds) F(h(1))
n'(t) = k? h <1—2 0 )
@ O f () k2(1) f(h(r))fhi‘i)[F(s)]—st
vt € (0, v). (4.56)

We see that lim,,_, oo ~/ F (1) /f (1) = 0. Thus, from 1’Hospital’s rule and Lemma 4.13 we
infer that

.  F(u) 1 p

1 = - —y = . 4.
oo fy) [SF@I2ds 2 T T 20 +2) 37

Using (4.56) and (4.57) we derive (hy) and also
W@y —2Q+4p) .. fok(s)ds VFu)

lim = lim lim

=0t h(1) T 24 L1p —0r k() = f) [PIF ()] ds
_ b, (4.58)
2+ 4ip

From (h;) and (hp), lim,_ g+ h'(f) = —oo. So, I’'Hospital’s rule and (4.58) yield
lim;_, g+ h(z)/h'(t) = 0. This and (4.58) lead to lim,_, o+ /2 (¢) /h” () = 0 which proves (h3).

PROOF OF (4.52). Fix ¢ € (0, c/2). Since b =0 on 952 and (B) holds, we take 6 > 0 so
that
(i) d(x) is a C*>-function on the set {x € RY: d(x) < 28};

(i) k?%is increasing on (0, 26);

(iii) (¢ — &)k2(d(x)) < b(x) < (¢ + &)k*(d(x)), Vx € £2 with 0 < d(x) < 28;

(iv) h’(t) > 0Vt € (0,28) (from (hy)).

Let o € (0,8) be arbitrary. We define £* = [(2+£1p)/((c F2)(2+ p))]'/? and
v, (x) = h(d(x) + o)&~, for all x with d(x) + o < 28 resp., v} (x) = h(d(x) — o)E™T,
for all x with o < d(x) < 26.

Using (i)—(iv), when o < d(x) < 28 we obtain (since |Vd(x)|=1)

+ +_ + + 01 _ h(d(x) — o)
Av] +avy b(x)f(vo) <&ETh (d(x) 0) <h”(d(x) s Ad(x)
h(d(x) — o) kz(d(X)—G)f(h(d(X)—U)E*))
a——+1—(c—¢) .
h"(d(x) — o) h'(d(x) —o)Et
Similarly, when d(x) + o < 25§ we find
_ _ _ o h'(d(x)+o0)
Av; +av, —b(x)f(vy) =& h (d(x)—i—o)(mAd(x)
h(d(x) + o) k*(d(x) + o) f(h(d(x) +6)S))
a———+1—(c+e¢) .
h"(d(x)+ o) h’(d(x) +0)§~
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Using (hy) and (h3) we see that, by diminishing §, we can assume
Av;(x) + av:(x) — b(x)f(v;(x)) <0 Vxwitho <d(x) <26;
Avg (x) +avy (x) — b(x)f(v; (x)) >0 Vxwithd(x)+0o <26.

Let £2; and $2, be smooth bounded domains such that 2 € §21 CC £2» and the first
Dirichlet eigenvalue of (—A) in the domain £2 \ 2 is greater than a. Let p € C%*(£2,)
satisfy 0 < p(x) < b(x) forx € 2\ C25, p=0o0n 21\ 2 and p > 0on £, \ £21. Denote
by w a positive large solution of

Aw +aw = p(x) f(w) in 25\ Cas.
The existence of w is ensured by Theorem 4.1.

Suppose that u, is an arbitrary large solution of (4.36) and let v := u, + w. Then v
satisfies

Av+av—b(x)f(v) <0 in 2\ Cas.

Since vjge =00 > V50 and Vjacy; = 00 > Vg 5, - the maximum principle implies

Ug+w>=v, ons2\ Co. (4.59)

Similarly,
v +w>=u, onCy\ Co. (4.60)

Letting o — 0 in (4.59) and (4.60), we deduce hAO)NET +2w > ug +w = h(d(x)E™,
for all x € £2 \ Cys. Since w is uniformly bounded on 92, we have

£~ <liminf 24 fimsup 48 gt
d(x)=0 h(d(x)) ~ 4(x)—0 h(d(x))
Letting € — 0" we obtain (4.52). This concludes the proof of Theorem 4.15. U

Bandle and Marcus proved in [9] that the blow-up rate of the unique large solution of
(4.36) depends on the curvature of the boundary of £2. Our purpose in what follows is to
refine the blow-up rate of u, near 32 by giving the second term in its expansion near the
boundary. This is a more subtle question which represents the goal of more recent literature
(see Garcia-Melian, Letelier-Albornoz and Sabina de Lis [44] and the references therein).
The following is very general and, as a novelty, it relies on the Karamata regular variation
theory.

Recall that /C denotes the set of all positive increasing C !_functions k defined on 0, v),
for some v > 0, which satisfy lim,\o(fék(s)ds/k(t))(i) :=1¢;, i €0, 1. We also recall
that RV, (g € R) is the set of all positive measurable functions Z :[A, c0) — R (for some
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A > 0) satisfying limy, oo Z(§u)/Z(u) = &9, V& > 0. Define by NRV, the class of func-
tions f in the form f(u) = Cu? exp{fg ¢(t)/tdt}, YVu > B >0, where C > 0 is a con-
stant and ¢ € C[B, 0o) satisfies lim;_, o, ¢ (t) = 0. The Karamata Representation Theorem
shows that NRV, C RV,.

For any ¢ > 0, set Ko, the subset of K with £; = 0 and lim~o7~° (fot k(s)ds/k@)) =
L, € R. It can be proven that Ko ; = Ro,;, where

k: k(u™") = doul A)] ™" expl— [y (s A(s) ™" ds] (u > dy),
0< AeClld, 00,

limy— o0 A(w) =1lim,_ oo uA’(u) =0,

limy— ool A'(u)=t, €R, doy,d > 0.

Roc =

Define
Fon={f€NRV,11 (p>0): p€RV,or —p €RV,}, ne(—p—2,0]
Fpox={f € Fp: lim ¢ =" R}, 7€, 00).

The following result establishes a precise asymptotic estimate in the neighborhood of
the boundary.

THEOREM 4.16. Assume that

b(x) =k*(d)(1+¢éd® +0(d%)) ifd(x) — 0,
wherek € Ro¢, 6 >0, ¢ eR. 4.61)

Suppose that f fulfills (A1) and one of the following growth conditions at infinity:
(i) f@) = CuP* in a neighborhood of infinity;
(ii) f e Fpy withn #0;
(iii) f € Fpo,q withty =w /¢, where w =min{6, ¢}.
Then, for any a € (—00, Aso,1), the unique positive solution u, of (4.36) satisfies

uq(x) =&h(d)(1+ xd” +0(d”)) ifd(x)— 0,

where & = [22 + p)~']"* (4.62)

and h is defined by fho(j)[ZF(s)]_l/2 ds = fot k(s)ds, for t > 0 small enough. The expres-
sion of x is

—(1+2)€,(27)~" Heaviside(9 — ¢) — ép~" Heaviside(Z — 0) := x1
x=1 if () or (i) holds
X1 = o~ (=pta/2)" [1/(p +2) +In&ol if f obeys (iii).
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Note that the only case related, in same way, to our Theorem 4.16 corresponds to
20=0, f(u) =uPT! on [0,00), k(t) = ct* € K (where ¢, > 0), 6 =1 in (4.61), be-
ing studied in [44]. There, the two-term asymptotic expansion of u, near 352 (a € R since
Aoo,1 = 00) involves both the distance function d(x) and the mean curvature H of 952.
However, the blow-up rate of u, we present in Theorem 4.16 is of a different nature since
the class Ro,; does not include k(r) = ct®.

Our main result contributes to the knowledge in some new directions. More precisely,
the blow-up rate of the unique positive solution u, of (4.36) is refined as follows in the
above result:

(a) on the maximal interval (—00, Axo,1) for the parameter a, which is in connection

with an appropriate semilinear eigenvalue problem; thus, the condition b > 0 in 2
is removed by defining the set §2p, but we maintain b = 0 on 952 since this is a
natural restriction inherited from the logistic problem.

(b) When b satisfies (4.61), where 0 is any positive number and k belongs to a very rich
class of functions, namely R ;. The equivalence R ; = Ko ; shows the connection
to the larger class K for which the uniqueness of u, holds. In addition, the explicit
form of k € Ro,; shows us how to built k € Ko ;.

(c) For a wide class of functions f € NRV ;| where either ¢ =0 (case (i)) or ¢ (resp.,
—¢) belongs to RV, with n € (—p — 2, 0] (cases (ii) and (iii)). Therefore, the theory
of regular variation plays a key role in understanding the general framework and the
approach as well.

PROOF OF THEOREM 4.16. We first state two auxiliary results. Their proofs are straight-
forward and we shall omit them.

LEMMA 4.17. Assume (4.61) and f € NRV ,1 satisfies (A1). Then h has the following
propetrties:
(i) heC*0,v), limh(t) = 00 and limp o 1 () = —o0;
(i) limpo i (1) /[K*(2) f (h(D)E)] = 2+ p€) /[EPT1 2+ p)], VE > 0;
(iii) limp0h(2)/h" () =limp o h'(t)/ h" (t) = limp~ 0 h(2)/ k' (t) = 0;
(iv) Tim 0 7' (0)/[th" (1)] = —pt1/ 2+ pLy) and limp o h (1) /[17h" ()] = p> €63 /[2(2+
pLnl;
() limp o 2 (2)/[th' ()] = limyo[Int]/[Inh(t)] = —pl1/2;
(vi) If €1 =0, then limy ot/ h(t) = 00, for all j > 0;
(vii) limp~o 1/[8 Inh(t)] = —pl,/2 and lims o h'(6)/[£5 1" (1)] = ply/(20), Yk €
Roc.

Let v > 0 be arbitrary. For any u > 0, define 71 (u) = {p/[2(p +2)] — E(u)}(Inu)*
and T - () = { f (ou) /[&0 f ()] —E(f}(lnu)f. Note that if f(u) = Cu”*!, for u in a neigh-
borhood Vi, of infinity, then 7 (u) = T2, (u) = 0 for each u € V.

LEMMA 4.18. Assume (A1) and f € Fpy. The following hold.:
() If f € Fpo,¢, then

*

lim T e Y
MLH(;O l,f(u) (p+2)2

and  lim T (u) =) €* In&.
u—>00
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(i) If f € Fpy withn #0, then lim,_ o0 T1 () = limy o0 T2 - (1) = 0.

Fix ¢ € (0, 1/2). We can find § > 0 such that d(x) is of class C%on {x eRN: d(x) < 8},
k is nondecreasing on (0, §), and A'(t) < 0 < h”(¢) for all ¢ € (0, §). A straightforward
computation shows that lim,\ o tl_ek’(t)/k(t) = 0o, for every 6 > (. Using now (4.61), it
follows that we can diminish 8 > 0 such that k2(1)[1 + (¢ — &)#?] is increasing on (0, §)
and

14+ @ —e)d’ <bx)/k*(d) <1+ (+e)d’,
Vx € 2 with d € (0, 8). (4.63)

‘We define
u®(x) = &h(@)(1 + xFd”),

with d € (0, §), where )(gﬂE = x £ ¢[1 + Heaviside(¢ — 6)]/p. Take § > 0 small enough
such that u™(x) > 0, for each x € 2 with d € (0, §). By the Lagrange mean value theorem,
we obtain f(ut(x)) = f(Eoh(d))+ExTd® h(d) f'(Y*(d)), where YE(d) = &oh(d)(1+
AE(d)xEFd™), for some A¥(d) € [0, 1]. We claim that

lim £ (T*(@)/f (o)) = 1. (4.64)

Fix 0 € (0,1) and M > 0 such that |Xgi| < M. Choose u* > 0 so that [(1 £ Mr)P+! —
1| < o/2, for all t € (0, 2u*). Let u, € (0, (u*)'/®) be such that, for every x € £2 with
d e (0, uy)

| f(Eoh(@)(1 £ Mu®))/f (Eoh(d)) — (1 £ Mp*)P T | < a/2.

Hence, 1 —o < (1 = Mp*)*t' —6/2 < F(TYE)/f Eh(d) < 1 +Mp*)PT +6/2 <
1 + o, for every x € £2 with d € (0, u.). This proves (4.64).

Step 1. There exists 81 € (0, 8) so that Aut + au®™ — k2(d)[1 + (¢ — &)d?1f(u™) <0,
Vx € 2 withd € (0,81) and Au~ +au™ — k>(d)[1 + (E+&)d?]1 f(u™) >0, Vx € 2 with
d € (0,8)).

Indeed, for every x € £2 with d € (0, §), we have

Aut + aut —IP@)[1+ EF o)d’] f wF)

e awmyn 1 h(d) () 4 W)
=&d”h (d)[ ay, ) + X Adh”(d) +2w x; YT
E h(d) + h(d) K (d)
roxe My TP@ =Dk ey T A

WD +ZS (d)}
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where, for any 7 € (0, §), we denote
Sy = (= £ )"~ 7, (1) f (8o (1) /[E0h" )],
Sy (1) =xZ (1=K Oh@) f/(TH0) /1 (1)),
S5 (1) = (=) x It KO f (Y)W @),
Sy =177 (1= k(1) f (Eoh (1)) /[50h" (1)]).
By Lemma 4.17(ii), we find limy o K2(t) f (Eoh (1) [E0h" (1)]~! = 1, which yields
hmt\OS (t) = (—¢ £ e)Heaviside(¢ — 6). Using (4.64), we obtain
L OO fTEO) Tl
0 1w (0) DR

Hence, limy\ o 82i ) = —pr and lim\ o S3i(t) =0.
Using the expression of A", we derive

kz(t)f(h(t))
+
Sy =" 2:5 i(1), V1e(0,9),

where we denote

L Eh) [ k) ds T (h(0)
S41(1) =2 e < k() >, 34,2(l)—2m
and
U0
S43() = (S k()]

Since Ro,; = Ko,¢, we find

11\11(1)34,1@) =—(14)pt. (o +2)' Heaviside(6 — ¢).
t

Cases (i), (ii). By Lemma 4.17(vii) and Lemma 4.18(ii), we find lim,\ o S42(t) =
limyoS43(r) = 0. In view of Lemma 4.17(ii), we derive that limy oS (r) =

—(1 + ) pl.(2¢)~ ! Heaviside(d — 7).

Case (iii). By Lemmas 4.17(vii) and 4.18(1), lims\ o S4,2(¢) = —2£*(p +2)72(—pt,/2)"
and limy\ o S4,3(t) = —20*(p + 2)~ 1 (=pl,/2)" In&y. Using Lemma 4.17(ii) once more,

we arrive at

lim S (¢
tl\ir(l) 4()

=—(1+40)pt,(2¢)" ' Heaviside (9 — ¢) — e*(- pj*) [

—— +In&]|.
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Note that in each of the cases (i)—(iii), the definition of Xgi yields lim,\ o Z?‘:l S;F )=
—¢& < 0 and limy\ o ijl Sj_ (t) =& >0.By Lemma 4.17(vii),

h' (1)
m-—,———-=0>U.
N0 (tZ (1))

But lims\oh(t)/h'(t) = 0, so lims\oh(r)/(t®h"(t)) = 0. Thus, using Lemma 4.17
[(iii), (iv)], relation (4.65) concludes our Step 1.

Step 2. There exists M*, 7 > 0 such that u,(x) <ut(x) + MT, for all x € £2 with
0<d<sét.

Define (0, 00) > u — ¥, (1) = au —b(x) f (1), Vx with d € (0, 61). Clearly, ¥, (u) is de-
creasing when a < 0. Suppose a € (0, Ao, 1). Obviously, f(¢)/t: (0, co)o(f’(0), 00) is bi-
jective. Let 82 € (0, §1) be such that b(x) < 1, Vx with d € (0, §2). Let u, define the unique
positive solution of b(x) f(u)/u = a + f'(0), Vx with d € (0, §;). Hence, for any x with
d €(0,82), u — Wy (u) is decreasing on (uy, 00). But limgx)y\0b(x) f (ut(x))/ut(x) =
~+00 (use limg)\0 ut(x)/h(d) = &, (A1) and Lemma 4.17 [(ii) and (iii)]). So, for &>
small enough, u™ (x) > u,, Vx with d € (0, 8,).

Fix o € (0,8,/4) and set N, :={x € 2: 0 < d(x) < 8/2}. We define ul(x) =
ut(d —o,s)+ M™T, where (d, s) are the local coordinates of x € N,. We choose M > 0
large enough to have u}; (82/2, s) > u4(82/2, s), Vo € (0, §2/4) and Vs € 3£2. Using (4.63)
and Step 1, we find

—Aui(x) > aut(d—o,5) = [1+ € —e)d—0)'|k*d - o) f(uT(d —0,5))
>aut(d —o,s) = [1+ @ —e)d’ k(@) f(u(d —0,5))
> ¥ (ut(d ~o,5))
> W (ul) = aul (x) — b(x) f(ui(x)) inN.

Thus, by the maximum principle, u, < u’ in N, Vo € (0, §2/4). Letting o — 0, we have
proved Step 2.

Step 3. There exists M~, §~ > 0 such that u,(x) > u=(x) — M—, for all x € 2 with
O<d<é".

For every r € (0, §), define 2, = {x € £2: 0 < d(x) < r}. We will prove that for A > 0
sufficiently small, Au~ (x) <uq(x), Vx € £25,/4. Indeed, fix arbitrarily o € (0, §2/4). De-
fine v} (x) =Au~(d + 0,s), for x = (d, 5) € £25,/2. We choose A € (0, 1) small enough
such that v¥(82/4,5) < uqa(82/4,5), Yo € (0,82/4), Vs € 952. Using (4.63), Step 1
and (Ap), we find

AvE(x) +avi(x) = A3 d + o)1+ @ +e)d+0) ] f(u(d+o,5))
> @[+ E+e)d ] f(au(d +0,5) = bf (v2),

for all x = (d, s) € £25,/4, that is v} is a sub-solution of Au + au = b(x) f(u) in £2s,,4.
By the maximum principle, we conclude that v} < u, in £2s, /4. Letting o — 0, we find
Au(x) Sug(x), Vx € 25, /4.
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Since limg\ o u ™~ (x)/ h(d) = &, by using (A1) and Lemma 4.17 [(ii), (iii)], we can easily
obtain limg\ o k>(d) f (A*u~(x))/u~ (x) = 00. So, there exists & € (0, 82/4) such that

(@)1 +@E+e)d ] f(A2u)/u™ = 2*al, VxefRwith0<d<3. (4.65)

By Lemma 4.17 [(i) and (v)], we deduce that u (x) decreases with d when d € (0, 8) af
necessary, & > 0 is diminished). Choose 8 € (0, §), close enough to &, such that

RSO (1 + x787)/[h@E) (1 + x;87)] < 1+4. (4.66)

For each o € (0,8 — 8,), we define zo (x) =u~(d + 0,5) — (1 — MDu~ (84, 5). We prove
that z, is a sub-solution of Au +au = b(x) f (1) in §25,. Using (4.66), z5 (x) = u’(S, s)—
(I =Mu"(84,5) >0 Vx = (d,s) € 25,. By (4.63) and Step 1, z, is a sub-solution of
Au~+au =b(x) f(u) in 25, if

Kd+o) 1+ E+e)d+0)][fud+0,9)— f(ze(d,5))]
>a(l —Mu~ (8, 9), (4.67)

for all (d, s) € §2s,. Applying the Lagrange mean value theorem and (A1), we infer that
(4.67) is a consequence of k*(d + o)[1 + (¢ + &)(d + 0)°1f (zo(d, 5))/25(d, 5) > |al,
Y(d,s) € §25,. This inequality holds by virtue of (4.65), (4.66) and the decreasing character
of u~ with d.

On the other hand, z5(84,s) < Au™(84,5) < ug(x), Vx = (84,5) € £2. Clearly,
limsup,_,g(ze — Ug)(x) = —00 and b >0 in £2;5,. Thus, by the maximum principle,

o Sugin 25, Vo € (0, s — 8x). Letting 0 — 0, we conclude the assertion of Step 3.

By Steps 2 and 3, x;" > {—1 + ua(x)/[Eoh(d)]}d~7 — M /[&d” h(d)] Vx € 2
with d € (0,87) and x; < {—1+ uy(x)/[Eoh(d)}d™7 + M~ /[E0d™ h(d)] Vx € 2 with
d € (0,67). Passing to the limit as d — 0 and using Lemma 4.17(vi), we obtain yx, <
liminfy—of — 1 + uq () /[§oh (d)1}d ™ and limsup,_, of—1 +uq () /[0h ()}~ < x;
Letting ¢ — 0, we conclude our proof. ]

5. Entire solutions blowing up at infinity of semilinear elliptic systems

In this section we are concerned with the existence of solutions that blow up at infinity for
a class of semilinear elliptic systems defined on the whole space.
Consider the following semilinear elliptic system
{ Au=pg) in R, (5.68)
Av=¢g(x)f(m) in RV,

where N > 3 and p,q € co “RV) (0 <a < 1) are nonnegatlve and radially symmetric

loc
functions. Throughout this paper we assume that f, g € Cloc [0, 00) (0 < B < 1) are posi-
tive and nondecreasing on (0, c0).
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We are concerned here with the existence of positive entire large solutions of (5.68),
that is positive classical solutions which satisfy u(x) — oo and v(x) — oo as |x| — oo.
Set Rt = (0, 00) and define

g= {(a, b) e R* x RT; (3) an entire radial solution of (5.68) so that
@(0),v(0)) = (a. b)}.

The case of pure powers in the nonlinearities was treated by Lair and Shaker in [65].
They proved that G = RT x RT if f(r) =" and g(t) =% fort >0 with 0 <y, 6 < 1.
Moreover, they established that all positive entire radial solutions of (5.68) are large pro-
vided that

/ tp(t)dt = oo, / tq(t)dt = oo. (5.69)
0 0

If, in turn

/ tp(t)dr < oo, / tq(t)dt < oo (5.70)
0 0

then all positive entire radial solutions of (5.68) are bounded.
In what follows we generalize the above results to a larger class of systems. Theo-
rems 5.1 and 5.4 are due to Cirstea and Radulescu [26].

THEOREM 5.1. Assume that

lim
11— 00

w =0 forallc>D0. (5.71)

Then G = RT x RT. Moreover, the following hold:
(1) If p and q satisfy (5.69), then all positive entire radial solutions of (5.68) are large.
(1) If p and q satisfy (5.70), then all positive entire radial solutions of (5.68) are
bounded.
Furthermore, if f, g are locally Lipschitz continuous on (0, 00) and (u, v), (i, V) denote
two positive entire radial solutions of (5.68), then there exists a positive constant C such
that for all r € [0, 00)

v(r) — 3(r)|} < € max{|u(0) — i (0)

max{|u(r) — i(r)|, , [v(0) = 5(0)]}.

PROOF. We start with the following auxiliary results.

LEMMA 5.2. Condition (5.69) holds if and only if lim, o0 A(r) = lim, o, B(r) = 00
where

29
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r t
A(V)E/ tl_N/ sN=1p(s)ds dt,
0 0

r t
B(V)E/ tlfN/ st]q(s)dsdt, Vr > 0.
0 0

PROOF. Indeed, for any r > 0

A(r):;[/rtp(t)dt— 17 /rtNlp(z)dt]
N—2 0 I"N 2 0

1 r
< — tp(t)de. 5.72
N_Z/O p(1) (5.72)

On the other hand,

r ‘l r 1 r
ip(t)dr — / N p@ydr = —/ N2 N2 ep(r) dt
/é VN_2 0 rN—Z 0 ( )

1 \N 2 r/2
> N=2_ (= / tp(t)dt.
=) [ e

This combined with (5.72) yields

1 r 1 1 N-2 r/2
- > > N
N—Z/O tp(t)ydt > A(r) > N—2[l <2) }/0 tp(t)dr.

Our conclusion follows now by letting r — oo. (|

LEMMA 5.3. Assume that condition (5.70) holds. Let f and g be locally Lipschitz con-
tinuous functions on (0, 00). If (u, v) and (i, V) denote two bounded positive entire radial
solutions of (5.68), then there exists a positive constant C such that for all r € [0, 00)

max{|u(r) — i(r)|, |[v(r) — 5|} < Cmax{[u(0) — @(0)], |v(0) — 5(0)|}.

PROOF. We first see that radial solutions of (5.68) are solutions of the ordinary differential
equations system

{u//(r) + #u’(r) =p@r)g((r)), r>0, (5.73)

V') + ) = q() fu@r), r>0.

Define K = max{|u(0) — u(0)[, [v(0) — v(0)|}. Integrating the first equation of (5.73), we
get

W) —iu'(r)= rl_N/é sN_lp(s)(g(v(s)) —g(9(s))) ds.
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Hence
r t
|u(r)—ﬁ(r)|<K+fo tl—NfO sV p(s)|g(v(s)) — g(8(s))|dsde.  (5.74)

Since (u, v) and (i, v) are bounded entire radial solutions of (5.68) we have

lg(v() — g(8()| <m|v(r) = 5(r)| forany r € [0, 00),
| f(u) = f(@@)| <mlu@r) —ii(r)| forany r [0, co),

where m denotes a Lipschitz constant for both functions f and g. Therefore, using (5.74)
we find

r t
|u(r)—ﬁ(r)|<1<+m/ zl—N/ s p(s)[u(s) — B(s)| ds dr. (5.75)
0 0

Arguing as above, but now with the second equation of (5.73), we obtain

r t
[u(r) — ()| <K+m/ z‘*N/ sNg(s)|u(s) —di(s)| ds dt. (5.76)
0 0
Define
r t
X(V)=K+mf tl_Nf sN_lp(s)|v(s)—ﬁ(s)|dsdt,
0 0

r t
Y(r)=K+m/ tlfN/ sNlg(9)|uls) —ii(s)| ds dr.
0 0

It is clear that X and Y are nondecreasing functions with X (0) = Y (0) = K. By a simple
calculation together with (5.75) and (5.76) we obtain

(NN ) =mrN T ) o) = 56| <mrN T p() Y (),

VY )y =meV g () |uer) — aer)| <mr¥ g X (). (5.77)

Since Y is nondecreasing, we have

X(r) <K +mY(AF) <K + ——Yr) /rtp(t) dr
N_2 0
<K +mC,Y(r) (5.78)

where C, = (1/(N — 2)) fooo tp(t)dt. Using (5.78) in the second inequality of (5.77) we
find

(rN_1 Y/)/(r) < mrN_lq(r)(K + meY(r)).
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Integrating twice this inequality from O to r, we obtain

2 r
Y(r) < K(1+mCy) + m—cp/ tq(OY (1) dr,
N—2""),

where C; = (1/(N —2)) fooo tq(t) dt. From Gronwall’s inequality, we deduce

2 r
Y(r) < K(1+mC,)exp m—c,,/ 1q(1) ) dr
N-2""),
< K(14+mCy)exp(m*C,Cy)

and similarly for X. The conclusion follows now from the above inequality, (5.75)
and (5.76). O

PROOF OF THEOREM 5.1 COMPLETED. Since the radial solutions of (5.68) are solutions

of the ordinary differential equations system (5.73) it follows that the radial solutions of
(5.68) with u(0) =a > 0, v(0) = b > 0 satisfy

r t
u(r)=a+/ tI*N/ stlp(s)g(v(s)) dsdt, r=0, (5.79)
0 0

r t
v(r):b—i—/ tl_N/ sNlg(s) f(u(s))dsde, >0, (5.80)
0 0

Define vo(r) = b for all r > 0. Let (ux)r>1 and (vi)k>1 be two sequences of functions
given by

r t
uk(r)=a+/ tl‘N/ sV p(s)g(vk—1(s))dsdr, =0,
0 0

r t
vk(r)=b+/ tl_N[ sV g () f(ur(s))dsdt, r>0.
0 0

Since vy (r) = b, we find uz(r) > u1(r) for all » > 0. This implies v2(r) = vi(r) which
further produces u3(r) > u»(r) for all > 0. Proceeding at the same manner we conclude
that

up(r) <up+1(r) and  ve(r) < v (r), Vr>0 andk>1.

We now prove that the nondecreasing sequences (ux (r))r>1 and (vg(r))r>1 are bounded
from above on bounded sets. Indeed, we have

up(r) <up+1(r) <a+ g(vk(r))A(r), Vr >0 (5.81)
and

v (r) <b+ f(ur(r))B(r), Vr=0. (5.82)

© 0o N o 0o A O N =

AR A OB OB OB WO OW W W W W W WNNNDNNIDNDMNRNMNDRN 4 o oo o2 o2 4 o
a A W N 242 O © 0N O O A WO 4 O O 00 N OO O P~ WD 42 0O 0 0o N OO o P~ W NN =+ o



© O N O 0o b O N =

530 V.D. Radulescu
Let R > 0 be arbitrary. By (5.81) and (5.82) we find

ur(R) <a+g(b+ f(ue(R)B(R)A(R), Vk=>1
or, equivalently,

a g(b+ f(ux(R)B(R))
~ ug(R) ug(R)

A(R), Vk>1. (5.83)

By the monotonicity of (u(R))r>1, there exists limg_s oo ux (R) := L(R). We claim that
L(R) is finite. Assume the contrary. Then, by taking k — oo in (5.83) and using (5.71) we
obtain a contradiction. Since ui(r), v,/( (r) = 0 we get that the map (0,00) > R — L(R) is
nondecreasing on (0, co) and

ur(r) <ug(R) < L(R), Vrel0,R], Vk>1, (5.84)
w(r) <b+ f(L(R))B(R), Vrel0,R], Vk>1. (5.85)

It follows that there exists limg_, o L(R) = Le (0, oc] and the sequences (ui(r))i>1,
(vk(r))k>1 are bounded above on bounded sets. Therefore, we can define u(r) :=
limy— oo g (r) and v(r) := limg_, » vk (r) for all r > 0. By standard elliptic regularity the-
ory we obtain that (u, v) is a positive entire solution of (5.68) with u(0) =a and v(0) = b

We now assume that, in addition, condition (5.70) is fulfilled. According to Lemma 5.2
we have that lim, _, oo A(r) = A < 00 and lim,_, o B(r) = B < 00. Passing to the limit as
k — o0 in (5.83) we find

1< a +8(b+f(L(R))B(R))A(R)< a Jrg(bJrf(L(R))B)—
L(R) L(R) L(R) L(R)

Letting R — oo and using (5.71) we deduce L < co. Thus, taking into account (5.84) and
(5.85), we obtain

ur(r)<L and v (r)<b+ f(L)B, Vr>0, Vk>1.

So, we have found upper bounds for (ux(r))i>1 and (vk(r))x>1 which are independent
of r. Thus, the solution (u, v) is bounded from above. This shows that any solution of
(5.79) and (5.80) will be bounded from above provided (5.70) holds. Thus, we can apply
Lemma 5.3 to achieve the second assertion of (ii).

Let us now drop the condition (5.70) and assume that (5.69) is fulfilled. In this case,
Lemma 5.2 tells us that lim,_, oo A(r) = lim,_, o, B(r) = 00. Let (u, v) be an entire positive
radial solution of (5.68). Using (5.79) and (5.80) we obtain

+ g(b)A(r), Vr
+ f(a)B(r), Vr

O’

u(r)
(r) 0.

Za 2
=2b 2

I"
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Taking r — oo we get that (u, v) is an entire large solution. This concludes the proof of
Theorem 5.1. |

If f and g satisfy the stronger regularity f, g € C'[0, 00), then we drop the assumption
(5.71) and require, in turn,

(H1) f(0)=g(0) =0, liminf, oo (f(u)/g(u)) =10 >0
and the Keller—Osserman condition
(H2) [7°(1/G(1))dt < oo, where G (1) = fotg(s) ds.
Observe that assumptions (H;) and (H») imply that f satisfies condition (H»), too.
Set n = min{p, ¢q}.
Our main result in this case is

THEOREM 5.4. Let f, g € C'[0, 00) satisfy (Hy) and (Hy). Assume that (5.70) holds, n is
not identically zero at infinity and v := max{p(0), g(0)} > 0.

Then any entire radial solution (u, v) of (5.68) with (u(0), v(0)) € F(G) is large.
PROOF. Under the assumptions of Theorem 5.4 we prove the following auxiliary results.
LEMMA 5.5. G # 0.

ProOF. Cf. Cirstea and Radulescu [26], the problem

AY=(p+q)X)(f+g @) inRY,

has a positive radial entire large solution. Since v is radial, we have

r t
¢(r)=¢(0)+/ zl—Nf sV p+ @) ) (f + @)W (s))dsdr, Vr>0.
0 0

We claim that (0, ¥ (0)] x (0, ¥ (0)] € G. To prove this, fix 0 < a, b < ¥ (0) and let vo(r) =
b for all r > 0. Define the sequences (u;)r>1 and (vg)ir>1 by
r t
uk(r)=a+/ tl_N/ sN_lp(s)g(vk_l(s))dsdt,
0 0
Vr e[0,00), Vk > 1, (5.86)
r t
wy=be+ [ 17 [Nl pluncs) s
0 0

Vr € [0, 00), Yk > 1. (5.87)

We first see that vg < v; which produces u; < u. Consequently, vy < vp which further
yields uy < u3. With the same arguments, we obtain that (uy) and (vg) are nondecreasing
sequences. Since ¥'(r) > 0 and b = vy < ¥ (0) < ¥ (r) for all r > 0 we find

© 0o N o 0o A O N =

AR A OB OB OB WO OW W W W W W WNNNDNNIDNDMNRNMNDRN 4 o oo o2 o2 4 o
a A W N 242 O © 0N O O A WO 4 O O 00 N OO O P~ WD 42 0O 0 0o N OO o P~ W NN =+ o



© O N O 0o b O N =

532 V.D. Radulescu
wi(r) <a+ /Orrl—N /OtsN—lp(s)g(Ip(s))ds d
<Y O + /Orr‘N /OtsN%p + @) (f + &) (¥ (9))dsdr =y (r).
Thus u; < . It follows that
R /OtsN‘lqu(w(s))ds dr
<Y (0) +/0rt1—N /Ols’“(p + ) () (f + ) (¥ (9))dsdr =y (r).
Similar arguments show that

ur(r)y <y @) and wv()<yY(@r) Vrell0,o00), Vk>1.

Thus, (ux) and (vg) converge and (u, v) = limg_, oo (1k, Ux) is an entire radial solution of
(5.68) such that (#(0), v(0)) = (a, b). This completes the proof. O

An easy consequence of the above result is
COROLLARY 5.6. If (a,b) € G, then (0,a] x (0,b] € G.

PROOF. Indeed, the process used before can be repeated by taking
r t
ug(r) = ap + f =N / sV p(s)g(vk—1(s))dsdt, V¥re€[0,00), Vk> 1,
0 0

r t
vk(r)=b0+/ rlfN/ sNlq (o) f(ur(s))dsde,  Vre€[0,00), Yk > 1,
0 0

where 0 < ag < a, 0 < by < b and vy(r) = by for all r > 0.

Letting (U, V) be the entire radial solution of (5.68) with central values (a, b) we obtain
as in Lemma 5.5,
U@r), Vrel0,00), Vk
V), Vrel0,o00), Vk

1’
L.

ug1(r)

ug(r) >
) >

NN

<
vk (r) < vy (r)
Set (u, v) = limg_ oo (ug, vr). We see that u < U, v < V on [0, 00) and (u, v) is an entire
radial solution of (5.68) with central values (ag, by). This shows that (ag, bg) € G, so that
our assertion is proved. ]

LEMMA 5.7. G is bounded.
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PROOF. Set0 < A < min{o, 1} and let § = §(X) be large enough so that
f@) =xrg@), V=4 (5.88)

Since 7 is radially symmetric and not identically zero at infinity, we can assume 1 > 0 on
dB(0, R) for some R > 0. Let ¢ be a positive large solution ¢ of the problem

AL = An(x)g(%) in B(0, R).

Arguing by contradiction, we assume that G is not bounded. Then, there exists (a, b) € G
such that a + b > max{24, £(0)}. Let (u, v) be the entire radial solution of (5.68) such that
@(0), v(0)) = (a, b). Since u(x) + v(x) > a+b > 28 forall x e RV, by (5.88), we find

Sux)) >f<w) 2&%@) if u(x) > v(x)
and
g(v(x))}g(M) >Ag<w> ifv(x) > u(x).

It follows that
Au+v) = p(x)g) + q(x) f @) = n(x)(gW) + f @)
> mmm(#) inRV.
On the other hand, ¢ (x) — 0o as |x| — R and u, v € C2(B(0, R)). Thus, by the maximum
principle, we conclude that u +v < ¢ in B(0, R). But this is impossible since #(0) +v(0) =
a+b>¢(0). O

LEMMA 5.8. F(G) CG.

PROOF. Let (a,b) € F(G). We claim that (a — 1/ng, b — 1/ng) € G provided ng > 1 is
large enough so that min{a, b} > 1/n¢. Indeed, if this is not true, by Corollary 5.6

1 1

D:= |:a——,oo) x |:b——,oo> CR"xRMH\G.
no no

So, we can find a small ball B centered in (a, b) suchthat B CC D, i.e., BNG = (. But this

will contradict the choice of (a, b). Consequently, there exists (i, Vs,) an entire radial
solution of (5.68) such that (u,,(0), v,,(0)) = (a — 1/ng, b — 1/ng). Thus, for any n > ny,

© 0o N o 0o A O N =

AR A OB OB OB WO OW W W W W W WNNNDNNIDNDMNRNMNDRN 4 o oo o2 o2 4 o
a A W N 242 O © 0N O O A WO 4 O O 00 N OO O P~ WD 42 0O 0 0o N OO o P~ W NN =+ o



© O N O 0o b O N =

534 V.D. Radulescu

we can define
1 r t
up(r)=a— —+/ r‘*N/ sN U p(s)g(va(s))dsdr, >0,
n 0 0

r t
vn(r)=b—%+f tl_N/ sNTq(s) f(un(s))dsdr,  r>0.
0 0

Using Corollary 5.6 once more, we conclude that (u,),>,, and (v;);>n, are non-

decreasing sequences. We now prove that (u,,) and (v,) converge on RY. To this aim,
let xo € RY be arbitrary. But 7 is not identically zero at infinity so that, for some Ry > 0,

we have n > 0 on d B(0, Ry) and xo € B(0, Ryp).
Since o = liminf, o f(#)/g () > 0, we find 7 € (0, 1) such that

a+b 1

f@) =tg@), Viz —.
2 no

Therefore, on the set where u, > v,, we have

Flun) > (“”””) (“”*"”).

Similarly, on the set where u,, < v,, we have

g(vy) > g(#) > rg(@)

It follows that, for any x € RV,
Ay +vy) = p(0)g(v) +q(x) f (up) = n(x)[g(n) + f(un)]

—E

On the other hand, there exists a positive large solution of

AL = rn(x)g(%) in B(0, Ryp).

The maximum principle yields u, 4+ v, < ¢ in B(0, Rp). So, it makes sense to define
(u(x0), v(x0)) = limy,_ o0 (up (xp), v, (x0)). Since xg is arbitrary, the functions u, v exist
on RV, Hence (u, v) is an entire radial solution of (5.68) with central values (a, b), i.e.,

(a,b) €G.
For (c,d) € (RT x RT)\ G, define

Rea= sup{r > 0 | there exists a radial solution of (5.68) in B(0, r)
so that (1(0), v(0)) = (¢, d)}.

O

(5.89)
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LEMMA 5.9. If, in addition, v = max{p(0), q(0)} > 0, then 0 < R; 4 < 0o where R. 4 is
defined by (5.89).

PROOF. Since v > 0 and p, g € C[0, 00), there exists € > 0 such that (p + ¢)(r) > 0 for
all 0 <r <e. Let 0 < R < € be arbitrary. There exists a positive radial large solution of

the problem
AYr=(p+q@)X)(f +g{r) inB(0,R).
Moreover, for any 0 <r < R,
r t
Yr(r) = Yr(0) +/O z‘*NfO SN+ )6 (f + &) (Vr(s)) ds dt.

It is clear that Y (r) > 0. Thus, we find
V() = rl—N/O NP+ O +9) (W) ds < C(f + ) (V)

where C > 0 is a positive constant such that fOE (p+4qg)(s)ds <C.
Since f + g satisfies (A1) and (Az), we may invoke Remark 1 in Section 2 to conclude
that

/00 dt

— <0
1 (f+e®
Therefore, we obtain

_i © ds _ w;i,(r)
dr Sy (F+0)06)  (f + ) Wr(™)

Integrating from O to R and recalling that /g (r) — oo as r /' R, we obtain

<C foranyO<r <R.

o0 ds
/ — < CR
yr© (f +8)()
Letting R \, 0 we conclude that

. R ds
hm / —_— = O
RNO Jy ) (f +8)(s)

This implies that ¥ (0) — oo as R N\ 0. So, there exists 0 < R < € such that 0 < c,d <
Y 7(0). Set

r t
uk(r)=c+f rl—N/ sN U p(s)g(vi—1(s)) ds dt,
0 0

Vr €[0,00), Yk > 1, (5.90)
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r t
vk(r)=d+/ ;1—"’/ sN1q () f (ui(s)) ds dr,
0 0
Vr € [0, 00), Vk > 1, (5.91)

where vo(r) = d for all » € [0, 00). As in Lemma 5.5, we find that (uy) resp., (vx) are
nondecreasing and

w () <Yg(r) and v () <Yg(r), Vrel0,R), Vk>1.
Thus, for any r € [0, I?), there exists (u(r), v(r)) = limg_, oo (ux (1), Vg (r)) which is, more-

over, a rgdial solution of (5.68) in B(0, ﬁ) such that (1(0), v(0)) = (c, d). This shows that
R. 4 > R > 0. By the definition of R. s we also derive

lim u(r) =00 and lim v(r) =oo. (5.92)
V/Rc,d r/R(r,d
On the other hand, since (c, d) ¢ G, we conclude that R, 4 is finite. |

PROOF OF THEOREM 5.4 COMPLETED. Let (a, b) € F(G) be arbitrary. By Lemma 5.8,
(a, b) € G so that we can define (U, V) an entire radial solution of (5.68) with

(U(0), V(0)) = (a, b).
Obviously, for any n > 1, (a + 1/n,b + 1/n) € (RT x RT) \ G. By Lemma 5.9,

Rat1/n,b+1/n (in short, R,) defined by (5.89) is a positive number. Let (U, V,;) be the
radial solution of (5.68) in B(0, R,,) with the central values (a + 1/n,b + 1/n). Thus,

r t
Un(r)=a+%+/ tl_Nf sV p(s)g(Va(s))dsde,  ¥r € [0, Ry), (5.93)
0 0

r t
V,l(r)=b+l+/ tHV/ sNlg () F(Un(s)) dsde,  Vr [0, Ry). (5.94)
n 0 0

In view of (5.92) we have

lim U,(r)=00 and Ilim V,(r)=o00, Vn>1.
r /'Ry r /'Ry

We claim that (R,),>1 is a nondecreasing sequence. Indeed, if (ux), (vx) denote the
sequences of functions defined by (5.90) and (5.91) with c =a + 1/(n + 1) and d =
b+1/(n+ 1), then

up(r) <up1(r) KU (),  ve(r) < v (r) < Vi),

Vrel0,R,), Yk > 1. (5.95)

© O N O 0o A O N =

-
o

11



© O N O 0o A O N =

Singular phenomena in nonlinear elliptic problems 537

This implies that (ux(r))k>1 and (vk(r))k>1 converge for any r € [0, R;). Moreover,
(Un+1, V1) = limg_s oo (ug, vg) is a radial solution of (5.68) in B(0, R,) with central val-
ues (a+1/(n+1),b+ 1/(n+ 1)). By the definition of R,y1, it follows that R,+1 > R,
foranyn > 1.

Set R :=1im,_, o, R, and let 0 < r < R be arbitrary. Then, there exists n| =n(r) such
that r < R, for all n > n;. From (5.95) we see that U, < U, (resp., V41 < V,;) on
[0, Ry) for all n > 1. So, there exists lim,,_, o (U, (r), V,,(r)) which, by (5.93) and (5.94),
is a radial solution of (5.68) in B(0, R) with central values (a, b). Consequently,

lim U,(r)=U@(r) and lim V,(r)=V(r) foranyr €[0, R). (5.96)
n— o0 n— o0

Since U, (r) > 0, from (5.94) we find

o0 t
Va(r) <b+ 711 +f(Un(r))/ tl_N/ sV g (s)ds dr.
0 0
This yields
Va(r) < C1UL(r) + C2f(Un(r)) (5.97)
where C is an upper bound of (V(0) + 1/n)/(U(0) + 1/n) and

1
N-2

o t o0
C2:/ tl_N[ sN_lq(s)dsdt< f sq(s)ds < oo.
0 0 0

Define h(t) = g(C1t + Ca f(¢)) for t > 0. It is easy to check that & satisfies (A1) and (Aj).
Define

o dr
I'(s)= ——, foralls > 0.
s h(@)
But U, verifies
AU, = p(x)g(Vp)
which combined with (5.97) implies
AU, < p(x)h(Uy).

A simple calculation shows that

h (Un)
[ (Un))?

—1
AT (Uy) = I'(Uy) AU, + T"(Un)|IVU, > = AU, + IVU,|?

~ h(Uy)

>
h(Uy)

p(Nh(Uy) =—p(r)
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which we rewrite as

d /
(rN_l d—F(Un)> > —rN_]p(r) forany 0 <r < R,.
r

Fix 0 <r < R. Then r < R, for all n > ny provided n; is large enough. Integrating the
above inequality over [0, 7], we get

d r
—I'(Uy) 2 —rl_N/ sV p(s)ds.
dr 0

Integrating this new inequality over [r, R, ] we obtain

Ry t
—F(U,,(r))}—/ tl_N/ sN_lp(s)dsdt, Vn >ni,
0

r

since U, (r) - oo asr /' R, implies I'(U, (r)) — 0 as r /' R,. Therefore,
Ru t
r(Un(r) g/ rl—N/ sV Up(s)dsdr, Vn>=n;.
r 0
Letting n — oo and using (5.96) we find
R t
rum)< / tl—N/ sV p(s)dsdr,
r 0
or, equivalently

R t
U(r)>r—1<f tl_N/ sN_lp(s)dsdt>.
r 0

Passing to the limit as » /" R and using the fact that lims\ o I” ~1(s) = 0o we deduce

R t
lim U(r) > lim F—1<f tl_N/ SN_lp(s)dsdt) = 00.
r/'R r/'R r 0

But (U, V) is an entire solution so that we conclude R = oo and lim, _, o U (r) = 00. Since
(5.70) holds and V'(r) > 0 we find

o0 t
U <a+g(vm)/0 zl—N/O N1 p(s) ds dr

1 o0
<a+g(V(r))m/0 tp(t)dt, Vr>=0.

We deduce lim, _, o V (r) = 00, otherwise we obtain that lim, _, ., U (r) is finite, a con-
tradiction. Consequently, (U, V) is an entire large solution of (5.68). This concludes our
proof. (I
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6. Bifurcation problems for singular Lane-Emden-Fowler equations

In this section we study the bifurcation problem

—Au=X7fu)+alx)g(u) inS$2,
u>0 in £, (P;)
u=~0 on 02,

where A € R is a parameter and §2 C R (N > 2)is a bounded domain with smooth bound-
ary 052. The main feature of this boundary value problem is the presence of the “smooth”
nonlinearity f combined with the “singular” nonlinearity g. More exactly, we assume that
0< feC%0,00)and 0< g e C%(0,00) (0 < B < 1) fulfill the hypotheses

(f1) f is nondecreasing on (0, co) while f(s)/s is nonincreasing for s > 0;

(g1) g is nonincreasing on (0, 00) with limg\ o g(s) = +00;

(g2) there exists Co, 79 > 0 and « € (0, 1) so that g(s) < Cos™%, Vs € (0, ).

The assumption (g2) implies the following Keller—Osserman-type growth condition
around the origin

1 t -1/2
/ (/ g(s) ds) dt < +00. (6.98)
0 \Jo

As proved by Bénilan, Brezis and Crandall in [11], condition (6.98) is equivalent to the
property of compact support, that is, for any h € L'(RY) with compact support, there
exists a unique u € W1 (R"Y) with compact support such that Au € L' (RV) and

—Au+gu)=h ae inR".

In many papers (see, e.g., Dalmasso [36], Kusano and Swanson [64]) the potential
a(x) is assumed to depend “almost” radially on x, in the sense that Cip(]x]) < a(x) <
C> p(|x]), where C1, C, are positive constants and p(|x|) is a positive function satisfying
some integrability condition. We do not impose any growth assumption on a, but we sup-
pose throughout this paper that the variable potential a(x) satisfies a € C%#(22) and a > 0
in £2.

If A =0 this equation is called the Lane-Emden—Fowler equation and arises in the
boundary-layer theory of viscous fluids (see Wong [92]). Problems of this type, as well
as the associated evolution equations, describe naturally certain physical phenomena. For
example, super-diffusivity equations of this type have been proposed by de Gennes [37] as
a model for long range Van der Waals interactions in thin films spreading on solid surfaces.

Our purpose is to study the effect of the asymptotically linear perturbation f () in (P;),
as well as to describe the set of values of the positive parameter A such that problem (P;,)
admits a solution. In this case, we also prove a uniqueness result. Due to the singular
character of (P, ), we cannot expect to find solutions in C 2(£2). However, under the above
assumptions we will show that (P,) has solutions in the class

E={ueC*()NC"*(2); AueL'(2)}.
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Fig. 1. The “sublinear” case m = 0.

We first observe that, in view of the assumption (f 1), there exists

mi= tim £ ¢ [0, 00).
s—>00  §
This number plays a crucial role in our analysis. More precisely, the existence of the solu-
tions to (P;) will be separately discussed for m > 0 and m = 0. Let a, = min g5 a(x).
Theorems 6.1-6.4 have been established by Cirstea, Ghergu, and Radulescu [23].

THEOREM 6.1. Assume (f1), (gl), (g2) and m =0. If a, > 0 (resp., a, =0), then (P))
has a unique solution uy € £ for all A € R (resp., & > 0) with the properties:
(1) uy is strictly increasing with respect to A;
(i) there exist two positive constant c1, co > 0 depending on A such that c1d(x) < u) <
cd(x) in S2.

The bifurcation diagram in the “sublinear” case m = 0 is depicted in Figure 1.
PROOF. We first recall some auxiliary results that we need in the proof.
LEMMA 6.2 (Shi and Yao [86]). Let F:§2 x (0, 00) — R be a Holder continuous function
with exponent B € (0, 1), on each compact subset of §2 x (0, 00), which satisfies
(F1) limsups%H)O(s_l max, 5 F(x,s5)) <Ay;
(F2) foreacht > 0, there exists a constant D(t) > 0, such that
F(x,r)—F(x,8) >—D@{)(r —s), forxeQandr>s>t;

(F3) there exists no > 0, and an open subset 2o C 2, such that

min F(x,s) =0 fors € (0,n),
xXeR
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and
F(x,s) .
lim =-+o00 uniformly for x € §2y.
sN\O N

Then for any nonnegative function ¢ € C>P(382), the problem

—Au=F(x,u) inS2,
u>0 in$2,
u=d¢o on 082,

has at least one positive solution u € C*P(G) N C(R2), for any compact set G C 2 U
{x € 082; ¢o(x) > 0}.

LEMMA 6.3 (Shi and Yao [86]). Let F: 82 x (0, 00) — R be a continuous function such
that the mapping (0,00) > s — F(x,s)/s, is strictly decreasing at each x € 2. Assume
that there exists v, w € C>(§2) N C(82) such that

@ Aw+Fx,w) <0< Av+ F(x,v) in $2;

b) v,w>0in 2 andv < wonds2;

(c) AveL'(2).

Thenv<winS2.

Now, we are ready to give the proof of Theorem 6.1. This will be divided into four steps.
Step 1. Existence of solutions to problem (P;).
For any A € R, define the function

Dy (x,8)=Arf(s) +ax)gls), (x,5)€ 2 x (0, 00). (6.99)

Taking into account the assumptions of Theorem 6.1, it follows that @, verifies the hy-
potheses of Lemma 6.2 for A € R if a, > 0 and A > 0 if a, = 0. Hence, for A in the above
range, (P, ) has at least one solution u) € CZB(2)N C(2).

Step 2. Uniqueness of solution.

Fix A € R (resp., A > 0) if a, > 0 (resp., a, = 0). Let u; be a solution of (P,). Denote
A~ =min{0, A} and A" = max{0, A}. We claim that Au, € L'(£2). Since a € C*#(2), by
[55, Theorem 6.14], there exists a unique nonnegative solution ¢ € C>#(2) of

{—A{ =a(x) 1in$2,
;:0 on 0§2.

By the weak maximum principle (see e.g., [55, Theorem 2.2]), ¢ > 0 in £2. Moreover, we
are going to prove that

(a) z(x):=c¢(x) is a sub-solution of (P;,), for ¢ > 0 small enough;

(b) z(x) = c1d(x) in 2, for some positive constant ¢y > 0;

(c) u; >zin 2.
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Therefore, by (b) and (c), u;, > c1d(x) in £2. Using (g2), we obtain g(u;) < Cd~%(x)
in £2, where C > 0 is a constant. So, g(u,) € L'(£2). This implies

Au;, € L'(92).
Proof of (a). Using (f1) and (gl), we have

Az(x) + Pa(x,2) = —ca(x) + Af(ct) +a(x)g(c)
> —ca(x) + 17 f(cllgllos) +a(x)g(cli o)

8l lloe) 1]

> ca(x)[ e

g(cll¢lloo) _]

+ fcligll [a o T A

(€l¢ ) 21 (liglloo)

for each x € £2. Since A < 0 corresponds to a, > 0, using lim,\ g(t) = +00 and
lim;_,¢ f(¢) € (0, 00), we can find ¢ > 0 small such that

Az 4P, (x,2) 20, Vxef.

This concludes (a).
Proof of (b). Since ¢ € Cz*ﬂ(ﬁ), ¢ >0in £2 and ¢ =0 on 952, by Lemma 3.4 in Gilbarg
and Trudinger [55], we have

d
—C(y) <0, Vyeodsf.

ov

Therefore, there exists a positive constant co such that

9 _
_§(y) -— lim M <—co, Vyeasf.
av xe2x—y |x —y|

So, for each y € £2, there exists r, > 0 such that

(® Vx € B, (y) N 2. (6.100)
l[x =y~ 2 :

Using the compactness of 92, we can find a finite number k of balls B, (y;) such that

52 C Uf-‘zl B’,v,- (yi). Moreover, we can assume that for small dy > 0,

k
{xe:d) <do} B, G0
i=1

40
41
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Therefore, by (6.100) we obtain
£(x) > %Od(x), Vx € 2 with d(x) < do.

This fact, combined with ¢ > 0 in §2, shows that for some constant ¢ > 0
L(x) >ed(x), Vxegf.

Thus, (b) follows by the definition of z.
Proof of (c). We distinguish two cases:

CASE 1. A > 0. We see that @, verifies the hypotheses in Lemma 6.3. Since

Auy + Dy (x,u)) KO Az+ dy(x,z) in £2,
u,,z>0 1in £2,
u) =z onas2,
Az e LY(£2),
by Lemma 6.3 it follows that u; > z in £2.

Now, if u; and u, are two solutions of (P,), we can use Lemma 6.3 in order to deduce
that u1 = u,.

CASE 2. A < 0 (corresponding to a, > 0). Let € > 0 be fixed. We prove that
z<uy +e(1+1x?)" in 2, (6.101)

where 7 < 0 is chosen such that 7|x|?> 4+ 1 > 0, Vx € £2. This is always possible since
2 c RN (N >2) is bounded.

We argue by contradiction. Suppose that there exists xg € £2 such that u; (xp) + (1 +
|x0)T < z(xp). Then

mig{uk(x) +e(l+x*)" -z} <0

is achieved at some point x| € £2. Since @, (x, z) is nonincreasing in z, we have
0> —Afup(x) —2(0) + e (14 [x1*) lr=r,
= @, (x1, un(x1) = P (x1. 2Gxe)) — eA[(1+ [x*) Jlw=r,
—eA[(1+ X)) ]lxmr, = =261+ x1 DT 2[(N +27 = 2)|x1|* + N|
—det(1+ 02 (tla P+ 1) > 0.

VoWV

This contradiction proves (6.101). Passing to the limit ¢ — 0, we obtain (c).
In a similar way we can prove that (P, ) has a unique solution.

Step 3. Dependence on A.
We fix A1 < A, where Ay, A e Rif a, > Oresp., A1, A2 € [0, 00) if a, = 0. Let uy, u;,
be the corresponding solutions of (Py,) and (Py,) respectively.
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If X1 2 0, then @, verifies the hypotheses in Lemma 6.3. Furthermore, we have

Auy, + Py (X, u5,) KO Auyy + Dy (x,uy,)  in 82,
Uy, Uy, >0 in$2,
Uy, =Uyp, On 39,

Au;, € LY(£2).

Again by Lemma 6.3, we conclude that u, < u;, in 2. Moreover, by the maximum prin-
ciple, uy, <u;, in £2.

Let A2 < 0; we show that u;, <uj, in 2. Indeed, supposing the contrary, there exists
xo € §2 such that u;,, (xo) > uy, (xo). We conclude now that max, .5{us, (x) —ux,(x)} >0
is achieved at some point in £2. At that point, say x, we have

O g —A(M)Ll - u)\z)(-i) = ¢)\1 (-fa u)»] (-i)) - ¢)»2 ()E’ M)Lz ()E)) < Oa

which is a contradiction. It follows that u;, < u;, in £, and by maximum principle we
have u;, <u;, in £2.

If X1 <0 < Ap, thenu;, <ug <ujy, in §2. This finishes the proof of Step 3.

Step 4. Regularity of the solution.

Fix A € R and let u; € C%(£2) N C(£2) be the unique solution of (P;). An important
result in our approach is the following estimate

c1d(x) <uy(x)<cyd(x), forallxes2, (6.102)

where c1, c; are positive constants. The first inequality in (6.102) was established in Step 2.
For the second one, we apply an idea found in Gui and Lin [57].
Using the smoothness of 92, we can find 6 € (0, 1) such that for all xo € £2;5 :=
{x € 2;d(x) <8}, there exists y € RN \ 2 with d(y, 32) = 8 and d (xo) = |xo — y| — 8.
Let K > 1 be such that diam (£2) < (K — 1)§ and let w be the unique solution of the
Dirichlet problem

—Aw=ATf(w)+g(w) in Bk (0)\ B(0),
w>0 in Bx (0) \ B1(0), (6.103)
w=0 on 3(Bk (0) \ B(0)),

where B, (0) is the open ball in RV of radius r and centered at the origin. By uniqueness,
w is radially symmetric. Hence w(x) = w(|x|) and

"+ XL AT £ (@) 4+ g(@) =0 forr e (1,K),
>0 in (1, K), (6.104)
W(1)=w(K)=0.
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Integrating in (6.104) we have
1
(1) = @' (@)a™ 1N — zl—N/ PN () + g(B(r) ] dr,
a

b
= ' (b)pN !N +t1*N/ PN £ (@) + g (W(r)] dr

t

where 1 <a <t <b < K. Since g() € L' (1, K), we deduce that both &' (1) and &' (K)
are finite, so W € C2(1, K)n C![1, K]. Furthermore,

w(x) < Cmin{K — |x|,|x| — 1}, forany x € Bx(0)\ B;(0). (6.105)

Let us fix xo € £25. Then we can find yg € RN \ 2 with d(yp, 32) =8 and d(xo) =
|xo — y| — 8. Thus, 2 C Bgs(yo) \ Bs(yo). Define v(x) = cw((x — y0)/3), x €. We
show that v is a super-solution of (P;), provided that ¢ is large enough. Indeed, if ¢ >
max{1, 82||a|lso}, then for all x € £2 we have

c (., N-1_,
Av+Af(v) +alx)g(v) < 5—2<w (r)+ W (V))
+ 2T f(cw(r)) +ax)g(cw(r)),

where r = |x — yo|/8 € (1, K). Using the assumption (f1) we get f(cw) < cf(w) in
(1, K). The above relations lead us to

Av+Af(v) +alx)g) < %(ﬁ” + NT_lw/) + AT ef (@) + llallcog (W)

-, N-—1_ - -
< <w” + Tu/ + AT f(w) +g(w)>

I °.3|q

Since Au; € L1 (£2), with a similar proof as in Step 2 we get u; < v in §2. This combined
with (6.105) yields

_ |xo—yol |xo—yol
8 ’ 8

C
ux(Xo)<U(Xo)<Cmin{K 1} < Ed(m).

Hence u; < (C/8)d(x) in £25 and the last inequality in (6.102) follows.
Let G be the Green’s function associated with the Laplace operator in §2. Then, for all
x € £2 we have

ux(x)z—/QG(x,y)[)»f(ux(y))+a(y)g(ux(y))]dy,
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and
Vit (x) = — /Q G [ (12.(0)) + (g (1)) ] .

If x1, x» € £2, using (g2) we obtain
|Vun(x1) = Vi (x2)| < [A] fg\cxm,y) — Gy (x2,y)| - f(ua(y))dy

+5fQ|Gx<x1,y>—Gx<xz,y>|-u{“(y)dy.

Now, taking into account that u; € C(£2), by the standard regularity theory (see Gilbarg
and Trudinger [55]) we get

/Q‘Gx(m,)’) = G(x2, V)| fur(») <Gilx — x2l.

On the other hand, with the same proof as in [57, Theorem 1], we deduce
[ 16401.) = Guta |17 < ol =l
Q

The above inequalities imply u; € C2(£2) N C11~*(2). The proof of Theorem 6.1 is now
complete. O

Next, consider the case m > 0. The results in this case are different from those presented
in Theorem 6.1. A careful examination of (P, ) reveals the fact that the singular term g(u)
is not significant. Actually, the conclusions are close to those established in Mironescu
and Radulescu [78, Theorem A], where an elliptic problem associated to an asymptotically
linear function is studied.

Let A1 be the first Dirichlet eigenvalue of (—A) in £2 and A* = A1/m. Our result in this
case is the following.

THEOREM 6.4. Assume (f1), (gl), (g2) and m > 0. Then the following hold.

(1) If & = A*, then (P,) has no solutions in .

(ii) Ifas > O (resp. a, = 0) then (P)) has a unique solution u; € £ for all —oco < A < A*
(resp. 0 < A < A*) with the properties:
@1il) u, is strictly increasing with respect to A;
(1i2) there exists two positive constants c1,c» > 0 depending on A such that

c1d(x) <uy, < cd(x) in §2;

(ii3) limy s+ uy = 400, uniformly on compact subsets of 2.

The bifurcation diagram in the “linear” case m > 0 is depicted in Figure 2.
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u I

Fig. 2. The “linear” case m > 0.

PROOF. (i) Let ¢ be the first eigenfunction of the Laplace operator in £2 with Dirichlet
boundary condition. Arguing by contradiction, let us suppose that there exists A > A* such
that (P,) has a solution u) € £.

Multiplying by ¢; in (P,) and then integrating over £2 we get

- / 61 Au, = f Flu)d + f a(0)g ). (6.106)
2 2 2

Since A > A1/m, in view of the assumption (f1) we get A f (u#)) = Aju; in £2. Using this
fact in (6.106) we obtain

—/ ¢1Aux>?»1f u Q1.
Q 2

The regularity of u; yields — f o UrAdL > A f o Und1. This is clearly a contradiction since
—A¢| = r1¢; in £2. Hence (P)) has no solutions in £ for any A > A*.

(i) From now on, the proof of the existence, uniqueness and regularity of solution is the
same as in Theorem 6.1.

(i13) In what follows we shall apply some ideas developed in Mironescu and Rad-
ulescu [78]. Due to the special character of our problem, we will be able to prove that,
in certain cases, L?-boundedness implies HO1 -boundedness!

Let u; € & be the unique solution of (P;) for 0 < A < A*. We prove that limy_qy+ uy =
400, uniformly on compact subsets of £2. Suppose the contrary. Since (u;)o<i<p* iS a
sequence of nonnegative super-harmonic functions in £2, by Theorem 4.1.9 in Hérman-
der [61], there exists a subsequence of (u; ), <+ (still denoted by (u; ), <,*) which is con-
vergent in LIIOC(Q).

We first prove that (u); <+ is bounded in L2(£2). We argue by contradiction. Suppose
that (1)) <5+ is not bounded in L>(£2). Thus, passing eventually at a subsequence we have
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uy = M(X)w,, where

M) = luxll 2y — 00 asi /A" and
) (6.107)
wy € L7(£2), ||wk||L2(Q)=1-

Using (f1), (g2) and the monotonicity assumption on g, we deduce the existence of
A,B,C,D >0 (A > m) such that

f@O <At+B, gt)<Ct “+D, forallt>D0. (6.108)

This implies
1

m()»f(u,\) +a(x)gu)) — 0 in L} (£2)asr /¥
that is,

—Aw;, -0 inL] (2)asr 7 A% (6.109)
By Green’s first identity, we have

f Vw, - V¢dx = —/ ¢Aw)\dx

2 Q

_ _/ $Aw; dr Vo e C(Q). (6.110)
Supp ¢

Using (6.109) we derive that

/ dAw, dx
Supp ¢

</ (]| Awy | dx
Supp ¢

< ||¢||L°°/ [Aw;|dx — 0 asA 7 A*. (6.111)
Supp ¢
Combining (6.110) and (6.111), we arrive at
/ Vwy, - Vodx -0 asi 1%, Vo e Cio(£2). (6.112)
Q

By definition, the sequence (w;))o<j<x+ is bounded in LZ(Q).
We claim that (w;); <+ is bounded in HO1 (£2). Indeed, using (6.108) and Holder’s in-
equality, we have

-1
|Vw,\|2:—/ U))LAU))L:—/ LU)\AM)L
/9 Q M@®) Jo
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1
= W/Q[/\wxf(ux)Jra(X)g(ux)wx]

llalloo
M) Jgo

C AB D
:AA/ w? 4 ||a||o<1> / w4 + llallco / w,
o M)+ g M) Q

lallecC |Q|(l+°‘)/2 + AB + |lalloo D
MO)1+e M)

A / _
<—— | wi(Au; +B) + w; (Cu; * + D)
M®) Je g

<AFA+ 12|12,

From the above estimates, it is easy to see that (wj)y<y+ is bounded in H(; (£2), so the
claim is proved. Then, there exists w € HO1 (£2) such that (up to a subsequence)

wy —w  weakly in HJ (£2) as A /' A* (6.113)
and, because H(} (£2) is compactly embedded in L2(£2),
wy, — w  strongly in L>(£2) as A 7 A*. (6.114)

On the one hand, by (6.107) and (6.114), we derive that [|w||;2(p) = 1. Furthermore, using
(6.112) and (6.113), we infer that

/ Vw-Vedx =0, V¢ e CP(R).
2

Since w € H(} (£2), using the above relation and the definition of H(; (£2), we get w=0.
This contradiction shows that (u; )<+ is bounded in LZ(Q). As above for w;, we can
derive that u; is bounded in HO1 (£2). So, there exists u™ € Hé (£2) such that, up to a subse-
quence,

up —u*  weakly in H} (£2) as 1 /' A*,
u;, — u* strongly in L>(2) as A 7 A*, (6.115)

u) —>u* ae.in 2 asir A%

Now we can proceed to get a contradiction. Multiplying by ¢ in (P,) and integrating
over §2 we have

- / o1 Aty = / Fluner + / a()gw)er,
22 2 22

forall 0 < A < A*. (6.116)
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On the other hand, by (f1) it follows that f(u;) > mu; in £2, forall 0 < A < A*. Combining
this with (6.116) we obtain

)»1/ MA(ﬂl?)\.m/ uﬂpl—i—/ a(x)g(uy)ey, forall0 <A <A™, (6.117)
2 2 2

Notice that by (g1), (6.115) and the monotonicity of u; with respect to A we can apply the
Lebesgue convergence theorem to find

/Q a0 g)er dx — /g a(0)gWerde ash Al

Passing to the limit in (6.117) as A ' A*, and using (6.115), we get

M f Wtor > A / wtor + / a(0)2 ). 6.118)
2 2 2

Hence f oa(x) g(*)e1 = 0, which is a contradiction. This fact shows that lim; s+ uy =
+00, uniformly on compact subsets of §2. This ends the proof. O

7. Sublinear singular elliptic problems with two bifurcation parameters

Let £2 be a smooth bounded domain in RV (N > 2). In this section we study the existence
or the nonexistence of solutions to the following boundary value problem

—Au+ Kx)gu) =Af(x,u) + ph(x) in$2,
u>0 in £2, (P,n)
u=20 onds2.

Here K, h € CO’V(E), with 2 > 0, on £2, and A, u, are positive real numbers. We sup-
pose that f 182 x [0, 00) — [0, 00), is a Holder continuous function which is positive on
2 x (0, 00). We also assume that f, is nondecreasing with respect to the second variable
and is sublinear, that is,

(f1) the mapping (0, 00) 3 s > f(x, s)/s is nonincreasing for all x € £2;

(f2) limgyo f(x,s)/s =400 and lims_, o f(x,s)/s =0, uniformly for x € 2.

We assume that g € C%7 (0, 00), is a nonnegative and nonincreasing function satisfying

(g1) limgyog(s) = +o0;

(g2) there exists C, 8o > 0 and o € (0, 1), such that g(s) < Cs™%, for all s € (0, 8p).

Our framework includes the Emden—Fowler equation that corresponds to g(s) =s~7,
y > 0 (see Wong [92]).

Denote £ = {u € C2(2) N C(R2); g(u) € L' (£2)).

We show in this section that (P, ) has at least one solution in &, for A, u, belonging to
a certain range. We also prove that in some cases (P;, ), has no solutions in &, provided
that A and pu are sufficiently small.
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I

At least one solution

[T SIS

No solution

Fig. 3. The dependence on A, and p in Theorem 7.2.

REMARK 5.
() fue&, veCi() D_C(ﬁ),and0<u <wv,in £2,thenv € £.
(i) Let u € C%(£2) N C(£2), be a solution of (Py,). Then u € £, if and only if Au €
L'(£2).

A fundamental role will be played in our analysis by the numbers

K* =max K (x), K, = min K (x).
xe2 xe2

Our main results (see Ghergu and Radulescu [47]) are the following.

THEOREM 7.1. Assume that K, > 0, and f, satisfies (f1), (f2).
Iffo1 g(s)ds =400, then (Py ), has no solution in & for any A, u > 0.

THEOREM 7.2. Assume that K, > 0, f, satisfies (f1), (f2), and g, satisfies (gl), (g2).
Then there exists Ay, Ly > 0, such that

(Py,u) has at least one solution in £, if A > Ay, OF [L > [Lg.

(Py,u) has no solution in &, if A < Ay, and L < [iy.
Moreover, if A > Ay, or @ > iy, then (Py ), has a maximal solution in £, which is in-
creasing with respect to \, and [L.

THEOREM 7.3. Assume that K* <0, f, satisfies (f1), (f2), and g, satisfies (gl), (g2).
Then (Py. ), has a unique solution u;, ,, € £, for any A, i > 0. Moreover, u;_,,, is increas-
ing with respect to ,, and |.

© 0o N o 0o A O N =

A A A B D B W OOW W W W W W W WWN NN NN NN DNDDNN S22 d s a
a A W N =2 O © © N O O B ON =< O © 0 N O 0o & WN - O © 0w N O 0o » W N = O



© O N O 0o b O N =

552 V.D. Radulescu

Theorems 7.2 and 7.3 also show the role played by the sublinear term f and the sign
of K(x). Indeed, if f becomes linear then the situation changes radically. First, by the
results established by Crandall, Rabinowitz and Tartar [35], the problem

—Au—u%=—-u inS2,
u>0 in £2,
u=20 on 0f2

has a solution, for any « > 0. Next, as showed in Chen [19], the problem

—Au+u%=u in$2,
u>0 in £2,
u=~0 on 452

has no solution, provided 0 < o < 1 and A1 > 1 (that is, if £2 is “small”’), where A| denotes
the first eigenvalue of (—A) in H(} (£2).

THEOREM 7.4. Assume that K* > 0 > K, f satisfies (f1), (f2) and g verifies (g1), (g2).
Then there exists Ay, j1s > 0 such that (P, ), has at least one solution uy_, € €, if A > Ay,
or | > . Moreover, for A > Ay OF (L > [y, Uy, y IS increasing with respect to A and (4.

Before giving the proofs, we state some auxiliary results.
Let ¢ be the normalized positive eigenfunction corresponding to the first eigenvalue A
of the problem

—Au=2Xiu in £
{ w=a s, (7.119)
u=0 on 9s52.
LEMMA 7.5 (Lazer and McKenna [68]). fg ¢, * dx < +oo0, ifand only if s < 1.
Next, we observe that the hypotheses of Lemmas 6.2 and 6.3 are fulfilled for
Dy u(x,8) =Af (x,5) + ph(x), (7.120)
Yulx,s) =Af(x,s) — K(x)g(s) + ph(x), provided K*<O. (7.121)

LEMMA 7.6. Let f, satisfying (f1), (f2), and g, satisfying (g1), (g2). Then there exists
A > 0, such that the problem

—Av+g() =Af(x,v) + ph(x) in$2,
v>0 in §2, (7.122)
v=0 on 082.

has at least one solution v, € £, for all A > X, and for any p > 0.
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PROOF. Let A, i > 0. According to Lemmas 6.2 and 6.3, the boundary value problem

—AU =Af(x,U)+ pnh(x) in £2,
U=>0 in £2, (7.123)
U=0 on 452

has a unique solution U, , € C27(£22) N C(2). Then U, = Uy, is a super-solution
of (7.122). The main point is to find a sub-solution of (7.122). For this purpose, let
H [0, 00) — [0, o0), be such that

{ H'(t)=g(H(t)), forallt>0, (7.124)

H'(0) = H(0) =0.
Obviously, H € C%(0, o0) N C'[0, 00) exists by our assumption (g2). From (7.124) it fol-
lows that H”, is nonincreasing, while H and H’ are nondecreasing on (0, c0). Using

this fact and applying the mean value theorem, we deduce that for all # > 0, there exists
gl, €2 € (0,1), such that

Ht) H@®O—-HO)

H'(8') < H'(1);

t t—0
H’ H'(t)— H'(0
t(t) — (tz 0 ( ) — H//(%_IZ) 2 H”(l‘).

The above inequalities imply
H@t) <tH'(t) <2H(t), forallt>0.

Hence

tH' (1)
< <2, forallt>0. (7.125)
H (1)

On the other hand, by (g2), and (7.124), there exists n > 0, such that

{H(z)gao, for all € (0, ), 7.126)
H'(t) <CH (), forallse (0,n), '
which yields

H(@) <ct?@D forallr € (0, n), (7.127)

where ¢ > 0, is a constant.
Now we look for a sub-solution of the form v ; w=MH (1), for some constant M > 0.
We have
—Av; , +g(v,,) = MH @)1 + g(MH(1) — Mg(H (1) IV
in £2. (7.128)
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Take M > 1. The monotonicity of g, leads to
g(MH@)) <g(H(p)) ing,

and, by (7.128),

—Av; , +8(v, ) SMMH (¢1)¢1 + g(H@)) (1 — M|V ]?)
in £2. (7.129)

We claim that
—Av; , +e(v; ) <20MH (p1)¢1 in 2. (7.130)
Indeed, by Hopf’s maximum principle, there exists § > 0, and w € §2, such that

Vo124 in2\w,

¢1=26 inow.
On £\ w, we choose M > M| =max{1,82}. Then, by (7.129) we obtain

—Av; , +8v; ) <SMMH ()¢ in 2\ w. (7.131)
Fix M > max{M, g(H(8))/(A1 H'(8)8)}. Then

g(H(p1) <g(H®) <AMMH'(8)8 <MMH' (91)¢1 in .
From (7.129) we deduce

—Av; , +e(v; ) <2MMH (91)¢1 inw. (7.132)

Hence our claim (7.130) follows from (7.131) and (7.132).
Since ¢ > 0, in §2, from (7.125) we have

< H'(¢p1)¢1 <
H(¢1)

Thus, (7.130) and (7.133) yield

in £2. (7.133)

~Av, , +8(v; ) SAMMH($) =40y, , inf2. (7.134)

Take A = 4)\1c_1|y)h#|oo, where ¢ = inf, g f(x, [V, ulo0) > 0. If A > A, the assump-
tion (f1), produces

LGV NPT (CH I

=

>4A, forallxe 2.
Q)L,M |2)L,;,L|OO
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This combined with (7.134) gives
—Av, , +8v; ) <Af(x v, ,) inf2.

Hence v, . is a sub-solution of (7.122), for all A > X, and p > 0.
We now prove that Vyu € &, that is g(yk’u) € Ll(.Q). Denote

20={x € 2; p1(x) <n}.
By (7.126) and (7.127) it follows that

- —2a/(1 .
g(v,,) =g(MH@$D) < g(H(@)) < CH *($1) < Cod; /" in 2,
8(v,,) <g(MH®)) in 2\ Q.
These estimates combined with Lemma 7.5 yield g(gk,ﬂ) e L1(£2), and so AEA,M €
L(£2). Hence
AUy + Pop(x, 0 ) KOS ALy |+ Pop(x, vy ) InS2,
Voo Uy, >0 in £,
Uy =Unu ORI,
Av, , €L'(2).
By Lemma 6.3, it follows that v, , < U, on £2. Now, standard elliptic arguments guaran-

tee the existence of a solution vy, € C2(£2) N C(£2), for (7.122) such that Uy SUip <

Up, s iN 2. Since Vo€ &, by Remark 5 we deduce that v, ;, € £. Hence, for all A > X,
and p > 0, problem (7.122) has at least a solution in £. The proof of Lemma 7.6 is now
complete. ]

We shall often refer in what follows to the following approaching problem of (P ,):

—Au+ K(x)g(u) =1f(x,u) + ph(x) in$2,
in £2, (P]i,u)
on 052,

o

u >

ol

u =

where k, is a positive integer. We observe that any solution of (P, ,), is a sub-solution
of (P§ ).

PROOF OF THEOREM 7.1. Suppose to the contrary that there exists A and u such that
(Py, ), has a solution u;_ , € £ and let U,, ;,, be the solution of (7.123). Since

AUA,;L + CDX,/L(X, U)L,,u.) <0< AMA,M + CDA,;L(X’ u)»,u) in £2,

by Lemma 6.3 we get uy , < Uy, in 2.
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Consider the perturbed problem

—Au+K,.glu+e)=rf(x,u)+ pnh(x) in$2,
u>0 in £2, (7.135)
u=0 on df2.

Since K > 0, it follows that u; ., and U, ,, are sub and S@er—solution for (7.135),
respectively. So, by elliptic regularity, there exists u, € C>Y (£2), a solution of (7.135)
such that

pu Sueg KUy, in 2. (7.136)
Integrating in (7.135) we deduce
—/ Augdx + K*/ gus +e)dx = / [Af(x, ug) + uh(x)] dx.
Q Q Q
Hence
oy
— —ds + K, glus +e)dx < M, (7.137)
9 on 7]

where M > 0, is a constant. Since du./dn < 0 on 9£2, relation (7.137) yields
K*/ glugs +e)dx < M,
Q
and so K, f_Q gWy,u +€)dx < M. Thus, for any compact subset w € £2, we have
K*/ g(UA,M +e)dx <M.
w
Letting ¢ — 0, the above relation leads to K fw gy, ) dx < M. Therefore

K*/ g(Up)dx < M. (7.138)
2

Choose § > 0, sufficiently small and define 25 := {x € §2; dist(x, 9£2) < §}. Taking
into account the regularity of domain, there exists k > 0, such that

U, <kdist(x,082) forall x € £2;.

Then

f g(Uw)dng g(UA,M)dng g(kdist(x, 0£2)) dx = +o0,
2 s 25
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which contradicts (7.138). It follows that the problem (P; ,.), has no solutions in &, and
the proof of Theorem 7.1 is now complete. (|

Using the same method as 1 in Zhang [93, Theorem 2], we can prove that (P, ,), has
no solution in C2(£2) N C'($2), as it was pointed out in Choi, Lazer and McKenna [21,
Remark 2].

PROOF OF THEOREM 7.2. We split the proof into several steps. B
Step 1. Existence of the solutions of (Py ), for A, large. By Lemma 7.6, there exists A,
such that for all A > A, and p > 0, the problem

—Av+ K*g(v) =Af(x,v) + uh(x) in$2,
v>0 in £2,
v=0 onods2,

has at least one solution vy, , € £. Then v = vy, + 1/k, is a sub-solution of (Pi,u)’ for
all positive integers k > 1. o
From Lemma 6.2, let w € C%7 (£2), be the solution of

—Aw=Af(x,w)+ ph(x) in$2,

w >0 in £2,
w=1 on 0f2.

It follows that w, is a super-solution of (PI){’ M), forall k > 1, and

Aw+ Dy, (x,w) KO Avy + Dy, (x,v1) in £2,
w,v; >0 in 2,
w=v; onas2,

Av; € LY ().

Therefore, by Lemma 6.3, 1 <v; < win 2. Standard elhptlc arguments imply that there

exists a solution ”x € C27(2) of (P ) such that v; < ul < w, in 2. Now, taking

)1‘ w and vy, as a pair of super and sub- solutlons for (P u)’ we obtain a solution u% u€

C2Y(§2) of (Pi_’ ,0)» such that vy < uiu < u}\#, in £2. In this manner we find a sequence
{u? u}’ such that

u

<ulZl<w in@. (7.139)

Define u;,, ;, (x) = lim, o0 ACIB for all x € £2. Standard bootstrap arguments imply that

Uy, is a solution of (P ,,). From (7.139) we have v; , < u;,, < w in 2. Since v;, , € €,
by Remark 5 it follows that u; ,, € £. Consequently, problem (P;_ ), has at least a solution
in &, forall A > A, and u > 0.
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Step 11. Existence of the solutions of (P ), for u, large. Let us first notice that g,
verifies the hypotheses of Theorem 2 in Diaz, Morel, and Oswald [39]. We also remark
that the assumption (g2), and Lemma 7.5 is essential to find a sub-solution in the proof of
Theorem 2 in Diaz, Morel and Oswald [39].

According to this result, there exists iz > 0, such that the problem

—Av+ K*g(v) = ph(x) in £2,
v>0 in £2,
v=0 on 052,

has at least a solution v, € £, provided that x> 7. Fix A > 0, and denote vy = v, + 1/k,
k > 1. Hence vy, is a sub-solution of (P,)C», u)’ for all k > 1. Similarly to the previous step
we obtain a solution uy , € &, forall A > 0, and . > 1.

Step 111. Nonexistence for A, i, small. Let A, u > 0. Since K, > 0, the assumption (gl),
implies limg o Wy 4 (x, s) = —00, uniformly for x € 2. So, there exists ¢ > 0, such that

W) u(x,s) <0 forall (x,s) € 2 % (0,¢). (7.140)

Let s > c¢. From (f1), we deduce

WA’M(X’S)<)\f(x’S)+,bLh(X)<)\.f(x’C)+lbL|h|oo,
s s s c s

for all x € 2. Fix u < cA1/(2|h]so) and let M = sup,. . (f(x,c)/c) > 0. From the above
inequality we have

¥ u(x,s) A —
—_— <)LM+?, forall (x,s) € 2 X [¢, +00). (7.141)
s
Thus, (7.140) and (7.141) yield
A —
U u(x,s) <a(r)s + 75, for all (x,s) € £2 x (0, +00). (7.142)
Moreover, a(A) — 0, as A — 0. If (P, ,), has a solution u;_,, then
)\1/ uy , (x)dx < / Vit > dx = —/ s (X) Auj,_ (x) dx
2 2 2
< / u;hyu(x)llf(x, ux,u(x)) dx.
2

Using (7.142), we get

A
Al-/gui,ﬂ(x)dxé[a(k)—}—%}/ﬂuiu(x)dx.
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Since a(A) — 0, as A — 0, the above relation leads to a contradiction for A, i > 0, suffi-
ciently small.

Step IV. Existence of a maximal solution of (P;, ;). We show that if (P, ), has a solution
uy . € &, then it has a maximal solution. Let A, u > 0, be such that (P, ,), has a solution
uyu € E.1f Uy, is the solution of (7.123), by Lemma 6.3 we have uj , < Uy 4, in Q.
For any j > 1, denote

1
;= {x € §2; dist(x, 082) > —,}.
J

Let Uyp = Uy, and U}, be the solution of
{ —AL+K@)gWUj-1) = Af (x, Uj1) + ph(x)  in 2,
;=Uj in 2\ £2;.
Using the fact that ¥, ,,, is nondecreasing with respect to the second variable, we get
up, <Uj<Uj_1 <Up inS2.

Ifuy ,(x) =limj 0o Uj(x), forall x € £2, by standard elliptic arguments (see Gilbarg and
Trudinger [55]) it follows that u; _,, is a solution of (P, ,). Since u; _, < u;, ., in 2, by
Remark 5 we have u;_,, € £. Moreover, i), ,, is a maximal solution of (P ;).

Step V. Dependence on X, and . We first show the dependence on A, of the maximal
solution u;, ,, € €, of (Py ;). For this purpose, fix u > 0, and define

A= {A > 0; (Py,,) has at least a solution u)_, € 5}.

Let A, = inf A. From the previous steps we have A # @, and A, > 0. Let Ay € A, and ity ,,
be the maximal solution of (P, ). We prove that (A1, +00) C A. If A, > Ay, then ity g,
is a sub-solution of (P;, ,). On the other hand,

AUAZ,/L + ¢)\2,[L(xa U)Lz,//,) <0< AIZM,M + (pkz,u(xa ﬁk],/j,) in £2,

Ukz,,u,lx_i)hl’u>0 in Q,

Uy py 2y, onos2,

Aity, , € L'(82).

By Lemma 6.3, uy, ; < Uj, 4, in 2. In the same way as in Step IV we find a solution
Upy,u € E, of (P;, ) such that

Upyp SUpgu S Upyyp 0 82,

Hence A2 € A, and so (A4, +00) C A. If u;, , € &, is the maximal solution of (Py, ,.),
the above relation implies i, , < iix, ., in §2. By the maximum principle, it follows that
Wy ,u <Unyu,in £2.So, uy ,, is increasing with respect to A.
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To prove the dependence on u, we fix A > 0, and define
= {u > 0; (P, ) has at least one solution u; , € £}.

Let w4 = inf B. The conclusion follows in the same manner as above. The proof of Theo-
rem 7.2 is now complete. U

PROOF OF THEOREM 7.3. Let A, > 0. We recall that the function ¥ ,, defined
in (7.121) veriﬂes the hypotheses of Lemma 6.2, since K* < 0. So, there exists uy , €
C%Y(£2) N C(£2) a solution of Py, ). If Uy, i, s the solution of (7.123), then

Auy o+ Do, up ) KOS AUy + Py (x, Uy ) in £2,

U, s U)»,M >0 in .Q,

Uy = U)»,IL =0 onodf2.

Since AUy, € L), by Lemma 6.3 we get u), , = U, 4, in Q.
We claim that there exists ¢ > 0, such that

Uy =>cp1 in 2. (7.143)
Indeed, if not, there exists {x,} C 2, and &, — 0, such that

(Up,u — €nd1)(x5) < 0. (7.144)
Moreover, we can choose the sequence {x,}, with the additional property

V(Ui = end1)(xn) = 0. (7.145)

Passing eventually at a subsequence, we can assume that x, — xg € 2. From (7.144) it
follows that U;, ,(xo) < 0, which implies U, ,(xo) = 0, that is xo € 0£2. Furthermore,
from (7.145) we have VU, ,(xg) = 0. This is a contradiction since (0U, ,/9n)(xg) <O,
by Hopf’s strong maximum principle. Our claim follows and so

Wy 2 Up>chr in Q. (7.146)

Then, g(uy ;) < g(Ux,u) < g(cgr) in 2. From the assumption (g2), and Lemma 2.2 (us-
ing the same method as in the proof of Lemma 7.6) it follows that g(c¢;) € L'(£2). Hence
Uy € E.

Let us now assume that u i w u% € 5 are two solutions of (P, ,). In order to prove the
uniqueness, it is enough to show that u! o = u? S0 D £2. This follows by Lemma 6.3.

Let us show now the dependence on k of the solution of (Py,,). For this purpose, let
0 <A1 <Az, and uy, 4, Uy, u, be the unique solutions of (P, ), and (P;, ), respectively,
with p > 0, fixed. Since uy, ., Uz, . € €, and

Aty o+ Py (X, sy, 1) O Aty + Poy, (X, Uy ) I £2,
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in virtue of Lemma 6.3 we find u;, , < uy,, ;. in 2. So, by the maximum principle,
Uy < Upyp,in £2.
The dependence on p, follows similarly. The proof of Theorem 7.3 is now complete. [J

PROOF OF THEOREM 7.4. Step 1. Existence. Using the fact that K* > 0, from Theo-
rem 7.2 it follows that there exists Ay, iy > 0, such that the problem

—Av+ K*g(v) = Af(x,v) + ph(x) in £,
v>0 in £2,
v=20 onds2,

has a maximal solution vy, € &, provided A > Ay, or > 4. Moreover, vy ,, is increas-
ing with respect to A, and p. Then vy = vy, + 1/k, is a sub-solution of (Pi,u)’ for all
k > 1. On the other hand, by Lemma 6.2, the boundary value problem

—Aw+ K,g(w) =Af(x,w) + pnh(x) in 2,
w >0 in £2,

w:% on d52.

has a solution wy € C27 (2). Obviously, w, is a super-solution of (Pl)i.u)'
Since K* > 0 > K, we have '

Awg + Dy (x, w) <O Avg + Dy, (x,vr)  in €2,
and

wi, U >0 in £2,
wry =vr onads2,

Avi € L1 (92).

From Lemma 6.3 it follows that v; < wy, in £2. By standard super and sub-solution argu-
ment, there exists a minimal solution ui u € CZ'V(.Q) of (Pi M) such that v < u}\ " <wy,

in 2. Now, taking u i w and vy, as a pair of super and sub-solutions for (Pi M), we deduce
that there exists a minimal solution “x e C%v (52) of (P ), such that vy < u% u < ui w
in 2. Arguing in the same manner, we obtain a sequence {u]; u}’ such that

v <ub , <ufl<w ing2. (7.147)
Define uy ; (x) = limg_, o0 uk (x), for all x € £2. With a similar argument to that used
in the proof of Theorem 7.2, We find that u,_, € £, is a solution of (P, ,). Hence, prob-
lem (P, ,.), has at least a solution in &, provided that A > A, or & > 4.

Step 1. Dependence on A, and . As above, it is enough to justify only the depen-
dence on A. Fix Ay < A1 < A2, > 0 and let uy, ., Uy, € € be the solutions of (Py, ,.),
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and (P;,, ), respectively that we have obtained in Step I. It follows that uf{z, w is a super-
solution of (P])‘m u)' So, Lemma 6.3 combined with the fact that vy ,, is increasing with
respect to A > A, yield

1 1
u]?(»z,u Z U+ % Z Uyt ;i 2.

k k . - . k . o . . k . .
Thus, Uy, 1 > Uy, o miZ, since uy . is the minimal solutl_on of (PM’#), which satisfies
ul)‘\l’ﬂ 2 vy, + 1/k in 2. It follows that u;, ,, 2> u, , in £2. By the maximum principle

we deduce that uy, ;, > uy, , in £2. This concludes the proof. O

8. Bifurcation and asymptotics for the singular Lane-Emden-Fowler equation with
a convection term

Let 2 C RV (N > 2) be a bounded domain with a smooth boundary. In this section we are
concerned with singular elliptic problems of the following type

—Au=gu)+ArlVul? + uf(x,u) in$2,
u>0 in 2, (8.148)
u=0 on 052,

where 0 < p <2 and A, u > 0. As remarked by Choquet-Bruhat and Leray [22] and by
Kazdan and Warner [62], the requirement that the nonlinearity grows at most quadratically
in |Vu| is natural in order to apply the maximum principle.

Throughout this section we suppose that f 182 % [0, 00) — [0, 00) is a Holder continu-
ous function which is nondecreasing with respect to the second variable and is positive on
2 x (0, 00). We assume that g:(0,00) — (0, 00) is a Holder continuous function which
is nonincreasing and lim,\ o g(s) = +o0.

Many papers have been devoted to the case A = 0, where the problem (8.148) becomes

—Au=gu)+ pnf(x,u) in$2,
u=>0 in £2, (8.149)
u=0 on 0s2,

If u =0, then (8.149) has a unique solution (see Crandall, Rabinowitz and Tartar [35],
Lazer and McKenna [68]). When u > 0, the study of (8.149) emphasizes the role played by
the nonlinear term f(x, u). For instance, if one of the following assumptions are fulfilled

(f1) there exists ¢ > 0 such that f(x, s) > cs for all (x, s) € £2 x [0, 00);

(f2) the mapping (0,00) > s > f(x,s)/s is nondecreasing for all x € 2, then
problem (8.149) has solutions only if > 0 is small enough (see Coclite and
Palmieri [34]). In turn, when f satisfies the following assumptions

(f3) the mapping (0, 00) 3 s — f(x,s)/s is nonincreasing for all x € £2;
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(f4) limy_ oo f(x,s)/s =0, uniformly for x € £2, then problem (8.149) has at least one
solutions for all i > 0 (see Coclite and Palmieri [34], Shi and Yao [86] and the
references therein). The same assumptions will be used in the study of (8.148).

By the monotonicity of g, there exists

a= lim g(s) € [0, 00).
§—> 00

The main results in this section have been obtained by Ghergu and Radulescu [53,54].

We are first concerned with the case A = 1 and 1 < p < 2. In the statement of the fol-
lowing result we do not need assumptions (f1)-(f4); we just require that f is a Holder
continuous function which is nondecreasing with respect to the second variable and is pos-
itive on £2 x (0, 00).

THEOREM 8.1. Assume A =1and 1 < p <2.
() If p=2and a > Ay, then (8.148) has no solutions;
i) If p=2anda < i or1 < p <2, then there exists u* > 0 such that (8.148) has at
least one classical solution for (1 < u* and no solutions exist if > u*.

If x=1and 0 < p < 1 the study of existence is close related to the asymptotic behavior
of the nonlinear term f(x, u). In this case we prove

THEOREM 8.2. Assume A =1and 0 < p < 1.
(1) If f satisfies (f1) or (f2), then there exists u* > 0 such that (8.148) has at least one
classical solution for u < u* and no solutions exist if u > u*;
(i) If0 < p < 1 and f satisfies (f3), (f4), then (8.148) has at least one solution for all
n=0.

Next we are concerned with the case p = 1. Our result is the following

THEOREM 8.3. Assume w =1 and f satisfies assumptions (f3) and (f4). Then the follow-
ing properties hold true.
(1) If0 < p < 1, then (8.148) has at least one classical solution for all ) > 0;
(i) If 1 < p < 2, then there exists A* € (0, 0o] such that (8.148) has at least one clas-
sical solution for . < A* and no solution exists if . > A*. Moreover, if 1| < p <2,
then \* is finite.

Related to the above result we raise the following open problem: if p=1and u =1, is
A* a finite number?

Theorem 8.3 shows the importance of the convection term A|Vu|? in (8.148). Indeed,
according to Theorem 7.3 and for any u > 0, the boundary value problem

—Au=u"%4+AVul? +puf in 2,
u=>0 in £2, (8.150)
u=2~0 on 082
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has a unique solution, provided A =0, «, 8 € (0, 1). The above theorem shows that if
A is not necessarily 0, then the following situations may occur: (i) problem (8.150) has
solutions if p € (0, 1) and for all A > 0; (ii) if p € (1, 2) then there exists A* > 0 such that
problem (8.150) has a solution for any A < A* and no solution exists if A > A*.

To see the dependence between A and p in (8.148), we consider the special case f =1
and p = 2. In this case we can say more about the problem (8.148). More precisely we
have

THEOREM 8.4. Assume that p =2 and f = 1.

(i) The problem (8.148) has solution if and only if M(a + n) < A1;

(i1) Assume u > 0 is fixed, g is decreasing and let \* = L1 /(a + ). Then (8.148) has
a unique solution u;, for all . < \* and the sequence (u,)) <) is increasing with
respect to A. Moreover, if limsupy (s*g(s) < +o00, for some a € (0, 1), then the
sequence of solutions (u;)o<)<a+ has the following properties
(iil) For all 0 < A < A™ there exist two positive constants cy, ¢y depending on )\

such that c dist(x, 082) < u; < cpdist(x, 082) in £2;

(ii2) uy € CH12(2) N C*(2);
(1i3) uy — +oo as A 7 A*, uniformly on compact subsets of §2.

As regards the uniqueness of the solutions to problem (8.148), we may say that this does
not seem to be a feature easy to achieve. Only when f(x, u) is constant in # we can use
classical methods in order to prove the uniqueness. It is worth pointing out here that the
uniqueness of the solution is a delicate issue even for the simpler problem (8.149). We have
already observed that if f fulfills (f3), (f4) and g satisfies the same growth condition as
in Theorem 8.4, then this solution is unique, provided that problem (8.149) has a solution.
On the other hand, if f satisfies (f2), the uniqueness generally does not occur. In that
sense we refer the interested reader to Haitao [58]. In the case f(x,u) =u?, gu) =u"7,
O<y<l1l/Nand1l<gq < (N+2)/(N —2), we learn from [58] that problem (8.149) has
at least two classical solutions provided p belongs to a certain range.

Our approach relies on finding of appropriate sub- and super-solutions of (8.148). This
will allows us to enlarge the study of bifurcation to a class of problems more generally
to that studied in Zhang and Yu [95]. However, neither the method used in [95], nor our
method gives a precise answer if A* is finite or not in the case p =1 and u = 1.

We start with some auxiliary results.

Let ¢; be the normalized positive eigenfunction corresponding to the first eigenvalue A
of (—A) in HO1 (£2). As it is well known A1 > 0, ¢ € C?(2) and

C dist(x, 82) < g1 < Cadist(x, 882) in 2, (8.151)

for some positive constants C1, C2 > 0. From the characterization of A; and ¢ we state
the following elementary result. For the convenience of the reader we shall give a complete
proof.
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LEMMA 8.5. Let F:£2 x (0,00) — R be a continuous function such that F(x,s) >
AS + b for some b > 0 and for all (x,s) € 2 x (0, 00). Then the problem
—Au=F(x,u) inS$2,
u>0 in $2, (8.152)
u=0 on 052,

has no solutions.

PROOF. By contradiction, suppose that (8.152) admits a solution. This will provide a
super-solution of the problem
—Au=Xu+b in$2,
u>0 in £2, (8.153)
u=0 on ds2,
Since 0 is a sub-solution, by the sub and super-solution method and classical regularity

theory it follows that (8.152) has a solution u € C?(£2 ). Multiplying by ¢ in (8.153) and
then integrating over 2, we get

—/ ¢1AM=K1/¢1M+b/ o1,
Q Q Q

that is A [, @1u = A1 [ @1u + b [, @1, which implies [, ¢; = 0. This is clearly a con-
tradiction since ¢ > 0 in £2. Hence (8.152) has no solutions. O

According to Lemma 6.2, there exists ¢ € C2(£2) a solution of the problem

—A;=g(¢) in$2,
>0 in 2, (8.154)
=0 on d42.
Clearly ¢ is a sub-solution of (8.148) for all A > 0. It is worth pointing out here that the
sub-super solution method still works for the problem (8.148). With the same proof as in

Zhang and Yu [95, Lemma 2.8] that goes back to the pioneering work of Amann [3] we
state the following result.

LEMMA 8.6. Let A, u > 0. If (8.148) has a super-solution u € C2(£2) N C(£2) such that
¢ < uin 82, then (8.148) has at least a solution.

LEMMA 8.7 (Alaa and Pierre [1]). If p > 1, then there exists a real number ¢ > 0 such
that the problem

—Au=1|Vul? +0 in $2,
(8.155)

u=~0 on 082,

has no solutions for o > &.
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LEMMA 8.8. Let F: 82 x (0, 00) — [0, 00) and G : (0, 00) — (0, 00) be two Hélder con-
tinuous functions that verify

(A1) F(x,s)>0,forall (x,s) € 2 x (0,00);

(A2) The mapping [0, 00) 3 s — F(x, s) is nondecreasing for all x € £2;

(A3) G is nonincreasing and limy\ o G(s) = +o00.
Assume that T > 0 is a positive real number. Then the following holds.

(1) If tlimg— o G(s) > A1, then the problem

—Au=Gw)+1|Vul> + pnF(x,u) in$2,
u=>0 in 2, (8.156)
u=>0 on 052,

has no solutions.

(11) If tlimg_ 00 G(s) < A1, then there exists (L > 0 such that the problem (8.156) has
at least one solution for all 0 < u < [i.

PROOF. (i) With the change of variable v = e™ — 1, the problem (8.156) takes the form

—Av=Y,(x,u) in$2,
v>0 in £2, (8.157)
v=0 on 052,

where
Y (x,s)=1t(s + 1)G<%ln(s + 1)) + ut(s + 1)F<x, %ln(s + 1)),

for all (x, s) € £2 x (0, 00).
Taking into account the fact that G is nonincreasing and 7 lims_, o, G(s) > A1, wWe get

Y, (x,8) = A(s+1) in 2 x (0, 00), forall > 0.

By Lemma 8.5 we conclude that (8.157) has no solutions. Hence (8.156) has no solutions.
(ii) Since

(s + DG((1/)In(s + 1)) + 1
<A

§— 400 Ky

1

and

. T+ DG(1/t)In(s + 1)) + 1
lim =400
sN\O s
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we deduce that the mapping (0,00) 3 s — (s + DG ((1/7)In(s + 1)) + 1 fulfills the
hypotheses in Lemma 6.2. According to this one, there exists v € C 2(2)NC(2) asolution
of the problem

—Av=t(w+1)G(A/t)In(v+1)+1 in £,
v>0 in £2,
v=0 in 082.

Define

N 1
T (e + D) max, .5 F(x, (1/0) In([[v]loc + D)

It follows that v is a super-solution of (8.157) for all 0 < p < [.
Next we provide a sub-solution v of (8.157) such ihat v < vin £2. To this aim, we apply
Lemma 6.2 to get that there exists v € C2(£2) N C(2) a solution of the problem

—Av=1G((1/t)In(v+1)) in £,
v>0 in £2,
v=>0 on d52.

Clearly, v is a sub-solution of (8.157) for all 0 < p < . Let us prove now that v < v in £2.
Assuming the contrary, it follows that max  5{v — v} > 0 is achieved in £2. At that point,
say xo, we have

0<—A(v—v)(xo0)

1 1,
< t[G(;ln(y(xo) + 1)) — G(;ln(v(xo) + 1))] —1<0,

which is a contradiction. Thus, v < v in £2. We have proved that (v, v) is an ordered pair
of sub-super solutions of (8.157) provided 0 < u < . It follows that (8.156) has at least
one classical solution for all 0 < u < [t and the proof of Lemma 8.8 is now complete. [J

PROOF OF THEOREM 8.1. According to Lemma 8.8(i) we deduce that (8.148) has no
solutions if p =2 and a > A;. Furthermore, if p =2 and a < A1, in view of Lemma 8.8(ii),
we deduce that (8.148) has at least one classical solution if p is small enough. Assume now
1 < p <2 andletus fix C > 0 such that

aCPl? y cP=! < ;. (8.158)

Define

p
W - [0, 50) = [0, 00), xp(s)zs;?.
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A careful examination reveals the fact that ¢ attains its maximum at § = (Cp/(2 — p))>~P.
Hence

pPl2@2 — p)C—p/2
2C1-pr/2 ’

Y <yYE) = forall s > 0.

By the classical Young’s inequality we deduce

pP/2(2 _ p)(2—p)/2 <2,
which yields ¥ (s) < CP/2=1 forall s > 0. Thus, we have proved

sP < P22 4 P71 foralls > 0. (8.159)
Consider the problem

—Au=g(u)+ CP2 4 CP2|\Vu|? + uf (x,u) in £,
u=>0 in £2, (8.160)
u=0 on 052,

By virtue of (8.159), any solution of (8.160) is a super-solution of (8.148).
Using now (8.158) we get

lim CP/2(g(u) + CP/* 1) < Ay
§—>00

The above relation enables us to apply Lemma 8.8(ii) with G(s) = g(s) + C P/2=1 and
T = CP/2. 1t follows that there exists i > 0 such that (8.160) has at least a solution u.
With a similar argument to that used in the proof of Lemma 8.8, we obtain { < u in £2,
where ¢ is defined in (8.154). By Lemma 8.6 we get that (8.148) has at least one solution
ifO< < pt.

We have proved that (8.148) has at least one classical solution for both cases p =2 and
a<Xtiorl < p<?2, provided u is nonnegative small enough. Define next

A = {u > 0; problem (8.148) has at least one solution}.

The above arguments implies that A is nonempty. Let u* = sup A. We first show that
[0, u*) € A. For this purpose, let 11 € A and 0 < o < ug. If uy,, is a solution of (8.148)
with & = 1, then u,,, is a super-solution of (8.148) with u = u,. It is easy to prove that
¢ <uy, in £2 and by virtue of Lemma 8.6 we conclude that the problem (8.148) with
W = o has at least one solution.

Thus we have proved [0, u*) € A. Next we show u* < +o0.

Since limy\ o g(s) = +00, we can choose so > 0 such that g(s) > o for all s < s¢. Let

o
o= —"—""-7+H+—+—.
min, ¢ f(x, so)
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Using the monotonicity of f with respect to the second argument, the above relations
yields

g(s) +uf(x,s) =6, forall (x,s)e 2 x (0,00) and > po.

If (8.148) has a solution for u > g, this would be a super-solution of the problem

Ay = Pis i
{ Au=|Vu|P +5 in$2, 8.161)

u=>0 on d52.

Since 0 is a sub-solution, we deduce that (8.161) has at least one solution. According to
Lemma 8.7, this is a contradiction. Hence u* < g < +00. This concludes the proof of
Theorem 8.1. O

PROOF OF THEOREM 8.2. (i) We fix p € (0, 1] and define

p+1 if0<p<l,

q:qw):{yz ifp=1.

Consider the problem

—Au=gu)+1+|Vul?+ nf(x,u) in$2,
u>0 in £2, (8.162)
u=>~0 on ds2.

Since s < s7 + 1, for all s > 0, we deduce that any solution of (8.162) is a super-solution
of (8.148). Furthermore, taking into account the fact that 1 < g < 2, we can apply Theo-
rem 8.1(ii) in order to get that (8.162) has at least one solution if u is small enough. Thus,
by Lemma 8.6 we deduce that (8.148) has at least one classical solution. Following the
method used in the proof of Theorem 8.1, we set

A ={u > 0; problem (8.148) has at least one solution}
and let ©* = sup A. With the same arguments we prove that [0, u*) € A. It remains only
to show that u* < +o0.

Let us assume first that f satisfies (f1). Since lim,\ o g(s) = +00, we can choose o >
2\1/c, such that %uocs 4+ g(s) > 1 forall s > 0. Then

g+ uf(x,s) 2rs+1, forall (x,s) € 2 % (0,00) and > po.
By virtue of Lemma 8.5 we obtain that (8.148) has no classical solutions if © > ug, so u*
is finite.

Assume now that f satisfies (f2). Since limy\ o g(s) = +00, there exists so > 0 such that

g(s) = r(s+1) forall0<s < sp. (8.163)
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On the other hand, the assumption (f2) and the fact that £2 is bounded implies that the
mapping

min, & f(x,s)

0,00) >
( ) D5 > P

is nondecreasing, so we can choose i > 0 with the property

- min, & f(x,s)

> )1 foralls > sp. 8.164
S 1 foralls > sg ( )

Now (8.163) combined with (8.164) yields
g(s) + uf(x,8) =r1(s+1), forall (x,s) €2 x (0,00) and u > fi.

Using Lemma 8.5, we deduce that (8.148) has no solutions if u > ji, that is, u™ is finite.
The first part in Theorem 8.2 is therefore established.
(ii) The strategy is to find a super-solution i, € Cz(.Q) N C(£2) of (8.148) such that
¢ <iiy, in £2. To this aim, let & € C2(0, n] N C[0, ] be such that

h'(@t)=—g(h(t)), forall0<t<n,
h(0) =0, (8.165)
h>0 in (0, n].

The existence of & follows by classical arguments of ODE. Since % is concave, there exists
K (0+) € (0, +00]. By taking n > 0 small enough, we can assume that 2’ > 0 in (0, n], so
h is increasing on [0, n].

LEMMA 8.9.
(i) h e C'[0, n] if and only if [, g(s)ds < +00;
(1) If 0 < p < 2, then there exist c1, ¢ > 0 such that

(WP (1) < crg(h(®) +ca,  forall0 <t <n.

PROOF. (i) Multiplying by 4’ in (8.165) and then integrating on [z, n], 0 < t < n, we get

n h(n)
(W) (0) = (W) (p =2 f g(h())h'(s)ds =2 /h . SO (8.166)
t t
This gives
(h)2(t) =2G (h(®)) + (W)* () forall0 <t <n, (8.167)

where G(1) = " g(s)ds. From (8.167) we deduce that #'(0+) is finite if and only if
G (0+) is finite, so (i) follows.
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(ii) Let p € (0, 2]. Taking into account the fact that g is nonincreasing, the inequality
(8.167) leads to

(h)*(t) <2h(ng(h(®)) + (W)*(n), forall0 <t <n. (8.168)
Since s” < sZ+ 1, for all s > 0, from (8.168) we have

(WP (1) < clg(h(t)) 4+cp, forall0<rt<n (8.169)
where c; =2h(n) and ¢ = (W’ )2(77) + 1. This completes the proof of our lemma. U
PROOF OF THEOREM 8.2 COMPLETED. Let p € (0,1) and u > 0 be fixed. We also fix
¢ >0 such that c||¢1]lcc < 1. By Hopf’s maximum principle, there exist § > 0 small
enough and 6; > 0 such that

Vil >0 in £2s, (8.170)

where 25 := {x € £2; dist(x, 9§2) < §}.
Moreover, since limg\ o g(h(s)) = +00, we can pick § with the property

(c0)?g(h(cpr)) — 3uf (x, h(c)) >0 in £2s. (8.171)
Let 0, :=info\ @, ¢1 > 0. We choose M > 1 with

M(cH))* > 3, (8.172)
Mchah (cllgillos) > 3g(h(c6)). (8.173)

Since p < 1, we also may assume

(M) P 1 () 7P (cligiloo) = 31V 15 (8.174)
On the other hand, by Lemma 8.9(ii) we can choose M > 1 such that

3(H (ce1))” < M'™P(co)* Pg(h(cpr)) in $25. (8.175)
The assumption (f4) yields

3uf @, shellpnlloe)) _

m 0.
§— 00 sh(clletlloo)

So we can choose M > 1 large enough such that

3uf . Mh(cllilloo)) _ chbah'(cllgilloo)
Mh(clle1lloo) h(cligrlioo)
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uniformly in 2. This leads us to
3uf(x, Mh(cll¢1 ||oo)) < Mc)q@zh’(cﬂgol”oo), for all x € £2. (8.176)

For M satisfying (8.172)-(8.176), we prove that u, = Mh(cg;) is a super-solution
of (8.148). We have

—Aity, = Mc*g(h(cp)) Vo1 |* + Mchigih' (cp1)  in £2. (8.177)
First we prove that
Mg (h(cp) Vo1 > > gli,) + Vi, |? + uf (@) in $2s. (8.178)
From (8.170) and (8.172) we get
%Mczg(h(c¢l))|v¢l|2 > g(h(cpr)) = g(Mh(cor))
=g(u,) in$2s. (8.179)

By (8.170) and (8.175) we also have

1 _ .
~Mc?g(h(coD)) V1> = (M) ()P (cp1 )| V1 P = |Vit,|P  in $25.

3
(8.180)
The assumption (f3) and (8.171) produce
1
T Mg (hiegn)IVorl® > uMf (x, hepn)
>/Lf(x,Mh(cg01)) in £25. (8.181)
Now, by (8.179), (8.180) and (8.181) we conclude that (8.178) is fulfilled.
Next we prove
Mchigpih'(cor) = g(uy) + Vi |? + pf(x,i,)  in 2\ $25. (8.182)

From (8.173) we obtain

1
gMC)vlfplh/(C(Pl) > g(h(cgr)) = g(Mh(cp1) =g(i,) in2\2s. (8.183)

From (8.174) we get

1 - .
§Mc)»1§01h’(0<p1) = (M) ()P (co)|Vr|” =|Vidy|? in 2\ £25.  (8.184)
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By (8.176) we deduce

1
gMCM‘Plh/(C(PI) > uf (x, Mh(cpr)) = wf (x, it,) in 2\ £25. (8.185)

Obviously, (8.182) follows now by (8.183), (8.184) and (8.185).

Combining (8.177) with (8.178) and (8.182) we find that %, is a super-solution
of (8.148). Moreover, ¢ <u, in £2. Applying Lemma 8.6, we deduce that (8.148) has
at least one solution for all i« > 0. This finishes the proof of Theorem 8.2. O

PROOF OF THEOREM 8.3. The proof case relies on the same arguments used in the proof
of Theorem 8.2. In fact, the main point is to find a super-solution u; € C 2(2)N(2)
of (8.148), while ¢ defined in (8.154) is a sub-solution. Since g is nonincreasing, the in-
equality ¢ < u; in §2 can be proved easily and the existence of solutions to (8.148) follows
by Lemma 8.6.

Define ¢,8 and 61,6, as in the proof of Theorem 8.2. Let M satisfying (8.172)
and (8.173). Since g(h(s)) — 400 as s \{ 0, we can choose § > 0 such that

(c61)2g(h(cpn) —3f (x, h(cgr)) >0 in 2s. (8.186)

The assumption (f4) produces

,sh —
im fx. shcligrlloo)) =0, uniformly for x € £2.
s—>oo sh(cllotlleo)

Thus, we can take M > 3 large enough, such that

fx, Mh(cllelloo)) - cA102h (cll@1lloo)
Mh(clo1llo) 3h(cllerlloo)

The above relation yields
3f(x, Mh(c||cp1 ||oo)) < Mcklézh’(cngol ||o<,), forall x € £2. (8.187)

Using Lemma 8.9(ii) we can take A > 0 small enough such that the following inequalities
hold

3AMPTH )P (c1) < g(h(epn)(c0)*™P in 25, (8.188)
201 (cllgrlloo) > 3A(M)P™ (B (c62) | Vi |5 (8.189)

For M and A satisfying (8.172)—(8.173) and (8.186)—(8.189), we claim that i = Mh(ce1)
is a super-solution of (8.148). First we have

—Aiiy, = Mc*g(h(cg))|Ver|* + Mchipih' (cp)  in £2. (8.190)
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Arguing as in the proof of Theorem 8.2, from (8.170), (8.172), (8.186), (8.188) and the
assumption (f3) we obtain

Mc*g(h(cp)IVeorl* > glit;) + AVt | + f(x,ii) in $2s. (8.191)
On the other hand, (8.173), (8.187) and (8.189) gives
Mcrigih'(cpr) = g(i3) + AV P + f(x, ;) in 2\ £2s. (8.192)

Using now (8.190) and (8.191)—(8.192) we find that u, is a super-solution of (8.148) so
our claim follows.

As we have already argued at the beginning of this case, we easily get that { < i, in
£2 and by Lemma 8.6 we deduce that problem (8.148) has at least one solution if A > 0 is
sufficiently small.

Set

A ={X > 0; problem (8.148) has at least one classical solution}.

From the above arguments, A is nonempty. Let A* = sup A. First we claim that if A € A,
then [0, 1) € A. For this purpose, let A} € A and 0 < A2 < . If uy, is a solution of (8.148)
with A = Ay, then uy, is a super-solution for (8.148) with A = A, while ¢ defined in (8.154)
is a sub-solution. Using Lemma 8.6 once more, we have that (8.148) with A = A, has at
least one classical solution. This proves the claim. Since A € A was arbitrary chosen, we
conclude that [0, A*) C A.

Let us assume now p € (1, 2]. We prove that A* < 4-c0. Set

m:= inf (g(s) + f(x, s)).
(x,s)€82 %x(0,00)

Since limg\ o g(s) = +o00 and the mapping (0, 00) > s = min, . f(x, s) is positive and
nondecreasing, we deduce that m is a positive real number. Let A > 0 be such that (8.148)
has a solution u;. If v = A/ ®=Dy, | then v verifies

—Av > |Vu|? + 2P Dy in 2,
v>0 in £2, (8.193)
v=0 on d52.

It follows that v is a super-solution of (8.155) for o = 21/ =Dyy Since 0 is a sub-solution,
we obtain that (8.155) has at least one classical solution for o defined above. According to
Lemma 8.7, we have 0 < &, and so A < (6/m)”_1. This means that A* is finite.

Assume now p € (0, 1) and let us prove that A* = 4-00. Recall that ¢ defined in (8.154)
is a sub-solution. To get a super-solution, we proceed in the same manner. Fix A > 0. Since
p <1 we can find M > 1 large enough such that (8.172), (8.173) and (8.187)—(8.189)
hold. From now on, we follow the same steps as above. The proof of Theorem 8.3 is now
complete. (I
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We remark that if fol g(s)ds < oo, then the above method can be applied in order to
extend the study of (8.148) to the case =1 and p > 2. Indeed, by Lemma 8.9(i) it fol-
lows h € C{0, n]. Using this fact, we can choose cy, ca > 0 large enough such that the
conclusion of Lemma 8.9(ii) holds. Repeating the above arguments we prove that if p > 2
then there exists a real number A* > 0 such that (8.148) has at least one solution if A < A*
and no solutions exist if A > A*.

PROOF OF THEOREM 8.4. (i) If A = 0, the existence of the solution follows by using
Lemma 6.2. Next we assume that A > 0 and let us fix u > 0. With the change of variable
v =e* — 1, the problem (8.148) becomes

—Av=@,(v) in 2,
v>0 in £2, (8.194)
v=_0 onas2,

where
D;.(s) = A(s + 1)g(% In(s + l)) +Aau(s + 1),

for all s € (0, 00). Obviously @, is not monotone but we still have that the mapping
(0, 00) 35 > D, (s)/s, is decreasing for all > > 0 and

@ @
im 229 s+ and tim 229 oo,
§—>—+00 Ky sN\O0 s

uniformly for A > 0.

We first remark that @, satisfies the hypotheses in Lemma 6.2 provided A(a 4+ u) < Ag.
Hence (8.194) has at least one solution.

On the other hand, since g > a on (0, c0), we get

D, () ZAla+pn)(s+1), forall A,s e (0,00). (8.195)

Using now Lemma 8.5 we deduce that (8.194) has no solutions if A(a + 1) > A1. The proof
of the first part in Theorem 8.4 is therefore complete.

(ii) We split the proof into several steps.

Step 1. Existence of solutions. This follows directly from (i).

Step 2. Uniqueness of the solution. Fix A > 0. Let u; and u; be two classical solutions
of (8.148) with A < A*. We show that u; < up in £2. Supposing the contrary, we deduce
that maxg{u1 —uz} > 0 is achieved in a point xo € §2. This yields V(1 — u2)(xo) = 0 and

0< —Aur —u2)(xo) = g(u1(x0)) — g(u2(x0)) <O,

a contradiction. We conclude that | < us in £2; similarly up < u;. Therefore u; = u; in
£2 and the uniqueness is proved.
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Step 3. Dependence on A. Fix 0 < A1 < Ay < A* and let u,,, uy, be the unique solutions
of (8.148) with A = A and A = A, respectively. If {x € £2; u;, > u,,} is nonempty, then
maxg{u;, —uy,} > 01is achieved in §2. At that point, say X, we have V(uy, —u;,)(x) =0
and

0 < —Auy, —t,)(F) = g(ur, () = g1, (©)) + (k1 = 22)[Vuy, [P (¥) <0,

which is a contradiction.

Hence u), <uy, in 2. The maximum principle also gives uj, < uy, in £2.

Step 4. Regularity. We fix 0 <A < ¥, u > 0 and assume that limsup (s*g(s) < +00.
This means that g(s) < c¢s™* in a small positive neighborhood of the origin. To prove
the regularity, we will use again the change of variable v = e** — 1. Thus, if u; is the
unique solution of (8.148), then v; = e*“ — 1 is the unique solution of (8.194). Since
lims\o(e“ — 1)/s = A, we conclude that (iil) and (ii2) in Theorem 8.4 are established if
we prove

(a) cpdist(x, 082) < vp(x) < cpdist(x, 982) in £2, for some positive constants ¢y, ¢ > 0.

(b) vy e CH172(2).

Proof of (a). By the monotonicity of g and the fact that g(s) < c¢s™% near the origin, we
deduce the existence of A, B, C > 0 such that

D, (s) <As+Bs “+C, forall0<A<A*ands > 0. (8.196)
Let us fix m > 0 such that mA1||¢1|lcc < Au. Combining this with (8.195) we deduce

—A, —me1) = D). (v) —mrigr 2 A —miigr 20 (8.197)
in £2. Since vy, — m¢g; =0 on 952, we conclude

vy =>me; in £2. (8.198)

Now, (8.198) and (8.151) imply v, > ¢ dist(x, 3§2) in §2, for some positive constant
¢1 > 0. The first inequality in the statement of (a) is therefore established. For the second
one, we apply an idea found in Gui and Lin [57]. Using (8.198) and the estimate (8.196),
by virtue of Lemma 7.5 we deduce @, (vy) € LY(£2), that is, Av, € L1(£2).

Using the smoothness of 92, we can find § € (0, 1) such that for all xg € 25 :=
{x € £2; dist(x, d£2) < 8}, there exists y € RV \ 2 with dist(y, d£2) = § and dist(xq, 32) =
lxo — y| — 4.

Let K > 1 be such that diam(£2) < (K — 1) and let £ be the unique solution of the
Dirichlet problem

—A§ =@,(§) in Bg(0)\ B1(0),
£>0 in Bg (0) \ B1(0),
§=0 on d(Bk (0) \ B1(0)),
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where B, (0) denotes the open ball in RV of radius r and centered at the origin. By unique-
ness, & is radially symmetric. Hence &(x) = £(]x|) and

E"+((N=1/r)é +®3(E)=0 in(l,K),
E>0 in (1, K), (8.199)
E(1)=£(K)=0.

Integrating in (8.199) we have
t
g/(t)zé/(a)aNfltlfN_tlfN/ rN71¢)L(§(r))dr
a

b
:g’(b)bN—lzl—N+z1—N/ N, (E(r) dr,

t

where 1 <a <t <b < K. With the same arguments as above we have @, (E) e L(1,K)
which implies that both £(1) and £(K) are finite. Hence & € C2(1, K) N C'[1, K. Fur-
thermore,

£(x) < Cmin{K — |x], |x| — 1}, forany x € Bx(0)\ B1(0). (8.200)
Let us fix xo € £25. Then we can find yg € RN \ 2 with dist(yp, 32) = § and

dist(xo, 3§2) = |xo — y| — &. Thus, £2 C Bgs(yo) \ Bs(yo). Define v(x) = &((x — y0)/9),
for all x € £2. We show that v is a super-solution of (8.194). Indeed, for all x € £2 we have

_ _ 1(., N-1g _
Av+®k(v)=8—2($ +T§)+¢A(S)

1/(., N-1 -
<+ —F+aH)
1) r
= 07
where r = |x — yg|/§. We have obtained that

AV+ @, () <O Avy + Dy (vy) in 82,
v,v, >0 in £2, v=uv,; onas2

Av;, € L1(£2).
By Lemma 6.3 we get v < v in §2. Combining this with (8.200) we obtain

_ X0 —yol |xo—yol
) ’ 8

~ c
v3.(x0) < B(xg) < Cmin{K 1} < 5 dist(xo, 092).

Hence v < (5 /8) dist(x, 0§2) in 25 and the second inequality in the statement of (a)
follows.
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Proof of (b). Let G be the Green’s function associated with the Laplace operator in £2.
Then, for all x € £2 we have

0 () = — /Q G (x, ), (2 () dy
and
VUA(X)=—/9Gx(x,)’)¢x(vx()’))d)’~

If x1, x2 € £2, using (8.196) we obtain
Vo (x1) — Vor ()| < / |G (x1. 3) — G (2. )| - (Avs + C) dy
2
+ B/ G (x1. ) — Gy (x2. )| - % (1) dy.
2

Now, taking into account that v; € C(£2), by the standard regularity theory (see Gilbarg
and Trudinger [55]) we get

/ |G (x1. 3) — G (x2. 3)| - (Avs + C)dy < & 1 — xal.
22

On the other hand, with the same proof as in [57, Theorem 1], we deduce
[ 16401 = Gtz |70 < by =l
Q

The above inequalities imply u; € C Z)ynchi-o(2).
Step 5. Asymptotic behavior of the solution. This follows with the same lines as in the
proof of Theorem 6.4. ]

We are concerned in what follows with the closely related Dirichlet problem

—Au+ Kx)g(u) +|Vul* =Arf(x,u) in £2,
u>0 in £2, (1)
u=>0 onds2,

where £2 is a smooth bounded domain in RV (N22),,>0,0<a<2and K € CO*V(ﬁ),
0 <y < 1. We assume from now on that f: £2 x [0, c0) — [0, c0) is a Holder continuous
function which is positive on £2 x (0, oo) such that f is nondecreasing with respect to the
second variable and is sublinear, in the sense that the mapping

f(x,s)

N

0,00) 55—~

is nonincreasing for all x € £2
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and

lim fx,s) =400 and lim fx,s) =

0, uniformly for x € Q.
s—0F N §—>00 s

We also assume that g € C%7 (0, 00) is a nonnegative and nonincreasing function satis-
fying

lim g(s) =+o0.
s—0F

Problem (1,) has been considered in Section 7 in the absence of the gradient term |Vu|*
and assuming that the singular term g(¢) behaves like = around the origin, with ¢ € (0, 1).
In this case it has been shown that the sign of the extremal values of K plays a crucial role.
In this sense, we have proved in Section 7 that if K <0 in £2, then problem (1;) (with
a = 0) has a unique solution in the class £ = {u € CX2)NC(R); g(u) e L'(£2)}, for all
A > 0. On the other hand, if K > 0 in £2, then there exists A* such that problem (1,) has
solutions in &€ if A > A* and no solution exists if 1 < A*. The case where f is asymptotically
linear, K < 0, and a = 0 has been discussed in Section 6. In this framework, a major role
is played by limg_, f(s)/s = m > 0. More precisely, there exists a solution (which is
unique) u; € C2(2)NC'(2) if and only if A < A* := A1/m. An additional result asserts
that the mapping (0, A*) — u;, is increasing and lim;,_»y+ u; = 400 uniformly on compact
subsets of £2.

Due to the singular character of our problem (1),, we cannot expect to have solu-
tions in C2($2). We are seeking in this paper classical solutions of (1, ), that is, solutions
uecC 2(.{2) N C($2) that verify (1,). Closely related to our problem is the following one,
which has been considered in the first part of this section:

—Au=g)+ |Vul*+rf(x,u) in$2,
u>0 in £2, (8.201)
u=0 on 052,

where f and g verifies the above assumptions. We recall that we have proved that if
0 < a < 1 then problem (8.201) has at least one classical solution for all A > 0. In turn,
if 1 <a <2, then problem (8.201) has no solutions for large values of A > 0.

The existence results for our problem (1,) are quite different to those of (8.201) pre-
sented in the first part of this section. More exactly, we prove in what follows that prob-
lem (1) has at least one solution only when A > 0 is large enough and g satisfies a nat-
urally growth condition around the origin. Thus, we extend the results in Barles, G. Diaz,
and J.I. Diaz [10, Theorem 1], corresponding to K =0, f = f(x) and a € [0, 1).

The main difficulty in the treatment of (1, ) is the lack of the usual maximal principle be-
tween super and sub-solutions, due to the singular character of the equation. To overcome
it, we state an improved comparison principle that fit to our problem (1,) (see Lemma 8.13
below).

In our first result we assume that K < 0 in §2. Note that K may vanish on 952 which
leads us to a competition on the boundary between the potential K (x) and the singular
term g(u). We prove the following result.
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THEOREM 8.10. Assume that K < 0 in 2. Then, for all > > 0, problem (1,)) has at least
one classical solution.

Next, we assume that K > 0 in £2. In this case, the existence of a solution to (1;) is
closely related to the decay rate around its singularity. In this sense, we prove that prob-
lem (1,) has no solution, provided that g has a “strong” singularity at the origin. More
precisely, we have

THEOREM 8.11. Assume that K > 0 in $2 and fol g(s)ds = 4+o00. Then problem (1;) has
no classical solutions.

In the following result, assuming that fol g(s)ds < 400, we show that problem (1,) has
at least one solution, provided that A > 0 is large enough. More precisely, we prove

THEOREM 8.12. Assume that K > 0in 2 and fol g(s)ds < 400. Then there exists L* > 0
such that problem (1,) has at least one classical solution if A > \* and no solution exists
if L < A%,

A very useful auxiliary result in the proofs of the above theorems is the following com-
parison principle that improves Lemma 6.3. Our proof uses some ideas from Shi and
Yao [86], that go back to the pioneering work by Brezis and Kamin [14].

LEMMA 8.13. Let ¥ : 2 x (0,00) — R be a continuous function such that the mapping
(0,00) 35— W(x,s)/s is strictly decreasing at each x € §2. Assume that there exists v,
w € C2(2) N C(2) such that

@ Aw+¥Yx,w) <0< Av+Y(x,v) in $2;

®) v,w>0in 2 andv < won IS,

(c) Ave L' (2) or Awe L' ().
Thenv<win S2.

PROOF. We argue by contradiction and assume that v > w is not true in §2. Then, we can
find &g, 69 > 0 and a ball B € §2 such that v — w > &g in B and
v(x, v(x,
/ vw( rw) Fi ”)) dx > 5. (8.202)
B w v

The case Av € L'(§2) was stated in Lemma 6.3. Let us assume now that Aw € L'(£2)
and set M = max{l, [Aw|l 1)}, € = min{l, &, 27289/M}. Consider a nondecreasing
function 0 € Cl(R) such that 8(¢) =0, if r < 1/2,0()=1,ift > 1, and 6(¢) € (0, 1) if
t € (1/2,1). Define

0:(1) :9(5), teR.
&
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Since w > v on 952, we can find a smooth subdomain £2* € §2 such that
k € : k
B C ¥ and v—w<§ in 2\ £2%.
Using the hypotheses (a) and (b) we deduce

(wAv —vAw)f, (v — w) dx
Q*

>/ vw(w(x’w) - W(z’ v)>95(v—w)dx. (8.203)

w

By (8.202) we have

/ vw(d/(x,w) — 11/();, U)>98(v—w)dx

w
2/ vw(llf(x,w) — lIl(x’v)>9€(v—w)dx
B w v
:/ vw(W(x,w) 3 W(x,v))dx > 8.
B w v

To raise a contradiction, we need only to prove that the left-hand side in (8.203) is smaller
than §¢. For this purpose, we define

O.(t) = /Olséé(s) ds, treR.
It is easy to see that

B, ()=0, ifr< % and 0< O.(r) <2, forallreR. (8.204)
Now, using the Green theorem, we evaluate the left-hand side of (8.203):

(wAv — vAw)O, (v — w)dx
Q*

3
=/ whe (v —w) Ldo — | (Vw- V)b, (v — w) dx
902+ on 0*

0
—/ weé(v—w)Vv-V(v—w)dx—/ veg(v—w)—wdo
2% 9 on

Q*

+ (Vw-Vv)Gg(v—w)dx+/ V0. (v —w)Vw - V(v — w)dx
2* 2

:/ 0. (v—w)(wVw —wVv) - V(v — w)dx.
Q*
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The above relation can also be rewritten as
/ (wAv—vAw)Gg(v—w)dxzf weé(v—w)V(w—v)-V(v—w)dx
* 0Q*

+ | (w=—w).(v—w)Vw- V(v —w)dx.
Q*

Since f.@* wh, (v —w)V(w —v) - V(v — w) dx <0, the last equality yields
(wWAvV —vAW)O: (v — w)dx < / (v—w)f.(v—w)Vw - V(v — w)dx,
o o
that is,

(wAv—vAw)Og(v—w)dng Vw~V(@g(v—w))dx.

2% 2%

Again by Green’s first formula and by (8.204) we have
/ (wAv —vAw)f, (v — w) dx
av
g/ @E(v—w)—da—[ O.(v—w)Awdx
902+ on *

g—/ (H)s(v—w)Awdx§2s/ |Aw|dx

%

3o
<2eM < —.
2

Thus, we have obtained a contradiction. Hence v < w in §2 and the proof of Lemma 8.13
is now complete. (]

We are now ready to prove our main results.

PROOF OF THEOREM 8.10. Fix A > 0. Obviously, ¥ (x,s) = Af (x,s) — K(x)g(s) satis-
fies the hypotheses in Lemma 6.2 since K < 0 in §2. Hence, there exists a solution i, of
the problem

—Au=Xrf(x,u) — K(x)g(u) in £2,

u>0 in £2,

u=0 on 952.

We observe that i, is a super-solution of problem (1, ). To find a sub-solution, let us denote

p(x) =min{Af(x,1); —K(x)g(D}, xef.
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Using the monotonicity of f and g, we observe that p(x) < Af(x,s) — K(x)g(s) for all
(x,s) € £2 x (0, 00). We now consider the problem

— a — 1
{ Av+|Vu|? = p(x) in £2, (8.205)

v=0 on d052.

First, we observe that v = 0 is a sub-solution of (8.205) while w defined by

{ —Aw=p(x) in$2,
w=0 onds2,

is a super-solution. Since p > 0 in 2 we deduce that w > 0 in £2. Thus, the prob-
lem (8.205) has at least one classical solution v. We claim that v is positive in £2. Indeed,
if v has a minimum in 2, say at xg, then Vv(xg) =0 and Av(xg) > 0. Therefore

0> —Awv(xp) +|Vv[*(x0) = p(xo) > 0,

which is a contradiction. Hence min 5 v = min,¢y v = 0, that is, v > 0 in £2. Now
u, = v is a sub-solution of (1,) and we have

—Au; =p) <Af(x,up) — K(x)g(ux) = —Auy  in £2.

Since u, = u; =0 on 052, from the above relation we may conclude that u, < i in 2
and so, there exists at least one classical solution for (1,). The proof of Theorem 8.10 is
now complete. U

PROOF OF THEOREM 8.11. We give a direct proof, without using any change of variable,
as in Zhang [94]. Let us assume that there exists A > 0 such that the problem (1,) has a
classical solution u) . By our hypotheses on f, we deduce by Lemma 6.2 that for all A > 0
there exists Uj € C2(£2) such that

—AU)LZ)xf()C,U)\) in.Q,
U, >0 in £2, (8.206)
U,=0 on d52.

Moreover, there exist cq, ¢ > 0 such that
cy dist(x, 082) < Up(x) < cpdist(x, 0§2) forall x € £2. (8.207)
Consider the perturbed problem

—Au+K,gu+e)=Af(x,u) in £2,
u=>0 in £2, (8.208)
u=~0 on 452,
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where K, = min, i K (x) > 0. It is clear that u; and U, are respectively sub and super-
solution of (8.208). Furthermore, we have

AU, + f(x,Up) <0< Auy + f(x,up) in £2,

Uy,uy,>0 1in £,

Uy,=u, =0 onas2,

AU, € L'(£2) (since Uy € C*(2)).
In view of Lemma 8.13 we get u) < U, in §2. Thus, a standard bootstrap argument (see
Gilbarg and Trudinger [55]) implies that there exists a solution u, € C%(2) of (8.208) such
that

[Z5% guséUx in £2.
Integrating in (8.208) we obtain
—/ Augdx—i—K*/ g(u€+8)dx:A/ f(x,ug)dx.
2 2 2
Hence
oy
— —ds + K, glus +e)dx < M, (8.209)
a2 on 2

where M > 0 is a positive constant. Taking into account the fact that du,/dn <0 on 952,
relation (8.209) yields K f_Q g(ug+e)dx < M. Since u, < Uy, in £2, from the last inequal-
ity we can conclude that f o0 8Wi +¢) dx < C, for some C > 0. Thus, for any compact
subset w € §2 we have

/ gW, +¢e)dx <C.
w
Letting ¢ — 0T, the above relation produces f »8W3) dx < C. Therefore
/ gU)dx < C. (8.210)
Q
On the other hand, using (8.207) and the hypothesis fol g(s)ds = 400, it follows

/ gUy)dx > / g(cz dist(x, 8[2)) dx = +o0,
2 2

which contradicts (8.210). Hence, (1,) has no classical solutions and the proof of Theo-
rem 8.11 is now complete. O
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PROOF OF THEOREM 8.12. Fix A > 0. We first note that U, defined in (8.206) is a super-
solution of (1,). We now focus on finding a sub-solution u , such that u, < U, in £2.
Let :[0, o0) — [0, 00) be such that

n'(t) = g(h(t)), forallz >0,
h>0 in(0,00), (8.211)
h(0) =0.

Multiplying by 4’ in (8.211) and then integrating over [s, t] we have

h(t)
(W) (1) — (W) (s) = 2/}:( ) g(r)dr, forallt>s>0.

Since fol g(r)dr < oo, from the above equality we deduce that we can extend /4’ in origin
by taking 4’ (0) = 0 and so & € C%(0, o0) N C'[0, 00). Taking into account the fact that A’
is increasing and A" is decreasing on (0, 00), the mean value theorem implies that

K@) K1) R 0)
i =0

>h"(t), forallt>D0.

Hence h'(¢) > th” (¢), for all t > 0. Integrating in the last inequality we get
th'(t) < 2h(t), foralls > 0. (8.212)

Let ¢ be the normalized positive eigenfunction corresponding to the first eigenvalue A
of the problem

{—Au =Xlu in 2,
u=0 on d52.

It is well known that ¢; € C?(£2). Furthermore, by Hopf’s maximum principle there exist
6 > 0 and £29 € §2 such that |V¢| > § in £2 \ £29. Let

M =max{1,2K*s 2},
where K* = max g K (x). Since

_tim o {=K7g(h(@) + MR (@) Ve |} = —o0,
dist(x,082)—0F

by letting £2¢ close enough to the boundary of £2 we can assume that
—K*g(h(¢1)) + M) (d)|Ve1]* <0 in 2\ 2. (8.213)

We now are able to show that u, = Mh(¢1) is a sub-solution of (1,) provided A > 0 is
sufficiently large. Using the monotonicity of g and (8.212) we have
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—Au; + K(x)g(u,) + Vi, |
< —Mg(h(@)IVo1|* + A ME (p1)p1 + K*g(Mh(¢1))
+ M (W) (@) V1|
<g(h(@D)(K* — MIVP11?) + M MK (@)1 + M (h) (¢1) |V |*
<g(h(@D)(K* = MV [*) + 20 Mh(1) + M (W) ($1)|Vér|*. (8.214)

The definition of M and (8.213) yield
—Au; + K(x)g(uy) +[Vu,|“ <20 Mh(p1) =20u; in2\ 2. (8215)

Let us choose A > 0 such that

min, g5, £ (6, MA(I1 1))
Mgl

> 2. (8.216)

Then, by virtue of the assumptions on f and using (8.216), we have

)‘f(sz)h) >Af()c,Mh(”(ﬁl”oo)) >2i in£2\ 2.
‘) M1l

The last inequality combined with (8.215) yield
—Au, + K)g(uy) +Vu, " <20, <Af(u,) in2\2.  (8217)
On the other hand, from (8.214) we obtain

—Au, +K(x)g(u;) +|Vu,|
< K*g(h(91)) + 201 Mh(¢1) + M (W) (¢1)|V1]*  in £2. (8.218)

Since ¢ > 0in £2¢ and f is positive on £2¢ x (0, 00), we may choose A > 0 such that

A min f(x, Mh(¢)))

X€Rg

> max {K*g(h(¢1)) + 20 Mh(g1) + M* (') (1) |V1|°}. (8.219)

XEQO
From (8.218) and (8.219) we deduce
—Au; + K(0)g(uy) +Vu, | <Af(x.u;) in 2. (8.220)

Now, (8.217) together with (8.220) shows that u, = Mh(¢;) is a sub-solution of (1)
provided A > O satisfy (8.216) and (8.219). With the same arguments as in the proof of
Theorem 8.11 and using Lemma 8.13, one can prove that u, < U, in £2. By a standard
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bootstrap argument (see Gilbarg and Trudinger [55]) we obtain a classical solution u such
thatgx <uy < U, in £2.
We have proved that (1,) has at least one classical solution when A > 0 is large. Set

A = {A > 0; problem (1,) has at least one classical solution}.

From the above arguments we deduce that A is nonempty. Let 1* = inf A. We claim that
if L €A, then (A, +00) € A. To this aim, let A1 € A and A, > Aj. If u,, is a solution
of (1)4,, then uy, is a sub-solution for (1), while U,, defined in (8.206) for A =A; is a
super-solution. Moreover, we have

AUy, + 2 f(x,Uy,) <O Auy, + 22 f(x,uy,) in £2,

U)Lz, Uy, > 0 in Q,

UA2 = Uy, =0 ondsf2

AU, € L'(2).
Again by Lemma 8.13 we get uy, < U,, in £2. Therefore, the problem (1),, has at least one
classical solution. This proves the claim. Since A € A was arbitrary chosen, we conclude
that (A*, +00) C A.

To end the proof, it suffices to show that A* > 0. In that sense, we will prove that there
exists A > 0 small enough such that (1,) has no classical solutions. We first remark that

1i1})1+(f(x, s) — K(x)g(s)) = —oo uniformly for x € £2.
s>

Hence, there exists ¢ > 0 such that
f(x,s) — K(x)g(s) <0, forall (x,s)e 2 x (0,c). (8.221)
On the other hand, the assumptions on f yield

Sx,s) — K(x)g(s) < f(x,s) < f(x,C)’
s s c
forall (x,s) € 2 x [c, +00). (8.222)

Let m = max, gz f(x, ¢)/c. Combining (8.221) with (8.222) we find
f(x,s) — K(x)g(s) <ms, forall (x,s) e 2 x (0,+00). (8.223)

Set Ag = min{1, A1 /2m}. We show that problem (1),,, has no classical solution. Indeed, if
uo would be a classical solution of (1);,, then, according to (8.223), u is a sub-solution
of

—Au=(A/2)u in £2,

u>0 in £2, (8.224)

u=0 on d42.
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Obviously, ¢ is a super-solution of (8.224) and by Lemma 8.13 we get ug < ¢ in £2.
Thus, by standard elliptic arguments, problem (8.224) has a solution u € C?(£2). Multi-
plying by ¢; in (8.224) and then integrating over §2 we have

A
—/ ¢1Audx=—1/ u¢p dx,
2 2 Je

that is,

A
—/uA¢1dx=—1/u¢1dx.
2 2 Jo

The above equality yields |, o u¢1dx =0, which is clearly a contradiction, since u and ¢;
are positive in £2. If follows that problem (1),,, has no classical solutions which means that

A* > 0. This completes the proof of Theorem 8.12. ]
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