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ABSTRACT
By using variational methods, in this paper we study a nonlinear elliptic
problem defined in a bounded domain Q@ C RY, with smooth boundary
09, involving fractional powers of the Laplacian operator together with
a suitable nonlinear term f. More precisely, we prove a characterization
theorem on the existence of one weak solution for the elliptic problem

(=AY 2y = Af(u) in Q,

u >0 in Q,

u =20 on 0L,
where a € (0,2), N > a, A > 0 and (—A)*/2 denotes the nonlocal
fractional Laplacian operator. Our result extends to the nonlocal setting
recent theorems for ordinary and classical elliptic equations, as well as a
characterization for elliptic problems on certain non-smooth domains. To

make the nonlinear methods work, some careful analysis of the fractional
spaces involved is necessary.
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1. Introduction

Recently, a lot of interest has been devoted to elliptic equations involving the
fractional Laplace operator proving several interesting mathematical results
(see, among others, the works of Caffarelli and Silvestre [12, 13, 14]). Further-
more, this operator is of nonlocal diffusion type and arises in several physical
phenomena like frames propagation, American options in finance, population
dynamics and Lévy processes (see, for instance, [2, 6, 17]).

Motivated by this large interest in the current literature, the aim of this paper
is to prove a characterization result on the existence of one positive solution for
fractional nonlocal equations. Our result reads as follows:

THEOREM 1: Let f : [0, +00[— [0, 4+00[ be a continuous function with f(0) =0
and such that, for some a > 0, the map h :]0, +oo[— [0, 4+o00[ defined by
F(£)
h(§) = ¢

is nonincreasing in the real interval |0, a], where

/f

for each £ € [0,+00[. Then, the following assertions are equivalent:
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(h1) h is not constant in |0, ¢] for each ¢ > 0;

(h3) f is subcritical with limg_,o+ h(§) > 0 and for each r > 0 there exists
an open interval J,. C]0,4oo[ such that, for every \ € J,., the nonlocal
problem given by

(=A)*?u = \f(u) inQ
(Sx) u >0 in §2

u=0 on 0

has a weak solution in Hg‘/Q(Q), whose norm is less than r.

Here Q € RY is a smooth bounded domain, (—A)*/?u denotes the fractional
Laplacian acting on u, A is a positive parameter and f : R — R is a suitable
continuous function.

For a smooth function u : RN — R the fractional Laplacian can be defined
either by using the Riesz potential

—A a/2 — o i ’U,(IZ?) 7u(y) d
(=8)* u(@) :=Cw, Pt R\B, T —y|Nte /

where C'y , is a suitable normalization constant depending on N and a, or by
(=) 2u(z) = FH{|y|* Flul(y)](),

where F[-] denote respectively the classical Fourier transform and and F~![]
its inverse.
Alternatively, following the work of Caffarelli and Silvestre [12], the fractional

Laplacian operator in RY can be defined as a Dirichlet to a Neumann map:
ow

6y (IL’, y)?

(—=2)*u(z) = —kq yli%g y' e

where k,, is a suitable constant and w is the a-harmonic extension of u. In other
words, w is the function defined on the upper half-space Rf“ := RN x]0, +o0|
which is solution to the local elliptic problem

—div(y!=*Vw) =0 in RYT,
w(z,0) = u(x) in RV,

In order to define the fractional Laplacian operator in bounded domains, the
above procedure has been adapted in [7] and [11] (see Section 2 for details).
Successively, several authors have considered this definition for the operator
(—A)*/? in a bounded domain with zero Dirichlet boundary data (see [10, 11,
16]).
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For completeness, we point out that two notions of fractional operators on
bounded domains were considered in the literature, namely the previous one
(called also the spectral Laplacian operator) and the integral one (in this
setting, see, among others, the papers [32, 33, 36, 37, 38, 41] and [22, 23, 24,
25, 28, 29, 30]). Servadei and Valdinoci in [39, Theorem 1] compare these two
operators, studying their spectral properties and obtaining, as a consequence of
this careful analysis, that these two operators are different. See also the recent
paper [31] of Musina and Nazarov for an exhaustive study of this comparison.

In the sequel we use the spectral definition, having some technical advantages
to overcome certain mathematical difficulties in proving our result. For instance,
one of the main tools is the validity of the Maximum Principle for the augmented
nonlocal problem proved by Cabré and Sire (see [10]) as well as a regularity
result and a priori estimates for solutions of nonlocal equations in terms of the
data due to Di Blasio and Volzone (see [18]), which extend the well known ones
for the standard Laplacian case. For completeness, see also the recent papers of
Barrios, Colorado, Servadei and Soria [4] and Kuusi, Mingione and Sire [20, 21]
where interesting regularity results for nonlocal problems have been studied.

We also point out that elliptic equations in RY, driven by a nonlocal integro-
differential operator, whose standard prototype is the fractional Laplace oper-
ator, have been studied very recently by Autuori and Pucci in [3].

Theorem 1 can be regarded as an elliptic version, for nonlocal fractional
equations, of a very recent result obtained by Ricceri in [35, Theorem 1] for
a two-point boundary value problem. In this paper the author first proves
an original critical point theorem on Hilbert spaces and successively uses this
abstract tool in order to obtain the cited characterization result (see also [34]
for related topics on the abstract variational setting).

In the mentioned result the author uses the compact embedding

Wy2(J0, 1) = €°([0,1]),

as well as the estimation
sup m?xze[OJ] |u(z)| 1,
wewg? (oo} (Jy [/ (D2 dt)t/2 2
in a crucial way. In [26], a similar technical approach was adopted studying

elliptic equations defined on the Sierpinski gasket or, more generally, on self-
similar fractal domains whose spectral dimension v €]0, 2[.
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Contrary to the above cases, in the standard higher-dimensional setting the
same strategy cannot be directly used treating elliptic equations involving the
classical Laplacian operator. In such a case a different proof, again based on
variational methods, was developed by Anello in [1].

The extension of the cited results to (Sy) is not trivial and requires overcoming
some technical difficulties which arise in this new analytic nonlocal setting. In
particular, for our goal, it is necessary to exploit some basic properties of the
space H /2 (©2) and to use the distribution of the spectrum of the corresponding
linear fractional problem.

Further, the regularity result obtained in [18, Theorem 4.1] is an essential
argument proving that assumption (h;) implies condition (hy) defined at the
end of Section 2.

At the end of the following preliminary section, we point out that this paper
is inspired by the pioneering work on sublinear elliptic equations by Brezis
and Oswald [9]. Indeed, our hypothesis that h is nonincreasing in some right-
neighborhood of the origin implies a sublinear decay of the nonlinear term f.
For instance, in the case of power-type nonlinearities f(u) = P, this assumption
is fulfilled if and only if p € (0,1]. Next, property (h;) excludes the linear case
that corresponds to p = 1. In [9], the semilinear case described by the Laplace
operator under the basic assumption that f(u)/u is decreasing on (0,00) is
studied. The differences between our main result and Theorem 1 in [9] are the
following:

(i) In [9], the global assumption that f(u)/u is decreasing on the whole posi-
tive semi-axis is used, while in our case a local monotonicity hypothesis is used,
namely F(£)/£2 is nondecreasing in some interval ]0, a]. The global assumption
on f(u)/u is used in [9] to show that the problem has at most one solution,
hence to establish a uniqueness property.

(ii) The existence of solutions is deduced in [9] in accordance with the sign
of the principal eigenvalues of some linear operators that depend on the growth
rate of f(u)/u near the origin and infinity. In our case, we do not necessarily
have a unique solution and the existence of solutions depends on the location
of the parameter A in a certain interval. Such a parameter does not exist in the
problem studied by Brezis and Oswald [9]. Moreover, in the present paper, we
provide an estimate of the norm of solutions in a suitable Sobolev space and in
a relationship with a prescribed positive real number. Finally, it is striking to
point out that the main result in this paper establishes an existence property by
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assuming a local behavior of the nonlinear term (as described by the mapping
h) and without assuming any growth for large values of the argument. The key
role here is played by the parameter A. We argue that this type of argument
can be extended in order to obtain existence results for large classes of elliptic
equations under local information on the nonlinear term.

The paper is organized as follows. In the next section we collect some proper-
ties of the fractional Laplacian operator in a bounded domain defined by using
the notion of a-harmonic extension, as well as providing some basic notions on
the Sobolev spaces X§(Cq) and Hg‘/Q(Q). Finally, Section 3 is devoted to the
proof of Theorem 1.

We refer to the recent book [27] for the basic variational methods used in the

present paper.

2. Some preliminaries

2.1. THE SOBOLEV SPACE Hg‘/Q(Q). The powers (—A)®/? of the Laplace op-
erator —A in a bounded domain §2 with zero boundary conditions are defined
through the spectral decomposition using the powers of the eigenvalues of the
original operator.

Hence, according to classical results on positive operators in €, if {¢;, Aj}jen
are the eigenfunctions and eigenvalues of the usual linear Dirichlet problem

—Au = Au in Q,

2.1
21) u=>0 on 0,

then {p;, A?/ 2 }jen are the eigenfunctions and eigenvalues of the corresponding

fractional one:

(=A)*?u =M in Q,

2.2
22) u=20 on 0f).

Indeed, the operator (—A)*/2 is well defined on the Sobolev space

HS‘/Q(Q) = {u = Zajtpj € L*(Q): Za?)\?ﬂ < —i—oo},
j=1

j=1
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endowed by the norm

1/2
/2
Il 2y = (Zw )

and has the following form:

a/2u7 Za’J O¢/2

2.2. THE EXTENSION PROBLEM. Ass001ated to the bounded domain 2, let us
consider the cylinder

Co:={(z,y):w€Q, yeR} CRYF,
and denote by 0r.Cq := 02 x R, its lateral boundary.
For a function u € Ha/z(Q), define the a-harmonic extension E,(u) to the
cylinder Cq as the solution of the problem
—div(y!=*VEq.(u)) =0 in Cq,
(2.3) Eo(u) =0 on 9;Cq,
Tr(Eq(u)) =u on €,
where the trace operator Tr : X§(Cq) — L?(Q) is given by
Tr(Eq(u)) := Eq(u)(-,0).
The extension function E, (u) belongs to the Hilbert space

Xg‘(CQ) = {w S LQ(CQ) cw =0 on aLCQ, /

y 0 Ve, y)|? dedy < +oo},
Ca

with the standard norm

1/2
lwl xe(cq) == (Koa/c yl_o‘|Vw(:C,y)|2dmdy) ,
Q

where the normalization constant k,, is given by
I'(3)

21=oT(1 - %)

Introducing this constant we have that the extension operator

Bo : Hy(Q) = X§(Ca)

Ka i=

is an isometry, i.e.,
[Ea(w)llxg o) = lull oz gy

for every v € H, /Q(Q).
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Further, we have the following trace inequality:

ITe()ll gor2 () < llwlixgcays
for every w € X§(Cq).
By using the a-extension E,(u) € X§(Cq) of the function u € Ha/2(Q), we
can define the fractional operator (— A)*/2 in Q, acting on u, as follows;

. o OEq(u)
a/2 . 11—«
(—A)*u(x) = —Kq yhr{ﬁy 9y

(z,y).

2.3. WEAK SOLUTIONS. Let f : [0,+o0[— [0,+00[ be a continuous function
with f(0) = 0 and such that, for some a > 0, the map h :]0, +oo[— [0, +00]
defined by

ne=" g(f)

is nonincreasing in the real interval |0, a], where

@ :=sup{n > 0: h is nonincreasing in |0, 7]} €]0, +o0].

for each £ € [0, 400[. Put

Assume that @ = +o0o. In such a case, we say that a positive function
= Tr(w) € Ha/z(Q) is a weak solution of (S)) if w € X§(Cq) weakly
solves
—div(y'=*Vw) =0 in Cq,
(Sx) w=0 on 9rCq,
—Falimy o+ y' 90 (2,y) = Af(u) on Q,
ie.
o [ 0V Thdrdy = ) [ F(T5(0)(@) Te(e) @)
Q
for every ¢ € X§(Cq).
On the contrary, if a < oo, a positive function v = Tr(w) € Ha/z(Q) is a
weak solution of (S)) if u < @ and w € Xg(Cq) weakly solves (S)).
Finally, set
e et Vula) P dedy
Lo e e X (Ca)\ {0} Jo(Tr(w)(x))?dx ’



Vol. 219, 2017 A SHARP EIGENVALUE THEOREM 339

the first positive eigenvalue of the linear problem

—div(y' 7 *Vw) =0 in Cq,
(LA) w =10 on 8LCQ,
—Fq lim, o+ y' ™ %Z’ (x,y) = Aw on Q,

and ¢, € X§(Cq) the corresponding eigenfunction. It should be stated that
A1, is none other than the first eigenvalue of the Dirichlet Laplacian on €,
raised to the power «/2.

Finally, we point out that, by using the above notation, more precise infor-
mation on the interval J, that appears in assumption (h}) can be achieved.
Precisely, in the sequel we will prove that condition (h;) is equivalent to the
following:

(h) f is subcritical with lime_,o+ h(§) > 0 and for each r > 0, there exists
e, > 0 such that, for every
Al Al
2limg_,o+ h(E) " 2limg_, o+ h(E)

the problem (Sy) has a weak solution uy € Hg‘/z(Q), satisfying

)\6 +€T;

”u)‘HHS‘/Q(Q) <.
Of course if limg_,o+ h(§) = 400, the above condition assumes the simple
form

(h%) for each r >0, there exists e, >0 such that, for every A €]0, €[, the prob-
lem (S)) has a weak solution uy € HS/Q(Q), satistying Hu,\HHQ/Q(Q) <.
0

3. Proof of the Main Result

3.1. PART I: (hy) = (hg). We divide the proof into two steps:
(1) @ = +oc;
(2) a < +oo.

a
STEP (1). We assume that h is nonincreasing in the half-line ]0, +o0[. Set

Elﬁ& h(§) = o1 € (0,400],
and

lim A() = os.

§—+o0
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Clearly o2 > 0 and, since condition (h;) holds, it follows that o1 > os.
Therefore, one has

L >\1,o¢ A1,04

'_} 201 209

[#0.

Now consider the nonlocal extended problem (§ ») and let us show that, for
every A € I, the problem (§ ») has a nontrivial weak solution in the Hilbert
space X§(Cq).

To this end, we first extend f to the whole real axis by putting f(¢) = 0 for
each t €] — 00, 0[. After that, fix A € I and define the functional

Ko

(3.1) j,\(w) = 9

/ y Y Vw(z, y)|? dedy — N | F(Tr(w)(z))d,
Ca Q

for every w € X§(Cq).

The nontrivial critical points of Jy are exactly the nontrivial weak solutions of
the problem (S). Further, by using the Maximum Principle [10], if w € X¢(Cq)
is a weak solution of (Sy), then Tr(w) € Hg‘/2(Q) is strictly positive in © and
solves problem (S)).

Now, since h is nonincreasing in |0, +oc/[, it is easy to infer that f has sublinear
growth at +o0o. Indeed, from the definition of o2, we can find two constants
0 > o9 and o > 0 such that

(3.2) F(§) < o€ +o,

for every £ € R.
By using the growth condition (3.2) and since £f(£) < 2F(§) for all £ € R
(bearing in mind that A is nonincreasing in ]0, +oco[ and f =0 in | — 00, 0[), we

have
£f(€) S 2F(€) < 206 +20, VE20.
Thus
20
Hence, fixing & > 0, by using the above inequality it follows that
20
F(§) < 20l¢] + . V¢l = Lo

In conclusion, one has

(3.3) f(€) <20l +7, VEER
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where
20

:= max + .
! |5|§€0f(§) €o
Since A € I, we clearly have
Al
A< b

20'2
Therefore, we can fix ¢ €]oy, 02| such that

Moo M.
b oax< b

3.4 :
(3-4) 201 20

Hence J, is well defined and of class C! in X§(Cq). Moreover, the functional
Jh is weakly lower semicontinuous on X§(Cq). Indeed, the application

wH/{ZF(Tr(w)(:E))d:E

is continuous in the weak topology of X§(Cq).

We prove this regularity result as follows. Let {w;};en be a sequence in
X§(Ca) such that w; — w weakly in X§(Cq). Then, by using Sobolev embed-
ding results and [8, Theorem IV.9], up to a subsequence, {w,} ey converges to
w strongly in L¥(£2) and almost everywhere (a.e.) in Q as j — +o00, and it is
dominated by some function h, € L"(Q2), i.e.,

(3.5) |Tr(w;)(z))] < hy(z) ae xzeQforanyjeN

for any v € [1,2%), where
2
2% = "
n—a«a
denotes the critical (fractional) Sobolev exponent.
Then, by the continuity of F' and (3.2) it follows that

F(Tr(w;)(x)) = F(Tr(w)(z)) ae. z€Q
as j — oo and
IP(Te(w;)(2))] < (oTe(w;)(2)? +0) < (oha(@)? +0) € L)

a.e. ¢ € 2 and for any j € N.
Hence, by applying the Lebesgue Dominated Convergence Theorem in L1(S2),
we have that

/F(Tr(wj)(x))da:%/F(Tr(w)(:z:))d:z:
Q Q
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as j — oo, that is the map
w— | F(Tr(w)(z))dz
Q
is continuous from X§(Cq) with the weak topology to R.
On the other hand, the map

w e lwllXg ) = Kfa/c Y Vw(z, y)|? dady

Q
is lower semicontinuous in the weak topology of X§(Cq). Hence the functional
J» is lower semicontinuous in the weak topology of X§(Cq).
Now, by (3.2), for some positive constant § independent of A, for instance
B =01 ,a/20, we have

A
A/{)F(’H(w)(m))dw < AQ/Q Tr(w)(e)de +8<  Julpica + 5

and

1 A
(3.6) @)= (5= Yol ea — 8

for every w € X§(Cq).
In view of (3.4), by using (3.6) it follows that

(3.7) I (w) — +oo,

as Hw”Xg(Cn) — +00.
Now observe that Tr(p1,4) € HS/Q (©) and is positive in 2. Moreover, one
has Tr(p,) € C*(Q). Let us put

Do = max Tr(ps ) ().
zEQ

Observe that, thanks to (hy), for every ¢t > 0 we have
h(tTr(pa)(x)) > h(tpa), Yz € Qo

where ¢ C 2 is a set of positive Lebesgue measure.
Thus we have

Tultga) =1y Iallsicn = A [ BET(o) @)(ETx(o) @) Pda

t2 _
(39) <y Ienllig o) = MPR(20) [ (Tr(o0) @)
1 A _
~llealiigien (5 = 5 h(t7a)).

1,
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Now

. - F(C)
Cg%lJr h’(g) = Cli}Ing Cz =01,

where ¢ := t2¢,. If 01 < 400, for every € > 0 there exists a positive constant
d such that, for every ¢ € (0, d.], one has

F(C)
C2

< o1 +e.

On the other hand, since

1,
2\
there exist £ > 0 and a positive dz such that

<oy,

21}\04 <oy —¢€<oy,
and
F(g) = )‘l,oz
CQ > 01— &> 9\
for every ¢ € (0,0z]. On the other hand, if 01 = +00, one has
F
(C) > )‘l,oz
2 7 oo

for ¢ sufficiently small. Hence there exists ¢ > 0 such that

= F(PSZQ) >‘1,a
h(tga) := 2o > o) -

Consequently
inf  J\(w) <0

weXg§(Ca)
which, together with the weak continuity of 7\ and the coercivity (3.7), yields
the existence of a nontrivial global minimum wy € X§(Cq) for the functional
Ix- R
As noted above, wy, is a solution of the problem (S)). We claim that

(3.9) lim [[wx|lxecq) =0
)\~>,u0+

where, from now on, for simplicity, we set

Mo = Lo (/LO =0 if g1 = +OO)
20’1
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This, of course, completes the proof of (hy) in the case in which h is nonin-
creasing in 0, 4+o0o[. To prove (3.9), let us take

A1,04 A1,04 |:

e }
{J}JENC 20.1’ 29

where p is as above, and {);};en is a real sequence such that

>\lo¢
lim A\, = 7.
oo T 20y

For each j € N we have Jy,; (wy;) < 0. Hence, in view of (3.6), we can write

B

2
[lwx, X (ca) < (1_ Ney’
2 )\1,o¢
Observing that

. B B

lim = €]0, +o0|
N 1 ) )

Xj =g (é*Af’i) (3 = 20,)

we infer that the sequence {wy, } jen is bounded in X§(Cq).
Thus, up to a subsequence, w; — we weakly in X§(Cq) and

Tr(wy;) = weo

strongly in LY () for every v € [1,2%].

We claim that ws, = 0. Indeed, arguing by contradiction, assume that wes, #
0 in X(‘)l (CQ)

Now note that, for each ¢ € X§(Cq) and j € N, one has

0 =4, (wn,)()

(3.10) :fm/c Y (Vwy,, Ve)dedy — X /Q f(Tr(wy, )(2)Tr(p) (x)dz.

Assume that o7 is finite (the case 01 = 400 is similar). Taking into account
inequality (3.3), and since w; — we weakly in X§(Ca) and Tr(wy;) — weo
strongly in L'(Q), passing to the limit in (3.10) we have

0 =T (oo ) ()

(3.11) N
_— / Y1 (Vwse, Vphdady —
Ca

)\1,o¢
20'1

/Q F (T (o) () Tr() () e,

for every v € X§(Cq).
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Therefore, ws, is a nontrivial critical point of J,,, that is w is a weak
solution of the nonlocal problem (§#0) and again by the Maximum Principle,
Tr(wee) > 0 in Q.

Testing equation (3.11) with ¢ = ws, by using inequality (&) < 2F (&) we

obtain
A
2 1,
=||Weo || X — Tr(wee Tr(we ) (z)d
0 =l s o = [ (Tl @) T o)
)\1,(1
(3.12) 2w kg oy = "gr [ F(Tr(wso)(@))da

)\1,(1
=llwsslig (ca) — /h(Tl‘(woo)(»’C))(Tl“(woo)(z))zdx-
g1 Q
Taking into account (hy), relation (3.12) yields

0=l = " [ AT () (Tr(uc) )

> gy — Ao [ (T} (@)
that is ) )
Joo, ' Vwos (2, y) | dady
fQ(Tr(wOO)(x))?dx ,
in contradiction to the definition of A\; ,. Therefore, we must have ws, = 0.

)\La > Kq

Choosing ¢ = wy, in (3.11), we have

lwa, 117 = X /Q F(Tr(wx; ) () Tr(wy, ) (z)dz
for each j € N.
Now, note that, by (3.3) and Tr(wy,) — 0 strongly in L?(Q2), the right-hand

side in the previous equality converges to 0 as 7 — +o0.
Thus

Tim s, L ey = 0.
and the limit (3.9) is proved.
Finally, uy := Tr(wy) € Hg‘/z(Q) solves (Sy) and, by the following trace
inequality
luxll gore (@) < llwallxg o)
relation (3.9) yields

0.

(313) )\1*1}210+ ||u>‘HH5/2(Q) =
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STEP (2). Let us assume that @ < +oo and observe that h'(a) = 0. Thus
the function hg :]0, +0o[— R given by

h(§) if ¢ €)o,al,=

"0@) =\ @ it e cla, +oof

is of class C'! in ]0, +o0].
Denote
0 if £ €] — 00,0],
ho(€)&2 if € €]0, +o00].
Then Fp is a C! function and Fy(€) = F(€) for every € €] — oo, al. Of course

F} satisfies condition (h;) and the function

Fo(§)
¢2

Fo(§) =

&

is nonincreasing in ]0, +oo].
Now consider the problem

(=A)*?u = Afo(u) in Q,

(S) u>0 in Q,
u=~0 on 0,
where
0 if t €] — o0, 0],

fo(t) = Fy(t) = { f(t) if t €]0,al,
2ho(@)t if t €]a, +ool.

By using Step (1), for any r > 0, we can find an open interval

J :=|po, po +eo[ (g0 > 0)

such that, for every A € J, there exists a weak solution uy € Hg/2(Q) of (SY)

@ <7 Moreover, condition (3.13) holds.

Fix ¢ > g We note that, by [18, Theorem 4.1 and Remark 4.1], there
exists a positive constant M, such that for every g € L9(€2) and every solution
u € Hg‘/2(Q) of the problem

satisfying [[uxl| a2
0

(=A)*?u = g(x) in Q,

Sg
(53) u=20 on 0,
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one has u € L*(Q2) and
(3.14) [ulloe < Myllgllq-

Now the function fy has sublinear growth at co and, since fo(0) = 0, we can
find a positive constant 9 such that

(ko +c0)"'a
1 t) <9It
(3.15) o < ol +

for every t € R.
Therefore, let wy € X§(Cq) such that Tr(wy) = uy € Hg‘/Q(Q). Since

(316) ke /C Y1 (Vuwn, V)dady = X /2 folua (@) Te(9) (2)dz,

for every ¢ € X§(Cq), one has that uy € Hg/Q(Q) is a weak solution of the
problem

(=A)*2u = AMfo(ur(x)) in Q,
u=20 on 0f2.
By (3.14) and (3.15) we have

_1a a
(BT Nualleo € MM llurlly + Mg < Ao, llunlly + 5

for every A € J.
Fix p €]0, 1] such that g < 27 and let us prove that

(3.18) luallg < llualles” lluallig-

Indeed
1/q
sl ( / |uA<:c>|de>
w/(qu)
( / |m<sc>|q<1-”>|uA(z>|Wd:c)
Q

n/(qn)
<( [ 1t i)
Q

=llusllac” luallfig-
By (3.18) and using the Sobolev embedding Hg/Q(Q) — LI"(Q)), one has

lually < llualls®lluallls < cq#Hu)\”;#HuAHZS/?(Q)’

for some positive constant cg,.
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Using this inequality in (3.17), we obtain

_ a
(3.19) urlloo < Kllullls H”“”Zg“(m + 2

for some positive constant k.
From (3.13) and (3.19), we infer that

. a

lim fJuslloo <

Aﬂuar 2
This means that there exists some &1 €]0, o[ such that uy(z) < a for a.e. z € Q
and every

A€ J = uo, o + &1
In conclusion, for every A € J', uy € Hg‘/2(Q) is a weak solution of the

problem (Sy) and satisfies

H’LL)\||H3/2(Q) <r

observing that J’ C J. The proof is complete.

3.2. PART II: (hy) < (h2). In order to prove our result we argue by contra-
diction. Hence, assume that there exist two positive constant b and ¢ such
that

for every £ € [0,0]. Consequently

f(&) =2c€

for every £ € [0, b].
Let {r;};jen CJ0,4o00[ be a sequence such that lim; .o, 7; = 0. Then, for
every j € N, there exists ¢; > 0 such that, for every

A€ Jj Si]uo,uo + €j[,

the problem

(—=A)*?u = f(u) inQ

S*
(53) u=0 on 0f)

has a positive weak solution uy ; € Hg/Q (Q) satisfying |\u>\,j||HQ/z(m <7
0

In particular, we have

(3.20) lim sup Hu}\»j”Hg/z(Q) = 0.

J—00 \eJ;
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Now, arguing as in the previous subsection, we can find a positive constant
k (independent of j and A) and pu sufficiently small such that
b
1—
luxilloo < Klluxjlloc luxilyars g + o
for every A € J; and j € N.
From (3.20) and the previous inequality, we infer that

lim sup Juxjlle < .-
30 \e g 2
In particular, we can fix jo € N such that

l[uxgolloo <0,

for every A € Jj,.
Consequently, for every
A € Jpo, po + €[4
the problem (S%) admits a weak solution uy j, € Hg‘/Q(Q).
This is absurd, since the restriction of problem (S%) has a solution only for
countably many positive values of the parameter \.
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