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ABSTRACT

In this paper, we are concerned with the following nonlinear magnetic
Schrodinger equation with critical growth:

(5V — A(@)?u+ V(z)u = f(lul>)u+ |u> "2u in RV,
u e HYRN,C),

where € > 0 is a parameter, N > 3 and 2* = 1\2,T2 is the Sobolev critical

exponent, V : RV — R and A : RV — RV are continuous potentials,
f R — R is a subcritical nonlinear term. Under a local assumption on
the potential V', by the variational methods, the penalization technique
and the Ljusternic—Schnirelmann theory, we prove the multiplicity and
concentration of nontrivial solutions of the above problem for £ small. For
the problem, the function f is only continuous, which allows to consider
larger classes of nonlinearities in the reaction.
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1. Introduction and main results

In this paper, we study multiplicity and concentration results for the following
nonlinear magnetic Schrédinger equation with critical growth:

(°V — A(2)?u+ V(z)u = f(jul*)u+ [u[* 2u in RV,

(L1 ue HY(RN,C),

2N
N-2

cal exponent, V : RN — R is a continuous function, the magnetic potential
A RN — RV is Hélder continuous with exponent o € (0, 1], and —A su is the
magnetic Laplace with the following form:

where ¢ > 0 is a parameter, N > 3 and 2* = is the Sobolev criti-

—Aju = (1V - A(:E))Qu =—Au— 314(:1:) v+ |A(z) Pu — 1_udiV(A(x)).

7

Problem (1.1) arises when one looks for standing wave solutions
(1) = e B M)

(with E € R) of the nonlinear evolution system

haaf = (?V —A@)Qw U)o — f(10P), = eRY.

From a physical point of view, the existence of such solutions and the study
of their shape in the semiclassical limit, namely, as i — 07 (or, equivalently,
as € — 07 in (1.1)), is of the greatest importance, since the transition from
quantum mechanics to classical mechanics can be formally performed by sending
to zero the Planck constant h.

For problem (1.1), there is a vast literature concerning the existence and
multiplicity of bound states for the case without magnetic field, namely if A = 0.
The first result in this direction was given by Floer and Weinstein [29], who
considered the case N = 1 and f = ig. Later on, several authors generalized
this result to larger values of N, using different methods. For instance, del
Pino and Felmer [27] studied the existence and concentration of solutions to
the following problem

—e?2Au+V(z)u= f(u) in Q,
u=20 on 0,
u >0 in Q,
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where () is a possibly unbounded domain in RY (N > 3), the potential V is
locally Holder continuous, bounded from below away from zero, there exists a
bounded open set A C ) such that

1.2 inf i
(1.2) inf V(z) < min V(z),

and the nonlinearity f satisfies some subcritical growth conditions. In [2], Alves

and Figueiredo considered the following quasilinear elliptic equation

—ePApu+ V(z)|uP~2u = f(u), inRY,
u > 0, in RV,

where V is a positive continuous function and satisfies the local assumption (1.2),
f € C'is a function having subcritical and superlinear growth. By using the
Nehari manifold method and the Ljusternik—Schnirelmann category theory, the
authors obtained the multiplicity of positive solutions. In order to apply the
Nehari manifold method, the authors assumed that f € C!, which ensures that
the Nehari manifold is a C''-manifold. If f is only continuous, then the Nehari
manifold is only a topological manifold, thus the arguments developed in [2]
collapse. We notice that Szulkin and Weth in [41] considered the multiple solu-
tions for the nonlinear stationary Schrodinger equation —Au+ V(z)u = f(x,u)
in RY, here f is superlinear, subcritical and continuous. In order to use the
method of the Nehari manifold, they developed a new approach. In [30], He
and Zou considered the following fractional Schrédinger equation:

& (=APu+ V(@)= flu)+u®"t, zeRY,

where V satisfies the local assumption (1.2), and f is subcritical. By using the
Nehari manifold method and the Ljusternik—Schnirelmann category theory, the
authors obtained the multiplicity of positive solutions. We notice that f is only
continuous in [30], the Nehari manifold is only a topological manifold, thus the
critical points theory in the C! manifold can not be applied. To overcome the
difficulty, He and Zou [30] applied the method that Szulkin and Weth developed
in [41]. For further results about existence, multiplicity and qualitative proper-
ties of semiclassical states with various types of concentration behaviors, which
have been established under various assumptions on the potential V' and on the
nonlinearity f, see [4, 5, 6, 8, 9, 10, 16, 17, 18, 26, 34, 35, 39, 40, 43] and the refer-
ences therein (see [7] for the fractional case). We also refer to [12, 15, 19, 21, 45]
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for related contributions to the study of concentration phenomena associated
to various Schrodinger-type equations.

On the other hand, the magnetic nonlinear Schrédinger system (1.1) has
been extensively investigated by many authors applying suitable variational
and topological methods (see [3, 13, 14, 20, 23, 22, 24, 25, 28, 32, 31, 33, 36, 38]
and references therein). To the best of our knowledge, the first result involv-
ing the magnetic field was obtained by Esteban and Lions [28]. They used the
concentration-compactness principle and minimization arguments to obtain so-
lutions for € > 0 fixed and N = 2, 3. In particular, due to our scope, we want to
mention [3] where the authors used the method of the Nehari manifold, the pe-
nalization method, and the Ljusternik—Schnirelmann category theory for a sub-
critical nonlinearity f € C''. We point out that if f is only continuous, then the
arguments developed in [3] fail. In [31], Ji and Radulescu used the method of the
Nehari manifold, the penalization technique and Ljusternik—Schnirelmann cat-
egory theory to study the multiplicity and concentration results for a magnetic
Schrédinger equation in which the subcritical nonlinearity f is only continuous.

It is quite natural to consider the multiplicity and concentrating phenomena of
nontrivial solutions for problem (1.1) with critical growth. Inspired by [30, 31],
the main purpose of this paper is to investigate multiplicity and concentration
of nontrivial solutions for problem (1.1) by combining a local assumption on V
and adapting the penalization technique and Ljusternik—Schnirelmann category
theory.

Throughout the paper, we make the following assumptions on the potential V:

(V1) There exists Vo > 0 such that V(z) > Vj for all z € RY.
(V2) There exists a bounded open set A C RY such that

Vo = min Viz) < Inin V(x).

Observe that
M ={xeA:V(x)=V} #0.
Moreover, let the nonlinearity f € C(R,R) be a function satisfying:
(f1) f(t)=0if t < 0;
(f2) there exists o,q € (2,2*) and p > 0 such that

t2)t
> o—2/2 . f( .
f(t) > ut vt > 0, . lim R 0;
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(f3) there is a positive constant § > 2 such that

9 t
0< §F() < t(2), ¥t>0, where F(t) :/ F(s)ds:
0
(f4) f(t) is strictly increasing in (0, c0).
The main result of this paper is the following:

THEOREM 1.1: Assume that V satisfies (V'1), (V2) and f satisfies (f1)—(f4).
Then, for any 6 > 0 such that

Mj = {z € RV : dist(z, M) < 6} C A,
there exists €5 > 0 such that, for any 0 < & < g5, problem (1.1) has at
least catas, (M) nontrivial solutions. Moreover, for every sequence {e,} such
that €, — 0% as n — +o0, if we denote by u., one of these solutions of (1.1)
for ¢ = &, and 1., € RN the global maximum point of |u., |, then

limV(n., )= Vo.

The proof of Theorem 1.1 is inspired from [30, 31]. Notice that, due to the
presence of the magnetic field A(z), problem (1.1) cannot be changed into a
pure real-valued problem, hence we must deal directly with a complex-valued
problem, which causes several new difficulties in employing the methods in
dealing with our problem. On the other hand, since the problem we deal with
has critical growth, we need more refined estimates to overcome the lack of
compactness. The plan of the paper is as follows: in Section 2 we introduce
the functional setting and give some preliminaries. In Section 3, we study
the modified problem. We prove the Palais-Smale condition for the modified
functional and provide some tools which are useful to establish a multiplicity
result. In Section 4, we study the associated autonomous problem. It allows us
to show the modified problem has the multiple solutions. Finally, in Section 5,
we give the proof of Thereom 1.1.

NOTATION.

o C,C1,C5,... denote positive constants whose exact values are inessen-
tial and can change from line to line;

e Bp(y) denotes the open ball centered at y € RY with radius R > 0
and B (y) denotes the complement of Bg(y) in RY;

o [I[l, [Illg> and [|-]| L () denote the usual norms of the spaces H' (R, R),
LY(RN R), and L>=(Q, R), respectively, where Q C RY. (,-)g denotes
the inner product of the space H'(R™ R).
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2. The variational framework and the limit problem

For u: RN — C, let us denote

Vau:= (7

— A)u
and
HY(R3 C):={uec L>(RY,C) : |[Vau| € L*(RY R)}.
The space H}(RY,C) is Hilbert space endowed with the scalar product

(u,v)p = Re/ (VauV 4v 4 wv)dz, for any u,v € HY(RY,C),
RN

where Re and the bar denote the real part of a complex number and the complex
conjugation, respectively. Moreover, we denote by ||u|| 4 the norms induced by
inner product (u,v)4.

On HY(RY,C) we will frequently use the following diamagnetic inequality
(see, e.g., [37, Theorem 7.21]):

(2.1) [Vau(z)] = [V]u(z)[].
Moreover, making a simple change of variables, we can see that (1.1) is equiv-
alent to
1 2 .
(2.2) (l V- As(x)) w+ Ve(@)u = f(lu)u+ [u* 2u inRY,

where A.(z) = A(exz) and V.(z) = V(ex).
Let H. be the Hilbert spaces obtained as the closure of C°(RY C) with
respect to the scalar product

(u,v)e = Re/ (VAEUVAE’U + Vg(x)uv) dx
RN

and let us denote by | - |- the norm induced by inner product (-, -)..

The diamagnetic inequality (2.1) implies that, if u € H}la (RN, C), then
lu| € HY (RN, R) and ||u| < C|lul|c. Therefore, the embedding H. — L" (RN, C)
is continuous for 2 < r < 2* and the embedding H. — LfOC(RN, C) is compact
for 1 <r < 2*.

For compact supported functions in H'(RY,R), we have the following result,
which will be very important for some estimates below.

LEMMA 2.1: Ifu € HY(R™,R) and u has compact support, then

w =07y e H,.
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Proof. Assume that supp(u) C Br(0). Since V is continuous, it is clear that

[ ve@lePdo= [ Vi@)lede < Clulf < +x.
RN BR(O)

Moreover, since V and A are continuous, we have
/ |V 4. w|*dz :/ |Vw|2d:c+/ |Ac () |2 |w|*dz + 2Re/ 1A (x)wVwdr
RN RN RN RN

§2/ |Vw|2dz+2/ |Ac () |2 |w|?dx
RN RN

< C[/ |Vu|2dx+/ |u|2dw} < +oo
RN RN

and we conclude.

3. The modified problem

To study (1.1), or equivalently, (2.2) by variational methods, we shall modify
suitably the nonlinearity f so that, for ¢ > 0 small enough, the solutions of
such a modified problem are also solutions of the original one. More precisely,
we choose K > 2, there exists a unique number ag > 0 verifying

flao) +ag” 72" = Vo/ K
by (f4) , where V} is given in (V'1), and we consider the function
Fit) = FE)+ ()22 ¢ < ay,
| w/k, t > ag,
and introduce the penalized nonlinearity g : RY x R — R by setting
(3.1) gla,t) = xa(@)(f(6) + () 7272) + (1= xa (@) f(2),

where yp is the characteristic function on A and

G(z,t) ::/0 g(x, s)ds.

In view of (f1)-(f4), we have that g is a Carathéodory function satisfying
the following properties:

(91) g(x,t) =0 for each t < 0;

(92) limy_q+ g(?t) = 0 uniformly in € R¥;

(93) g, t) < f(t) +tZ =272 for all t > 0 and any z € RY;
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(g4) 0 < 0G(x,t) < 2g(x,t)t for each x € A and ¢ > 0;

(g5) 0 < G(x,t) < g(z, t)t < Vot/K, for each x € A¢, ¢t > 0;

(g6) for each z € A, the function ¢ — g(xt’t) is strictly increasing in ¢ € (0, 4+00)
and for each x € A€, the function t g(ﬁ’t) is strictly increasing
in (0, ap).

Then we consider the modified problem
(3.2) (1V - Ag(x))Qu + Ve(2)u = g(ex, |ul*)u in RV,
Note that if u is a nontrivial solution of problem (3.2) with
lu(x)]* <ag forallz e AS, A, :={z e RN :ex € A},

then w is a nontrivial solution of problem (2.2).

The functional associated to problem (3.2) is
1
2
defined in H.. By standard arguments we obtain that J. € C1(H.,R) and its

critical points are the weak solutions of the modified problem (3.2).
We denote by N. the Nehari manifold of .J., that is,

Ne == {u € HA\{0} : JZ(u)[u] = 0},

1
Jo(u) == /RN(|VAEu|2 + Ve(2)|ul?)dx — 5 /RN G(ex, |u*)dx for all u € H,,

and define the number c. by

Ce = ulg\f/g Je(u).

Let H be the open subset H. given by
HF ={u € H. :|supp(u) N A.| > 0},

and ST = S. N H}, where S; is the unit sphere of H.. Note that ST is a
non-complete C'''!-manifold of codimension 1, modeled on H, and contained
in H. Therefore,

H.=T,5F @Ru
for each u € T,,St, where
T,ST ={v € H. : (u,v) =0}

Arguing as in Lemma 3.1 in [31], we can show that the functional J. satisfies
the mountain pass geometry (see [11, 44]).
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LEMMA 3.1: For any fixed € > 0, the functional J. satisfies the following prop-

erties:

(i) there exist B,r > 0 such that J.(u) > B if ||ul|e = r;
(i) there exists e € H, with ||e||c > r such that J.(e) < 0.

Since f is only continuous, the next results are very important because they

allow us to overcome the non-differentiability of A and the incompleteness
of St.

LEMMA 3.2: Assume that (V1)—~(V2) and (f1)—(f4) are satisfied, then the fol-
lowing properties hold:

(A1) For any u € HT, let g, : Rt — R be given by g,(t) = J.(tu). Then
there exists a unique t,, > 0 such that g.,(t) > 0 in (0,t,) and g,,(t) < 0
in (ty,00).

(A2) There is a 7 > 0 independent on u such that t,, > 7 for all u € ST.
Moreover, for each compact W C ST there is Cyy such that t,, < Cyy,
for allu e W.

(A3) The map m. : HY — N: given by m.(u) = t,u is continuous and
Me = Me|g+ is a homeomorphism between S+ and N.. Moreover,

1 u

"= .

(A4) If there is a sequence {u,} C ST such that dist(u,,dSF) — 0, then
[lme(un)|le = oo and J.(m.(u,)) = 0.

Proof. (Al) Arguing as in Lemma 3.1, we have g,(0) = 0, g,(¢t) > 0 for ¢ > 0
small and g, (t) < 0 for ¢ > 0 large. Therefore, max;>¢ g, (¢) is achieved at a
global maximum point ¢ = ¢, verifying ¢/, (t,,) = 0 and ¢, u € N.. Now, we show
that t,, is unique. Arguing by contradiction, suppose that there exist ¢; > to > 0
such that ¢/, (t1) = g.,(t2) = 0. Then, for i = 1,2,

. / (IV acuf? + Ve()|uf?)dz = / g(ex, 2ul?)ti|uf*dr.
RN RN

Hence,

Jiw (V. 4 Ve(@)lul?)dzr / glex, lu)uf?
t2 RN t2 ’
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which implies that

(5~ ) ([ (9 vl e )
L[ (P sten By,
»

t3]ul? t3lul?
20,12 20,12
Z/ (9(5w£t1|2“| ) B g(5$2,t2|2u| ))|u|4d:17
A {t2]ul2<ao<t2|u|2} t7]ul t3]ul
t2 2 t2 2
+/ (g(szz, 1|2u| )7 g(axzv 2|2u| ))|u|4d:c
Acn{ao<t2|u|?} t3|ul t3]ul

:/ (Vo 1 _f(t%|u|2)+t%IUI4)|u|4dx
Aen{lul<ao<izlu?} N K t|ul? t5lul?

1/1 1
+ ( - ) / Volul*dz.
K\t? 13/ Jaenfao<iziu?y

Since t; >ty > 0, we have
(Vi 4 VetauPyis
]RN
1242 Vo 1 F3ul®) +tiulty,
= ,9 2 ( 2 9 - 2 2 )|U| de'
t3 =t Jacn{2lul<ao<t2|u2} K 11Ul t5|ul
1

+ Volu|*dx
K Jacnfao<t3|ufz}

1 1
< /A Valufde < ol

which is a contradiction. Therefore, max;>¢ g, (t) is achieved at a unique ¢ = ¢,
so that ¢,,(t) = 0 and t,u € N-.
(A2) For Vu € ST, by (A1), there exists a unique t,, > 0 such that

ty = / g(ex, 2 |u|*)ty |ul*dz.
RN
From (¢2), (¢93), the Sobolev embeddings and 2 < ¢ < 2*, we get
ty < Ctu/ lu|?dx + Cgti**l/ lu|? d < C1Cty, + Cot? 71,
RN RN

which implies that ¢, > 7 for some 7 > 0. If W C ST is compact, and suppose
by contradiction that there is {u,} C W with ¢, := ¢,, — oo. Since W is
compact, there exists a v € VW such that u, — w in H.. Moreover, using the
proof of Lemma 3.1(ii), we have that J.(t,u,) — —oc.
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On the other hand, let v, := t,u, € N.. Then from the definition of g
and (g4), (¢5) and 6 > 2, it follows that

L 7 (o))

Js(vn) :Js(vn) - 9

11 2 1 2 s 1 2)
s~ )l [ (goten o lenl? = e en) e

(
>(5 - ) (1l = & [ VienlonPas)

(3 D)0 D

Thus, substituting vy, := tyu, and ||v,|le = t,, we obtain
1 1 1 Je(vn)
0< (2_9)(1_1() = t2 =0
as n — oo, which yields a contradiction. This proves (A2).

(A3) First of all, we note that m., m. and m_-! are well defined. Indeed,
by (A2), for each u € HI, there is a unique m.(u) € Nz. On the other hand,
if u € Nz, then u € HF. Otherwise, we have |supp(u) N A.| = 0 and by (g5), it
follows that

Jul2 = / g(ez, |ul?)|ul*dx
]RN

/ g(ez, |ul?)|ul*dx

Ac

€

1
< I /]RN V(ex)|ul*dz
1
< gl
which is impossible since K > 2 and u # 0. Therefore, m_*(u) = | € St is
well defined and continuous. From
_ _ tuu
mZ-t(me(uw)) = mZ (tyu) = ol =u, Vue ST,
u €

we conclude that m,. is a bijection.

Now we prove that m. : H — N is continuous. Let {u,,} C H} andu € HF
such that w,, — u in H.. By (A2), there is a ty > 0 such that ¢, :=t,,, — to.
Using t,u, € N, we obtain

n

t%||un||§:/ g(ew, £ un )2 [un|2dz, Wn € N,
RN
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and passing to the limit as n — oo in the last inequality, we have
Blull = [ oer BluP )z,
RN

which implies that tou € N, and ¢, = to. This proves that m.(u,) — Mme(u)
in HF. Thus, m. and m. are continuous functions and (A3) is proved.

(A4) Let {u,} C ST be a subsequence such that dist(u,,dSF) — 0, then
for each v € 88T and n € N, we have |u,| = |u, — v| a.e. in A.. Therefore,
by (V1), (V2) and the Sobolev embedding, for any t € [2,2*], there exists a
constant C; > 0 such that

t < i — t
[unllLe(a.) < of | [un = llean
>
SG&( inf / (|VAEunv|2+VE(:E)|unv|2)dz>

vedST
< Oy dist(uy, 0ST)

&

for all n € N. By (¢2), (¢92) and (g5), for each t > 0, we have

2 2 2 2 t2*|un|2*
G ez, 2lun|?)dz < (F(t lun|?) + )dz
RN 2*

t2
+ N V(ex)|un|*dx

§C1t2/ |un|2dz+C2tq/ |t |d

€ &

U P dot ©
Up, T Up,
2% K €

&

<Cst?dist(uy,, dST)? + Cytidist(u,, dST)?

. N
+ C5t? dist(u,, dST)? + e
Therefore,
2
lim sup Glex, Pluy|*)dz < ., Yt >0.
n RN K
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On the other hand, from the definition of m. and the last inequality, for all ¢ > 0,
we obtain

liminf J. (m.(uy,)) > liminf J. (tu,)

> timinf & [lunlf? — &
- L ¢
_K-2,
2K
This implies that
lim inf ;ng(un)ng > lim inf J. (me (un)) > Kﬂfﬁ, Vit > 0.

From the arbitrariness of ¢ > 0, it follows that
lme(un)|le = 00 and  J.(me(u,)) = oo as n — oo.
We conclude the proof of Lemma 3.2.
Now we define the function
U.:Hf >R

by We(u) = J.(i<(u)) and denote W, := (V.)|g+.
From Lemma 3.2 , arguing as in [42, Corollary 10] we may obtain the following
result.

LEMMA 3.3: Assume that (V1)—(V2) and (f1)—(f4) are satisfied. Then:
(B1) U, € C'(HF,R) and
& (o = M@l j o )], Ve HY andvo e H..

(B2) ¥, € CY(SH,R) and
VL (w)v = [[me(u)|eJL (e ()], Vo€ TuST.
(B3) If {u,} is a (PS). sequence of U, then {mq(uy)} is a (PS). sequence
of J.. If {u,} C N is a bounded (PS). sequence of J., then {m2-*(uy,)}
is a (PS). sequence of V..
(B4) w is a critical point of U, if and only if m.(u) is a critical point of J.
Moreover, the corresponding critical values coincide and

1;1+f\11 = inf J..
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As in [42], we have the following variational characterization of the infimum
of J. over N,:

(3.3) ce = inf J.(u) = inf supJ.(tu) = inf sup J.(tu).
ueN: u€HT t>0 ueST t>0

The following result is important to prove the (PS),. condition for the func-
tional J..

LEMMA 3.4: Let ¢ > 0 and {uy} is a (PS). sequence for J.. Then {uy} is
bounded in H..

Proof. Assume that {u,} C H. is a (PS). sequence for J, that is, J.(u,) — ¢
and J!(u,) — 0. By (g4) and (¢5), we have

¢+ 0n(1)+0n(1)[Jun |

=) = )]
(5= gl + [ (goter. fual?)unl? = Glea.fua ) da
2(5 = el + [ (gotea uaual? = Glew, o)) o
2(y = gl = [ Glem )i
>(y = g Il = g [ ViEallun o

1 1 1

e 2
—(2 0 2K)H”"”€
Since K > 2, from the last inequality we obtain that {u, } is bounded in H..

The following property provides a range of levels in which the energy func-
tional J. verifies the Palais—Smale condition.

LEMMA 3.5: The functional J. satisfies the (PS). condition for any
c € (0, i,SNm), where S is the best constant for the Sobolev inequality

2/2*
s(/ |v|2*d:c) g/ (IVo? + |[v|?)dz, forve HY(RY,R).
RN RN

Proof. Let (u,) C H. be a (PS). for J.. By Lemma 3.4, the sequence (uy)
is bounded in H.. Thus, up to a subsequence, u, — u in H. and u, — u
in LT _(RY,C) for all 1 <r < 2% as n — +o0.

loc
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STEP 1. For some fixed € > 0, let R > 0 be such that Ac C Br/2(0). We show
that for any given ¢ > 0 and if R is large enough,

n

(3.4) limsup/ (IV A, un|* + Vi(@)un|*)dz < C.
B (0)

Let ¢pr € C>°(RM,R) be a cut-off function such that
¢r =0 € Br/2(0), ¢r=1x¢€ Bg(0), 0<¢r <1, and [Ver|<C/R

where C' > 0 is a constant independent of R. Since the sequence (¢ruy) is
bounded in H., we have

JU(un)[PrUn] = 0n(1),

hence

Re V. u,Va, (prun)dr + / Ve () |up |*drdx
RN RN

:/ g(ex, |un|2)|un|2¢3dz + on(1).
RN

Since
Va (Orun) = iu,Vor + 0rV A, Un,

using (g5), we have
[ (Va4 V@) )omcds
R

:/gmwwmwmmfm/
RN

unVa, u,Vordr + 0,(1)
]RN

§[1(/ Vo) |un 2 drdx + C’ Re/ unVa, unVordr| + o,(1).
RN RN

By the definition of ¢p, the Hélder inequality and the boundedness of (uy,)
in H., we obtain

! C
(1 - K) / (IVa un* + Ve(2)|un [?) prd gR||un||2|\VA€un||2 +0,(1)
RN

SC]:; +0,(1)

and so (3.4) holds.
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STEP 2. Now, we prove that for any R > 0, the following limit holds

(3.5) limsup/ (|VA€un|2+V€(:E)|un|2)dx:/ (IV A, u* +Ve(x)|u|?*)d.
n Br(0) Br(0)

Let ¢, € C°(R™,R) be a cut-off function such that
¢p=1 z€B,0), ¢,=0 z€B50), 0<¢,<1, and [V, <C/p
where C' > 0 is a constant independent of p. Let

Po(x) = |V, un — Va.ul® + V() |u, — ul*.

For the fixed R > 0, choosing p > R > 0, we have

/BRPn(m)diL‘ S/ P, (z)¢,(x)dx

]RN
(3.6) _ 2 2
= | Vaun=Vaul"¢p(x)de + | Ve(x)lun—ul"¢,(z)dr
RN RN
_7 2 3 4
=Jdnpo=Inpt Inpt Jnp
where
Ty = [ IVacunPoyade s [ Vi)lunfe, s
RN RN
= [ steaunf?)un o,
RN
thp =Re Va,unVa up,(x)de + Re/ Ve(z)upug,(x)dx
RN RN
- Re/ glex, [un|*)upud,(z)dz,
RN
Jy,=—Re /R N (Vaun — Vau)Va up,(z)de
- Re/ Ve(z)(un — v)ud,(z)de,
RN
and

Ty =Re / _glew, Jun|*)un(un — w)p(z)da.
R
It is easy to see that

I » = Jl(un)[Bpun] — Re / i1,V A, unVo,d
RN
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and

T2, = Jiwn)igyu] - e [

uV o upVo,de.
RN

Then

. . 1 o : : 2 _
lim limsup|J, ,[ =0, lim limsupl|J; ,[ = 0.
P—0 n_soo P n—oo

On the other hand, since the sequence (u,) is bounded in H., it is easy to see
that

lim limsup|JS,p| =0.

PO n—co
Now we prove that

(3.7) lim limsuplJ, ,| = 0.

P30 n—oo

We first show that

(3.8) hm/ |un|2*dz:/ |ul? d.
noJAL Ac

Using the boundedness of (u,,) in H, again, and the diamagnetic inequality (2.1),
we may assume that

(3.9) V] = ¢ and  |u,|? — v

in the sense of measures. Moreover, by the diamagnetic inequality (2.1)
and (3.4), (uy,) is a tight sequence in H!(R3,R), thus, using the concentration-
compactness principle in [44], we can find an at most countable index I, se-
quences (z;) C RY, (1;), (v;) C (0,00) such that
p |V ulPde + > pida,,
icl

v :|u|2* + ZVi(Sxi and Syiz/? <

icl

(3.10)

for any ¢ € I, where d,, is the Dirac mass at the point x;. Let us show
that (z;)icr N Ae = 0. Assume, by contradiction, that z; € A for some i € I.
For any p > 0, we define

Xr — T
vole) =v(" ")
where ¢ € C§°(RY,[0,1]) is such that ¢» = 1 in By, ¥ =0 in RV \ By and

IV oo my ) < 2.
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We suppose that p > 0 is such that supp(¢,) C A.. Since (¢,u,) is bounded
in H., we can see that

T (n) [1hpun] = 0n (1),
that is,

/ |VA£un|2wpdx+Re/ iunVAEunVQ/de:v—i—/ Ve (2)|un|?,da
RN RN

RN

:/g@MMWMf%m+%m
]RN

:/ f(|un|2)|un|21/1pd:v+/ |un|2*wpd:c+on(1).
RN RN

Using the diamagnetic inequality (2.1) again, it follows that

Vun||*¢,dz + Re iUnV AU VU, d
P P
N N
3.11) ’F "

< [ FnPolua P+ [ e + 0,0

Due to the fact that f has the subcritical growth and ), has the compact
support, we have that

(3.12)  lim 1im/ Fttn )P0y = lim/ F(ul) a2 dz = 0.
RN p—0 RN

p—0n—o0

Now, we show that

(3.13) lim lim sup

P=0 p—oo

=0.

/ U, Va, un Vp,dr
]RN

Because of the boundedness of (u,) in H., using the Holder inequality, the

strong convergence of (|u,|) in L2 (RY,R), |u| € L¥ (RN, R), |V¢),| < Cp~!

loc
and |Ba,(;)| ~ pY, we have that

0 <limlim sup
p=0 pooo

1/2 1/2
<lim lim (/ |UnV1/)p|2d£17> (/ |VAEun|2d:17>
p—0n—o0 Bap(z:) RN

1/2
gOhm(/ |u|2d:17> =0
PO\ Bay (2:)

which shows that (3.13) holds.

/ unVa un Vip,dr| < limlimsup/ [un V), ||V 4, Uy |da
RN =0 nsoo JRN
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Then, taking into account (3.9), (3.11), (3.12) and (3.13), we can conclude

*

that v; > p;. Together with the inequality Sz/f/2 < p; in (3.10), we have
(3.14) v > SN2,
Now, from (f3), (¢g4) and (¢5), we have
¢ =Je(un) — I (un)[un] + 05 (1)
1 2 2 1 2
= [ (Lotem fun)unl® = Glew, [unl?))do + 0n(1)
v \2 2

1 1 1 .
> [ (ot fenlun ~ ,Gleaua))do+ [ do +0,(1)
he N2 2 N /i

1 .
ZN/A [wn|? dx + 0n(1)

1 .
ZN /AE ’L/Jp|’un|2 dx + o, (1).

From the above arguments and relations (3.10) and (3.14), we obtain

1
¢y > bl
{iel:x;eN.}
1 1
> iz S =
which gives a contradiction. This means that (3.8) holds.
We now observe that

RS [ aten P~ )l
)N 2p

+ / (g€ e [2)ttn (1, — )|z
AEF‘IBQP(O)

By the Sobolev compact embedding H. < LI (RY C)for1 <r < 2*, and (g5),

loc
we have

/(]RN\A S lg(ex, [1n|*)tn (un — u)|dz — 0, asn — oo.
)N 2p

Moreover, using the Sobolev compact embedding H. < LI, (R, C) for 1 <r < 2*

loc
again, and (3.8), we have

/ lg(ex, |tn|?)tn (un — uw)|dz — 0, asn — oo.
AEﬂsz(O)
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Thus, (3.7) holds. Moreover, by (3.6), it follows that
0 < limsup : P,(z)dr < limsup(|J,£,p| + |J,2W| + |J3,p| + |J§7p ) =0,
n R n

hence

limsup/ P, (z)dx = 0.
Br

n

Thus, relation (3.5) holds.
STEP 3. From (3.4) and (3.5), we have

Joul? < tin i g 2 < Tin sup [ |2
n n

Slimsup{/ (IVa unl® + Ve(@)|un|?)da
Br(0)

n

-/ (WAMF+K@WM%M}
B%(0)

s/ (IV au
Br(0)

Passing to the limit as ¢ — 0 we have R — oo, which implies that

2 4 V() |u)?)dz + C.

[[u]]2 < liminf [Ju,[|2 < limsup [, |2 < [Ju]]2.
n n
Then u,, — v in H, and we conclude.

Since f is only assumed to be continuous, the following result is required for
the multiplicity result in the next section.

COROLLARY 3.1: The functional U, satisfies the (PS). condition on S at any
level c € (0, L SN/?).

Proof. Let {u,} C ST be a (PS). sequence for ¥. with ¢ € (0, L SN/?).

Then U, (u,) — ¢ and || PL(uy)||« — 0, where || - ||« is the norm in the dual
space (T, ST)*. By Lemma 3.3(B3), we know that {m.(u,)} is a (PS). se-

quence for J. in H.. From Lemma 3.5, we know that there exists a u € ST
such that, up to a subsequence, mq(u,) — m.(u) in H.. By Lemma 3.2(A3),
we obtain

Up — uin ST,

and the proof is complete.
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4. Multiple solutions for the modified problem

4.1. THE AUTONOMOUS PROBLEM. For our scope, we need also to study the
following limit problem

(4.1) —Au+Vou=f(luu+u*>"1, w:RY SR, and u>0,

whose associated C!-functional, defined in H*(R™ R), is

Iy, (u) == ; /RN(|VU|2 + Vou®)dz — ; /RN Fu)de - 21* /]RN (u+)2*d$-
Let
No := {u € H'(RY,R)\ {0} : I}, (u)[u] = 0}
and
ey, = ule%o Iy, (u).

By (f1) and (f4), for each u € H'(RY ,R)\{0}, there is a unique ¢(u) > 0 such
that

Iy, (t(u)u) = max Iy, (tu) and t(u)u € Ny,.

Then, using the assumptions on f, arguing as in [44, Lemma 4.1 and Theorem
4.2] we have that

= inf .
0 <ev uEHl(HIK%,R)\{O} g Tva (tu)

Let
Hy := H'(RY R)
and define by H the open set of Hy given by
Hy = {u € Hy : |[supp(u™)| > 0},

and S’ar =5N ng, where Sy be the unit sphere of Hy.
As in Section 3, Sar is a non-complete C'**'-manifold of codimension 1, mod-
eled on Hy and contained in Har . Therefore,

Hy = T.S§ P Ru
for each u € T, Sy, where
TUSSr = {’U € Hy: <’U,,’U>0 = 0}

Arguing as in Lemma 3.2, we have the following property.
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LEMMA 4.1: Let Vi be given in (V1) and suppose that (f1)—(f4) are satisfied.
Then the following properties hold:

(al) For any u € H, let g, : RT — R be given by g,(t) = Iy, (tu). Then
there exists a unique t,, > 0 such that g.,(t) > 0 in (0,t,) and g,,(t) < 0
in (ty,00).

(a2) There is a T > 0 independent on u such that t, > 7 for all u € S .
Moreover, for each compact W C Sar there is Cyy such that t, < Cyy,
for allu e W.

(a3) The map m : Hy — Ny given by m(u) = t,u is continuous and
mo = Mo st is a homeomorphism between Sar and Ny. Moreover,
() = -

(ad) If there is a sequence {u,} C Sy such that dist(u,,dSy) — 0, then
[lm(un)|jo = oo and Iy, (m(u,)) — oo.

We shall consider the functional defined by
Wo(u) = I, (f(w)) and W := Wolg.

Arguing as in [42, Proposition 9 and Corollary 10], we have

LEMMA 4.2: Let Vy be given in (V1) and suppose that (f1)—(f4) are satisfied.
Then:

(b1) Wy € CY(H,R) and
Ul (u)v = HTSTZHOI{/” (M(u))[v], VYue€ HS and Vv € H,.
(b2) ¥y € CY(Sy,R) and
To(u)v = [[m(u)lloli, (M(w))v], Vv € TuSy -

(b3) If {u,} is a (PS). sequence of Wy, then {m(uy,)} is a (PS). sequence
of Iy, If{u, } C Ny is a bounded (PS). sequence of Iy, , then {m~*(u,)}
is a (PS). sequence of Uy.

(b4) w is a critical point of Wy if and only if m(u) is a critical point of Iy, .
Moreover, the corresponding critical values coincide and

inf Wy = inf Iy, .
A No °°
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Similar to the previous argument, we have the following variational charac-
terization of the infimum of Iy, over Np:

(4.2) ey, = inf Iy, (u) = inf suply,(tu) = inf sup Iy, (tu).
uENy w€HS t>0 u€Sy t>0

Arguing as in [1], we have

LEMMA 4.3: Assume that (f1)—(f4) hold; problem (4.1) has a positive ground
state solution w which is radially symmetric and a classical solution, that
isw € C*(RY,R) N L>®(RN,R). Moreover, 0 < cy, < 5 SN/2.

Moreover, we have the following important property.

LEMMA 4.4: Let (u,) C Ny be such that Iy, (u,) — cv,. Then (u,) has a
convergent subsequence in Hy.

Proof. Since (u,,) C N, from Lemma 4.1(a3), Lemma 4.2(b4) and the definition
of ¢y, we have
Un

Un ::nq*l(un):: ”u HO
n

GSS', Vn € N,

and

Uo(vn) = Iy, (uy) = ey, = inf Wo(u).
u€SY

Although S; is not a complete C! manifold, we still can apply Ekeland’s vari-
ational principle to the functional & : H — R U {oo} defined by
Eo(u) = Wo(u) ifueSF
and
Eo(u) :=00 if u€dsy,
where H = Sar is the complete metric space equipped with the metric
d(u,v) 1= [lu — vllo.

In fact, by Lemma 4.1(a4), & € C(H,R U {o0}), and from Lemma 4.2(b4), &
is bounded below. Therefore, there exists a sequence {0, } C Sg such that {@,}

is a (PS)c,, sequence for Wo on Si and

[0 — vnllo = 0n(1).
Arguing as in Lemma 3.5, we conclude.

Now, we show that relationship between c. and cy; .
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LEMMA 4.5: The numbers c. and cy, satisfy the following inequality:

- _ L ony2
lg%cg—cvo < NS .

Proof. Let n € C° (RN, [0, 1]) be a cut-off function such that n = 1 in B, /5 and
supp(n) = B, C A for some p > 0. Let us define

we(x) = ne(z)w(z)em(o)'x,
where
Ne(z) = n(ex) for e >0,

w is a positive and radial ground state solution of problem (4.1), and we observe
that |we| = new and we € He in view of Lemma 2.1. Arguing as in [25, Lemma
4.1] or [31, Lemma 4.6], we have that

4. li 2 = 2

(43) lim [lwel|? = [lwIf3,

and

(4.4) lim |VAEw€|2d:c:/ |Vw|?dz.
e—0 RN RN

It is also easy to verify that

(4.5) lim |Vw€|2*d:z::/ |Vw|? da.
RN RN

e—0

Now let t. > 0 be the unique number such that

Je(tewe) = I{lzaox Je(twe).

We observe that ¢. satisfies
t?(/ |VA5w€|2dx+/ Vg(x)|w€|2dx)
RN RN
= [ st 2o
]RN

_ / F (2 el e 2+ / 2wl d,
RN RN
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where we use supp(n) C A and the definition of g(z,¢). Moreover, using that
n=1in B/, u is a positive continuous function and (f4), we have

1
t2</ |VAEwE|2d:17+/ Vg(z)|w€|2dz>
€ RN RN

1 x .
—p | el [l ds
e JRN RN

> [ P e @) eol)o? (0)dz
e JRN
! 2022 )Nw?(2)dz
- e
1
>

t2 2
f( 52/7 ) / w2(z)dz
te B,,2(0)

for all 0 < € < 1 and where v = min{w(z) : |z] < p/2}.
If t« - 400 as € — 0, by (f4), we contradict (4.4). Therefore, up to a

/ (202 (2) w2 (2)de
B, /2(0)

>

subsequence, we may assume that t. — g > 0 as € — 0.
If t¢ — 0, using the fact that f is increasing, the Lebesgue dominated con-

vergence theorem and (4.5), we obtain that

[ Wasls [ Viois
RN RN
:/ f(twel?)|we 2 da +/ 2 2|w > dz =0, ase—0
RN RN
which contradicts (4.3). Thus, we have to > 0 and
t%/ (|Vw|? + Vow?)dz = / f(t3w?)tiwida +/ t2 |w|? du,
RN RN RN

so that tow € My,. Since w € Ny, we obtain that ¢ty = 1 and so, using the
Lebesgue dominated convergence theorem, we get

lim F(|t€w€|2)dx:/ F(w?)dzx.
e—0 RN ]RN

Hence

lii% Je(tewe) = Iy, (u) = cy,.
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Since
ce < r?za'ox Je(twe) = Je(tewe)7

we can conclude that limsup, ,jc. < cy,. Moreover, by (3.3), (4.2) and
Iy, (Ju]) < Je(u) for any u € H,, we have cy, < ¢.. Then ¢y, < liminf._qc..
Combining with the previous arguments, we conclude that

- _ L ony2
lg%cg—cvo < NS .

Remark 4.1: From Lemma 4.1 and Lemma 3.5, we see that for € > 0 small, the
problem (3.2) has a ground state solution u, such that

Je(ue) =ce and J.(uc) = 0.

4.2. TECHNICAL RESULTS. In this subsection, we prove a multiplicity result for
the modified problem (3.2) using the Ljusternik—Schnirelmann category theory.
In order to get it, we first provide some useful preliminaries.

Let 0 > 0 be such that Ms C A, w € H'(RY,R) be a positive ground state
solution of the limit problem (4.1), and n € C*°(R™, [0, 1]) be a nonincreasing
cut-off function defined in [0, +00) such that

n(t) =1 if0<t<d/2
and
n(t) =0 ift>ad.
For any y € M, let us introduce the function
ey (@) i=nllew =y (™) exp (in, (7 Y)),

where
N
7y(z) =Y Ai(y)mi.
i
Let t. > 0 be the unique positive number such that

I?zag Je (0. ) = J (1T ).

Note that t. 0., € N..
Let us define &, : M — N; as

D (y) :=t.T.y.

By construction, ®.(y) has compact support for any y € M.
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Moreover, arguing as in Lemma 4.1, the energy of the above functions has
the following behavior as ¢ — 07.

LEMMA 4.6: The limit
lim Je(q)s(y)) = Cy,

e—0+t

holds uniformly iny € M.

Now we define the barycenter map.
Let p > 0 be such that Ms; C B, and consider T : RN — RY defined by
setting

T(z) := -

px/lx], if [z = p.

if [z < p,

The barycenter map S. : No — RY is defined by

! /]RN Y (ex)|u(z)|*dx.

Pl = e

We have the following asymptotic uniform estimate.

LEMMA 4.7: The limit

holds uniformly iny € M.

Proof. Assume by contradiction that there exist x > 0, (y,) C M and &, — 0
such that

(4'6) |/85n, ((I)En (yn)) - ynl > K.

Using the change of variable z = (g,2 — ¥y, ) /€, We can see that

n Jen (Y(Enz +yn) — yn)n? (lenz|)w? (2)dz
Jon 12 (len2))w?(2)dz

Taking into account (y,) C M C Ms C B, and the Lebesgue dominated con-

Be, (Pc, (yn)) = yn

vergence theorem, we can obtain that

|ﬂsn ((I)sn (yn)) - yn| = On(]-)a

which contradicts (4.6).

Now, we prove the following useful compactness result.
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PROPOSITION 4.1: Let €, — 0% and (u,,) C Ne, be such that J., (un) — cv,.
Then there exists (,) C RY such that the sequence (|v,|) C H'(RM R),
where vy, () := un(x + 9, ), has a convergent subsequence in H'(RY | R). More-
over, up to a subsequence, y, := €,y, — y € M as n — +o0.

Proof. Since J! (un)[u,] = 0 and J, (un) — cy,, arguing as in the proof of
Lemma 3.4, we can prove that there exists C' > 0 such that ||u,l|l., < C for
all n € N.

Arguing as in Lemma 3.1(ii), we have that ¢y, > 0. Moreover, arguing as in
the proof of Lemma 3.2, we have that there exist a sequence {f,} C RY and
constants R, § > 0 such that
(4.7) liminf/ [ |?dz > 5.

Br(¥n)

Now, let us consider the sequence {|v,|} C H*(RM R), where
Un () = un(z + Gn).

By the diamagnetic inequality (2.1), we get that {|v,|} is bounded in H*(RY | R),
and using (4.7), we may assume that |v,| — v in H!(RY R) for some v # 0.
Let t, > 0 be such that @, := t,|v,| € Ny,, and set y,, := €,7n.
Using the diamagnetic inequality (2.1) again, we have

evy < Iy (0n) < rax Je, (tun) = Je,, (un) = cv;, + on(1),

which yields Ip(9,) — cy, as n — +o0.

Since the sequences {|v,|} and {9, } are bounded in H'(RY R) and |v,| /4 0
in H*(RY,R), then (¢,) is also bounded and so, up to a subsequence, we may
assume that t,, — tg > 0.

We claim that g > 0. Indeed, if ¢y = 0, then, since (|v,|) is bounded, we
have 7, — 0in H'(RY,R), that is I(%,) — 0, which contradicts ey, > 0. Thus,
up to a subsequence, we may assume that ©,, — 9 := tov # 0 in H'(R",R), and,
by Lemma 4.4, we can deduce that 9, — @ in H*(RY,R), which gives |v,| — v
in H1(RY R).

Now we show the final part, namely that {y,} has a subsequence such
that y, — y € M. Assume by contradiction that {y, } is not bounded and so, up
to a subsequence, |y,| — 400 as n — +o0o. Choose R > 0 such that A C Br(0).
Then for n large enough, we have |y,| > 2R, and, for any = € Bg/., (0),

len® + Yn| > |yn| — enlz] > R.
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Since u, € N, , using (V1) and the diamagnetic inequality (2.1), we get that

n?

[ 91l + Vol o

S/ |VAE’Un|2+/ V(Enx+yn)|vn|2d$

RN RN

(4.8)

<[ gleus+ v foul?onldo
RN

<[ fePlePes [ fuPlefder[ P
BR/sn,(O) Blc?/sn(o) BCR/En(O)

Since |v,| — v in H' (RN, R) and f(t) < Vo/K, we can see that (4.8) yields

min {1,V (1 - ;{)}/RNQWU,ZH? Flon[2)dz = on(1),

that is |v,| — 0 in HY(RY,R), which contradicts v # 0.

Therefore, we may assume that g, — yo € RY. Assume by contradiction
that yo € A. Then there exists » > 0 such that for every n large enough we
have that |y, — yo| < r and Ba,.(yo) € A°. Then, if z € B, /., (0), we have that
len® + yn — yo| < 2r so that e,z 4y, € A° and so, arguing as before, we reach
a contradiction. Thus, yo € A.

To prove that V (yo) = Vo, we suppose by contradiction that V (yg) > Vj. Using
Fatou’s lemma, the change of variable z =z +7, and max;>q J, (tun) = Je, (un),
we obtain

- 1 - - 1 - 1 o
v =l @) < o [ (3P + Vi)laP)ds — [ PPz =y, [ (o o
2 RN 2 RN 2 RN
1
glmmf( / (VO |* + V(enz + yn)|0n|?)dz
n 2 RN

1 | *
- / F([o,]?)dz — / o2 dz
2 ]RN 2* ]RN

t2
:hminf( n / (9 unll? + V (£n2) un|?)da
no\ 2 Jan

1 1 N
_ / Flltnun|?)dz — / TRNE d:z:)
2 RN 2* RN

<liminfJ., (tnuy) < liminfJ. (u,) = cy,

which is impossible and the proof is complete.
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Let now
N i={ueN-: J.(u) < ey, + h(e)},
where h : RT — R* h(e) - 0ase— 0.
Fixing y € M, by Lemma 4.6,
| Je(@e(y)) —evy| = 0 as e— 07,
we get that M. # (0 for any £ > 0 small enough.
We have the following relation between N and the barycenter map.

LEMMA 4.8: We have

lim sup dist(S(u), Ms) = 0.

+ >
=0 uENg

Proof. Let ¢, — 0% as n — +o00. For any n € N, there exists u,, € j\~/gn such
that

inf —y|= inf 2) =yl + 0n(1).
g 1P, (w) =yl = inf |Be, (un) =yl +on(1)

Therefore, it is enough to prove that there exists (y,) C Ms such that
117?1 |65n (Un) - yn| =0.

By the diamagnetic inequality (2.1), we can see that Iy, (t|u,|) < Je, (tu,) for
any t > 0. Therefore, recalling that {u,} C N., C N.,, we can deduce that

(4.9) ey, < max Iy, (tun]) < max Je, (tun) = Jo, (un) < ey + h(en)

which implies that J., (un) — ¢y, as n — +0o0.

Thus, by Proposition 4.1, there exists {7, } C RY such that y, = e,7, € M;
for n large enough.

Making the change of variable z = x — ¥, we get

+ f]RN (Y(enz +Yn) = Yn)|un(z + ﬂn)|2dz

e (ttn) = 4 Joux [tn (2 + in) |22

Since, up to a subsequence, |u,|(- + 9,) converges strongly in H'(RM R) and
Enz+yn —y € M for any z € ]RN, we conclude.
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4.3. MULTIPLICITY OF SOLUTIONS FOR PROBLEM (3.2). Finally, we present a
relation between the topology of M and the number of solutions of the modified
problem (3.2).

THEOREM 4.1: For any § > 0 such that Ms C A, there exists €5 > 0 such that,
for any € € (0,&s), problem (3.2) has at least catys, (M) nontrivial solutions.

Proof. For any € > 0, we define the function . : M — ST by
me(y) =m ' (®e(y)), Vy € M.
By Lemma 4.6 and Lemma 3.3(B4), we obtain
iiir(l) U (me(y)) = igr(l) Je(®e(y)) = cv,, uniformly in y € M.
Hence, there is a number € > 0 such that the set
Sti={ue St U (u) <cy, +h(e)}

is nonempty, for all e € (0,¢), since m.(M) C S+. Here h is given in the
definition of A..

Given 6 > 0, by Lemma 4.6, Lemma 3.2(A3), Lemma 4.7, and Lemma 4.8,
we can find €5 > 0 such that for any € € (0, £5), the following diagram

M 25 (M) D 1 (M) 2 oo (M) 25 M;

is well defined and continuous. From Lemma 4.7, we can choose a func-
tion O(e,z) with |O(¢,z)| < § uniformly in z € M, for all € € (0,¢) such
that B-(P-(2)) = 2+ O(e, z) for all z € M. Define H(t,z) = z+ (1 — t)O(e, 2).
Then H : [0,1] x M — M; is continuous. Clearly,

H(0,z) = :(Pe(2)) H(l,z)==z2

for all z € M. That is, H(t, z) is a homotopy between 3. o &, = (3. o m) o 7,
and the embedding ¢ : M — Ms. Thus, this fact implies that

(4.10) catwe(M)(we(M)) > catyr, (M).

By Corollary 3.1 and the abstract category theorem [42], W. has at least
caty, (ar)(me(M)) critical points on St. Therefore, from Lemma~3.3(B4) and
(4.10), we have that J. has at least catps, (M) critical points in Az which im-
plies that problem (3.2) has at least catys, (M) solutions.
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5. Proof of Theorem 1.1

In this section we prove our main result. The idea is to show that the solutions u.
obtained in Theorem 4.1 satisfy

luc(2)]? < ap for x € AS

for € small. Arguing as in [31, Lemma 5.1], we have the following important
result.

LEMMA 5.1: Let ¢, — 07 and u, € N., be a solution of problem (3.2)
for ¢ = &,. Then J., (u,) — cy,. Moreover, there exists {,} C RY such that,
if vy (2) := up(x + §n), we have that {|v,|} is bounded in L>=°(RY R) and

lim |v,(2)] =0 uniformly inn € N.
|z|—+o00

Now, we are ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1. Let § > 0 be such that Ms C A. We want to show that
there exists £; > 0 such that for any ¢ € (0,Z5) and any u. € N. solution of
problem (3.2), then

(5.1) el Zoo (acy < ao

holds. We argue by contradiction and assume that there is a sequence €,, — 0
such that for every n there exists u,, € j\~/5n which satisfies J. (u,) =0 and

(5:2) HUHHQLOO(Agn) > ao-

Arguing as in Lemma 5.1, we have that J. (u,) — cy,, and therefore we can
use Proposition 4.1 to obtain a sequence (¢,) C RY such that v, := e,7n — %o
for some yo € M. Then, we can find » > 0, such that B,(y,) C A, and
s0 By/c, (Jn) C Ac, for all n large enough.

Using Lemma 5.1, there exists R > 0 such that |[v,|? < ag in B{(0) and n large
enough, where v,, = 1, (-+¥,). Hence |u,|* < ag in B (yn) and n large enough.
Moreover, if n is so large that r /e, > R, then AS C Bﬁ/sn (Un) C B%(Yn), which
gives |un|* < ag for any 2 € AS . This contradicts (5.2) and proves the claim.

Let now &5 := min{és, &5}, where &5 > 0 is given by Theorem 4.1. Then we
have cat s, (M) nontrivial solutions to problem (3.2). If u. € N is one of these
solutions, then, by (5.1) and the definition of g, we conclude that u. is also a
solution to problem (2.2).
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Finally, we study the behavior of the maximum points of |G|, where
Ge(x) := ue(x/€) is a solution to problem (1.1), as ¢ — 0.

Take £, — 0 and the sequence (u,) where each u, is a solution of (3.2)
for € = €,. From the definition of g, there exists v € (0,ap) such that

0

glex, t*)t? < ‘I/(tQ’ for all z € RN, [t] < .

Arguing as above we can take R > 0 such that, for n large enough,

(5.3) [unll Lo (B, 5.0) < -

Up to a subsequence, we may also assume that for n large enough

(5.4) lunllo(Br ) = -

Indeed, if (5.4) does not hold, up to a subsequence, if necessary, we
have [[un||ce < 7. Thus, since J. (u.,) = 0, using (g5) and the diamagnetic
inequality (2.1) that

Ve
/(IVIUnIIQJrVqunF)dIS/ 9(En, [un]*)un|dz < 0/ [un|*da

and, with K > 2, ||u,|| = 0, which is a contradiction.

Taking into account (5.3) and (5.4), we can infer that the global maximum
points p, of |uc, | belong to Br(yn), that is p, = ¢, + ¥ for some g, € Bg.
Recalling that the associated solution of the problem (1.1) is @y, (2) = un(2/2,),

we can see that a maximum point 7., of |i,| is

Ne, = Enln + Enn-

Since g, € Bg, €nln — yo and V(yg) = Vo, the continuity of V' allows to
conclude that

limV(n., )= Vo.

The proof is now complete.

ACKNOWLEDGEMENTS. C. Ji is partially supported by Natural Science Foun-
dation of Shanghai (20ZR1413900, 18ZR1409100). The authors would like to
thank the referee for several useful comments.



498

(1]

[6]

[7]

(8]

(9]

(10]

(11]

(12]

(13]
14]

(15]

(16]

C. JI AND V. D. RADULESCU Isr. J. Math.

References

C. O. Alves, D. C. de Morais Filho and M. A. S. Souto, Radially symmetric solutions
for a class of critical exponent elliptic problems in RN | Electronic Journal of Differential
Equations 7 (1996).

C. O. Alves and G. M. Figueiredo, Multiplicity of positive solutions for a quasilinear
problem in RN via penaization method, Advanced Nonlinear Studies 5 (2005), 551-572.
C. O. Alves, G. M. Figueiredo and M. F. Furtado, Multiple solutions for a nonlinear
Schrédinger equation with magnetic fields, Communications in Partial Differential Equa-
tions 36 (2011), 1565-1586.

C. O. Alves and C. Ji, Existence of a positive solution for a logarithmic Schrédinger
equation with saddle-like potential, Manuscripta Mathematica, to appear,
https://link.springer.com/article/10.1007/s00229-020-01197-z.

C. O. Alves and C. Ji, Multiple positive solutions for a Schrédinger logarithmic equation,
Discrete and Continuous Dynamical Systems 40 (2020), 2671-2685.

C. O. Alves and C. Ji, Existence and concentration of positive solutions for a logarith-
mic Schrédinger equation via penalization method, Calculus of Variations and Partial
Differential Equations 59 (2020), Article no. 21.

C. O. Alves and O. H. Miyagaki, Existence and concentration of solution for a class of
fractional elliptic equation in RN via penalization method, Calculus of Variations and
Partial Differential Equations 55 (2016), Article no. 47.

C. O. Alves and M. A. S. Souto, Multiplicity of positive solutions for a class of problems
with exponentical critical growth in R?, Journal of Differential Equations 244 (2008),
1502-1520.

A. Ambrosetti, M. Badiale and S. Cingolani, Semiclassical states of nonlinear Schrédinger
equations, Archive for Rational Mechanics and Analysis 140 (1997), 285-300.

A. Ambrosetti, A. Malchiodi and S. Secchi, Multiplicity results for some nonlinear
Schrédinger equations with potentials, Archive for Rational Mechanics and Analysis 159
(2001), 253-271.

A. Ambrosetti and P. Rabinowitz, Dual variational methods in critical point theoryand
applications, Journal of Functional Analysis 14 (1973), 349-381.

V. Ambrosio, Existence and concentration results for some fractional Schrédinger equa-
tions in RN with magnetic fields, Communications in Partial Differential Equations 44
(2019), 637-680.

G. Arioli and A. Szulkin, A semilinear Schrédinger equation in the presence of a magnetic
field, Archive for Rational Mechanics and Analysis 170 (2003), 277-295.

S. Barile, S. Cingolani and S. Secchi, Single-peaks for a magnetic Schrédinger equation
with critical growth, Advances in Differential Equations 11 (2006), 1135-1166.

T. Bartsch, E. N. Dancer and S. Peng, On multi-bump semi-classical bound states of
nonlinear Schrédinger equations with electromagnetic fields, Advances in Differential
Equations 11 (2006), 781-812.

V. Benci and G. Cerami, Multiple positive solutions of some elliptic problems via the
Morse theory and the domain topology, Calculus of Variations and Partial Differential
Equations 2 (1994), 29-48.



Vol.

(17]

(18]
(19]
20]

(21]

(22]

(23]

24]

25]

[26]

27]

(28]

29]

(30]

(31]

241, 2021 CONCENTRATION PHENOMENA 499

J. Byeon and K. Tanaka, Semi-classical standing waves for nonlinear Schrédinger equa-
tions at structurally stable critical points of the potential, Journal of the European
Mathematical Society 15 (2013), 1859-1899.

J. Byeon and K. Tanaka, Semiclassical standing waves with clustering peaks for nonlinear
Schrédinger equations, Memoirs of the American Mathematical Society 229 (2014).

J. Chabrowski and A. Szulkin, On the Schrédinger equation involving a critical Sobolev
exponent and magnetic field, Topological Methods in Nonlinear Analysis 25 (2005), 3—-21.
S. Cingolani, Semiclassical stationary states of nonlinear Schrédinger equations with an
external magnetic field, Journal of Differential Equations 188 (2003), 52-79.

S. Cingolani and M. Gallo, On the fractional NLS equation and the effects of the potential
well’s topology, Advanced Nonlinear Studies, to appear,
https://doi.org/10.1515/ans-2020-2114.

S. Cingolani, L. Jeanjean and S. Secchi, Multi-peak solutions for magnetic NLS equa-
tions without non-degeneracy conditions, ESAIM Control Optimization and Calculus of
Variations 15 (2009), 653-675.

S. Cingolani, L. Jeanjean and K. Tanaka, Multiple complex-valued solutions for nonlinear
magnetic Schrodinger equations, Journal of Fixed Point Theory and Applications 19
(2017), 37-66.

S. Cingolani and S. Secchi, Semiclassical states for NLS equations with magnetic po-
tentials having polynomial growths, Journal of Mathematical Physics 46 (2005), Article
no. 053503.

P. d’Avenia and C. Ji, Multiplicity and concentration results for a magnetic Schrédinger
equation with exponential critical growth in R2, International Mathematics Research
Notices, to appear, https://doi.org/10.1093/imrn/rnaa074.

P. d’Avenia, A. Pomponio and D. Ruiz, Semiclassical states for the nonlinear Schrédinger
equation on saddle points of the potential via variational methods, Journal of Functional
Analysis 262 (2012), 4600-4633.

M. del Pino and P. L. Felmer, Local mountain passes for semilinear elliptic problems in
unbounded domains, Calculus of Variations and Partial Differential Equations 4 (1996),
121-137.

M. J. Esteban and P. L. Lions, Stationary solutions of nonlinear Schrédinger equations
with an external magnetic field, in Partial Differential Equations and the Calculus of
Variations. Vol. I, Progress in Nonlinear Differential Equations and their Applications,
Vol. 1, Birkh&user, Boston, MA, 1989, pp. 401-449.

A. Floer and A. Weinstein, Nonspreading wave packets for the cubic Schrédinger equation
with a bounded potential, Journal of Functional Analysis 69 (1986), 397-408.

X. M. He and W. M. Zou, Existence and concentration result for the fractional
Schrédinger equations with critical nonlinearities, Calculus of Variations and Partial
Differential Equations 55 (2016), Article no. 91,

C. Ji and V. D. Radulescu, Multiplicity and concentration of solutions to the nonlinear
magnetic Schrodinger equation, Calculus of Variations and Partial Differential Equations
59 (2020), Article no. 115.



500

(32]

(33]
(34]

(35]

(36]

(37)
(38]

(39]

[40]
[41]
42]
(43]
44]

[45]

C. JI AND V. D. RADULESCU Isr. J. Math.

C. Jiand V. D. Radulescu, Multi-bump solutions for the nonlinear magnetic Schrédinger
equation with exponential critical growth in R?, Manuscripta Mathematica, to appear,
https://doi.org/10.1007/s00229-020-01195-1.

C. Ji and V. D. Radulescu, Multiplicity properties and concentration phenomena for
magnetic Kirchhoff equations, preprint.

C. Ji and A. Szulkin, A logarithmic Schrédinger equation with asymptotic conditions on
the potential, Journal of Mathematical Analysis and Applications 437 (2016), 241-254.
C. Ji, Z.-Q. Wang and Y. Z. Wu, A monotone property of the ground state energy to the
scalar field equation and applications, Journal of the London Mathematical Society 100
(2019), 804-824.

S. Liang and S. Shi, On multi-bump solutions of nonlinear Schrédinger equation with
electromagnetic fields and critical nonlinearity in RY | Calculus of Variations and Partial
Differential Equations 56 (2017), Article no. 25.

E. H. Lieb and M. Loss, Analysis, Graduate Studies in Mathematics, Vol. 14, American
Mathematical Society, Providence, RI, 2001.

Y. L. Liu, X. Li and C. Ji, Multiplicity of concentrating solutions for a class of magnetic
Schrédinger-Poisson type equation, Advnced Nonlinear Analysis 10 (2021), 131-151.

Y. G. Oh, Existence of semi-classical bound state of nonlinear Schrédinger equations
with potential on the class of (V')a, Communications in Partial Differential Equations 13
(1998), 1499-1519.

Y. G. Oh, On positive multi-lump bound states of nonlinear Schrédinger equations under
multiple well potential, Communications in Mathematical Physics 131 (1990), 223-253.
A. Szulkin and T. Weth, Ground state solutions for some indefinite variational problems,
Journal of Functional Analysis 257 (2009), 3802-3822.

A. Szulkin and T. Weth, The method of Nehari manifold, in Handbook of Nonconvex
Analysis and Applications, International Press, Somerville, MA, 2010, pp. 2314-2351.
X. F. Wang, On concentration of positive bound states of nonlinear Schrédinger equa-
tions, Communications in Mathematical Physics 153 (1993), 229-244.

M. Willem, Minimax Theorems, Progress in Nonlinear Differential Equations and their
Applications, Vol. 24, Birkh&auser, Boston, MA, 1996.

Y. Zhang, X. Tang and V. D. Radulescu, Small perturbations for nonlinear Schrédinger
equations with magnetic potential, Milan Journal of Mathematics 88 (2020), 479-506.



