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Abstract

This paper focuses on the study of multiplicity and concentration phenomena of positive solutions for the
singularly perturbed double phase problem with nonlocal Choquard reaction

—eP Apu— €1 Aqu+ VO (ulP2u 4 fult =2y = et =N (Lo Ga) g, RV,
uewhP@MHNwha@®N), u >0, inRV,

where 1 < p <g <N,0 < pu <N, € is a small positive parameter and V is the absorption potential. Com-
bining variational and topological arguments from Nehari manifold analysis and Ljusternik-Schnirelmann
category theory, we prove the existence of positive ground state solutions that concentrate around global
minimum points of the potential V. In the second part of this paper, we establish the relationship between
the number of positive solutions and the topology of the set where V attains its global minimum. The
main results included in this paper complement several recent contributions to the study of concentration
phenomena.
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1. Introduction and main results

In this paper we will consider the following singularly perturbed double phase problem with
nonlocal Choquard reaction

—eP Aput — €4 Agu + V() (P20 + |uld2u) = ehN (ﬁ % G(u)) ¢@), inRV,
ue W-P@®R¥Mynwha@®N), u >0, inRY,
(1.1)
where l < p<qg<N,0<pu <N, Aru= div(|Vu|"~2Vu), with r € {p,q}, is the r-Laplace
operator, € is small positive parameter, * represents the convolution between two functions, V is
absorption potential and the nonlinear function G is the primitive function of g.

The present paper is inspired by recent fundamental progress in the mathematical analysis of
many nonlinear patterns with unbalanced growth and nonlocal reaction. The main purpose of
this paper is to investigate the multiplicity and concentration phenomenon of positive solutions
for problem (1.1). And the main novelty of the paper is the combination of both, a double phase
operator and a nonlocal Choquard reaction term which we describe below. To the best of our
knowledge, this is the first paper dealing with the combination of both notions.

Since the contents of the paper are closely concerned with unbalanced double phase problems
and nonlocal Choquard problems, we briefly introduce in what follows the related background
and applications and recall some pioneering contributions in these fields. For the study of the
problems with unbalanced growth, as we know the first work is due to Ball [10] who was in-
terested in models arising in nonlinear elasticity and their qualitative properties (cavitations,
discontinuous equilibrium solutions, etc.). Here we point out that the source term of problem
(1.1) is driven by a differential operator with unbalanced growth due to the presence of the
(p, g)-Laplace operator. This type of problem comes from a general reaction-diffusion system:

u; = div[A(u)Vul + c(x, u) and A(u) = |Vu|P~% + |Vu|?72,

where the function u is a state variable and describes density or concentration of multi-
component substances, div[A(u)Vu] corresponds to the diffusion with a diffusion coefficient
A(u) and c(x, u) is the reaction and relates to source and loss processes.

More precisely, problem (1.1) combines two interesting phenomena. The first one is the fact
that the operator involved in (1.1) is the so-called double phase operator whose behavior switches
between two different elliptic situations, which generates an interesting double phase associated
energy. Originally, Zhikov [44] was the first who studied the double phase functionals in order to
describe models of strongly anisotropic materials. Moreover, the double phase problems are also
motivated by numerous models arising in mathematical physics. For example, we can refer to the
Born-Infeld equation [14] that appears in electromagnetism, electrostatics and electrodynamics
as a model based on a modification of Maxwell’s Lagrangian density:

. Vu .
—div W = ]’Z(I/l) in Q.

57



W. Zhang, J. Zhang and V.D. Rddulescu Journal of Differential Equations 347 (2023) 56-103

Indeed, using the Taylor formula, we have

X3 5 s a3
(=0 =1t o3+ a? n— 11"

=Ly .. for|x| < 1.

Taking x = 2|Vu|? and adopting the first order approximation, we can obtain the double phase
problem with p =2 and g = 4. Especially, the n-th order approximation problem is driven by
the multi-phase differential operator

_@n-3)

n—1)! 2nl.

3
—Au—A4u—§A6u—~-

We also refer to the following fourth-order relativistic operator

, |Vu|?
ur—div{ ———Vu |,
(1 —|Vul4)¥/4

which describes large classes of phenomena arising in relativistic quantum mechanics. Again, by
Taylor’s formula, we have

3x0 + 21x10
4 32

21— M =2y

This implies that the fourth-order relativistic operator can be approximated by the following
autonomous double phase operator

3
ur> Aqu + ZAgu.

For more details in the physical backgrounds and other applications, we refer the readers to see
Bahrouni-Rédulescu-Repovs [9] (for phenomena associated with transonic flows) and to Benci-
D’ Avenia-Fortunato-Pisani [13] (for models arising in quantum physics).

The second interesting phenomena in our work is the appearance of a Choquard reaction term
on the right-hand side which generates the nonlocal characteristic. This type of nonlocal problem
arises in many interesting physical situations in quantum theory and plays an important role in
describing the finite-range many-body interactions. For instance, the nonlocal Choquard problem
was first introduced in the pioneering work of Pekar [32] to reveal the quantum physics of a
polaron at rest. As pointed out by Lieb [20], Choquard used this model to describe an electron
trapped in its own hole and to study steady states of the one component plasma approximation in
the Hartree-Fock theory. We also refer to a survey [25] for more physical interpretations.

It is well known that, as € — 0 in (1.1), the existence and asymptotic behavior of the solutions
of the singularly perturbed problem (1.1) is known as the semi-classical problem. It is used to
describe the transition between of quantum mechanics and classical mechanics, and gives rise to
significant physical insights. In this framework, the semi-classical states have very rich dynamic
behaviors such as concentration, convergence and decay etc. In order to better understand the
dynamic behaviors of semi-classical states, we observe that if the function v is a solution of (1.1)
for xg € RY, then the new function u = v(xg + €x) satisfies
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1
—Apu— Agu+V(xo+ 6x)(|u|p72u + |u|q*2u) = <W * G(u)) g(u), in RV,
X

This suggests some convergence, as € — 0, of the family of solutions to a solution u of the limit
problem

1
—Apu — Agu+ V (xo)(JulP2u + |ul?*u) = (W * G(u)) g(u), inRY,
X

It is expected that, in the semiclassical limit € — 0, the dynamic behaviors should be governed by
the potential V. In particular, there should be a correspondence between semi-classical solutions
of the equation and critical points of the potential.

On the other hand, this paper is also motivated by recent works related to the semi-classical
limit of nonlocal Choquard equation

—2Au+ V(x)u= (K@) *|ul”)|u”>u, inRY, (1.2)

where V is a potential and K is a response function which possesses information on the mutual
interaction between the bosons. Particularly, if p =g =2, problem (1.1) comes back to problem
(1.2) with Coulomb kernel. In recent years, there have been some works concerning with the
study of the semi-classical analysis of problem (1.2) under various assumptions on the potential.
See for example [2,26,35,37,39—41] and the references therein. Among them, the authors are
mainly interested in the problem how the property of the potential influence the existence, mul-
tiplicity and concentration of semi-classical solutions. To be more precise, when K (x) = |x|~!
and p = 2, using the Lyapunov-Schmidt reduction method, Wei-Winter [35] constructed fami-
lies of solutions concentrating to the nondegenerate critical points of potential V. Moroz and Van
Schaftingen [26] used variational methods and developed a novel nonlocal penalization technique
to study the localized concentration phenomena: the solutions concentrating around local minima
of potential V. Alves-Gao-Squassina-Yang [2] studied the existence and concentration behavior
of solutions for the critical problem with both linear and nonlinear potentials. A similar result for
the critical growth case also can be found in [40]. Yang-Ding [37] established the existence and
multiplicity of semi-classical states for Choquard type equations with critical frequency.

When p =g # 2, (1.1) boils down to the following quasi-linear Choquard equation involving
p-Laplacian operator

{ —€P Apu+ V() |u|P2u = et=N (# % G(u)) gw), inRVN, 13

ue WhP@®RN), u >0, inRV.

Concerning the investigation of semi-classical limit of problem (1.3), we would like to men-
tion the recent papers by Alves-Yang [4—6]. More specifically, using mountain pass argument
combined with the Ljusternik-Schnirelmann category theory, they proved the existence and mul-
tiplicity of positive solutions which concentrate at global minimum points of V under the global
condition on V (see [5]). Subsequently, under the local condition on V, they used the penalization
method developed by [16] to obtain a family of semiclassical states concentrating around local
minimum points of V [6]. In [4], they considered the problem with competing potentials and
characterized a new concentration behavior: the semi-classical solutions concentrating around
global minimum points of linear potential and global maximum points of nonlinear potential.
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We point out that the double phase problem with local nonlinear reaction has been consid-
ered recently by several authors. Some interesting and meaningful results were established by
using various topological and variational arguments. We refer the readers to [11,17,27-30] for
the existence and multiplicity results, [3,7,8,38,42,43] for related concentration and multiplicity
properties of semi-classical states, and [ 18] for some regularity and decay results, and so on. We
also mention the recent paper by Mingione-Rédulescu [24] in which a comprehensive overview
of the recent developments concerning elliptic variational problems with nonstandard growth
conditions and related to different kinds of nonuniformly elliptic operators.

To the best of our knowledge, there are no results concerning with the semi-classical analysis
for the nonlocal double phase problem driven by a differential operator with unbalanced growth
and a nonlocal Choquard reaction up until now. More precisely, motivated by this fact and the
above mentioned works, in the present paper we are interested in the qualitative and asymptotic
analysis of semi-classical solutions to problem (1.1) and we are mainly concerned with existence
and multiplicity properties of solutions, as well as with concentration phenomenon as € — 0.
The features of the present paper are the following:

(1) the problem contains the combined effects of a double phase operator with unbalanced
growth and of a Choquard reaction with nonlocal property;

(2) the concentration phenomenon creates a bridge between the global maximum point of the
solution versus the global minimum of the absorption potential;

(3) since the lack of compactness caused by the unboundedness of domain, the Palais-Smale
sequences do not have the compactness property;

(4) the proofs combine refined analysis techniques, including variational and topological tools.

Before stating our main result, we need introduce the assumptions on the potential V and the
nonlinearity g. We first assume that the potential V satisfies the following condition introduced
by Rabinowitz [31]:

(V) Ve C(RM,R) and satisfies

0< inf V(x)=Vy < Vo =liminf V(x) < oo.
xeRN lx]—00

Meanwhile, we assume that the nonlinearity g satisfies the following conditions:

(21) g€ C'(R,R) and g(s) = 0 for all s < 0:
(g2) g(s)=o(ls|P~) as s — 0;
(g3) thereexistcp > 0and T € ((ZNZ;N“)", %) such that

1g($)| < co(1+|s|°~") forall s € R;
(ga) there exists 6 > g such that

N
0<6G(s) =9fg(t)dt <2g(s)s forall s > 0;
0
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(gs) there exists k € [%, (%7_q)q + % — q) such that

0
g )s*—(g+k— 3 1)g(s)s > 0 forall s > 0.

The first result is the existence of positive ground state solution, we have the following theo-
rem.

Theorem 1.1. Let 0 < u < p and assume that conditions (V) and (g1)-(gs) are satisfied, then
there exists €g > 0 such that for any € € (0, €g), problem (1.1) has at least a positive ground state
solution.

Let us point out that the existence of semi-classical solutions is actually related to the existence
of minimum point of the potential V. As a consequence, it seems rather natural to ask whether
it is possible to relate the multiplicity of solutions for (1.1) to the set of minimum points of V.
To answer this question, the other purpose of the present paper is to study the multiplicity result
depended on the topology of the set where potential V attains its global minimum.

In order to give the precise statement of multiplicity result, we need introduce some definitions
and notations. We first recall the definition of Ljusternik-Schnirelmann category. If Y is a given
closed subset of a topological space X, the Ljusternik-Schnirelmann category caty (Y) is the least
number of closed and contractible sets in X which cover Y. Let us define the sets

M:={xeR":V(x)=Vy}and 5 = {x e R : dist(x, IT) < 8} for § > 0.

Without loss of generality, below we may assume 0 € IT throughout the paper. On the multiplicity
and concentration behavior of positive solutions we have the following theorem.

Theorem 1.2. Let 0 < i < p and assume that conditions (V) and (g1)-(gs) are satisfied. Then
for any § > O there is €5 > 0 such that, for any € € (0, €5), problem (1.1) has at least catr;(IT)
positive solutions. Furthermore, if uc denotes one of these solutions and x. € RY is its global
maximum, then

lim V (xc) = Vp.
e—>0

Let us now outline the strategies and methods to prove Theorem 1.1 and Theorem 1.2. Our
arguments are based on topological and variational approaches and refined analysis techniques
in order to complete the proofs of main results. More precisely, in order to find the existence
result of positive ground state solutions, we intend to make use of the Neahri manifold method to
deal with our problem. Besides, to prove the multiplicity result of positive solutions, we take ad-
vantage of the Ljusternik-Schnirelmann category theory and the techniques due to Benci-Cerami
[12] based on precise comparisons between the category of some sublevel sets of the energy
functional and the category of the set I1. However, there exists a common difficulty that we need
to overcome, that is the lack of compactness. Therefore, we have to verify that the energy func-
tional possesses certain compactness condition at some minimax level. This goal will be achieved
by doing a finer analysis and using the energy comparison method to establish some comparison
relationships of the ground state energy value between the original problem and certain auxiliary
problems.
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On the other hand, the combined effects of the double phase operator with unbalanced growth
and of the Choquard reaction with nonlocal nature also bring some difficulties to our analysis, it
is difficult to prove the L°°-estimate of solutions. Since the double phase operator we handled
is a general class of quasilinear operator, some standard Moser iteration procedures do not work
well, and then we adopt an appropriate De Giorgi iteration argument and some refined analysis
techniques to show the L°°-estimate and decay property of solutions. Moreover, we can see that
these properties we obtained are contributed to determine the concentration location of solutions.

The structure of this paper is the following. In Section 2, we introduce the variational setting
of problem (1.1) and present some preliminary results. In Section 3, we deal with the autonomous
problem associated to problem (1.1). In Section 4, we analyze carefully the Palais-Smale com-
pactness condition and prove the existence of positive ground state solution. In Section 5, we
are devoted to the multiplicity and concentration of solutions and we complete the proofs of
Theorem 1.1 and Theorem 1.2.

2. Preliminary results

In this paper, for convenience we will use the following notations.

e | - |; denotes the usual norm of the space L* (RN), 1 <s<o0;

e ¢, C, ¢;, C; denote some different positive constants;

e 1™ and u~ denotes the positive and negative parts of function u, respectively, i.e.,

ut = max{u, 0} and ¥~ = min{u, 0};

NN_’r denotes the embedding critical exponent of the Sobolev space W (RV).
In what follows, we introduce some relevant results about the Sobolev spaces. For p € (1, 00)
and N > p, we define DLP(RY) as the closure of C(‘)>o (RY) with respect to

or*=

|Vulh = / |Vu|Pdx.
]RN

Let WP (R¥) be the usual Sobolev space endowed with the standard norm
llull? = f (IVul? + |u|P)dx.
RN
We give the following embedding property for the spaces D7 (RY) and W' (RY).
Lemma 2.1. Let N > p, then there exists a constant Sy > 0 such that, for any u € plr (RN ),
lul. < S vulb.

Furthermore, WP (RN is embedded continuously into L*(RN) for any s € [p, p*] and com-
pactly into LS _(RN) for any s € [1, p*).

loc

We also have the following Lions concentration compactness lemma due to [21].
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Lemma 2.2. Let N > p and r € [p, p*). If {u,} is a bounded sequence in WP (RN) and if
lim sup / lu,|"dx =0,
n—00 N
Br(y)
where R > 0, then u,, — 0 in LS (RN) for all s € (p, p*).

Observe that, making the change of variable x — ex, then problem (1.1) is equivalent to the
following problem

: A ptt = Mg+ V(x) (P2 + Jult =) = (e + Gw) g, inRY, o

uewWhP@M N wha@®RN), u >0, in RV,
Evidently, if u is a solution of problem (2.1), then v(x) := u(x/€) is a solution of problem (1.1).

Thus, to study the original problem (1.1), we just need to study the equivalent problem (2.1).
For any fixed € > 0, we define the working space

Ec={ueW' ?®RYHnwh4®RVN): / V(ex)(Jul? + |u|?)dx < oo
]RN

endowed with the norm

lulle = llullve,p + lullve.q

where

lully, s = /(|Vu|s + V(ex)|u|*)dx for all s > 1.
RN
From condition (V), we can see that | - || and the norm of W12 (RN)N W14 (RV) are equivalent.
So, Ec = E:= WP RN) N WL RN).

Moreover, according to Alves and Figueiredo [3], we have the following embedding property.

Lemma 2.3. E. embeds continuously into L*(R"N) for s € [p, q*] and compactly into Ly, RM)
for s € [1, q*). Furthermore, there exist positive constant 7 such that

sluls < llulle, foralls €p,q*]. (22)

Since we are going to deal with the nonlocal type problem (2.1), we would like to recall the

classical Hardy-Littlewood-Sobolev inequality (see [22]) which will be frequently used through-
out this paper.
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Lemma 2.4. (Hardy-Littlewood-Sobolev inequality [22]) Let 1 <r,s < +o0o0 and 0 < u < N
such that % + % + % =2.If¢p € L"(RN) and ¢ € L*(RYN), then there exists a sharp constant
C(N, u,r,s) >0, independent of ¢ and r, such that

ff(P(X)I//(y)d dy <C(N, u,r, )|l ¥ls.

RN RN

We note that if G(u) = |u|* for some T > 0, then Lemma 2.4 shows that the integral

//G(u(y))G(u(X))dydx

lx — y|#
RN RN

is well defined if G(u) € L*(R™) for s > 1 with % + « = 2. Since we will work with u € E, in
order to make the integral be well defined, we have to require that st € [p, ¢*] by Lemma 2.3.
Then we can see that t satisfies the following inequality

@2@N—-wp ey < (2N — wq*

23
2N 2N 23)

Here the exponent (21\]27\,“ )P s called the lower critical exponent and % is called the upper
critical exponent for the double phase problem with nonlocal Choquard reaction.

Generally speaking, if the nonlinearity g satisfies the growth condition of (2.3), we can estab-
lish the existence of nontrivial solutions by using variational methods. However, in the present
paper, since we not only study the existence of ground state solution, but also intent to investi-
gate some properties of solutions such as positivity, regularity and concentration, we assume a
stronger condition for the growth exponent, see conditions (g2) and (g3).

From conditions (g>) and (g3) we can deduce that for any ¢ > 0, there exists C > 0 such that

1g(s)] < els|P~' + Cels|" ™' and |G (s)| < €|s|” + Cg|s|” for any s € R. (2.4)

Moreover, from condition (gs), we have

0 (N —w)q
=g 4k — =~ elg, —1T, 25
oi=qti- el Ty ) 25)
and the following monotonicity conclusions
8(s) G( )
o T’ are strictly increasing on (0, +00). (2.6)

Evidently, condition (g5) implies that the first conclusion holds. Next we show that the second
conclusion holds. Observe that

(G(s))/ _8(s)s7 — as® LG (s) _8(s)s —aG(s)

5O 520 - so+1
Setting f(s) = g(s)s — o G(s), it follows that

64



W. Zhang, J. Zhang and V.D. Rddulescu Journal of Differential Equations 347 (2023) 56-103

f0)=0and f'(s) = g'(s)s + g(s) —0g(s).

We infer from (gs) that f'(s) > 0 for all s > 0. So, f(s) is increasing and f(s) > O for all s > 0.
Consequently, we know that the second conclusion holds. Meanwhile, from (2.6) we also have

> 8s) G are strictly increasing on (0, +00) 2.7
PERE S ' ' '

We define the energy functional associated with problem (2.1)
1 G G
T.(u) = —|Vulb+ |Vu|q fV(ex)[ |u|p+—|u|q]dx // CuMNC@)) 4.
p lx —y[*
]RN RN

Using Lemma 2.3, Lemma 2.4 and some standard arguments, we can easily check that Z, is well
defined on E, and belongs to C? with its derivative given by

(T (), v) = / [|W|P—2w Vo4 [Vuli2Vu - Vv] dx
RN

+ / V(ex) [|u|p—2u+ |u|‘7—2u] vdx — / / G(u(y))g(u(x))v(x)dydx

lx — y[*

RN RN RN

Hence, it is obvious that the solutions of problem (2.1) correspond to critical points of Z.
To obtain the positive ground state solutions of problem (2.1), we need to define the Nehari
manifold and ground state energy related to Z

N =1{u € E\{0}: (T.(u), u) =0} and ¢, := infZ.

Obviously, .#¢ contains all nontrivial critical points of Z, and if ¢, is achieved by some u, € 4¢,
then u. is called a ground state solution of problem (2.1).

Next we check some properties for Nehari manifold . #¢, which will be used frequently in the
sequel of the paper.

Lemma 2.5. Assume that (V) and (g1)-(g5) hold, there exists og > 0, independent of €, such
that ||ulle > ag for all u € A¢.

Proof. For any u € ¢, from Lemma 2.1, Lemma 2.4, (2.2) and (2.4) we conclude that

fullf, , 4, , = [ [ SECDEEEE gy

|x — y|#
RN RN

2
=c <8|u| 2Np_ + Celul 5y, )
2N—1 2N—p

2 2
< ca (el + CellullZ* + Cellul")
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If ||| > 1, the conclusion is obvious. If ||u||¢ < 1, then ||u||V = ||u||€6 »< Isincel < p <gq.

According to the inequality: a® + b* > c;(a + b)* for any a, b >0 and s > 1, we have
&2 (el + Cellul 2 + ColulZ7) = Nl , + Null, , = Null, , + el , = 3llul?.

So, from the above facts, we can see that there exists oo > 0 such that ||u||¢ > «g. This completes
the proof. O

We set

T.(u) = / [|Vu|p + V(ex)|ul? + |Vu|? + V(ex)|u|q]dx

_//G(u(y))g(u(X))u(X)dydx

|x — y|*
RN RN

then we have (/I; (u), u) < 0, this shows that .#¢ is a smooth complete manifold of codimension
1 in the space E.. Furthermore, there exists a constant & > O such that

T (), u) < —a forallu e 4. (2.8)
Indeed, according to (g4) and (g5) we can deduce that
(Ze (). u)

=p/|Vu|”+V(ex)|u|”dx+q/|Vu|q+V(ex)|u|qu

BN
_// gu(y)u(y)gux)u(x) +Gu(y))g' (u(x))u2(x)+G(u(y))g(u(x))u(x)
NN lx — yl#
:(p—q)/|Vu|p+V(6x)|u|pdx+q/ / G(u(y|);g_(§(|i))u(x)dydx
RN RV
ffg(u(y))u(y)g(u(x))u(x)+G(u(y))g (u(x))uz(x)+G(u(y))g(u(x))u(x)
lx — yl#

RN RN

S(P—q)/IVMI”-i-V(Ex)IMIpdx

n / / G [(q —1-Dgw)ulx) - g’(u(X))uz(X)]dydx

Ear lx — y|#*

=(p- q)/|vu|p+V(ex)|u|de_K/ / G(u(y))g(u();))u(x)dydx
BN RN lx =yl
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If there exists {u,} C .A¢ such that (/I; (un), uy) — 0, then we have

[ s Vit s [ [ Sttt g,
RN RN RN Y

So we can get u,, — 0 in E, this contradicts with the fact that ||u|| > «o for all u € 4.
The following result shows that the energy functional Z, satisfies the geometric structure of

the mountain pass theorem.

Lemma 2.6. (mountain pass geometry) Assume that (V) and (g1)-(gs) hold, then

(i) there exist o9, 0 > 0 such that L. (u) > oo with ||ulle = o,
(ii) there exist ug € E. and R > 0 with ||lugl|lec > R such that L. (ug) < O.

Proof. (i) Letu € E., we first take o € (0, 1) with ||u||¢ = o, then we have ||u||(‘],€’p < ||u||{’,€ »<
1. Therefore, using Lemma 2.1, Lemma 2.4, (2.2) and (2.4) we obtain

1 ! Gu()G
Lot =, + =5 [ [ FEERTE gy

p e — [~
RN RN
1 1
2l + Wl = s (1l + e Cellul2 4+ Ce )
Cs5
2 2 (Il p el q)” = o (1l +eColll2* + Cellul)
(&)

= Tl = e (el +eCollal2* + ColulF).

Since g < 27, then there exists o9 > 0 such that Z. (u) > o9 > 0 when |ju|le =0
(i) We fix ug € E-\{0} with ug > 0, and we set

) tug(x)
1 GG ()
h(t):—/f Tuolle " Tuolle? 4.4 for 1 > 0.
2 lx — y[#

RN RN

We can infer from (g4) that

X))y o (10 y uo(x)
" (t)_/ / Gt )g(uuone)nﬁoned d

lx — y|*

RN RN

i G(tuo(y))G(tuo(X))

_/ / Tuolle /" Tuolle? 4 (2.9)
lx — y|#

RN RN
6
=—h(t).
p )

Integrating (2.9) on [1, s|lugllc] with s|ug|le > 1, we have
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h(slluolle) = h(1)(slluolle)?,
that is

G uop(y) up(x)
L[ [ GlmonGtany g, 1 OERIOHE g,

RN RN RN RN

Therefore, from the above facts we have

sP » 54 g 1 G (suo(y))G (suo(x))
Te(suo) = -luoll, , + - luoll}, = 5 / / s
RN RN
<ce(s? +57) — c75?
for s > ” Takmg e = sug with s sufficiently large, we can see that the conclusion (ii) holds

since 6 > q O

According to Lemma 2.6, we can use a version of mountain pass theorem without the Palais-
Smale condition [36] to deduce the existence of a Palais-Smale sequence {u,} at level ¢, namely

Te(un) — Ce and I, (u,) — 0,
where ¢, is the mountain pass level of Z, defined as

f T (L(t
= I2h g O

and
F'={£eC(0,1],Ec) : £(0) =0,Zc (£(1)) < 0}.

Lemma 2.7. Let u € E-\{0}, then there exists a unique t, > 0 such that t,u € N¢. Moreover, t,u
is the unique global maximum of I on R u. In particular, if u € A, then

Tc(u) = ma&(I6 (tu) = Zc(tu) for all t > 0.
>

Proof. Let u € E.\{0}, we define the function f(¢t) = Z.(tu) for ¢t > 0. From Lemma 2.6, we
can know that f(0) =0, f(¢) > O for ¢ sufficiently small and f(¢) < O for ¢ sufficiently large.
Therefore, there is t = 1, such that max;-o f (¢) is achieved at ¢,, so f'(t,) =0 and r,u € A¢.

Next, we claim that 7, is the unique critical point of f. Assume by contradiction that there
exist 1 and t, with O < #; < 1, such that fju, tru € ¢, then it follows that

- G
e N

BN RN =y
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and

) Gt (gt @) |
7 q||u||’;9p+||u||qv€,q=ff Ay
RN RN Y

Subtracting term by term in the above equalities, we get

_ G G
= O, = / /[ (“”:f)fg(””(x))”(x) (””t(f?g(””(x))”(x)} .

|x — y|» [x — y|®

RN RN
Using (g1) and (2.7) and recalling that p < ¢, we can deduce that
0 <™ =™ ullf,,

2/ f lu)| 2 u(x)|? |:G(t1u(y))g(t1u(x)) G (nu(y))g(tu(x)) :|dydx -0

q_ 4 q_
vy T LR @R e lnue

which implies a contradiction. The proof is completed. O

Applying Lemma 2.6 and Lemma 2.7, we can see that the ground state energy ¢, has a mini-
max characterization given by

Ce =Cc= inf maxZ.(tu). (2.10)
ueEAN{0} t>0

The proof can be found in [36], here we omit the details.

Lemma 2.8. Let {u,,} be a Palais-Smale sequence at level ¢ > 0 for I, then {u,} is bounded in
E¢ and ||u, |le =o(1).

Proof. Let {u,} be a Palais-Smale sequence at level ¢ > 0 for Z, we conclude from (g4) that

1
c+ 1+ llunlle 2Ze (un) — (I/ (un), Un)

1 1 1
= laallp | 7 = [ Bl

G(un
/ f (u (yv)f[ g(unu))un(x)——G(unu))}dydx
RN RN

1 1 » 1 1 g
= ;_5 ”un”VE,p'i‘ 5_5 ”u””VE,q
1 1
p q
> [5 - 5} Ul + il -
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We use a contradiction argument to prove this conclusion, and we assume that ||u,| — oo. In
what follows we divide into three cases to finish the proof of the lemma.
Case 1. |luylly.,p — oo and [u,lly,,4 — oo. Since p < g, we can see that ||u,1||“7,5 e

E77% ||{',E ¢ 1 for n sufficiently large. Therefore, from the above facts we infer that

c+ 1+ luglle > r1 unlly, , + lunlly, )
- q 0 &P € q
1 1
p p
= |:g - 5i| (Nl "Vg,p + ”uVlHVE’q)

ZCS(”un”Ve,p + ””n”VE,q)p = CS””n”f-

Evidently, this is impossible, a contradiction.
Case 2. [luy|lv,,p — oo and |luy||v, 4 is bounded. According to the following fact

1 1
p
c+ 1+ lunlvep +llunllveg = [5 - 5} lunlly,

we have

1
rk

€9 ””n”Ve,p
llunlly, llunlly,
34 &P

=

1
q

Letting n — oo, we can see that 0 > L % > (, which shows a contradiction.
Case 3. |luy|lv,,p is bounded and |[u, ||y, ; — 00. We can proceed similarly as in the Case 2.
From the boundedness of {u,} we have (Z/(u,), u, ) = o(1). Employing (g;) and the follow-
ing inequality

la—bl"2(a—b)a —b")>|a" —b |’ foralls > 1, (2.11)

we get

||u;||€e,p+||u;||({,e’q§/|Vun|P—2VunVu;dx+fV(ex)|un|ﬂ—2unu;dx

RN RN
+/|Vu,,|q—2VunVun_dx+/V(Ex)|un|q—2unu;dx
RN RN

_ / / G (1t ())& (1t (X))t (%)

lx — y|#

dydx = o(1),
RN RN

which implies that |u, ||c — 0 in E.. Consequently, we may assume that u,, > 0 for any n € N.
The proof is now complete. O
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3. The autonomous problem

For our scope, we shall also investigate the limit problem associated with problem (2.1). To
this end, we first discuss in this section the existence of the positive ground state solutions of the
autonomous problem.

Let m > 0, we consider the following autonomous problem

—Aptt — Agut + m(lulP~2u + 19" 2u) = (# * G(u)) gw), inRVN,

(3.1
ueWHP@RM Nnwha@RN), u > 0, in RV,

and define the space

En=3uecW'"?®R"M)Nnwha®RV): / m(Ju|? + u|?)dx < oo
RN

with the norm ||ull,, = [ullm,p + ullm,q, Wwhere

fluell; /(|Vuls+m|uls)dx forall s > 1.

RN

m,s

The corresponding energy functional of problem (3.1) is defined by
1 G(u (y))G(u(X))
jm(“)zguu”%p"' ”u”mq / f x—y —————————dydx.
]RN RN
According to the discussion in Section 2, we can easily see that 7, € C 2(Em, R) and

(T ), v) /IVuV’ ’Vu - Vvdx+f|Vu|q >Vu - Vodx
RN

+/m[|u|P—2u+|u|q—2u]vdx_//G(u(y))g(u(x))u(x)dydx

lx — y|#

RN RN RN

for any u, v € E,,. Accordingly, we use .4;, and ¢;, to denote the corresponding Nehari manifold
and ground state energy of 7,

Nm = {u € Ey \ {0} : (T, (), u) = 0} and ¢y =£1}fjm.

Moreover, analogous to arguments used in Section 2, we can see that 7,,, 4}, and ¢, have
some properties similar to those of Z,, .#¢ and c.. By using the mountain pass theorem without
the Palais-Smale condition [36], there exists a Palais-Smale sequence {u,} C E,, such that

T (un) = 0 and Jpy (un) = ¢, (3.2)
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where

cm = iInf maxjm(tu)_ 1nf TIm ().
ueE,y\{0} t>0 ue Ny,

We now state the main result for the autonomous problem (3.1).

Lemma 3.1. Let 0 < u < p and assume that conditions (g1)-(gs) hold. Then problem (3.1) has
at least one positive ground state solution v such that J,,,(v) = ¢, > 0.

Proof. Let {u,} be a Palais-Smale sequence at level c¢;,, > 0 for 7,;, Lemma 2.8 shows that {u,}
is bounded in E,,. We claim that

lim sup /|un|‘1dx>0.
n—00 yeRN
Br(y)

If the above claim does not hold, by Lemma 2.2 we have u,, — 0 in L*(R") for any s € (¢, ¢*).
So, using the Hardy-Littlewood-Sobolev inequality and (2.4) we obtain

f/G(un(y))g(un(x))un(x)

lx — y|#

dydx — 0.
RN RN

Consequently, we can infer that

G(un(y)g(un(x))u (X)
o(1) = (T (tn) ttn) = lttnlim, p + Nt g — / / TR
RN RN Y
= llunllm. p + lunllih.g + o),
which implies that ||u, ]|, — 0. This contradicts with the conclusion of Lemma 2.5.
Therefore, there exist R, § > 0 and {k,} C 7N such that
luy|?7dx > 6.
Br(kn)
Setting v, (x) = u, (x + k), we have
/ [vn|9dx > 8. (3.3)
Br(0)
Since 7, and j,;l are both invariants by translation, it follows that
TIm(Vn) = ¢ and J,, (vy) — 0. (3.4)
After passing to a subsequence, we assume that v, — v in E,,, v, — v in Lfoc (RY) for s €

(p,q™), and v, (x) = v(x) a.e. in R¥. Moreover, from (3.4) we deduce that v #0.
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Next we show that v is a critical point of 7,,. To do this, after passing to a subsequence, we
need to prove Vv, (x) - Vv(x) a.e. on RN,
Indeed, let us fix ¢ € Ci° (RN such that

0<y(x)<1,Vx eRY, y(x)=1,Vx € B;(0) and ¥ (x) = 0, Vx € BS(0),

and define the function ¥z (x) = ¥ (x/R) for each R > 0 and x € R". Moreover, for simplicity
we set

A, = f (IVva P72V, — |Vo|P~ 2V, Vo, — Vo) yrdx
]RN
+ /(|an|q_2an — [Vv|?2Vv, Vu, — Vu)Prdx
]RN
[ o120, = 101720+ Q20 = 019720 ] @ = 0)ra.
RN

Computing directly, we have

A = (T (W), vaWR) — (T (0n), oY) — / mlolP~2v + 0] 20] (g — V)rdx
RN

- / [|Wn|f’—2wﬂ + Ian|q_2an] Vg (v, — v)dx
]RN

— / [le|p_2Vv+ |Vv|q_2Vv] (V, — Vo) rdx

]RN
/ / [G(Ui1 ONEgWn (X)) vy (X)Yr(x)  G(vp(¥))g(vn (x))v(x)l/fR(x)i|
4 — dydx
o R lx — y|# lx — y[*

From Lemma 2.3 and the weak convergence v,, — v in E,,, we can infer that

fm[lv|"—2v+ ]9~ 20] (v, — v)Prdx = o(1),
RN

/ (190177290, + 190,972V 0, | Vi (v = v)dx = 0(1), 3.5
RN

/ [|Vv|p_2Vv + |Vv|"_2Vv] (Vo, — Vo)yrdx = o(1).
RN

On the other hand, using Lemma 2.3 and Lemma 2.4, we can easily prove that
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/ / [G(vn(y))g(vn(X))vn(X)WR(x) 3 G(vn(y))g(vn(X))v(x)wR(X)}dydx —o(). (3.6)

=4 lx — y[# |x — y|»
RV R

Combining (3.5) and (3.6) and the facts that (7, (vy,), va¥r) = (T, (vn), v¥r) = o(1), we de-
duce that A, = o(1). Moreover, applying the following inequality

c|§—n|s, 1fs22,

, ) vE, ne RN 3.7
(el + D" 2E — 2, ifl<s<2, 0T 3.7

(1% —Inl* 20,6 —n) > {

we conclude for some subsequence of {v,} that Vv, (x) — Vv(x) a.e. x € Bg(0). Since R > 0
is arbitrary, we derive that for some subsequence,

Vv, (x) = Vo(x) ae. x e RV,

This limit allows us to conclude that 7, (v) = 0. Consequently, we have v € .45, and J;, (v) >
cm. On the other hand, using Fatou’s lemma and (g4), we conclude that

1
Cm =nli>nolo [jm(vn) - 5(«7,,/1 (vn), vn>:|

_ 1 1 1 » I 1 q
= lim ;—5 lvnllm,p + ;_5 lvnllm.q

Gy
/ / @ 0’”( g(v,,(x))vnm——G(w(x)))dydx}

RN RN

11 11
> <— - 5) ol p + (5 - 5) Ivll.q

/ f G(v(y)) < g((xX)v(x) — —G(U(X))> dydx

RN RN

1
=Im() — 5(‘7,1,(v), v) = T (V).

Therefore, 7, (v) = ¢, and v is a ground state solution of problem (3.1).
Moreover, choosing v~ as test function in problem (3.1), and applying (g1) and (2.11) we
infer that

||v_||,€,,p+||v_||z1’q§/|Vv|p_2VvVU_dx+m/|v|p_2vv_dx
RN RN
+/|Vv|q_2VvVv_dx+m/ lv]? 20 dx
RN

_ / / GUONEWENVT)

lx — y[#
RN RN
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Evidently, this shows that v~ =0, then v >0in RV,

Now we claim that v € L2 (RY) N Clm (RN) for some v € (0, 1). Indeed, setting

Koo [ e
|x — y|#
RN

we first show that there exists C > 0 such that

|K(x)| <C forall x e RV, (3.8)
We deduce from Lemma 2.3 and (2.4) that
G G G
K ()] = ( (y))dy _ / ( (y))d n / ( (y))d
| —y* lx — y|# lx — y|#
x—y|<1 x—y|=1
vpl? + o |*
<o [ PEEREgse [ dul (3.9)
lx — y|*
lx—y|=I lx—y|=1
p T
<Ci / Mdy +C,.
lx — y|#
lx—yl=<1
Choosing t € (2 N N= p) such that N — £ > 0, and using Holder inequality we have
1 =1
t t
14 0
/ &dyi / |va [P dy / lx — y| " Tdy
lx—y|=<1 el lx—yl=<1 lx—y|=<1
x—y|< x—y|< x—y|<
o (3.10)
-
/ N e | < Cy
Ir|<1
Similarly, since 7 € (M W= “)q) taking s € (N il ga q)r) such that N — 2£ > 0, we
get
1 s—1
[vn|® ST
——dy = lva|**dy lx — y| " Tdy
lx — yl#
lx—yl=<1 lx—yl=1 lx—y|=1
(3.11)

s—1

s

Y DV
/ N Tdr | < G

lr|=1
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Obviously, from (3.9), (3.10) and (3.11) we can see that (3.8) holds.
According to the above arguments, we know that v is a solution of problem

—Apv— Agv+m(P v+ v %) = K (x)g(v) inRY,
with K € L®°(R"). Applying the regularity conclusions in [18], we have v € L¥(RY) N
(o 11(): (RN ) for some v € (0, 1). Finally, using the Harnack’s inequality in [34], we conclude that

v>0inRN., O

Next we establish a comparison relation for the ground state energy under different parame-
ters.

Lemma 3.2. If 0 < m| < my, then we have ¢, < Cp,.
Proof. Let u € A}, with Jp, (u) = ¢y, , then, Lemma 2.7 shows that
Cmy = Tmy () = max T, (1u).
>0
By Lemma 2.7 again, there exist o > 0 such that ug = fou € .4;,, satistying
Ty (o) = max Jp, (tuo).
>0
According to the above facts we deduce that

Cmy, = jmz (l/t) > sz (M())
1 1 G G
= T, (o) + (my —my) [;|u0|§ + ;|Mo|3i| + / / (wo(y)) (uo(x))dydx

|x — y[#
RN RN
1 | G 10 () G (o))
> e+ (ma — ) |~ ol + L uol +f/ Y dydx.
)4 q lx — y|*
RN RN

Evidently, we have ¢, > ¢, . The proof is now completed. O
4. Existence of positive ground state solutions

In this section, we are going to prove the existence of positive ground state solutions to
problem (1.1). We begin by analyzing the Palais-Smale compactness condition which play a
fundamental role in our analysis.

For simplicity, we use the following symbols

I )_/ / G(u(y))G(u(y))d dx and (I (). v //G(M(y))g(u(X))v(x)dydx_

lx — y[# |x — y|®
RN RN RN RN

We have a variant of the Brezis—Lieb lemma for the nonlocal term.
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Lemma 4.1. Let {u,} be a sequence such that u, — u in E¢, and set v, = u, — u. Then the
following conclusions hold:

['(vp) = T(up) — I'(u) +o(1),
(T (), ¥) = (T'(un), ¥) = (C'(), ¥) + o(1) uniformly in § € E..

Proof. We only prove the first conclusion because the second one can be obtained using similar
arguments. We first claim that

G(un) — G(vy) —Gu) — 0in Lﬂ%—lxﬂ(RN). “.1n

Using the mean value theorem, Young’s inequality and (2.4), we can see that for any € > 0 there
exists C¢ > 0 such that

1 2N—p

1G (i) — G(un)| 7 < / gty — tuyuds
0

2N
_ _1]V=x
S L R T e T R T i
_2Np _2Np
<eert | ual ™5 + 10| T | 4 c12Ce | 1l 7 + fu| ¥
This, together with the following estimate
2N _2Np 2Nt
|G )| 2V= < c13 | w2V + |u] 2Nk
implies that

|G (uy) — G(vy) — G(,m%

2Np 2Np 2Nt
<eciy | 1a| 7 + [ug| 7 |+ (2Cc +c13) | [ul 57 + Ju| N
_2Np 2Nt _2Np 2Nt _2Np
<ecii | lun| V=5 A+ Jup [N — |u2N=0 — |u V=0 | 4 crg | u] V0 +|u|2N |
Let
2N
Gen =max | |G (up) — G(vp) — G(u) |2V~
2Np 2N _2Np 2N
—ecrr | lun| TV 4 [ug|5F — Ju| T — [u| 5 |0

and we note that G, , — 0 a.e. in RN as n — o0, and
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2Np 2Nt 1 N
0<Gen <cra|lul># +u|?-r | € L' (R™).
According to the definition of G, ,, we immediately obtain
2N 2Np 2Nt
|G (up) — G(vp) — GW)| N1 < Ge p+e€ctn | lun| N1 + uy| N1 |,
which together with the boundedness of {u,}, yields that

2N
lim sup / |G (uy) — G(vy) — G(u)| M-+ dx < cy5e.
n— oo

RN

Evidently, this shows that (4.1) holds since the arbitrariness of €.
By a direct computation, we obtain

T(uy) — D(vy) — T(u) = / / G(un)G(uy) — G(vn)G(vy) — G(M)G(M)dydx

lx — y|#
RN RN
— / / G(un) [G(uy) — G(vy) — G(u)] dydx
lx — y[#
RN RN
+[ / G(Un)[G(un)_G(vn)_G(u)]dydx
lx — y|#
RN RN
+[ / G [G(uy) — G(vp) — G(u)]dydx
lx — y[#
RN RN
+2/ / G(M)G(vn) dydx
—y|*
RN RN

=X+ X+ X3+ 4.

We deduce from the boundedness of {u,} and Lemma 2.3 that

f|G<un)|%dy§Cand/|G(vn>|%dysc.
RN RN

So, according to Lemma 2.4 we have

2N—p 2N—np
2N 2N

2
D f|G<un)|%dy f|G<un)—G<vn>—G<u>|%dx —0,
]RN

Similarly, we also show that ¥, — 0 and X3 — 0. On the other hand, we observe that
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2N G 2N
G(v,) — 0in L% (RV) and / GW 4y e L ®RY).
o lx — y|#

Consequently, it is easy to see that ¥4 — 0, and we complete the proof of the first conclusion. O
Following from [23, Theorem 3.3], we can obtain the following technical result without proof.

Lemma 4.2. Let ¢, : RN — R”, m > 1, with ¢, € L\(RY) x --- x L(RN) (s > 1), ¢, > 0
a.e. in R™ and A(y) = |y|°"2y, y € R™. Then, if |¢,|s < c for all n € N, there holds

/ |A(@n + 1) — A(pn) — A@)|7Tdx = o(1)
RN
foreachu e L*(RN) x ... x L*(RN).

Employing Lemma 4.1 and Lemma 4.2 and using some standard arguments, we can show the
following result holds.

Lemma 4.3. Let {u,} be a sequence such that u, — u in E., and set v, = u,, — u. Then we have

Le(n) =Ze(up) — Le(u) +o0(1),
(TL (), V) = (T (un), ¥) — (T (), ¥) +o0(1)

uniformly in r € E..

Proof. According to the Brezis—Lieb lemma and Lemma 4.1, it is easy to see that the first con-
clusion holds. Next we prove that the second conclusion holds. Indeed, for s € {p, g}, Lemma 4.2
implies that

/|A(Un) — Attn) + A@)|TTdx = o(1). (4.2)
RN

Moreover, following the proof of Theorem 3.3 in [23], we obtain

/ V(€x)|0nl* " 2vp — [un|* 2 + |~ 2u| =T dx = o(1). 4.3)
]RN

Taking advantage of the Holder inequality, for any ¥ € E. with | ||¢ < 1, we infer that

HTE (n) — T un) + T W), )

1
P

p—

P

1
< /IA(vn)—A(un)JrA(u)IP*‘dx /Ivlﬁlpdx
RN RN
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S
|

q q
+ /|A<vn)—A(un)+A(u)|ﬁdx /Ww‘fdx
LRV RN
_ r—1 1
P r
+ fV(ex)||vn|l’—2vn—|u,,|f'—2u,,+|u|l’—2u|%dx /V(ex)|1//|pdx
_]RN RN
_ g=1 1
q q
+ / V(e onl 920 — ln |72, + )4 2u] 7T dx / V(ex)|y|9dx
LRV RN

+ (T (vn) = T (un) + T (@), ¥).

Evidently, Lemma 4.1, (4.2) and (4.3) show the second conclusion holds. The proof is com-
pleted. O

To study the compactness issue, we need to consider the limit problem of (2.1)

—Apt — Mgt + Voo (JulP~2u + u]972u) = (# * G(u)) ¢@), inRV,

(4.4)
uewtP@®@M nwla@®M), u >0, in RV,

Also we use Jy,,, 4y, and cy,, to denote the energy functional, Nehari manifold and ground
state energy of problem (4.4), respectively.

Lemma 4.4. Let {u,} be a Palais-Smale sequence at level ¢ > 0 for I, with u, — u in E¢. Then
we have either u, — u in E. along a subsequence, or c —Z.(u) > cy,,.

Proof. We set v, = u, — u and assume that v, -» 0 in E.. From Lemma 2.7, we see that there
is a unique {z,} C (0, co) such that {t,v,} C Ay, . We will divide our proof into three steps.

Step 1. The sequence {f,} satisfies

limsup#f, < 1.
n—oo

Indeed, arguing by contradiction we assume that there exist v > 0 and a subsequence of {z,}, still

denoted by itself, such that

t, >1+vforalln e N.

From Lemma 4.3 we know that (Z/ (v,), v,) = o(1), and combining {t,v,} C Ay, we deduce
that

Ian|§+|anIZ+/V<ex>(|vn|f’+|vn|q)dx—ffwdydxzou)

lx — y[#
RN RN RN
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and

G (tyvn)g(tnvn) vy d

tf_qIanngrIanIZ+Voo/(trf_q|vn|p+lvn|")dx— / / )
In

RN RN RN

ydx =0.
lx — y[#

Consequently, we immediately obtain from the above formulas

/ / [G(tnvn)g(rnvmn ~ G(w)g(vn)vn} D

gy 7 x — e lx — y|#

=ty = D)|Vuulh + f [r,{"qvoo — V(ex)] |vp|Pdx (4.5)
]RN

+ / [Vio — V(ex)] Junl*dx + o(1).
RN

From condition (V'), we know that for any ¢ > 0, there exists R = R(g) > 0 such that
V(ex) > Voo —& > Voo /t] P — & for any |x| > R. (4.6)

Since v, — 0 in E¢, Lemma 2.3 yields that v, — 0 in LfOC(RN) for s € [1,¢*). By (4.5) and
(4.6) we obtain

/ / {G(tnmg(rnvn)vn - G(vn)g(vmn} dyds

q—1 7
N Ex 7 x — y| lx =yl
< [ [V = VeExDIul? + (Voo = Vierplunl#]dx + (1)
By 4.7)

< f (unl? + [on)dx + 2Vinax f ([onl? + [un9)dx + o(1)
|x|=R |x|<R

=c16¢ +0(1).
Since v, - 0 in E, and 7/ (v,) — 0, we can show there exist R,8>0and Yn € R¥ such that
|v,|9dx > 8. 4.8)
By (yn)

Otherwise, Lemma 2.2 implies that v, — 0 in L* (RM) fors € (g, q™). Since (Z/(v,), vy) = 0(1),
then, using Lemma 2.4 and (2.4) we get
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o(l) = (Ié(vn)s Un)

G)gWa)vn

— P n

= llonll},., + lluall,. /f Ty b
RN RN

2
= ||Un||[\; p + ”Un”c\l/ g — €17 5|Un|p21vp + Celval"on, .
€ €5 N N—
Obviously, this which implies that v, — 0 in E.. So, (4.8) holds.
Setting v, = v, (x + y,), we assume that, after passing to a subsequence, v, — v in E¢ and
7, (x) = ¥(x) a.e. in RY. Thus,
[ e =s,

Bg(0)

showing that v # 0. Moreover, using the fact that v, > 0 for all » € N, we have that v(x) >0
a.e. in RV . Hence, there exists a subset @ C RY with positive measure such that #(x) > 0 for all
x € Q. Consequently, it follows from (2.7) and (4.7) that

// |0a ()% |0 ()% [ G+ (gL +V)va(x))  GWa(y)gWn(x)) i|d dx

x — yl* A4+ 0o+ u@IFT o) o) 5!

/ / [G«l + )+ VU )un ) G(w(y))g(vn(x))vn(x)} e
(14 v)7[x — y|© X — y[ Y

<ci6¢ +o(l).

Letting n — oo in the last inequality and employing Fatou’s lemma, we have

0 // |:G((1 + N1 +v)D)d  GD)g@)D
(I +v)fx —y* |x — y|H

i| dydx < cjee,

which is a contradiction, since the arbitrariness of ¢.
According to Step 1, we conclude that

limsupt, =1 or limsupt, =1 < 1.
n— o0 n— o0

Next we study each one of these possibilities.

Step 2. The sequence {f,} satisfies

limsupt, = 1.
n—o0

For this case, there exists a subsequence, such that #, — 1. Using Jv,, (t,v,) > cy,, and
Lemma 4.3 we have
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c—Zc(w)+o(l) =TZc(vy) =Ze(vy) — j\/oo (tyvn) + ij (thvn)
>Te(vn) — jVOO (thvy) + CVoo -

(4.9)

Observe that,

Ze(vy) — jVoo (tavn)

(1=t 1 »
= |V, |Pdx + ; [V(Gx) — Iy Voo] |vn|Pdx
]RN

p
RN

(4.10)

() 1 q
+ . |an|qu+; [V(ex) — 1! Vo] lun|?dx
RN

RN

+/ f [G(tnvn)G(tnvn) _ G(vn)G(Un):|dydx.

|x — y|» lx — y|»

RN RN

It follows from (4.6) that

V(ex) —t! Voo =[V(ex) — Vool + (1 = t]) Voo = —& + (1 — t) Vi, for any |x| > R,

then by v, — 0in L} (R") and #, — 1 we obtain

/ [V(ex) — 1) Voo ] lun|Pdx
RN

= / [V(ex) — 1] Voo ] lvn]Pdx + / [V(ex) — 1} Voo ] lvn|Pdx
[x|<R |x|>R “4.11)

> (Vo — 1y Veo) / [vn|Pdx — & / |[valPdx + Voo (1 = 1) / [vn|Pdx
|x|<R [x|=R |x|>R

>o(1) — cige.
Similarly, we obtain
f[V(ex)—z,i’Voo]wmdx > o(1) — cj9¢. 4.12)
RN

Using the mean value theorem and 7, — 1 we can prove

/ / I:G(tnvn)G(tnvn) _ G(v,)G(vy)

dydx =o(1). 4.13)
lx — y|# lx — y|# }

RN RN
Therefore, from (4.9), (4.10) (4.11), (4.12) and (4.13), we conclude that
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¢ —=Ze(u) =z o(1) — 206 + cvys
and taking the limit as ¢ — 0 we get
c—Tc(u) > cy,,.
Step 3. The sequence {1, } satisfies
limsupt, =1 < 1.
n—>00

We assume that there exists a subsequence, still denoted by {z,}, such that ¢, — 7y < 1. First,
according to (g5) we can easily check that

1 1
G(s)and h(s) = —g(s)s — EG(S) are increasing in (0, 4-00). 4.14)
q

Moreover, according to the above arguments, we can get

/[Voo — V(ex)]|va|Pdx = o(1). 4.15)
RN

Since (Z(vy), vs) = 0(1), then we have

1
—(Z{(vn), vn)
q

IR Gy [1 ! 10
=(5-5) 1t ZJ / o gt 560m ave

Using t,v, € A, (4.14), (4.15) and (4.16) we deduce that

c—Tc () +o(1) =T, (vy) —

Vo IV (tavn)

1
=T, (tavn) — ;(j\//oo(lnvn)s InVn)

1 1 G(tyvy) [ 1 1
_ )4 nvn
—(;_5) ”tnvnuvoo,p"‘/ / I — yH |:5g(tnvn)tnvn_EG(tnvn):|dydx
RN RN
11 Gvy) [1 !
<(--- b - - =G dyd
_(P q)”vnnvoo,p‘l‘/ / X — y|# [qg(vn)vn ) (Un):| yax
RN RN

11 » 11
=(= == )1l ,+(===) [ Voo = Viex)lual?dx
JZE) P q B
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/ / ot [ Lo (uv — lG(vn)] dydx
N lx — y|# 2

=Zc(vn) — é(fé(vn), vn) +o(1)

=c—Zc(u) +o(1).
Taking the limit as n — oo, we get

c—Zc(u) > cy,,.
We finish the proof of the lemma. O
Combining Lemma 4.3 and Lemma 4.4, we have the following compactness result.

Lemma 4.5. Let {u,} be a bounded Palais-Smale sequence at level ¢ < cy,, for Lc. Then {u,}
has a convergent subsequence in E..

Proof. Let {u,} be a bounded Palais-Smale sequence, up to a subsequence, we may assume that
uy = uin E¢, uy, — uin Lj fors €[l,q*) and u,(x) — u(x) a.e. in RY. From the proof of
Lemma 3.1, we can see that Z/ (1) = 0. Therefore, we deduce from (g4) that

Te(u) =Te(u) — (I/ (u), u)

1 11
—I:;__] ” ”Vep [q _9i|||u||veq (417)
G(u) 1 1
+ / / P |:5g(u)u — EG(M):| dydx >0,
RN RN

which implies that ¢ — Z (u) < ¢ < cy,,. Finally, from Lemma 4.4 we can conclude that u,, — u
in E.. This completes the proof. O

Employing Lemma 4.5 we can prove Z, satisfies the Palais-Smale condition on f¢.

Lemma 4.6. Let {u,} be any Palais-Smale sequence restricted in N¢ and assume that ¢ < cy,.
Then {u,} has a convergent subsequence E.

Proof. Let {u,} C .#¢ be any Palais-Smale sequence for Z, on ¥ at level ¢, namely
Ze(up) — c and I, | y; (u,) — 0.
Then, there exists A, € R such that
T (1) = M T () + 0(1).

85



W. Zhang, J. Zhang and V.D. Rddulescu Journal of Differential Equations 347 (2023) 56-103

From (2.8), we know that (i (un), up) < —a. Then, we can deduce that A, — 0. Consequently,
{u,} is indeed a Palais-Smale sequence of Z.. Since ¢ < cy,,, from Lemma 4.5, it is easy to see
that the conclusion holds. This ends the proof. O

Consider the following problem

— A — Agut + Vo(ulP~2u + |uld=2u) = (ﬁ % G(u)) ¢), inRV,

(4.18)
ue WhP@RM) Nnwha@®N), u >0, inRV,

where Vj is given in (V). In view of Lemma 3.1, we know that problem (4.18) possesses a
positive ground state solution u satisfying

= = inf .
vy (o) = cv, j}vojvo

Next we give the comparison relationship of the ground state energy level between problem
(2.1) and problem (4.18), which is very important in our arguments.

Lemma 4.7. limsup c. < cy,.
e—0

Proof. Let u be a positive ground state solution of problem (4.18). From Lemma 2.7 we see that
evy = Ty () = max Ty (). (4.19)

By Lemma 2.7 again, there exists ¢ > 0 such that f.u € .4, and
Ce < Ic(teu) = 1}1233416 (tu). (4.20)

It is clear to see that {z.} is bounded. Therefore, after passing to a subsequence, we assume that
te — to. Observe that

p q
t, t
Te(teu) = Ty, (teu) + ~— / [V (ex) — Vollu|Pdx + = / [V(ex) — Vollu|%dx.  (4.21)
pRN q RN
According to the boundedness of z. and the fact V (ex) — Vj in a bounded domain, we have
7 1
— | [V(ex) — Vpllu|Pdx = 0c(1) and — /[V(ex) — Vollul9dx = 0. (1). (4.22)
pRN q RN
From (4.21) and (4.22) we infer that
Le(teu) = JVO(IOM) + 0e(1).

Combining (4.19) and (4.20), as € — 0, we obtain
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Ce < Te(teu) — Jy,(tou) < I?féijvo(tu) = Jv,(u) = cv,.
Consequently, we have

limsupce < cy,.
e—0

The proof is now complete. O
Next, we prove the existence result of positive ground state solutions of problem (2.1).

Theorem 4.1. Assume that (V) and (g1)-(gs) are satisfied. Then, there exists €q > 0 such that
problem (2.1) has a positive ground state solution u. for all € < €.

Proof. According to Lemma 2.6, we see that Z, satisfies the mountain pass geometry, then there
exists a Palais-Smale sequence {u,} at level ¢, namely

Te(un) = ce and I, (u,) — 0.

Lemma 2.8 shows that {u,} is bounded. Then, up to a subsequence, we assume that u, — u, in
E.. Moreover, from the proof of Lemma 3.1, we can see that Z/ (ue) = 0. By (V) and Lemma 3.2,
we get cy, < cy,,. Moreover, according to Lemma 4.7 we can deduce that there exists g > 0 such
that ¢ < cy, < cy,, for € < €p. Therefore, Lemma 4.5 shows that Z, satisfies the Palais-Smale
condition for € < €y. Applying the Fatou’s lemma we can see that u, is a ground state solution
of problem (2.1). Finally, the positivity of ground state solution follows with same arguments as
in the proof of Lemma 3.1, we omit the details here. We complete the proof of the theorem. O

5. Multiplicity and concentration

In this section we are going to investigate the multiplicity and concentration phenomenon of
positive ground state solutions.

Let u be a positive ground state solution of problem (4.18) and ¢ be a smooth nonincreasing
cut-off function in [0, +00) such that {(s) =1if0 <s < % and ¢(s) =0if s > 1. For any z € II,
we define the function

€ExX —z2
We 7 (x) = C(lex — z]u(

).

€

It follows from Lemma 2.7 that there exists z. > 0 such that
max Ze (tWe ;) = Ze (te e 7).
t>0

So, we define &, : [1 — A¢ by P (z) =1 Wc ;. According to the construction of W, ., we can
see that @ (z) has compact support for any z € I1. The following lemma describes an important
relationship between &, and the set IT.
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Lemma 5.1. We have the limit

lir%IE(CDE (2)) = cvy, uniformly in z € I.

e~

Proof. We argue by contradiction. Assume that there exist &9 > 0, {z,} C IT and ¢, — 0 such
that

IZe, (P, (2)) — cvy| = €o. (6.1

Observe that, using the Lebesgue’s dominated convergence theorem, we can easily check that

|w6n,z”|£+/v<enx>|\ve,l,zn|de—>|Vu|§+fVolul”dx’ (5-2)
RV RY

|V\I]€n’2n|g + / V(en‘x)“pénvznlqu - |Vu|z + / V0|u|qu, (53)
RV RY

and

ffG(We,,,zn)G(wEn,Zn //G(M)G(u) ) (5.4)
v =yl o=yl

RN RV RYRY

Since (Z; (e, Ve, .y,): te, Ye,.y,) = 0 and making the change of variable

~ X —Zyn
andx = —— %,
€n €n

we have

tgl VW, 2, |Z + tfn IVWe, 2, |Z + / V(enx)(lte, Ye, .z, 17+ |te, We, .2, |1)dx
RN

_ G(te, Ve, .2, )8 (e, Ve, 2, (X)), Ye, 2, (X)

RN RN

szG(tenC(Iényl)u(A))g(tenC(IGnXI)u(A))tenC(IénXI)M(A)

X -y~

RN RN

We show that f., — 1. We first need to prove that {z,,} is bounded. Indeed, we assume by
contradiction that t,, — oo. Using (5.5) and (2.7) we have
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téfquV‘l’en,znlngIV‘IJen,z,,IZ+/V(EnX)(l!fql\I’e,,,znlerI‘I’en,z,,lq)dx
RN
://G(tenE(Iényl)u(A))g(tenE(IénXI)u(A))ten((IGnXI)u(A)

X —yI*

RN RN

/ G(te,l;(|eny|)um>g<ten;<|enx|>u<x)>;<|enx|)u<x> (5.6)

X — 1%
36)71 (V] Ben—l (V] l yl

_ Gte,u(x0)) g(te,u(X0)) /

- ~ \\1 ~ 11
te u(xg))2 (te u(xp))?2
(te,u(@0))? (G uE))2 ™" S

u(®?u(®?dydx,

where u(Xp) = min{u(X) : [x| < %} > 0 (we recall that u € C(R") by Lemma 3.1). Since p < ¢,
then from (g4) and (5.6), we can deduce that ||, ., ||‘\I,€’q — o0o. Evidently, this contradicts
relation (5.3). Hence, {#,} is bounded. Up to a subsequence, we may assume that ., — fo > 0.
If to = 0, by (g2), (5.3) and (5.5) we can derive that ||, -, ||"\;€’p — 0, this contradicts relation
(5.2). So, we conclude that 7y > 0.

We claim that fg = 1. Letting n — oo in (5.5), we obtain

G (tou) g (tou)tou

dydx. 6.7
id]x — y|#

t€‘q|Vu|,’i+|W|Z+Vo/<ré"q|u|"+|u|%dx=ff

RN RN RN
Since u is a positive ground state solution of problem (4.18), we have
Gu)g(u u
|Vu|p |Vu|q+V()/(|u|P+|u|‘1)dx_ / / |§c )_g(|;3 ydx. (5.8)
RN RN Y

From (5.7) and (5.8) we have

@ = Dl = / / [G(fou)g(lou)tou ~ G(u)g(u)u} dydr.

A tdlx — y|# lx — y|#

Evidently, by (2.7) we get ty = 1. Therefore, we infer from (5.2), (5.3) and (5.4) that

i, b, 1o q
Ien (cben (Zn)) :? |V\pen,zn |p + ;lvq"en,zn |q

tl’
+/V(enx)[ W, Zn|1’+ |w 2l ]dx
N

_//G(t6nqleann)G(tfnqjen»Zn)dydx

lx — y|#

RN RN
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1 G(u)G(u)
>l + Lart, , - o
RN RN

=\7VO () = CVp-
According to (5.1) we can see that this is impossible. Thus, we finish the proof of the lemma. O

Next we are in the position to introduce the barycenter map. For any § > 0, let p = p(§) > 0
be such that [15 C B,(0). We define 7 : RY — R¥ as follows

nx)=x for|x| <p and nx) = ﬁ for |x| > p.
X

The barycenter map B : A — RY is defined by

Jry n(€x)(Jul? + |u|?)dx

Pe) =l +

Combining the above definitions, we can prove the following result.

Lemma 5.2. We have the limit
lir% Be (P (2)) = z uniformly in z € T1.
€—

Proof. Arguing by contradiction, we assume that there exist og > 0, {z,,} C IT and ¢, — 0 such
that

|13€n (q)é,, (zn)) — znl = 09 > 0. 5.9

According to the definitions of ®., and f,, and making the change of variable y = (e,x —z,)/€,
we immediately obtain

Jrvn(eny +20) — 221(1E (€ y Du) 1P + | (leny Du(y)|9)dy
Jrw (€ UenyDu)I? + (¢ (l€nyDu(y)[9)dy '

Be, (Pe, (zn)) =z +
Since {z,} C IT1 C B,(0), employing the Lebesgue dominating convergence theorem, we can get
|,36,1(CDE,1 (zn)) — z2ul = 0,

which contradicts relation (5.9). O

Now, we prove the following useful compactness result.
Lemma 5.3. Let €, — 0 and {u,} C ¢, be a sequence satisfying L, (u,) — cv,. Then there
exists {Z,} C RN such that v, = u,(x + Z,) has a convergent subsequence. Moreover, up to a

subsequence, z,, — z € I, where z,, = €, 7.
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Proof. Since {u,} C 4¢, and Z, (u,) — cy,, then, a standard argument shows that {u,} is
bounded. We claim that there are Ry, 8 > 0 and %, € R such that

n—o0

liminf / lu,|9dx > 8. (5.10)
Bry Gn)
Otherwise, Lemma 2.2 implies that u,, — 0 in L*(RY) for s € (¢, ¢*). According to (2.4) and
Lemma 2.4, we can easily prove that u, — 0 in E,, this is impossible because Z, (1,) — cy, >
0. Consequently, (5.10) holds.

Let us define v, (x) = u,, (x + z,). Passing to a subsequence, we may assume that v, — v # 0.
By virtue of Lemma 2.7, there exists #, > 0 such that v,, = t,v, € A4y,. Then we have

vy = jvo(ﬁn) = j\/()(tnun) < Ién (thun) < Ie,l (up) = Vy»
which shows Jy,(v,) — cv,. Therefore, {v,} C .4y, is a minimizing sequence, and using the
Ekeland’s variational principle, we may also assume it is a bounded Palais-Smale sequence at cy,

for Jv,. Thus, after passing to subsequence, we have v, — v with v # 0. Moreover, ‘7\//0 (v)=0.
According to Lemma 4.3 we obtain

Ty (B — 0) = vy — Tvy (D) and Ty (T, — ) — 0.

Using (g4) and employing Fatou’s lemma, we obtain

1
v, :nlin;o |:\7Vo(f)n) — 5(;7\//0(@;)1 1~)n):|

. 1 1
=n11)rgo[(;——> i}, , + (q )n Bl
G(vy) 1 1 -
//| yw[ o n)vn—zcwn)}dydx}

1 1
= p ” ”Vop C] ” ”Voq
G(v) r 1,
— | = - =G dyd
+ / / " [eg(v)v 3 (v)} ydx
RN RN
.1 o -
=\7V0(U) - 5(\7\//0(11)7 U)
=L7V0(ﬁ) = Cyp-
Consequently, it follows that
Tv, (Uy — U) — 0 and j‘/,o(f)n —9) = 0. (5.11)
Moreover, using again (g4) and (5.11) we have
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1
o(1) =u7V0(l7n —0) — 5(«7‘//0({1:1 —0), 0, — 1)

_ 1 1 1 1 -
= __5 ||vn_v||vop+ ;_5 ”Un_U”VOq

G(v, —v)
/ / x —y|k [Gg(v"_v)(v”_v)__G(”n—v)] dydx

1 1 - ~p 1 1 - g
= ;_5 ”Un_U”VO,,,‘i‘ 5_5 ”vn_v”\/(),q,

which implies that v, — v in Ey,. Since {#,} is bounded, we can assume that 1, — o > 0, and
S0, v, — v in Ey,.

Next, we verify that {z,,} = {€,Z,} has a subsequence satisfying z, — z € I1. We first claim
that {z,,} is bounded. Indeed, suppose by contradiction that {z,} is not bounded. Then, up to a
subsequence, we assume |z,| — oo. From v, — v in Ey, and Vj < V, we can conclude that

G(v)G(v)
——|| 3lly, , + || 3y, , — ff e
RN RN

| G(v)G(v)
<;|Ivllvw,,, IUII |x—y|ﬂ
RN RN

. 1 - 1 -
<liminf| — [ |V3,|Pdx+— [ |VT,|9dx
n—>oo p q
N N

+/V<enx+zn) [1|ﬁn|P+1|f}n|‘f] //G(””)G(”") ydx]
B p q

§liminf|: /|thun|pdx+ /|thun|qu

n—o0

+ / V(enx) |:l|tnun|p + _|tnun|q] / f G(tnun)G(tnun)dydx}
lx — y|#

RN RN RN
=liminf7Z (t,u,)
n—>od

<liminfZ (u,)
n—o0
=CVy»
which is a contradiction. Thus, {z,} is bounded and, passing to a subsequence, we may assume
that z, — z. If z ¢ I, then V) < V(z), and according to the above steps we get a contradiction.
Consequently, we conclude that z € I[1. O
Let 9 : R™ — R be a positive function given by

V(€)= max 1Ze (Pe (2)) — cvy -
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It follows from Lemma 5.1 that 9 (¢) — 0 as € — 0. We introduce a subset le of ¢, and set
Nei=Hu € N Te(u) < cvy + D(e)).

Since ®.(z) € JVe for all z € I1, then we can deduce that JI?E # (). Moreover, we have the fol-
lowing result.

Lemma 5.4. For any § > 0, then the following limit holds

lim sup inf |Be(u) —z| =0.
eﬁoue/fe zells

Proof. Let ¢, — 0 as n — oo. For each n € N, there exists {u,} C JZ,,, such that

f 1Be, ) — z[ +o(1).

inf Up,) —z|= sup in
2ells |ﬂen( n) | E e,

Z
ueNe,

Hence, it is sufficient to prove that there exists {z,,} C I1s such that
lim |,86n (Un) — znl = 0.
n—>oo
In fact, since {u,} C «/1%,,, then we have

CVy = Ce, SIen(un) <cy,+ (en),

which implies that
Ze, (un) — cy, and {u,} C A, .

According to Lemma 5.3, there exists {Z,} C R" such that v, (x) = u, (x + Z,) has a convergent
subsequence. Moreover, up to a subsequence, z, = €,Z, — z € I1, and we can conclude that

e n(enx)(un|? + |uy|9)dx
Pen ) =l + lum )
~ Jrw n(eny + 20) (un (v + 2P + |un (y +2,)19)dy
fRN(lun(y +Z)|P + lun (y + Z5)|7)dy

fRN [n(eny + zn) — Zul(Jva (WP + |va (¥)[T)dy
Jry (v ODIP + [va (V) 9)dy

=Zn
—zell
Therefore, there exists {z,} C I1s such that
lim |,86n (un) — 241 =0.
n—oo
The proof is now complete. O
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To investigate the concentration phenomenon of solutions, next we will apply an appropriate
De Giorgi iteration argument and some refined analysis techniques to show the L°°-estimate and
decay property of solutions, which plays a fundamental role in the study of the behavior of the
maximum points of solutions.

Lemma 5.5. Let v, be a solution of the following problem
=8 ptn = Aga + VaCO)(0al? 20 + (001 20,) = (e # G0 ) g0, inRY,

v, € WEP(RNY N WL4RN), v, > 0, in RV,

where V,(x) = V(€,x + €,Z0). If v, — v in Ec for some v # 0. Then we have v, € L [R")
and there exists C > 0 such that |v,|eo < C for all n € N. Moreover,

lim v,(x) =0 uniformly inn € N.
|x]—00

Proof. Let {v,} be a sequence of positive solutions, and v, — v in E.. Define

G

PR T
lx — yI#

RN

According to the boundedness of {v,} and following the proof of (3.8), we have

|K,(x)] < C for some C > 0 and any n € N. (5.12)

We adapt some ideas from [1,19] to prove the conclusion of the lemma. Let x¢ € RN, Ry>1
and 0 <t <s < 1, and let smooth function vy € C§° (RN) satisfying

0<v(x) < L, suppy C By(xo), ¥ (x) = 1, Vx € By (xo) and | V| < Szj

For/>1and p >0, weset A, , ={x € By(xg) : vy(x) >} and
h=[ (Vunl? + 1Vun oyt
An,l.x
We observe that for any ¢ € E. the following relation holds
f [V [PV, - Vedx + / |Vun |92V, - Vodx
RN RN

+ f Vo)l vl Dgdx = / K, (x)g(vn)@dx.
RN RN

Using ¢, = Y9 (v, — )+ as test function, we have

94



W. Zhang, J. Zhang and V.D. Rddulescu Journal of Differential Equations 347 (2023) 56-103
-1 -2
q / Y4 (g = D4 [Vou P77V, - Vipdx + / Y|V, |Pdx
An,l,s An,l,s

+q / Y4 Wy — D4 V|92V, - Vigdx + / Y|V, |dx
An,l,s An,l,s

+ f Vi) Wb~ 4+ 0l Y vy — 1) ydx = / Kn(x)g () ¥ (v — 1) 4dx,

An.l,s An,],s
which, together with (V), yields that

Jn <Cs / W9 oy — D4 VY1V P+ Vo9~ dx
An,l‘s

- / Vour? ™ (s — D (wF " 4+ vfHdx + / K () g )Y (vy — 1) 4dx.

An,l.s An.l,x

Moreover, by (2.4) and (5.12), we can deduce that

Jn < Cq /w‘f”(vn—l)+|vw|(|an|P*‘+|an|‘f*‘>dx+ / vl Ty, — 1) dx
An,l,,\' An,l,s

Since 0 < s —t < 1, using Young inequality and Holder inequality, we can check that

/vz*‘lt/fq<vn—l)+dxs f(Ivn—l|+l)q*“x/f’f(vn—l>+dx

An,l,s An.l,s

<Cg /lvn—l|"*dx~|—l"*_l / lup — I]dx

_An.l,x An,l,s
r 1
e
* *
v — 112 . vy — 1|4 7t
<Cg dx + 14 dx [Anrs| 4

s —1 s—1

An.l,s An.l,x

*

Un_lq *
<Cy P dx + 14 |An,l,s|

A)L.l,s

Using the properties of Young functions and following the proof of Theorem 3.1 in [33], for
some &1 € (0, 1) we can get
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/ (VU 1P 4+ VU, 117D VY (v — D dx
An,l.s

o — 1|7
! dx + |An,l,s|

<& / (IVual? + Vo |)y¥dx + C, /

An,l,s An,l.s

Consequently, combining the above facts we obtain

Jun = ClO /

An,l,s

Un —1 7 *
dx + (lq + 1)|An,l,s|

Exploiting the definition of ¥, we conclude that

/lVUnlquSCm /

An,l,r An.l,x

Uy —

q*
drx + (7 + DIAnssl | (5.13)

where C1g does not depend on / and [ > [y > 1 for some constant /.
We fix Ry € (0, 1) and define

Ry 1 _ 1 ly 1
O'j:7 1+2_j ’GJZE(GJ+GJ+1)’ZJ:5 1—F

and

ij" = / (vn - l/)i dx and é:l :E JEE— |x _xOl — _1 ,
R 2

Anl.o:
mlj.oj

where £ € CL1(R) satisfies
1 3 ,
0<&<l,&()=1fors < 5,5(s)=0fors > 7 and |£'] < cp.
Evidently, we know that
R . lo . . -
oj > = (decreasing), [; — ) (increasing) and 011 <0 <o < 1.

Since §; =1in B(,jJrl (x0) and &; = 0 outside B(,/. (x0), using Lemma 2.1 we have
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Jjtin= / (on = 1j41)% dx < / [ = 140+8]" dx

Anljiroj4 BRixp)

_ a*

q
<Ci f IV [(n = 1j+1)4+€,] 17dx (5.14)
LBR; )
~ r
q

<Cp / |V, |?dx + 277 / (vn — L% dx

[Antjy1.5;

Anljiy,6;

From (5.13) we can see that

q Un — Lj41 7 q*
[Vu|7dx < Cy3 W dx + (lj+1 + 1)|An,l_j+|,o_,'|
An,lj+l,&j :An,lj+1.aj (515)
<Cua | 27 / (0 = L)% ¥ + 1%+ DI Aniyy 0]
Antjyyo;
Using Holder inequality and Young’s inequality, we have
L*
q
q q- £
/ (0 — 1) dx < / =L dr | A0
An,l- N An,l- N
Jj+1:9j Jj+1:9j (516)
<Cis / (Wn =105 dx +1Aniyy 5]
Anljsra;
From (5.14), (5.15) and (5.16) we can deduce that
i, = Cie | @17 +207) / Wn — L)% dx + @+ 14279 Apiyy o
L Ani; jo;
- e (5.17)

<Cp| @I 427) / (o = L) dx 29 Ay o

L An‘[j+1,aj
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We note that

* *
Jjn= / (o —I% dx = L1 — 1) |Ani;pyo;ls
An,ljJrl,oj

which implies that

1 q* 2j+3\?
[Antjir0]l = <m) Jjin= <T) Jjn. (5.18)

Combining (5.17) and (5.18), we immediately obtain

q

q*
Jivin

<Cig [(2./4* +20P) ), 42D JM] < i@,
Therefore, we have the following iteration formula

Jjtin < CzijJ-Hﬂ

jn

where Cyg depends on N, ¢, Ry, ly, B=24"194/4" > | and B = ¢*/q — 1.
Since v, — v in E, we get

Io
lim sup |:limsup Jo,ni| = limsup | limsup / (vp — —0)(1 dx | =0.
ly— 00 n—o00 ly— 00 n—o0o A 4

n,lg,o(0

So, there exists Ny and Ly > 0 such that
J—
Jon <C FB # forn> Ngandly> Lo.
Exploiting [19, Lemma 4.7], we see that

lim J;, =0 forn > Np.
Jj—>00

On the other hand,

. . * lo. 4
Jli)n;o Jjn :Jli)n;o / (vn _lj)idx: / (vn — E)i dx.
An,lj.aj A

NS

Ry
n, T

Then, we obtain

lo ,*
/ (v — Eo)i dx =0forall n > Ny,
A

n,

S

R
2
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and consequently,

vp(x) < %0 forae. x € B% (x0) and for all n > Nj.
From the arbitrariness of xo € RV, we can see that

l
vy (x) < 50 for a.e. x € RY and for all n > Np,

that is,
lo
V5 )00 < 2 for all n > Ny.

Setting C = max{%’, [V1loos - - -» [UNg—1loo}, We have |v,|oo < C for all n € N. Moreover, using

the regularity conclusion found in [18] (see Theorem 1 and Theorem 2), we can see that v, €
€Y (RN) for some v € (0, 1).

Finally, we prove that v, (x) — 0 as |x| — oo uniformly in n € N. In fact, following the above
arguments, for each ¢ > 0, we have that

lim sup [lim sup Jo,n] =limsup | limsup / vy — Z)?:dx =0.
|xo|—>o00 L n—00 |xo|—>o00 [ n—>00 A
n,ly,o(

Thereby, employing [19, Lemma 4.7], there exist R, > 0 and Ng € N such that

im J;, =0if |xo| > R, and n > N,
—> 00

J

this shows that
e () < 2 for x € B (x0) and [o| > Ry.n = No.
Now, increasing R, if necessary, it follows that
vy (x) < % for |xg| > R4 and for all n € N.
According to the arbitrariness of ¢, we can see that
|x1|i—I>noo vy (x) = 0 uniformly inn € N,
finishing the proof of the lemma. 0O
Lemma 5.6. There exists vy > 0 such that |v,|eo > vo for all n € N.
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Proof. Arguing as in the proof of (5.10) we can show that

/ v, (x)|9dx > 6 >0

Bg(0)

for some § > 0, R > 0 and n > Ny. Assume by contradiction that |v,|ec — 0 as n — +00, then

0<5< f | (0)|9dx < | BR(0) v, (6)|% — 0 as n — oo,
Br(0)

which implies a contradiction. This completes the proof. O
Finally, we are in a position to complete the proofs of Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Existence: From Theorem 4.1, we can see that there exists €y > 0 such
that problem (2.1) has a positive ground state solution u, for all € < €y. Evidently, 7, (x) = u, (;—“)
is a positive ground state solution of problem (1.1).

Proof of Theorem 1.2. Multiplicity: For any § > 0, combining Lemma 5.1 and Lemma 5.4, we
can see that there exists €5 > 0 such that the diagram

n2s 47 P g (5.19)

is well defined for any € € (0, €5). By Lemma 5.2, there exists a function y (¢, z) with |y (¢, 2)| <
% uniformly in z € IT for all € € (0, €¢5), such that B.(P(2)) =z + y(€,z) for all z € 1. We
define the function H(¢,z) =z + (1 — t)y(e,z). Then, H : [0, 1] x IT — Il is continuous,
H(0, z) = Be(®(z)) and H (1, z) = z for all z € 1. Moreover, from (5.19), we know that 8. o &,
is homotopic to the inclusion mapping id : [T — I1s. Applying the argument of [12] and the

conclusion of [15, Lemma 2.2] we can obtain
catJé (Ji;g) > catry, (IT).

On the other hand, let us choose a function 7 (¢) > 0 such that 7 (¢) — 0 as € — 0 and such that

cy, + m(€) is not a critical level for Z.. Together with Lemma 4.6, we see that Z, satisfies the

Palais-Smale condition at level ¢ € (cy,, cy, + 7 (€)) on 4. Consequently, using the Ljusternik-

Schnirelmann category theory of critical points (see [15, Theorem 2.1]), we can conclude that 7,

has at least catyy, (IT) critical points in .#¢. So, Z, has at least catry, (IT) critical points in E.
Concentration: Let €, — 0 and u,, = u,, be a solution of problem

A pttn = Bgttn + Vo ) ltn 210 + 11029 2u) = (e % Gwn) ) gwa), in RY,
up € WHP@RM N WL RN, u, > 0, inRN,

with V,,(x) = V (e, x), then by Lemma 5.3, we can see that there is a sequence {Z,} C R" such
that
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V(X)) =u,(x +%,) > vin E and €,Z, — z € I1.

If p, is a global maximum point of v, (x), then, by Lemma 5.6 we know that there exists R > 0
such that p, € Bg(0). Therefore, z, = p, + Z, is a global maximum point of u, (x). We deduce
from the boundedness of {p,} and the continuity of V that

lim €,z;, =ze€Iland lim V(e,z,) = Vp.
n—o00 n—00

From the proof Theorem 1.1, we find that if u. (x) is a positive solution of problem (2.1), then
He(x) = ue(i—‘) is a positive solution of problem (1.1). Obviously, the maximum points x. and
z¢ of U, and u., respectively, satisfy x. = €z.. Consequently, according to the above conclusion,
we have

6115%) V(xe) = W.
We finish the proof of Theorem 1.2. O
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