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Abstract

We deal with the following fractional Choquard equation

(=AY u+ Vo = (I, # Julws ) u¥es "2u, x e RV,

where I, (x) is the Riesz potential, s € (0, 1), 2s < N #4s,0 < 4 < min{N, 4s} and ZZ’S = 2]\1/\]%2’5 is the
fractional critical Hardy-Littlewood-Sobolev exponent. By combining variational methods and the Brouwer
degree theory, we investigate the existence and multiplicity of positive bound solutions to this equation when
V (x) is a positive potential bounded from below. The results obtained in this paper extend and improve some
recent works in the case where the coefficient V (x) vanishes at infinity.
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1. Introduction and main results
In this article, we are interested in the following fractional Choquard equation
(=AY u+ V(u = (I * |ul %) |ul?es2u, x e RV, (1.1)

where s € (0,1), 2s < N # 45, 0 < u < min{N, 4s}, 2, ( = 21\1,\’%2’: is the fractional critical

Hardy-Littlewood-Sobolev exponent, /,,(x) : RY — R is the Riesz potential defined by

_Au r(z)
Pt T NN (i

and

(—=A)'v(x) = Cy,P.V. / %d% veSRY),
RN

where P.V. represent the Cauchy principal value, Cy  is a normalized constant, and SMRN) is
the Schwartz space of rapidly decaying functions. We notice that the fractional Laplace operator
was first introduced in the pioneering work by Laskin [24,25]. For more details about the frac-
tional Laplacian and fractional Sobolev spaces we refer the interested reader to the monograph
[37].

Whens=1,u=1,N =3,V =1, equation (1.1) stems from the following Choquard equa-
tion

—Au+u=*uPu, x € R>. (1.2)

For studying the quantum theory of quantum polaron, equation (1.2) was introduced by Frohlich
[14] and Pekar [41]. As noticed by Lieb [30], Choquard used equation (1.2) as approximation to
Hartree-Fock theory of one-component plasma. It remarked that, as a model of self gravitating
matter and is known in that context as the Schrodinger-Newton equation, this equation was stud-
ied by Penrose [42,43]. The existence and uniqueness of positive solutions to equation (1.2) was
investigated by Lieb and Lions in [30,33]. In [33,49], Lenzmann, Wei and Winter studied the non-
degeneracy and uniqueness of the ground state. Classification of solutions of generalized non-
linear Choquard problem was investigated by Ma and Zhao in [34]. Moroz and Van Schaftingen
[38] completely studied the qualitative properties of solutions of generalized nonlinear Choquard
problem. In [39], Moroz and Van Schaftingen gave a broad survey about Choquard equations.
For more results on classical Choquard equations, we refer to [1,3,4,6,10,16,29,36,44-46] and
the references therein. In order to be consistent with the theme of this article, in the following we
shall recall some previous results for this case. In [18], when |V/| N is suitable small, Guo et al.

studied the positive high-energy solutions for Choquard equation
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—Au+ V@)= I % [u®)|u>2u,u e D"2RN), (1.3)

whereO<u<NifN:3orN=4,andN—4§u<NifN25,2Z=211\7:; is the upper

Hardy-Littlewood-Sobolev critical exponent and V (x) € L> RNy N €7 (RVN) is nonnegative for
some y € (0, 1). It is remarked that, under different conditions about V, Gao et al. [15] also
studied high-energy solutions of the Choquard equation (1.3) by different methods.

Recently, Alves, Figueiredo and Molle [2] considered the following Choquard equation

—Au+ Vo, ()u = (I, * lul*)|u)*2u, in RV,

1.4
u>0, inRY, (14

where V), =LA + Vo withA >0, Vj € L%(RN), 0 < u <min{N, 4} and N > 3. Under V; and A
are suitable small, they obtained the existence of two positive solutions to equation (1.4).

We notice that the motivation of papers [2,15,18] is due to Benci and Cerami in the semi-
nal paper [5]. In fact, the results obtained in [2,15,18] extended the results about the classical
Schrodinger equation [5] to the Choquard equation. There are other papers similar to [5], see
[2,7,11,15,18,20,21] and the references therein.

Compared with classical Choquard equations, there are few papers considering fractional
Choquard equations. For instance, Frank et al. [13] studied the following equation

V=Au+u= (x| uP)u, u e H2 (R). (1.5)

Authors investigated analyticity and radial symmetry of ground state solutions to equation (1.5).
Next, d’Avenia, Siciliano and Squassina [12] considered the following fractional Choquard
equation

(=AY u + wu = (x| * [ul?)|u’%u, in RV, (1.6)
where w is a positive constant, s € (0, 1), 2s < N, 0 < u < min{N, 4s}, ZNN_” <p< 2;’;’3,. The
regularity, existence, nonexistence, symmetry as well as decay properties of weak solutions to
equation (1.6) were obtained in [12].

Under general source terms, Shen, Gao and Yang [47] studied the following fractional
Choquard equation

(=AY u+u=(x|"" % F@))f(u)in R, (1.7)

They obtained the existence of ground state solutions to equation (1.7) when f satisfies
Berestycki-Lions-type assumptions. Other details about fractional Choquard equation (1.7) with
subcritical nonlinearity f(u) = |u|p_2u, p< ZTH, we refer to [9,17,28,27,31] and the references
therein.

On the other hand, there are some results on fractional Choquard equation with critical expo-
nent p =27 .. In [40], Mukherjee and Sreenadh studied the existence of weak solutions of the
following doubly nonlocal fractional elliptic problem:
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.
lu

(=A)u= (fsz oy dY)lef*‘-s_zu + Au, in Q,
u=0, in RV\Q,

(1.8)

where 2 C R¥ is a bounded domain with Lipschitz boundary, 1 is a real parameter, 0 < u < N
and N > 2s. They obtained some existence, nonexistence and regularity results for weak solution
of the above problem using variational methods. By using the mountain pass lemma and the
Lusternik-Schnirelmann theory, Ma and Zhang [35] proved that the existence and multiplicity of
ground state solutions to equation (1.1) with V(x) = Aa(x) — B.

In [21], He and Radulescu were concerned with the qualitative analysis of positive solutions
to the fractional Choquard equation

(=AY u+ V(@u = (L, | ) Pios 2u, x € RV,

(1.9)
ue DY2RYN), u(x) >0, x eRV,

where s € (0, 1), 2s < N, 0 < u < min{N, 4s}, 2/*m = %\1[\7_—2;; and V (x) satisfies the following

conditions:
(1) The function V is positive on a set of positive measure.

N (ZZV € LY(RY) for all g € [p1, pal, where 1 < pi < 3F=E < pa with py < 7% if 25 <
< 4&s.
(3) We have
ds—p (ZS*N)[(N*lf)(I*S)+2f]+(2N*IL)25
|V|2ﬁ - (2—2]\,_# _ 1)Ss 25(N—p+2s)

By proving a version of the global compactness result of Struwe [48] for the case of fractional
operators in RY, they showed that equation (1.9) has at least one bound state solution. Some
similar results as in [21] were also obtained in [22,51]. We point out that the results obtained
in [21,22,51] are strongly dependent on the condition V (x) € L% (R"), which means that V (x)
may vanish at the infinity. For other details about fractional Choquard equation with critical
exponent, we refer to [19,23] and the references therein.

Inspired by the works mentioned above, in this paper, we are interested in the existence and
multiplicity of positive bound state solutions to Choquard equation (1.1) in which V (x) is posi-
tive bounded from below. Throughout this paper, we always suppose V (x) satisfies:

limpy 400 V(X)) = Voo >0 (i)
V(x) > Voo, x e RV (ii) (V1)
(V(x) = Vao) eLERY) (i)

For © C R¥, the norm of u in L"($2) and L" (R") are denoted by |u/|, q and |u|,, 1 <r < cc.
For any s € (0, 1), defined

lu(x) —u(y)?

2Ny 2 Ny
D2(R )_{ueL»(R )./ e

RN RN

dxdy < oo}
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with the Gagliardo seminorm

_ 2
ull? = (. u);—//'”(x) “OF g

|x _ y|N+2S
RN RN

Let S be the best Sobolev constant for the embedding DS 2(RN) <> L% (RV), that s,

flue]|?

ueDW2RM\(O) Jul3,

Sy =

Denote by H*(R™) the fractional Sobolev space endowed with the norm

Ju(x) — u(y)|?
||u||2=(u,u)=// |N+y2s dx dy+/Voouzdx=||u||§+/voou2dx.

RN RN RN RN

The main result in this paper establishes the following existence property of bound states. In
the case of small perturbations from infinity of the indefinite potential we also obtain a multiplic-
ity property of positive bound states.

Theorem 1.1. Suppose that (Vi) is satisfied.

(1) If|V — Voo|¥ # 0, then there exists V* > 0 such that for Vo, € (0, V*), problem (1.1) has at
least one positivé bound state solution.

(2) Moreover, suppose that

45—
0<|V—Vm|¥<(2ﬁ—l)53. (V)

Then there is V, > 0 such that for Vo € (0, V,), the equation (1.1) has at least two distinct
positive bound state solutions.

Remark 1.1. Obviously, it follows from the condition (V}) that V ¢ L% (RY) and it is positive
bounded from below. However, the results obtained in [21,22,51] are strongly dependent on the

condition V(x) € L % (R™), which means that V (x) may vanish at infinity. So, the methods used
in [21,22,51] seem to be not valid for our case.

Remark 1.2. The proof of our results is inspired from the paper due to Cerami, Molle and Pas-
saseo [7,8], in which the authors deal with the Schrodinger-Poisson system and Schrodinger
equation with Neumann boundary respectively. Since there are double nonlocal characteristics
in our equation which come from the nonlocal operator (—A)* and the fractional Choquard non-
linear term, some refined estimates for our problem are very necessary and delicate. Especially,
the most important thing we need to do is that we must extend the global compactness results in
[7,21,22,51] to our equation when V (x) is positive and bounded from below.
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2. Preliminary results

Proposition 2.1. ([32]) Let t,r > 1 and 0 < u < N with 1/t + /N + 1/r =2, f € L'(R"Y)
and h € L"(RN). Then there exists a sharp constant C(t, N, v, r) independent of f, h such that

\f PO deay| < Nl el .1

Tx—yle
Ift—r—2 then

C({t,N,u,r)=C(N,pn) =

b r(%=%5) (F(%))*H%
(2N2 LyY\T(N) ’

In this case, the equality in (2.1) is achieved if and only if f = (const.)g and

g0 =AY’ +|
for some AcC,0#y eR anda e RV.

Proposition 2.2. ([21,38]) Let N > 2s and i € (0, N). If {u,,} is a bounded sequence in L% (RN)
such that u, — u almost everywhere in RY asn — oo, then

2% 2% 2% 2%
Ty * |ug |7 ) g |5 dx — f (L * lup — w)| ™) |luy — u|"#sdx
N
2% 2%
— | Ly ful™ms) Ju|"ms dx

and
/ (L ¢ 1t |25 1| P52 — / (L iy — w20 ) |ty — w2y, — u)dx
RN RN
— [ (L, * lul®ms) u s 2udx, in (D*2(RN)Y,
RN
where (D*>(RN)) is the dual space of D>*(RN).

Lemma 2.1. ([50]) If N > 3 and W € L% (RV), v : D*2(RY) = R, u > Jry W)u?dx is
weakly continuous.

Let f = g = |u|?, then by the Hardy-Littlewood-Sobolev inequality we deduce that

q
/ [u()u(y)l drd
lx — y[#
RN RN
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is well defined if |#|? € L' (R) for some ¢ > 1 with % + & = 2. Therefore, for u € DS2(RN), it
follows from Sobolev embedding theorems that
2N — 2N — 1

<g< . 2.2
N 1N 2

Hence, for u € D*?(RY), we get

1 1

([ s oo puiodr) 7 < (A, €0 p0) 0
RN

From above arguments, the energy functional associated with equation (1.1) is defined by

1
2:2% ¢

J ! 2+1/V 2dx —
) =3 llulls + 3 (X)u”dx

/(IM # )2 ) u P dx, u e HS(RY).
RN RN

Furthermore, 7 (1) € C'(H*(RV), R) and
w0 = o+ [ Veusds = [ @il v
RY RV

for u, v e H*(RN).
Define the Nehari manifold as

N = {u e H ®RH\[0}: ('), u) =0}.
It is easy to show that, for each u € H*(R>)\{0}, there is a unique «, > O satisfying x,u € N

and ®(k,u) = max,-o D (ku). Here, k,u is called the projection of u on .
Firstly, we introduce the following equation

(=AY u = (I * [ul?ms)uf>es2u, in RV, (2.3)
and its energy functional Jx : D*?(R?) — R defined by

1
2:25 ¢

1 * *
Teoli) = 5 lulf = f(lu* o P s .
RN

It follows from [26] that the positive solutions of equation (2.3) are unique, up to translations and
scalings, and must be of the form

N-2s
Cs
Us,y(x) = > yeRY 5§50, 2.4)

@2+ Ix -y

where C is a positive constant. Let
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2
) u
Sp,s = inf lulls ,

$,2 N * * %
ueD*?(RN)\{0} <fRN(IM " |u|2#,5)|u|2ﬂ,sdx) 2.5

then S, ; is achieved if and only if u is of the form (2.4), and furthermore, one has

Ss 2 2 2 NErEer
Su,s = 1 > ”Ué,y”s = (Iu * |U6,y| “’S)|U8,y| wsdx = Su,x s
(AC(N, p))2ms RN
where C (N, w) is defined in Proposition 2.1.
Let
Noo := {u € D> 2R\ {0} : (T, (w), u) = 0}.
Then

N — MK + 2S szN/J:LMZs

Joo(Us,y) ZIJI\I[I';ljoo(M) = m 1L,

It is easy to prove that, for each u € H*(R3)\ {0}, there is a unique ¢, > 0 satisfying ¢, u € Noo.
Furthermore, we can easily obtain the following two results from [21,22].

Lemma 2.2. If u € D2(R") is a nodal solution of equation (2.3), then

4son N —pu—+2s 7ot
>)QN-—p+2s — nt2s
Too (1) > 22N — ) s
Lemma 2.3. If {u,,} C D*2(R") satisfies

i L

1 IR

*
(i (Ll Pt P i)

then there exist 8, > 0 and y, € RN satisfying

Un — Uanﬁ}’n
|Mn|2;K |U(3,,,y,1|2;k

+0,(1) in D*2(RM).
Lemma 2.4. Assume that u € H*(RN)\{0}, x,u and v,u are the projections of u on N and N

respectively, then we have that 1, < k.

Proof. It follows from (V) that

_ 2
Wahs Jlul|?

. -
S (L [ s ) Ju s dx
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e a I 2% 5y s d 24
Ky Jrv (T Jul ") Ju | “msdx — [pa V (x)u”dx

S (L # [ Ps ) Ju ies dx

Zngiléer% 2% 2* 2N —=2u+4.
K T fan ok [P uPodx s

u ’
S Ty lual ) e dx

which shows that ¢, <«,. O

_2N—p
Proposition 2.3. Suppose that (V1) holds, then m := minyr J (u) = 3kt 5,V
not achieved.
Proof. For any u € A/, we have that
2N—p 2N—p

* * ~N-2s N=2s
el < Jlu)? + / V(x)uldx = /(lﬂ*|u|2u,s)|u|2u,sdxSSMN 2 (||u||§) ,

RN RN

2N—p
which shows that [Ju||? > S,iv, ' Thanks to u € N, we obtain that

1 N—pn+2s » N—u+2s 2
Jw)=Jw) — (T, u) = ————||ul| +—/V(X)M dx
221 20N — ) "M T 2aN — 0
RN
N —p+2s N —pu+2s ot

= 22N =) ||Lt||s = 20N - LS

2N—p
N—p+2s ¢ N=p+2s
So, we can conclude that m > 20N—1) Si.s .

2N—up
In the following, we prove that m < év(; j(l‘jii S,iv S Let

Un(6) = x (KU1 o),

where x € C(‘)X’([O, 00), [0, 1]) satisfying x () =1,¢ € [0, %] and (1) =0, > 1.
It follows from estimates obtained in [37] that

103 = 101 17 + 0n (D).

/ (L | O P0)| D P e = / (I * Uy oP)IU oo dx +0n(1).
RN RN

By using arguments as in [19], we have that

/ (V(x) = Vo) U2 (x)dx = 0,(1).

R3
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and m is

(2.5)

2.6)

Q2.7)



W. Guan, V.D. Radulescu and D.-B. Wang Journal of Differential Equations 355 (2023) 219-247

In the following, we prove that

f U2 (x)dx = 0,(1). (2.8)

R3

On the one hand, if 4s > N, one has

/|ﬁn<x)|2dx=/|x<|x|>U%,0(x>|2dx

RN RN
1\N-2s
< : ;) .
oy G N
X|=
1 1
1 yo [ V7! 15, 1
SCZ(;) s/mdr:CZ(;) S/mdr
0 0

1
< C3(—)N7>.
n

On the other hand, if 45 < N, let A > 0 we have

[ 1P = [ xhuy geora

RN RN

</|U1 (x)|2dx=Cn_2S/;dy
AR (T4 yBV=2>
RN RN

= (1)25 (C / ;dx +C / %@,)
n (1 + |nx|2)N—2s (1 + |y|2)N—2s

By () RN\By(A)
o0
< Ylei+c L
_(;) ( 4+ Cs TN—&t1 )
A

1
< Ce(—)*.
n

Hence, by above argument, we have that (2.8) holds.
Combining with (2.5), (2.6), (2.7) and (2.8), we can conclude that

ki, =14 on(1). 2.9

Let Uy (x) = k35, Uy (x), it follows from U, € N, (2.5), (2.6), (2.7), (2.8) and (2.9) that
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m < lim J(U,)
n—oo

K% K% K%ZZ’S
_ tim (T2 4 G2dx — 00 [ (1, 5 (T Py T P
= tim (200002 + 52 [ VO Uiy = 37— [ (s (D) T P )
R3 g
_ N — n+ 2s Nzivulﬂlv
22N —p) H*°
2N—p
Consequently, we obtain m = %S P
Now, we prove that m is not achieved. Suppose that, by contradiction, there exists u, € N
2N—un

such that J (u,) = év(z_ ﬁfﬁi S, 5" . Thanks to «,, = 1, it follows from Lemma 2.4 that 1, < 1.
Then we deduce that

N — 25 o N — 2 N — 2
Nopt2s li\/;u+2s = T(uy) = ﬁ”“*”?"‘ N-pntos V(x)u%dx
220N —p) ™ 22N — ) 22N — )
RN
N —pu+2s N—pn+2s
> U2 > e [l a2
22N — ) 22N — )
>N—M+%K%%
T 2QN-—w) 7

from which we obtain a contradiction. O

From Proposition 2.3, we know that the equation (1.1) does not have any ground state solution.
So, we intend to find a bound state solution. For this purpose, we first establish the following
global compactness result.

Lemma 2.5. Suppose that {u,,} is a sequence of (P.S.)c sequence for J and u, — ug in H* (RN).
Then, up to a subsequence, {u,} satisfies either

(a) u, — ug in HSRN) or

(b) there are k € N and nontrivial solutions uyi, us, ..., uy for the equation (2.3), satisfying

k k
lutn 1> = lluo > + Y lluj 3 and T (un) = T o) + Y Too ().
j=1 j=1
Proof. For any ¢ € C3°(R), by Proposition 2.2 and Lemma 2.1 we have that
(T W), ) =(un, ¥)s + / V()upprdx — f (L * [t P05 ) 1t PP ™ 2w
RN RN

=(n, V) + f (V(x) = Voo)ttpYrdx — / (L, ¢ 1t |25 14, P52, yrdx
RN RN

229



W. Guan, V.D. Radulescu and D.-B. Wang Journal of Differential Equations 355 (2023) 219-247
= V(x)—V. dx— | (I 2 ) ug P "ugyrdx 1
=(o, ¥) + | (V(x) = VeoJuoydx (L s ug ") Juo[ " “uopdx + 0, (1)
RN RN

=(J'(u0), ¥) + 0a(1),
which shows (7’ (ug), ¥) = 0. That is, u satisfies
(=2 ug+ V (¥)uo = (L  lug| ) |ug s, x € RN,
Since u, — ug in H*(RY), then we obtain that
U, — up in LIZOC(RN); U, — Ug a.e. on RV,

Let v,ll = u, — uyg, it follows from Proposition 2.2, Lemma 2.1 and the Brezis-Lieb lemma that

T (W) = T (un) = T o) + 00 (1); Ty, (vp) = T (un) — T (o) + 0x (1) = 0 (1),
(2.10)

where

1 1 1 .

Tvoo (W) 1= Ellullf t3 / Voou?dx — 3 o /(IM s [ |25 ) [ s dox
5

N

8
RN R

1
= Joo(u) + 5 / Voouzdx-
RN

It follows from (2.10) that v} is a (P.S.) sequence for Jy_ . If v} — 0 in H*(RV), we have
done. If not, we suppose that v,]l —+ 0in H*(R"). Hence, there are C;, C, > 0 satisfying

loall > C1. [vplas > Ca. @2.11)
Let RY = %;.n Q;, where Q; are hypercubes with disjoint interior and unitary sides. Set
Il = max;cy v} |2, 0;» we have that
2% 7 2
5 1% 1% 18252, 12 13252y, 112 14252
G <ol =D Ioalat o, < G)* 2luy 3 o, < C3U) % Pllu P < Cat)™ 2,
i=1
So, we obtain that l,ll > 0.
Let z) be the center of a hypercube so that I} is attained. Define U} (x) = v} (x + z}). Ob-
viously, {ﬁ,ll} is a (P.S.) sequence for Jy,, and then {77,1,} bounded in H*(RY). So we assume

that, up to a subsequence, there is v € H*(R") such that 17,11 — v in H*(RY). Then for any
¥ € Cg°(R), one has that (j"/oo(v), ¥) = 0. That is, v satisfies

(=) u + Voo = (I, 5 Ju s ) u % "2u, x e RV,
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According to the Pohozaev identity [12,47], we obtain that v = 0. If ﬁ}l —> 0 in H*(RN), we
have done. If not, that is, v Al — 0 but 7 —H 0in HS(RY). From fact that v is a (P.S.) sequence
for Jv,_, it 1s easy to conclude that { } is a (P.S.) sequence for Jo in D* 2(RNY and with
An —0and v, vn -+ 01in D% Z(RN ). Then, from the results obtained in [11], there exists nontrivial
solution u; of equation (2.3). Now, we claim that there exist {y,} C RV, {5,} C R with §, — 0
satisfying

— _ N-2s —
u},;:ﬁ;(x)—w(x ly")sn 2 u1<x8yn>—\0inHS(RN), 2.12)
5t 2

where ¥ € C§°(RV) satisfying ¢ = 1, x € B1(0) and ¢ = 0, x € RN\ B,(0). In fact, thanks to
ﬁ)\; |2:f’Q[ > 0, we used a similar argument as in Lemma 3.3 [48] (or Theorem 3.2 in [50]) to find
sequences of {y,}, {6,} such that vﬁ exists.

1
Next, we prove that v,zl —~ 0in H*(RN). Let Y (x) = ¥ (87 x), then it is easy to see that

)W(g)é;%u (x_y" ‘ _625/¢ luy [2dx

8; BN

¥ e 2.13
§C8;§(/|u1|2sdx)zs 13

RN
=on(1),

which together with 771 —0in HS (RY) show that v —~0in L2RM).
To our goal, we just prove v — 0in D%2(RN). It follows from result of (3.23) obtained in
[11] that

Iv(*

N-=2s
Let @l =5, ° u1<x y"), then for any & € CS(R) with [|£], = C > 0, we conclude
N—2s 2v

that (i, E)s = (u1, én)s, where &, =8, 2 £(8,x + yn). Thanks to I€alls = &1l and & —

0 a.e.on RV we get §n — 0in D*2(RY). So, (u &)y = (uy, E,,)S =o0,(1). As & is arbitrarily
chosen, then 7, un — 0in D*2(RY). Hence, by (2.14), we get that 1),2Z — 0 in D%2(RY). Conse-
quently, we conclude that v,% — 0 in H*(RY). Combining with (2.12), (2.13) and (2.14), it is
easy to obtain that

_ N-2s X — _ N-2s X —
o T () = T (F5)| = e — il =0aD. 214

z

Tvae W) = v B) = Too (1) + 0n(1), (2.15)

lun I = luoll* + Iop 12 + 0a (1) = llugll> + DL 1% + 02 (1) = lluoll* + lur 12 + 10211* + 0a(1).
It follows from (2.10) and (2.15) that
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T ) = T (o) + Tv, (0)) + 0, (1) = T (o) + Ty, @) + 0, (1)
= T o) + Too(u1) + Ty, (v2) + 0, (1).
By virtue of (2.12) and (2.15), we easily obtain that {v,%} is a (P.S.) sequence for Jy, . If

v,% — 0in H* (RN ), we have done. If not, then we can iterate the above procedure. That is, there
exist uy, uy, ..., ug nontrivial solutions for equation (2.1) such that

k
2 2 2 2 2
e |1> = Hlueol® + > I3 + vy I
Jj=1

and
k
T n) = T@0) + Y Toou)) + Tvs, (Wit 1)-
j=1
Thanks to
7 _ 2 2% 2%
0=(Toouj),uj)=llujls — /(Iu* o j |75 ) |u j | 7rms dx
RN
2N—un
and the definition of S, 5, we obtain that ||u]|s > S, ,ﬁ’ 2 Then, we conclude that the iteration

must terminate at a finite index k > 1, that is, v,’f‘l —0in H'RY). O

Corollary 2.1. Let {u,} be a sequence of (P.S.). sequence for J with ¢ € (0, m), then, up to a
subsequence, {u,} converges strongly in H* (RM).

From Lemma 2.2 and Lemma 2.5, we can east to obtain the following result.

45—

Corollary 2.2. If c € (m,2¥ s m), then the functional J satisfying the (P.S.). condition.

In the sequel, we consider the functional 7 : H*(R") — R given by

T(u) = |lu|? + / V (x)u’dx.
RN
Let
M= [u e H'(RN): /(]M * |u|2zvf)|u|2;v5dx = 1}.
RN
The next results are direct consequence of the Corollaries above.
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Lemma 2.6. If {u,} C M is a sequence satisfying
I(uy) — cand I'| pq(uy) — 0.

N-—2s
Then, the sequence c, = c2N+4%=2ny, satisfies

2 ON—p
Ty) - —PT = 5545 and T (u,) — 0.

45—
Lemma 2.7. Suppose that there are a sequence {u,} C M and c € (S, 5, 22Nf/lt Su.s) satisfying

I(u,) — cand I'|pq(u,) — 0.

Then
(i) there is uy € M such that, up to a subsequence, u,, — ug in DS’2(RN) and uq is a critical
point for I constrained on M;

2N—un
(ii) J has a critical point vo € H*(RN) with T (vo) = év(z_ﬁfi‘;cf\’*ﬂﬁf.

3. Main technique and some basic estimates

Inspired by the idea from [7,8], we introduce a barycenter type map 8 : H*(RV)\{0} — RV
and a functional y : H*(R"V)\{0} — R defined as

1 X * 1 X "
ﬁ(u)z—*/ |u|2xdx,y(u)=—*/\ — )| ul dx.
julye J 1+ ¥l s J T+ x]
s RN 2S]RN

Obviously, 8(u) and y (u) are continuous. Furthermore, we have
Bou) = Bw), y(ou) =y ), Yp € R, u € H RV)\{0}.
Proposition 3.1. Suppose that (V1) holds, then m* :== minpq I (u) = S, s and m* is not achieved.
Proof. Since the proof is similar to that of Proposition 2.3, we omit the details here. O
Proposition 3.2. ¢ :=inf{I(u): u e M, Bu) =0, y(u) = 3} > Su.s.
Proof. By Proposition 3.1, we have that
¥ > S

Suppose that = S, 5. Then, there is a sequence of {u,} satisfying
|
up €M, B(up) =0, y(u,) = 57 lim I (up)=S,;s. 3.1
n—o00

Thanks to V (x) > 0, one has
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. 2 2
S = Jlim (a4 [ Vouda)

RN
> lim [u, |2
n—oo
> Sy
So, we conclude that
lim fJun |2 =S, (3.2)
n—oo

It follows from Lemma 2.3 and Theorem 2.5 in [5], we obtain that

up(x) = )\Uén,yn x) + en(x),

where A > 0 is constant, §,, > 0, y, € R3,¢, — 0in DS'2(RN).
We claim that, passing to a subsequence if necessary,
lim 8p =080>0 i
. n—o00 %n 0 N () (3.3)
lim, 00 yn =y0 € R @0

To prove (i) of (3.3), we firstly prove that {§,} is bounded. Arguing by contradiction, we suppose
that {5, } is unbounded. Then, passing to a subsequence if necessary, we have lim,_, 5 §, = 0o.
Then, for each o > 0, we get

n—>o
By (0) By (0)

lim /|un|2?dx=x2? lim /|Uan,yn|2?dx=o.
n—oo

Thanks to B(u,) =0, for any u > 0, one has

pn) = — [ 1P
lulys J 1+ 1xl
s RN

1 |x| 2% / |x| 2%
= - unl=sdx + u de)
|un|2s( / Erie N
2%

Bs (0) RN\B, (0)

1 x| .
= ( / 1 [ dx +0”(1)>
lnly: Rv\ 5, 0) +On (D) + x|

RN\ B4 (0)

> to,(1)
— + 0 .
“1+o n

Hence, we get liminf,,_, o ¥ (u,) > 1. Thanks to (3.1), we obtain a contradiction. That is, {5, } is
bounded. Then we suppose that, in subsequence sense, lim, . 8, = 8o > 0.
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If §o = 0, then for any o > 0, we have

n—0o0

RN\Ba (vn) RN\BO‘ (vn)

lim / un|® dx =A% lim / |Us, .y, |5 dx =0.
n—00

Thanks to 8(u,) = 0, for arbitrary o > 0, one has

|ynl _‘
L+ {yul 1+|yn|

- \/ Y |
FaTwi

— B(un)

|Mn|2
1 ;
< — / ‘1 T T e
[ - + |ynl + x|
by / = — [ e
P Lyl T4
2ARN\B (yn)
<20 +0,(1),

from which we can conclude that lim,, .  |y,| = 0.
On the other hand, for each o > 0, we have that

Yn 0%
0< = ‘ sd <2 1,
=y = m|*f [ Tyl onD) =20+ 0n (L)

which shows that lim,,—, » ¥ (4,) = 0. Due to (3.1), we obtain a contradiction. That is, we prove
that (i) of (3.3) holds.

Now, we will prove that (ii) of (3.3) holds. In fact, we just prove that {y, } is bounded. Arguing
by contradiction, we suppose that there is a sequence of {y,} satisfying lim,_, »; | y,,| = 0o0. Then
for each ¢ > 0 and L > 0, there is n* € N satisfying

yn

<e¢&,Vn>n*, (34)
L+ |ynl

X
|x — Yl 1+ x|
and

f |t |5 dx = A5 / Us, y, 1% dx + 0, (1) < &. (3.5)

RN\BL()')L) RN\BL(Yn)

It follows from (3.4) and (3.5) that

/] M 2 d
m|s T+l T+ Dl
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|t | % dx

= / ‘1x||_1y’|1 |
B s +[x + | yn
a2z g,y

1 X Yn %
e I
a5 / R I
2% oy
sR \BL(,Vn)
2¢
58+ 2% +0n(1)
|“n|2§;

Then, we conclude that lim,— ~ |B(1t,,)| = 1. Thanks to (3.1), we also obtain a contradiction.
That is, (ii) of (3.3) is satisfied.
Consequently, we have

. 2 2
Sps = lim (||un||s+ / V(x)undx>
RN

= )\2<” Uso.yo ”? + / V(X)Utszoﬁyodx)
RN

> A Uso, oI = Sps-
So, we get a contradiction. O
Proposition 3.3. v :=inf{/(u): ue M, f(u)=0, y(u) > %} > S

Proof. By Proposition 3.1, v > S, ;. If v= 5, ;, Then, there is a sequence of {u,} satisfying

o
up €M, B(uy) =0, y(uy) > =, lim I(u,)=S,;. (3.6)
2 n—oo
By the same argument as in Proposition 3.2, we can obtain that

up(x) =AUs, y, (x) + €, (x),

where A >0, 6, >0, y, € R3,e, — 0in DS’Z(RN). Furthermore, we can obtain lim,_, o §, =
8o € (0, oo] and lim,,— 50 ¥, = Yo in RY. In the following, we prove §g € (0, 00). Otherwise, one
has

. 2 2
S = Jlim (a4 [ Vouda)
RN
. . 2 2
zhmlnf<||u,,||s+ / Vooundx>
n— o0
Bm(yn)
> (Sy.s + 22 Voo liminf5, / U3 )
n—oo ’
B1(0)
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That is, we obtained that g € (0, o). Hence, one has

: 2 2
S = lim (a4 [ Vodar)
RN

zxz(nuso,yonfwooao / V(x>U§0,y0dx)

Bsy (o)
> 2211 Uso, 3013 = Su.s
which is a contradiction. O
Let o € (0, 1) be such that
s
V= Vily < (2 W I)Ss (3.7
and c* satisfying
S 0 _o) Bz

Sys < c* <min (% 21—y S,N). (3.8)

Let ¢(x) be a function satisfying:

(i) ¢ € C3°(B1(0));

(ii) ¢(x) = 0,V¥x € B1(0);

(iii) ¢ e M and ||¢]|2 = A € (Sps, €*);

(iv) ¢(x) = ¢(Ix]) and |x1| < [x2] = ¢ (x1) > ¢ (x2).

(3.9)

For every § > 0 and y € RV, let ¢5 ,(x) = 0 if x ¢ Bs(y) and ¢ y(x) = 8_%%§(%) if
x € Bs(y). Obviously, one has

/|¢a,y|2sdx: / g3y ¥ dx = / P dx:
RN Bs(y) B1(0)

/ (L, % |25 |20 ) |25,y [P dx = f (L % |25 [P dx = 1.
RN RN

Furthermore, we have
¢s.y €M, and || y|I> = A € (Sy5,¢*) V8 >0andVy e RV,
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Lemma 3.1. The following equalities hold
(a) limsosup { fign (V(¥) = Voo)I85,, P : y € RV | =0;

(D) 1ims oo sup | fren (V () = Voo)gs y P : y e RV} =0;
(&) 1m0 5Up | fro (V(6) = Vi[85, Pl < [y =76 > 0,y e RY | =0.

Proof. Let W(x) = V(x) — Vao. For any y € RY and § > 0, it follows from Hélder inequality
that

/ W ()25, 2dx = / W) 1855 Pdx < Wy g 01652 5,0 S CIWLY gy
RN Bs(y)

where positive constant C is independent of §.
Hence, we have that

sup /W(x)|§’5,y|2dx§Csup{|W|2ﬂ’Bs(y):yeRN}. (3.10)
yeRN y
]RN

It follows from

. _ . . N
g%'wl%,Ba(y) = O uniformlyiny e R

that (a) hold.
Now, we will prove (b). Fixed arbitrarily y € RY, for each o > 0 and § > 0 one has

/W(x)|¢ay|2dx fW(x>|;ay|2dx+ f W (x)Z5,y|7dx

B (0) RN\B, (0)
2 2
=< |W|%,Bo(0)|§8,y|2§,30(0) + |W|%,RN\BJ(O)|§5yy|2;ﬂ,RN\Br,(0)

2
=IWIx 5,0 )yiﬁw 185,312, B,00 T CIW1 3 3B, (0)

where positive constant C is independent of § and o.
Thanks to

lim [¢5.y15. () = O uniformly in y € RV,
§—>00 S

then for each o > 0, we get

lim sup /W(x)|§8,y|2dx§C|W|%,RN\BG(0)‘

—)OOyGRN

Then, let o — oo in the inequality above, (b) is verified.
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Lastly, we prove (c) by an indirect procedure, that is, suppose that there exist sequences of
{yn} € RY and {8,} ¢ R*\{0} such that

lim |y,| — oo, (3.11)
n—oo
lim / W(x)|§3n,yn|2dx > 0. (3.12)
n—oo
RN

Combining with (a) and (b), we obtain that lim,_, » §, = §>0.Dueto W e L% (RN), it
follows from (3.11) that

lim [W|x

n— o0 25 > Bsn (yn)

=0.

Consequently, we conclude that

. 2 2 _
Tlim. / W23, P < (1W1y 165003, o)) =0
RN

contradicting (3.12). O

Lemma 3.2. The following relations hold

(a) lims SUP{V(C(S,y) VS RN} =0;

(b) lims oo inf{y (&5,,) 1y € RN, [yl <r}=1,Vr > 0;

(c) (B(s,y), y)rv > 0,Vy € RN,V8 > 0, where (x, y)gn denotes the inner product of x,y €
RV,

Proof. For any § > 0 and y € R", one has

1 X *
0= 7@ =——— [ | — Al
|§5,y|2§§’35(y) Bs(y)
1 X y ‘ o y
=< - - de—i—‘ —
o | I e Pe R e
125 Bs () By (y)

= 5 - syl dx
T Tl Tyl
YI28.Bs(Y)  Bs(y)

< 4.

Hence 0 < sup{y(¢s5,y):y € RN} < 44. It follows that (a) holds.
To prove (b), we first show that, for each » > 0 and y € RY with |y| <r,

lim sup B(¢s.,) =0. (3.13)

§—>00y|<r

It follows from B(¢5,0) = 0 and the definition of {5, that
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1B(gs. )=

X 2%
6.0 d |
Syl g

1
/1+| e ¥ = 60 1dx]

= 2*
|§5,0|2f;

1

< s — 3

= [ il <160
|§5,0|2§R

< [ [iey 3 = ool fax
N

which shows that (3.13) holds.
For each § > 0,

1 .
y(G50) = — / T~ PG| 16 P S 118
|§6,y|2§«RN

Together with (3.13), we deduce that

limsupinf{y (5,):y € RY, |yl <r}<1.

§—00

If the following holds

lirnsupinf{y(;;,y):yeRN,|y| <r}<l1. (3.14)

§—00

Choosing {y,} and {3, } satistying |y, | <r, §, — oo and

lim y(&s,.y,) < 1. (3.15)
n—o0

Thanks to (3.13) and fact that 185,122, B, 0) = 0 as 8 — oo, for each o > 0 we have that

P @) = [ [ = B[ I P
5 }n|2* 1+ | |
1 x| .
S— / 65,30 %t — 185,10,
125,30 15 +0,(1) 1+ 1x|
nsYn 2}‘,]RN\BU(O) n RN\ B, (0)
- 1 x| "
- % |§8n,yn| xdx - on(l)
125, % +o,(1) T+ |x]
SnsYn 2% RN\ B, (0) n RN\ B, (0)
> -2 ().
— —0
il 1+U n
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Let 0 — o0, we can conclude that

iy (8s,.y,) = 1
which is an absurd due to (3.15). Hence, the proof of (b) has finished.
At last, we show that (c) holds. (c) obviously holds if O ¢ Bs(y). If 0 € Bs(y), for each x €
Bs(y) satisfying (x, y)gv <0, then —x € B;(y) so that (—x, y)gny > 0 and &5,y (—x) > &5, (x).
Hence, (¢) holds. O

4. The proof of main results

Lemma 4.1. There are ¥ > 0 and 0 < §; < % < 87 satisfying

1 1 _
(@) <50 Yy eRY; y(s,y) > >V eRM, |yl <7 4.1)
and

sup{lo(gs,y) : (8,y) € AT} < c*, 4.2)
where T1:={(8,y) e Rt x RN : 8 € [81, 821, |y| <7} and Iy : D¥2(RN) — R be defined by
To(u) = ||ull® + /(V(x) — Voo u’dx,u € D**(RV).
RN
Proof. It follows from (a) and (b) of Lemma 3.2 that there are 7 > 0 and 0 < §; < % < &
such that (4.1) holds. On the other hand, by Lemma 3.1 and the characteristic of ¢s,,, we could

conclude that (4.2) is satisfied. O

L_emma 4.2, Let 81,62,7 and T1 be defined as in Lemma 4.1. Then there is (’g, y) € 01 and
(8,y) € I such that

B3 =0,y5) > 5 (4.3)

N = N =

ﬂ(é“g,y) =0, V@S’y) == 4.4)

Proof. Thanks to Lemma 4.1, choosing (g, y) = (82, 0), then (4.3) holds.

For any (8, y) € I1 and ¢ € [0, 1], we define (3, y) := (y(&s,y), B(¢s,y)) and w : [0, 1] x
Al — R x R3 by

w(@,y,¢):=(0-¢)6,y)+500,y). (4.5
To prove the (4.4), we just prove that
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o 1
deg(0,11, (5, 0) =1 (4.6)

Indeed, thanks to deg(id, H (%, 0)) = 1, if we prove that for every (8, y) € 9Il and ¢ € [0, 1],

w(,y,¢)F# (%, 0), then it follows from the topological degree theory that deg (9, I, (%, 0)=1
is satisfied. Hence, we only to show that

1
(1 =) +s5y(&s,y), (1 =)y +5B(&s,y) # (5, 0), Y(3,y) €911, Vg5 €[0, 1].
Set

II; ={(,y)edll: |y|<7,8=8;},i=1,2
I3 ={(,y) € dIl: |y|=7,5 € [é1, 2]}
Obviously, oIT = IT; U I, U IT3. It follows from (4.1) that, for any (8, y) € Iy,
(1= 081+ 7o) < 31—+ 5 <.
2 2 2

By virtue of (4.1), for any (8, y) € I1» we conclude

(1 =98+ 5y (ls.y) > 5(1 -9+ 55

For any (8, y) € I13, we used (c) of Lemma 3.2 to get that
(1= 9y + 6B Esy), Vrs = (1 — OIyI* + s(B(&s.y), Y)R3 > 0,
which shows that (1 — ¢)y + ¢B(¢5,y) #0. O

Lemma 4.3. Let 51, 62,7 and 11 be defined as in Lemma 4.1. Suppose that (V) holds, then we
have

As—p
sup{lo(Zs.y) = (8, y) € I} < 22818, . 4.7

Proof. For any (8, y) € I, it follows from (3.7) and (3.8) that

Io(&s,y) = 155,513 + /(V(x) — Voo)45,
RN

<Ny lIF +1V = Vool w185,y 15:
2 1 2
<8y I3+ o1V = Vool p 165,43 (4.8)
s S
1
= (14 IV = Vasly )2
Ss 2s
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1
< (1 + V- Voolﬂ)c*
SS 2s
4s—p
<2W=n§), s

The proof is now complete. O

Lemma 4.4. Let 81, 82,7 and T1 be defined as in Lemma 4.1. There is a constant V* > 0 satisfy-
ing if Voo € (0, V*) then

1 1 _
Y (@3) < 527 @) > 5, ¥y €RY, Iy <7 (4.9)
L:=sup{l(¢s,y):(8,y) € dlT} < c*. (4.10)
Proof. According to definition of g5y,

/vooga%ydxzvooszs f c2dx.
R3 B1(0)

Then, we have

1(,y) = 10(Zs,y) + Voo™ / ¢2dx,
B1(0)

which together with (4.2) we can conclude that if V, small enough, then (4.9) and (4.10) are
satisfied. O

By the same argument as in Lemma 4.4 and Lemma 4.3, we can obtain the following result.

Lemma 4.5. Let 61, 62, 7 and T be defined as in Lemma 4. 1. Suppose that (V>) holds, then there
is a constant V*1 > 0 satisfying if Voo € (0, V*l) we have

A:=sup{l(¢5,,):(8,y) e} < 2%%,5. 4.11)
4.1. Proof of Theorem 1.1
Let
IF=ueM: 1) <c},
where c € R.

Firstly, we will show that I restricted on M has a critical level in (S, s, ¢*). Let Voo € (0, V*),
it follows from the definition of ¢*, Proposition 3.3, Lemma 4.4 that

Sus<v=IGyp=L<c <V
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In what follows, we prove that I constrained on M has a critical level in the interval (v, £).
Argue by contradiction that is not true. Thanks to Lemma 2.7, [ satisfies P S condition in (v, £).
Therefore, according to Lemma 2.3 in [50], there is t; > 0 such that

Sus<v—r1,">L+T1
and a continuous function ¥ : [0, 1] X SNy Y satisfying

Toy(c,u)<I(u),Veel0,1],YueI~tT, (4.12)
v, 15ty c v, (4.13)

By virtue of (4.10) and (4.13), we obtain
G, y)edll=1(s,y) <L=1Toy¥(,L,y) <v—r1. 4.14)

For ¢ € [0, 1] and (6, y) € I, set

1
w(é,y,26), s €l0, 5]’
Y@, y,6)= | (4.15)
(y 01,0(25 - lv é‘S,y)’,B OI//(ZS‘ - 17 é.(s,y))’ S S [Ea 1]7
where w is defined as (4.5). Via Lemma 4.2, we have
1 1
It follows from (4.12) and (4.14) that
1
from which we get that
1 1

Combining with (4.16), (4.17) and continuity of Y we conclude that there exists (8*, y*) € 911
satisfying

1
Bow(l, L5y ) =0,y o (1, Lse y) = >
Together with Proposition 3.3, we obtain

oy (1, 8sx ye) =,
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which contradicts to (4.14). That is, for each Vo, € (0, V*), ® has at least a critical point ¥ € M
satisfying v < I () < L. Moreover, it follows from strong maximum principle that & > 0.

4s—
Next, we intend prove that there is the critical level in (c*, 22V = Sy.s). It follows from the
definition of ¢*, Proposition 3.2 and (4.11) that if Vi € (0, V*1 ), then

4s—
¢ <9 <I1(G55) < A<2W0S,.

We assert that I constrained on M has a critical level in the interval (¢, A). If not, thanks to
Lemma 2.7 and Lemma 2.3 [50], [ satisfies P S condition in (¢, .A) and there is 7o > 0 satisfying

ds—p
<V —1, 20 uS, > A+ 1

and a continuous function ¥ : [0, 1] x IA*% — 17~ guch that ¥ (u) = u, Yu € 1"~ . Noticed
that (8, y) is well defined on IT and I o ¥ (¢5,y) < ¥ — 12, V(8, y) € I1. Then, we obtain

E@,y) = oY (&sy), BoV(Lsy) # (%, 0),V(, y) eI (4.18)
Then, together with (4.10), for each Vi € (0, V,) where V, = min{V*l, V*}, we conclude
I(g5,y) <c* <V —1, V(8,y) €dll,
which shows v (£s,y) = ¢5.y, V(8,y) € OI1. Then we have
E@,y)=008,y)=(v(&s,y), B(&s,y)), Y8, y) € 1L
It follows from proof of Lemma 4.2 and degree theory that
deg(&, 11, (%, 0)) =deg(8, I1, (%, 0)=1.

So, there exists (6., y«) € II satisfying

1
EBu, y) = 0.

Via (4.18), we get a contradiction. That is, I has at least a positive critical point % € M satisfying

. . 4s—u
¢ <I(u) <22N-1§, .

The proof is now complete. O
Data availability
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