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Abstract

In this paper, we prove the global well-posedness for the incompressible magnetohydrodynamics (MHD)
equations in the three-dimensional unbounded domain Q := RT x RZ. More precisely, we construct global
small Sobolev regularity solutions with the initial data near O for the three-dimensional MHD equations in
Q2. The key point of the proof is to find the suitable initial approximation function such that the linearized
equations around it admitted a partial dissipative structure when we carry out the weighted energy estimate.
Meanwhile, the asymptotic expansion of Sobolev regularity solutions is given.
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1. Introduction and main results

We consider the global existence of Sobolev regularity solutions to the three-dimensional
incompressible magnetohydrodynamics equations:

#v—VvAV+v-Vv+ VP =H--V)H,
ooH—uAH+ (v-VH=MH"- V)yv, (1.1)
V.v=0, V-H=0,
with the initial data
v(0,x) =vo(x), H(,x)=Hyx), (1.2)

where 1 € Rt, x € Q with an unbounded domain Q := Rt x R2, v:= (v1, v, v3) denotes the
3D velocity field of the fluid, P stands for the pressure in the fluid, H := (Hj, Ha, H3) is the
magnetic field, and v, u > 0 denotes the viscosity constant and the magnetic diffusion constant,
respectively. The divergence free condition in second equations of problem (1.1) guarantees the
incompressibility of the fluid. The pressure takes the form

P:—A_ldiv(v-VV—(H~V)H). (1.3)
We supplement the 3D incompressible MHD equations (1.1) with the boundary condition

v(t, X)|rean =0, H(, x)|xeso =0, (1.4)
that is, in x direction

Vi(t, X)|x=0=0, Hi(t,x)lx=0=0, =123,

lim wv;(t,x) =0, lim H;(t,x)=0,
e’} xX1—>+00

X1—>+

and the vanishing boundary condition in X := (x2, x3) direction

lim vi(f,x)=0, lim Hj(t,x)=0, i=1,2,3.
|X]— 400

|X]— 400

It is easy to check that solutions of 3D incompressible MHD equations (1.1) admit the scaling
invariant property. More precisely, if (v, H, P) is an arbitrary solution of problem (1.1), then for
any constant A > 0, the functions

Vi a(t, x) = Av(3%1, Ax),
H; o (1, x) = AH(A?1, Ax),
Pia(t, x) = A2 P(A%1, Ax),

are also solutions of 3D incompressible MHD equations (1.1). Here, the initial data (vo(x),
Hy(x)) is changed into (Avo(Ax), AHo(Ax)).

115



W. Yan and V.D. Rddulescu Journal of Differential Equations 277 (2021) 114-152

1.1. Introduction

The incompressible Magneto-hydrodynamics equations (MHD) describe the dynamics of
electrically conducting fluids arising in plasmas or some other physical phenomena. These
equations are a combination of the Navier-Stokes equations of fluid dynamics and Maxwell’s
equations of electromagnetism. Califano & Chiuderi [5] conjectured that the energy of an in-
compressible Magnetic-hydrodynamical system is dissipated at a rate that is independent of the
ohmic resistivity. This conjecture also implies that the three-dimensional non-resistive MHD
equations (1.1) may be global well-posed in some functional space. As we know, the question
of finite time singularity/global regularity for three-dimensional incompressible Navier-Stokes
equations is the most important open problem in mathematical fluid mechanics [9], so it is
also a natural important problem for the three-dimensional incompressible MHD equations.
Sermange & Temam [24] established the local well-posedness of classical solutions for fully
viscous MHD equations, in which the global well-posedness is also proved in two dimensions.
Fefferman, McCormick, Robinson & Rodrigo [10] proved a local existence result for MHD
equations (1.1) taking arbitrary initial data in H*(R?) with s > d/2 for d = 2,3. Chemin,
McCormick, Robinson & Rodrigo [6] obtained the local existence of solutions to the viscous,

d d
non-resistive MHD equations with initial data (vo, Ho) in the Besov space BZ L(R™) x le_l (R™)
with n = 2, 3. Fefferman, McCormick, Robinson & Rodrigo [11] improved the initial data
(vo, Hp) € HS~1H¢(R") x H* (R") for s > d/2 and 0 < & < 1. Next, Li, Tan & Yin [15] improved
these results in homogeneous Besov spaces. For global existence results, Lin, Xu & Zhang [16]
established the global well-posedness of a two-dimensional incompressible MHD system with
smooth initial data close to some non-trivial steady state. We also refer to Lin & Zhang [17]
who extended the global well-posedness of a two-dimensional incompressible MHD system to
the three-dimensional case with small initial data. Abidi & Zhang [1] considered a more general
initial data closed to the non-trivial equilibrium state (x3,0). Cai & Lei [4] showed the global
well-posedness for the incompressible MHD system with or without viscosity with the initial
data near a constant vector (Alfvén waves) by means of the ghost weight technique. Their result
depends on the inherent strong null structure of the system, which can make sure of the decay
in time of the energy. Deng & Zhang [8] constructed the smooth solutions near the trivial equi-
librium state (e3, 0) by using Nash-Moser iteration scheme, where e3 is a constant. They did not
use the strong null structure of the system. They reduced problem (1.1) into a dissipative system,
which admits the same dissipative structure with the following equation

Yy —AY, —3;Y =F,

where F is the nonlinear term. But we notice that if the equilibrium state is moved into (0, 0, 0),
then it is changed into a new dissipative equation

Y, —AY,=F.

Since there is loss of term 832Y , it is difficult to carry out the energy estimates. For this reason,
we cannot follow the idea of Deng & Zhang in this paper. We will deal with the parabolic system
(1.1) in a direct way. We remark that all of the known results deal with global infinite energy so-
lutions for the incompressible MHD system. Recently, Yan [32] found a family of stable infinite
energy blowup solutions for three-dimensional incompressible MHD systems.

116



W. Yan and V.D. Rddulescu Journal of Differential Equations 277 (2021) 114-152

It is meaningful to consider the well-posedness problem of partial differential equations in
thin domains. Thin domains are widely studied in solid mechanics, fluid dynamics and mag-
netohydrodynamics, one can see [3,7,19,23] for more details. Raugel & Sell [22] showed that
the existence of global strong solutions (H? space) and attractors of the three-dimensional
Navier-Stokes equations with external force in a bounded thin domain with a periodic boundary
condition; see also the monograph by Temam [26] for more details. After that, there are several
results [13,14] on the three-dimensional Navier-Stokes equations. Recently, Xu [27] obtained the
global well-posedness result for the ideal Magnetohydrodynamics in three-dimensional thin do-
mains Qs :=R? x (=38, 8) with slip boundary conditions by the construction of a global solution
with infinite energy near Alfvén waves, where the constant § must be sufficient small. Moreover,
he got that the 3D Alfvén waves converge to the 2D Alfvén waves in R? as the constant § — 0.

To the best of our knowledge, all of known results concerning with the global well-posedness
of three-dimensional incompressible MHD equations in the unbounded domain are the global
infinite energy solutions due to the solutions near the equilibrium state (constant vectors or
non-constant vectors with infinite energy), there is very few result on the global finite energy
solutions for the three-dimensional incompressible MHD equations. In this paper, we will con-
struct Sobolev regular solutions for equations (1.1) in the unbounded domain  := Rt x R2.

1.2. Main results
Assume the initial data (1.2) satisfies the following conditions

V.vo(x)=0, V- -Hp(x)=0,
Vo) |xese =0, Hox)lxeso =0, (1.5)
3, volrese =0, 8, Ho(lrepa =0, for 1 </<s.

We now state the main result of this paper.

Theorem 1.1. Let v, u > 0 and the unbounded domain Q= R* x R2. For any fixed integer
s > 1, there exists a positive small constant € € (0, 1) such that if the initial data (1.2) of the 3D
incompressible MHD equations (1.1) in the unbounded domain Q with the boundary condition
(1.4) satisfies the condition (1.5) and

Vo)l grs+2(qy + Ho (O | grs+2 () S &,

then it admits a global Sobolev solution
(0,20, Ht,2)) € (0, +00); HY (@) x H ().
Moreover, the solution satisfies

sup lv(t, ¥)llas @) Se,
t€(0,400)

sup |H(, x) a5 Se.
te(0,400)

117



W. Yan and V.D. Rddulescu Journal of Differential Equations 277 (2021) 114-152

sup  |P(t, x)lus) Se.
t€(0,400)

for any (t,x) € (0,00) x Q2. Here the pressure is given by (1.3).
In particularly, we have the following explicit representation formulas.

Corollary 1.1. Let the integers p > 0 and 2 < q < 2(p + 1), and the parameter 0 < ¢ < 1.
Assume that the small initial data (1.2) satisfies the conditions (1.5). The 3D incompressible
MHD equations (1.1) admit an explicit expansion of global Sobolev regular solutions with finite
energy as follows

Yt x) = (vgm 0, v, ), 00, x)) Fvo(x) + Rolt, x),

H' (1) = (B0, B (1,20, HY (1.0 + Ho() + R (1, 2),

where Vx = (x1, x2, x3) € RT x R2, and

_ ptl 2ptl (2D 2(p+D | 2(p+D)
o7 (1 0) = B (1, 0) = —e(1 — e afag Hagr e T,

v (1, x) = H (1, x)

_ _ 2p+1) | 2(p+1) |, 2(p+1)
=271+ )7 (A —e ) (g — 2p + Dy PTG TR TG T,

v (1,00 = H (1, %)

— — 2(p+1) 2(p+1) 2(p+1)
:8(1 +p)—1(1 _ e—t)(q _ 2(p+ l)xf(P'i‘l) q)xi] 1x2217+le—()€1 P +x; P +x3l )’

and the remainder terms Ry(t, x), R1(t,x) € H* () for any s > 1 satisfy

Ri(0,x) =0, V- -Ri(t,x)=0, fork=0,1,

Ri(t, X)lxeae =0,  sup [ Re(t, X) | as() ~ Oe?).
t€(0,4+00)

Moreover, the pressure is determined by
P (1, x) = —A~\div (v* VY — (H* - V)H*).

1.3. Sketch of the proof

In order to solve the nonlinear equations (1.1) with the boundary condition (1.4), the main dif-
ficulty is to find suitable dissipative terms, which can cause the time decay of energy of solutions
for the linearized equations. Assume we have chosen a suitable initial approximation function

0 T . . . . 0 T
(V(O) (t,x),H"(¢,x)) .Then we linearize the nonlinear equation around (V(O) (t,x), H"(t, x))
to get the linearized operator
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J, HOMD, wh) = h® — 122ARD + Ty, [(v“” : v)nm + (h“> : v>v<0>
+V(Dyo PR + V(Do W — (HO - V) wD
_ (wa) , V)H«»],

JV0HIMD, w) = w® — a2aw® 4 My, [(v<°> : V)w(” + (h“> - V)H(O)

_ (H<0> , v)h(” _ (Wm -v)v((’)],

where D, denotes the Fréchet derivative at the function v,

T
Furthermore, if we set (h(l)(t, ax), w, Ax)) with a big constant (e.g. we can choose
A > 2), then the linearized operator is changed into

TV HOY D w®y :=h" — 022 ARD 11y, [x<v<°> : v)h<1> + (h“> . v)v<°>
+ V(Do PR + V(Do W = 1 (HO - ¥ )w®
_ (w<1) , V>H<0)],

S0, HOD, why = wh — pa2aw® My, [)\(V(m . v)w<1> n (h(n . V)H(o)

_ ,\<H<O) , V>h<1) _ <W<1> . v>v<°)].

Here we observe that the terms —vA2ZAh) + (h(l) ~V>V(O) and —purZAwD) + (h(l) : V)H(O) can
be dissipative if we choose a suitable initial approximation function v(¥) (¢, x) and a big positive
constant A. We denoted by Iy, the smoothing operator. Thus, the decay in time of the solution
for the linearized equation

SV, HI 0D, wh) =Ty, E©,

SV, HOMD, wh) =1y, B,

v-hV =0, v.wh =0,

h" (0, 2x) =h{’ (lx), w0, x) = w” (1),

is as desired.

Consequently, the Nash-Moser iteration scheme can be used to construct global small solu-
tions of (1.1) as follows

oo
v, ) =vO @, x) + Y (1t 0x) + vo(x) € H'(R?),

m=1

o0
H®) (2, x) =HO (¢, x) + Y w (¢, 4x) + Ho(x) € H' (R?),

m=1
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T . . . . . .
where (h(m)(t, Ax), wim (z, Ax)) is obtained by solving the linearized equations

Jiv=D HO D wmy = E=D (g x),

(t,x)

Fo[v=D HO=D (R0 wmy — EmD

and <E<m—1>(t,x),E(’"‘“
This method has been used in [28-31,33,35]. For the general Nash-Moser implicit function
theorem, we refer to the seminal papers by Nash [20], Moser [18] and Hérmander [12].

T
(t,x)) denotes the error term at (m — 1)-th step.

Notations. Throughout this paper, let Q := R* x R2, we denote the usual norms of the Lebesgue
space IL>(£2) and of Sobolev space H*(2) by || - g2 and || - ||gs, respectively. The norm of the
Sobolev space H*® (R3) := (H*(2))? is denoted by || - || gs. The symbol a < b means that there
exists a positive constant C such that a < Cb. We denote by (a, b, C)T the column vector in R3.
The letter C with subscripts to denote dependencies stands for a positive constant that might
change its value at each occurrence.

The paper is organized as follows. In section 2, we show how to choose suitable initial approx-
imation functions, which lead to the partial dissipative structure of the linearized MHD equations.
Next, we give the existence of the global time-decay Sobolev solution for the linearized equa-
tions of first approximation step. In section 3, we establish the general approximation step for the
construction of the Nash-Moser iteration scheme. In the last section we show how to construct a
global Sobolev solution for the MHD equations (1.1) in the unbounded domain €2 by the proof
of convergence for Nash-Moser iteration scheme.

2. The first approximation step

For m = 1,2, ..., by setting N,, = 2", we introduce a family of smoothing operators (see
[25] for more details) TTy,, : L2 — C* such that

Iy, Ullgs S Ny 21Ul a2, V5125220, 2.1)

My, U= Ullgsn SN, "2 Ulas2, YO <s1 <52,

where the smooth operator Iy is defined by
2M
ITyU = —)Uwnm,
6 % X(S5)Un

where x € C°(R), x = 1 in the neighbourhood of the origin. In what follows, we use the symbol
Iy, for convenience.

We now consider the approximation problem of incompressible MHD equations (1.1) as fol-
lows

L1(v,H) =8 v—vAv+Tly, (v VV+VP—(H- V)H),
2.2)
Lo(v.H) = 9,H — uAH+ Iy, ((v “V)H— (H- V)v),
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with the initial data (1.2), the boundary condition (1.4) and the incompressible condition
V.v=0, V-H=0.
2.1. The initial approximation function
A family of explicit examples. We first give a family of exact examples of the initial approxi-
mation function in the unbounded domain Rt x R?. Let the integers p > 1 and 2 < ¢ < 2(p+1).

We choose the initial approximation functions of the following form

VO, x) =020, x0, 00, x), v, %), V(t,x) eRT x Q,

2.3)
HO (1, x) = (H” (t,x), By (t,x), Hy(t.x)),  ¥(t,x) eRT x @,
where
2(p+1) 2(p+1) 2(p+1)
vgo)(t,x) = Hl(o)(t,x) =ego(l — eft)xfxgpﬂxgpﬂe*(xl Py P ! >7
v, x) = H (1, x)
_ _ 20p+1) |, 2(p+1) |, 2(p+1)

i=eo(1— e ") (g — 2(p + D P70l i JrH e (i e s T

vy (1. x) = Hy" (1, x)
_ _ 2(p+D | 2(p+D) | 2(p+1D)
= —260(1 — 7" )(q — 2(p + Das PO I ZPH om0 g TR

By straightforward computations, we obtain
vv9@x)=0, v.HO@, x) =0,
and

vO(t, x)yes0 =0,

HO (1, x)|ccao =0,
and Vr > 0, for 0 <[ <, it holds

8l vO(t, x)[resn =0,

8! HO(t, x)|xean = 0.
Here, the initial approximation pressure satisfies

PO, x) = — A~ ldiv (v<°> .vv©® — (HO. V)H(O)).

The general condition of initial approximation functions. We now give an abstract condition
on the initial approximation function. Let s > 1 be a fixed finite constant and 0 < gy < &2 < 1.
For any x € 2, we choose the initial approximation functions
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vO 0 = (00 .0, 0 00,07 0,0) € B (@),

HOG 0 = (B0, B 0,0, B0, 0) € B (9),

where we require

vV .-vO(, x)=0,

v 0,x)=0,
(2.4)
VO as < €0,
0 vO(t, X)lrepo =0, for 0<I<s,
and
V- -HO@¢, x)=0,
H? 0, x) =0,
(2.5)

IHO || s < eo,

0 HO(, ¥)lrepn =0, for 0<I<s.

Moreover, for any fixed s > 1 and (¢, x) € Q and i, j = 1, 2, 3, it also needs the conditions

N
0
Y 195V @ )l S o, 2.6)
k=0
and

N
> ||3)'§iH§0)(t, X)L < €o, (2.7)
k=0

and the initial error term

—(0)
IED| s Seo, 1E llms S eo,
o) (2.8)
B ED ) esn=0, 0.E (t,x)|rea0=0,

where E© and E' denote the error term taking the form

EO . E](V(O), H(O)),
EV = L,vO, HO),
with the vector form
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0 0 0
EO — (E( )’ Eé )’ E( )),
—(0 —=0) =) (0)

One can see that for every fixed integers p and g, the exact functions (2.3) satisfy the assump-
tions (2.4)-(2.8).

2.2. The time-decay of first approximation step

We now construct the first approximation solution of problem (2.2). This solution is denoted

T
by (v (z, Ax), HY (s, 1x)) . The first approximation step between the initial approximation
function and the first approximation solution is denoted by

h P, ax) = v @, ax) = vO(z, x),
w @, ax) :=HV ¢, 2x) —HO ¢, x).

T
Next, we linearize the nonlinear system (2.2) around (V(O), H(O)) and we obtain the linearized

operators as follows
TV, HOIRD, w) i=h™® — va2ARD + Ty, [)\(v((” . V)h(l) + (h“) : v)v“’)
+V(Dyo PR + V(Do 1w = 4 (HO -V )w
_ (w“) : V)H(O)], (2.9)
DIV HOMD, wh) = w — pa2aw® ¢ My, [ ( ) . V)w(l) + (hu) . V>H<0>

_ ,\(H«» . V)h(l) _ (W(n . v)v“))],

where D, ) denotes the Fréchet derivatives on v,
We now consider the linear system

AV, B0, w) =TTy, B,

—(0
Jolv’, HOI 0D, wh) = 1y, B

v.hh =0, v.w=0, @10
h" (0, 2x) =h{’ (lx), w0, ax) = w(’ (1),
and the boundary condition
WV ax)rean =0, W, 1x)|can =0. (2.11)

The solution of this problem gives the first approximation step of MHD equations (1.1).
Before we carry out some a priori estimates, we rewrite equations of (2.10) into a coupled
system as follows

123



W. Yan and V.D. Rddulescu Journal of Differential Equations 277 (2021) 114-152

3 3
oh" —va2an') +army, > v, n" + iy, Y aPa, 0
i=1 i=1

+ Ty, 0y, ((Dv«» P)hY + (Dyo P)w<‘>)

i

3 3
0 1 1 0 0 .
=My, Y HO 0w =Ty Y wVo, HY =Ty, BV, for j=1,2,3,
i=1 i=1

(2.12)
and
3 3
3tw§.1) - vszw;” + Ay, Z vl.(o)axl. wﬁ.l) + Iy, Zhl@axi HJ(.O)
i=1 i=l
2.13
; ; ) (2.13)
—Tly, Y B8, Ty, S w Mo, 0" =y EY, forj=1,2.3,
i=1 i=1
with the initial data
1 1
R0, 2x0) = i) ), wiP 0, 0x) = w() (1), (2.14)
and the boundary condition (2.11), where
3
8xJ' ((Dv(o) P)h(l) + (DH(O) P)W(])> = _an Ai] Z (axj h}l)axi Uﬁ-o) + axj Ui(o) axih.(/l)
i,j=1 (2.15)
+ o, wVo, HO + o, Hd,, wj.”).
Moreover, for 0 </ < s, we require the initial data of (2.10) satisfying
1
8L b ) lresq =0,
(2.16)

1
8! i (x)|xea = 0.
2.3. A priori estimate

We now derive a L2 weighted estimate of the solution for the linear system (2.12)-(2.13).
Let ¢ (x1) be a function defined in (0, +00) such that

0 <k <¢"(x1) — (@' (x1)* < 00, (2.17)
and e~?™1) is bounded in (0, +-00). The condition (2.17) implies ¢ (x) > « > 1. In fact, there

are many functions can satisfy above conditions. For a simple example, we take the function as
the form

d(x1) = —In[cos(Viex1)|, x1 % 2im + % fori € Z.
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Lemma 2.1. Let the parameter A > 1. Assume that the initial approximation function <v(0) H (0)>

satisfies conditions (2.4)-(2.8). Then the solution (h(l)(t, Ax), wD(z, Ax)) of the linear system
(2.12)-(2.13) satisfies

Z/ h(l))z @y )dxq—cv,mz / h(1>)2+( (()1)))
i=lg =l g

e¢]

f((E(O)) +(EPY )dxdt], Vi >0,
Q

(2.18)

+

+ Iy,

S

where C, 5 ¢ denotes a positive constant depending on v, 1, A, €.

Proof. Multiplying both sides of the six equations in (2.12)-(2.13) by A‘’e~¢D and

wj.l)e"”(xl), respectively, integrating over €2, and using the boundary condition (2.11), for
j=1,2,3, it holds

T f(h(“)2 —¢<x1>dx+w\22/(a D) 2e= ) dx

i=lg
)\'2
+ 22 [ (#7600 = @ )y 40y My, Y [N DR
Q i=lg
+Iy, Z/ ("0 A(Pem? 0 ax

lIQ

+AIly, / 3xj ((DV(O)P)h(l) + (DH(O)P)W(l))h§1)€_¢(xl)dx

Q
_)"HNl Z/ H(O)a)(lw(l)>h(l) — (X])dx HN Z/ (l)ale(O)>h(1) _ (xl)d_x
i=lg i=1g ’
=Mw /Eﬁo)hﬁ'l)e_d’(x”dx» 2.19)

Q

and

1d
EE/(w(]))2 ¢(x‘)dx+uA22/(8 w(l))z () gy
Q i=lg

3

,u,kz _ _

+5- / (6700 = @)@y Vx4 amy, 3 / (20w Ve
) =
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+1‘IMZ/ h(l)ale(O)) (=60 gy — ATy, Z/ H(O)ax,h(“) D) =g 1) g

i=lg i=1%
—HNIZ/ (”a v(‘” we ¢ dx =11 /E wVe gy, (2.20)
i= ls2 S

We sum up (2.19)-(2.20) from j =1 to j = 3. It follows that

((hﬁl))2 + (w;l))2)6_¢(xl)dx

f(v(ax,-h§l))2 + 1w )e P
Q

D—
—~
<L
/\\
=
=
~~
-
~—
=
N—"
N—"

[\
~—
—~

=
=
=
-
NS}
+
=
~~
E/‘\
=
~
=
Y
=

3 3
+ATly, ZZf( (O)axlhil))hg.l)efwxl)dx
i=li=lg
3
+My, ZZ](h“)ax,ij))h(“ ~$01) g
Q

+Ally, / ax, ((DV(O>P)h(1) + (DH<0)P)W(l))hy)e_d)(x')dx
=g

3 3
SIS 3p 9 I (AT TS

j: i=1 Q

3
ATy, > _/(vl.(O)axl.w;”)wﬁ.”e*‘p(’”)dx
j:l Q

/(H(O’axlh;”) D) ,=px1) 4
Q

M. 1

i=1

M-

3
—ATly, Z
j=1

3

i=1

Ty,

j=li=1

» / (w000 Yl Ve? e
i=1q

3
— Ty Z/ E(o>h<1)+E (1)) —p1) gy 221
=g
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In what follows, we estimate each term in equality (2.21). Note that V - v(¥ = 0, and we have
T
chosen the initial approximation function (V(O), H(0)> satisfying (2.4)-(2.8). We integrate by

parts and we find

3 3
1
0 1 1) — 0 1 _
/(vf )Bx,.hﬁ))hﬁ- ), ¢(x1)dx=—522/8x,~v,-( ) (hD)2e 0 gy
o j=li=1g

3
j=

3

1i=1

3
1
3 2 [ W e Pe s
j=lg

3
/w’(xl)vio)(hﬁ.”)ze—‘f’(ﬂ)dx.
=Q

N =

j=1

By direct computation we obtain

303 3
/hgl)ax,-vﬁ-o)hy)e_‘p(x‘)dx =Z/ijvﬁ-o)(hg-l))ze_q’(x')dx
=li=lg =g

J 1

1i

3
5 (5P, On Pt

J=li#jg
Noticing the incompressible condition

v.-hY =0, v.wh =0,

it follows that

J

3
j=

/3x~ ((DV(O)P)h(l) + (DH(O)P)W(1)>h§.1)e_¢(xl)dx
e

= — Z/ ((Dv(O)P)h(l) + (DH<0)P)W(l))ax_ih§1)€_¢(xl)dx
j:] Q

+ [0 (@yo PR -+ Do PO Ve
Q
= / W(xﬂ((DV(O)P)h(l) + (DH(O)P)W(l)>h(11)€7¢(xl)dx.
Q

Furthermore, from (2.15), using the standard Calderén-Zygmund theory, i.e.

1Zgllir SlIgllze,
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for Riesz operator Z and p € (1, 400), and Young’s inequality, it follows that

| / ¥ ) (Do PR + Do Pyw D e x|
Q

3
<[> /w’(xl)A_1<8xjh§1)8xiv§0) + 8,000, b ) e ax]
i=1 j=19
3 3
_ 1 0 0 1 1) —
+‘ZZ/¢’()¢1)A l(axjw,F 29, HO + 05, H 0w >)h§ e W')dx)
i=1j=1%

=3 f ‘W(xl)(axi vl + 0y, Ui(o))‘(h(ll))ze_‘f’(xl)dx
i=1j=1%

—_

N =
]

{O"\

+ 19/ G0l (1005100, 07 4 Lo 0”1 @ 1))~ dx

i=1j=

—_

I
w

{O"\

+
N =
[~

1

i=1 j=1
Using Young’s inequality, we integrate by parts and we find
3

J=li#i g

|
< _
-2

3x2vi0) + 3y, véo) + 8x3vio) + Bxlvgo) ‘(hgl)) e P gy

B0l + 00,08 + 008" + 0,0 | () 2e PV dx

8x2v§0) + 3x3v§0) + 3x3v50) + Oy, véo) ‘(hgl)) e POV gy

Q
+1/
2

Q
+1/
2

Q
and

303
F3 [ (st sea
i=li=lg

3
1 0 1) —
< ‘ZZ/ <w§ )3xi H,.( ))h(/ e ¢(x')dx‘
: Q
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3 3
Y / (0 HO)a, 1500

j=1 l:l

l\)lt‘o

3 3
ZZ/ (h<”)2+2(w(”)2+(a h“))) 00 gy, (2.28)
Q

j=li=1

and

3 3 3 3
‘ZZ/(H(O)axth(l)) wle tax| 5 %ZZ/((wﬁl))2+(ax,-h;“)z)e*‘“’“)dx.
: Q

j=1li=1 Q

\
I

—
I

—

(2.29)

3 3
ZZ/("I‘(O)E}%“”;D) et dy =3 Z/‘ﬂ(x WO w(MhZe ¢ ax,  (2.30)
Q

IIQ

and

3 3

3 [ (e
Q

3
=Z/3x/v§°)(w“))2 "’(’”)dx+ZZ/wf”ax,.vﬁ(”w;”e—w)‘l)dx
Q

J=li#j g

O (1p{D)2e=0 a0 g

axjv]

/ 8x2vi0) + 0y, U(O) + Oy, U;O) + 3xlv(0) (w{l))ze—qb(xl)dx
Q

/ 3,0\ 4 0,0 + 9,00 + 0, 00| (W) 2e P D gx
Q

/ 3x2U(0) + axgv(o) + 8x3v(0) + 9y, v(o) (wél))267¢(x‘)dx, (2.31)
Q

and
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Z/ E<0>h<1>+E w(l)) —601) g
J= IQ

3 (2.32)
Z/ E(O))2+(E(O))2+ |1/f//(xl)|< h(l)) +(w(1)) ):I ¢(xl)dx
=g

Next, we substitute (2.22)-(2.32) into (2.21) and we deduce that

3
Z ()2 + @)t ax

N =
&.|Q‘

”M“’
I|Mw

/ (42— 510" el o1+ 0, i) ) L 2D
SZ
3 3
ZZ f m——|¢> D101+ 10,07 ) (00 2= 00
- = Q
+nN12 Ay (B + @()?)e?dx

J=1g

3
< Ty, Z/ (ED?+EP)?)e?wax, 2.33)
i=lg

with the coefficients

B vy O
A= T(‘p”(xl) (¢ (x1)) ) @' (x1) + 0y, v,
Ao
IS e +a®)
i=1j=1

1 0 0 0 0
—5ax2v<>+axlv”+ax;v“+ax vy |¢”(x1>|—s,

)“2
Aott, ) = (90— @ @) + 509 ) +

1 1
— 10,0 + 3,0 + B, v<°>+an vy | = 516" @l e,

2
o VA2 " ’ 2 O) (0)
A3t x) = == (97 = (@' @) ) + S0 () + B v
— 1050 + 3,02 4+ 3,0 + 9,0 | - |¢”(x1>| —e.
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Since the weighted function ¢ (x1) satisfies (2.17), the main term of A;(¢,x) (i =1,2,3) is

22 1
S-(#" ) = @ @n?) - 318" @l

Thus, there is a suitable constant A > 1 such that

22 1 A
A, ) = 2 (700 = @ 0)?) = 51700l = S18 Gl o @) = 180,01 @)

>

3 3

0 0
DD 10 @Ol 0 lzoo + 1950 1)
i=1 j=1

1 0 0 0 0
- E(Haxzv} Moo + 185,037 1200 + 18,0 [l 100 + 19,05 [ 100) — &

22 1
2 (970 — @/ @0)?) = 310" )| — helg/ (o) —e.

By this relation and (2.17), we deduce that there exists a positive constant C, , . depending on
v, A, € such that

2

vA2 , VKA
AL2) 2 (6700 = @) —e = S =6 = Cre > 0.

where k € (0, i)- With similar arguments we deduce that

AZ(I» -x)v A3(t7 'x) Z CV,A.,S’

and

1
vi = 216/ G0y 0”1 + 18,07 2 Cus.

Xi Jj

1 0 0
= 18 @Dl(1d5 0”1 + 12,0, Z Co

Integrating (2.33) over (0, #) we find
13
L (0 p)ess
=la

j=1

3
+Crvn Y Y / / ((8xih§1))2+(8xiw;1))2>e_¢(x1)dxdt
0 Q@

3 t
+Ck,v,p«,an1Zf/((hi»l))2+(w§1))2>e_¢(x')dxdt
0
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~

SHNIZ//<(E§O))2+(E(O)) ) ~00D gxd, (2.34)
0 Q

J=1

which gives the following inequality

3
ZZ//((ax,hi”) + (B w(”)) ~00) gy ds
i=li=lg g

3 t

<y, Z// (EO? + EP)?)e? D dxar.
0 Q

j=1
Therefore, we apply Gronwall’s inequality to inequality (2.34) to obtain
3

3
3 / ((h;”f+(wj.“)2)e—¢<mdxge—cvw-sfz[ f ()2 + i) )e 0 ax
i=lg

+ Ty, // E(O)) +(EY) ) *¢<x1>dxdt],
Q
furthermore, since e~®“1 is a bounded smooth function in (0, +00), it follows that

Z/ (h<1>)2+( my2 )dx<e‘C"M6’i:[/((h(”)2+( 2} )

J= IQ j=1 Q
+HN1// (E(O)) +(E)? )dxdt].
0 Q

The proof is now complete. O

Furthermore, we derive higher order derivatives estimates. For a fixed integer s > 1, we apply
D; = dy, (Vk=1,2,3) to both sides of (2.12). It follows that

3 3
1 1 0 1 1 0
o, D} —va?ADIRSY +ny, Y vV, DI + 11y, > DA 9 v
i=1 i=1

+ Ty, 3y, D ((DV«» P)hV + (Dyo P)w<‘>) (2.35)

0 0 .
— Ay ZH()E)XJD‘ Wy ZD‘ o HO =F;, forj=1,2,3,
i=1 i=1

and
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3 3

1 1 0 1 1 0

o, Djw\? — pa?ADfwSY +any, Y v¥a, Diw + 11y, Y DiRV o, B
i=1 i=1

3 3
0 1 1 0 = .
— My, Y H 0, DiRY — Ty, > DjwVo 0 =F;, for j=1,2,3,
i=1 i=1

(2.36)
with the boundary condition
1, (1) _ [ (1) —
DI (1, 20)lkean =0, Djw'’ (1, 4% rese =0, (2.37)
where the integer [ satisfies 1 </ <, and

3
Fj =Ty, D{EY” — ATy, 3 > D', DR

s1+s2=s, 0<sp<s—1i=1

3
~ My, > Y (DR (D] 0,087

s1+sp=s, 0<sp<s—1i=1

3
0) (D
T D D (D HT) G D wy)
s1+s2=s, 0<sp<s—1i=1
3
1 0
S D SR ST Y

s1+s2=s, 0<sp<s—1i=1

3
— —© 0 |
F;:=TxDJE; —Ailly, ) Y (D] ))(axiDjzwﬁ. )

s1+s2=s, 0<sp<s—1i=1

3
—Ty, > > (DPh") @y, D H)

s1+s2=s, 0<sp<s—1i=1

3
+ATy, > > (! =)y, szhj.l))

s1+s2=s, 0<sp<s—1i=1

3
1 0
R D D W R (G )

s1+s2=s, 0<sp<s—1 i=1

It should be noticed that we will construct the first approximation step h;l) (t, Ax), wj.l) (t, Ax)
to satisfy the boundary condition (2.37). It depends on the initial approximation function
vO(z, x) and HO (7, x) satisfying

9 vO (1, x)|xesn =0,

oL HO (1, 1) veae = 0,
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for any 0 </ <. A family of explicit functions is given in (2.3).
Next, we derive higher derivative estimates of solutions to problem (2.12)-(2.13).

Lemma 2.2. Let the parameter . > 1. Assume that the initial approximation function <v(0) H (0)>

satisfies conditions (2.4)-(2.8). Then the solution (h(l)(t, Ax), wD(z, Ax)) of the linear system
(2.12)-(2.13) satisfies

3 3
3 Z/ (031" + (D72 dx
Q

i=1 j=1

—CVW\EIZZZ[/ ((D§h<‘>)2+(1)k R ) (2.38)

j=li=1 k=0

oo

+//((D{‘E§°))2+(D"E(°)) Jdxdt]. vi>o,
0

where Cy, , ;. ¢ denotes a positive constant depending on v, i, A, €.

Proof. This proof is based on an induction argument.
Let s = 1. By (2.35)-(2.36), we have

3 3
0, D! —va2AD!RY +am1y, vV, DAY + Ty, Y DIV o0
i=1 i=1

+ My, 8, D} (Do PO + (Dygo PIwD )

3
+ATy, Y D} h(1)+l'IN,Zh(1)D 3y v

Xi Jj Xi J

3 3

0) 1,.(1) 1.1 (V]

— Ay, Y HP 9, Dlw' — Ty, Y Djw; oy, H
i=1 i=1

3 3
A Y0l — 1, 3 w0, Dl =y DLED, o =1,2.5,
i=1 i=1
(2.39)
and

3 3
8D} w'" — pa?Ap!w(Y +arty, > v¥8, Dlw" + 1y, Y DlnMo,
i=l i=1

+AHNIZD1 O3, w(1)+HNIZh(1)8x[D H{® — ATy ZH(O)ax,D h)
i=1 i=1 i=1

134



W. Yan and V.D. Rddulescu Journal of Differential Equations 277 (2021) 114-152

3
Iy, ZD w0 —amy, 3D Hj(O)BXth/l)

xi Vj
i=1

— Ty, Z wVd, D}V =Ty, DE;, for j=1,2,3, (2.40)
i=1

with the boundary condition
1, (1) _ 1.1 _
Dihi (1, A0)|xeae =0,  Djw; " (t, Ax)|xeaq =0. (241)

Multiplying both sides of (2.39)-(2.37) by D}h\e=#@1) and D}wVe#@), respectively,
then integrating over €2 by noticing (2.4 1), and summing up those equalities from j =1to j =3,
we deduce that

3
1d 1, (D32 L, (D2 ,—o(x1)
= (DD + (D} w2 ) e dx

~.

2

>/
3 3
ZZZ/ (V(akailhgl))Z +M(akailw;l))2>€_¢(x”dx

k=1 j=li=1¢

—

)»2

J=1

3
Z/(d)”(m)—(¢/(X1))2><V(D,-1h§-1))2+M(Di1w;l))2)€_¢(x1)dx
Q
3

3
+ A, ZZ/ v (8, DS (D] H (e dx

3 3
+ My, Z/ (D} ) @0 (D 1 D)e = dx
j=li=lg

+/\HNIZZ/(U(O))(8X,D1 D) (D} wi)e# 0 dx

j=li=lg
3
— Ty, Z (D, w(l))(ax[_ U;O))(Dilw;l))e_(P(XI)dx
j=li=lgq
3 11
+ Iy, Zf (DV(O)P)h( )+ (D (O)P)W(l)> ilh;l)e_d’(xl)dx + Iy, Z[k =0
—1 k=1

(2.42)
where

303
= ZZ/(DilUi(o))(ax,-hﬁl))(Dllhfjl))e—¢(x1)dx,
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j=li=1

3
1 0 1)y —
12 = ZZ/hf )(Dl'laxivj' ))(Dllh5 ))e ¢()Cl)dx’
Q

3 3
0 1 1, —
Iy:= —AZZ/HZ.( (0, D} wi) (D RD)e WV dx,
j=li=1g

33
0 1 Dy _—
Iy:= —AZZ/D}H; (8, wi) (D 1D)e WV dx,
j=li=lg

1 0 1y —
Is ::—ZZ[w} "85 D} H) (D )e 0 dx,

i=1i=1

3 3
]=

3 3
0 1 Dy —
Isi=2 33 [ @150} u e,

j=li=1g

3 3
Iy ::ZZ/h“)(ax,D HO) (D} w()e D dx,
j=li=lg

3 3
i a0 [ 50, DDl
j=li=1g

3 3
Iy := —kZZ/\(Dll H[(O))(axihg'l))(Dil wjl))e*¢(X1)dx’
j=li=1lg

3
1 0 1)y, —
Lo :=_ZZ/wf (8, Do) (D} wiP)e D dx,

j=li=1g
0
I ;:Z/ (D! EOYDI + (DB (D} wi™ )dx
/:19

We now estimate each term in (2.42). On the one hand, since we have chosen the initial

T
approximation function (V(O), H(0)> satisfying (2.4)-(2.8), using the similar method of getting
(2.22)-(2.24), we get

Mw

3
> / v @, DI ) (D} eV
1 l:l

3 3
%ZZ/(W//(XIN+1)(Dilh§1)) e PO g,

j=li=1g

~.
I

(2.43)

A
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Mu

1i=1

~.
Il

3
Z / (D} @, 0 (D 1 )e =D dx
Q

i=1

’;
> / @, v ) (D D)2 dx
Q
3
+ 23 [ @@ Dl dx

J=liti §

3 3
Se Y [olnretear

j=li=14

Mw

3
>3 [ @)@ Dl Dl
Q

1i=1

3 3
%ZZ] |1ﬂ(x1)|+1 (D1 Dy2e=00n gy,

j=1i=1

.
I

j=li=1 j=li=lg

By the incompressible condition, we have

3
Z/axl (Dvm)P)h(l) +(©D <o>P)w(1))D hPe=deD gy

<8ZZ/ v’ (x1>| (Dih")? + (8, D} ") + (35, D} w "y ) b gy

i=1j=lg

Moreover, we use Young’s inequality to derive

I <8AZZ/(D 1D)2e =t

j=li=lg
L< E/(Z(”(D)ZJFZ(D AD)2)e D,
2
Q
3 3
&x )2 (D\2),—¢ 1)
K< 22123/ (3, D} w")? + (D} )) Mgy,
J=1i=lq
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> Z/(D} wi) (@, v ) (D} wi)e ¢V dx <oy Z/(D} wi)2e 0D dx.
Q
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2/\

j=1li=1

3 3
ex )
722/<(ax,-w§1))2+(D,1h§1))2>e P01 g
Q

Is

A
| ™

=1i=1

~.

3 3
sz ((wl_(l))Z+(Di1h;1))2)e—¢(x1)dx’
Q

3 3
Ig 5 8)”22/(8)&' w;l))zeﬂl}(xl)dx’
j=li=1

=l Q

I

A
N ™
Mw

Il
-
—_

i=

3
> f (PP + Dl )e 0 ax,
Q

J

3 3
EA

j=li=1 Q

3 3
722/ 3x,h§1)) + (D} wi")? ) —60) gy

j=1 l:l

3 3
ZZ/ (@ +@luw")?)e e ax,
Q

=1i=1

Z/\

2/\
™
>

~.

A
N ™

L

~.

—=©

N =
[

111 S / (D E(O))2+(D E )2+|w//(xl)|<(Dilh§'l))2+(Di1w§.l))2)j|ef¢(xl)dx’
Q

1

~.
Il

(2.48)

thus, by noticing the weighted function ¢ (x1) satisfying (2.17), and using (2.43)-(2.48), we inte-
grate inequality (2.42) over (0, ) to get

3 3
ZZ/ (DKM + (D} D) )em? 0 ax

i=1 j:lg
3 3 !
1 —
+Cv Mok ZZZ// ((axkl)ill/l.(jl))2 + (akail wﬁ ))2>€ d)(xl)dxdt
k=1 j=1i=1 0
t
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3 t

+e) / / ((hﬁ.”)2+(w§1’)2)e*¢<x1>dxdz. (2.49)
0 Q

j=1

We observe that the last term in the right-hand side of (2.49) can be controlled by using (2.18).
Therefore

e

—

(K2 + (Dl wP))em? 0 ax

I\Mm

- °

t

3 / / (D) E‘O))2+(D}Ej.o))z)e—¢<x1>dxdt
Q

11=10

A

Iy

J

+Z(/(h“)) +w ”)) ~00)dx + Ty, // E(O)) +(E(0))) ¢(x‘)dxdt>
Q

j=1
(2.50)
Hence, by noticing e~?*1) is a bounded smooth function in (0, 4+00), we apply Gronwall’s
inequality to (2.49) to obtain

ZZ/ DIV + (DlwD)? ) ~p) gy

11]152

3
< e Crnel Ty, Z[/(h(l)) T ()2 ) ~$(1) g
Jj=1 Q

i=1

400
+Z/((D 2 + (D} wil)? ) P gy 4 / /((E}O))ZJF(Eﬁo))z)e*¢<x1>dxdt
Q 0 Q

3 o0
+Z// (D} E)? + (DJE)? )e*¢’(x1>dxdt]. 2.51)

i:lo Q

Assume that the 2 <[ < s — 1 derivative case holds, that is,

S [ (P + D)0

i=1j= IQ
3 3 1
< e Coniel Z[/((Dk B2 + (Dbw())?) e Vdx
j=li=1k=0§&
o0
+ / / ((DfE;O))Z+(fo§0))2>e_¢(x‘)dxdt]. (2.52)
0 Q
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We now prove that the sth derivative case holds. Multiplying both sides of equations (2.35)-(2.36)
by D} h;l)e"”(xl) and D wDe=on), respectively, then integrating over €2 by using the boundary
condition (2.37), and summing up these equalities from j =1 to j = 3, we obtain

3
1 d f POy w2
577 (DR + (DS w')? ) e D dx
i) )

3 3
MDD / (0000 DAY 4 g D) e D
=lq

3 3
£ty 0 [ (o0, i) Dy
j=li=1 Q

3 3
+ Iy, ZZ/ D h(l)ax, <o>>D h(l) —60) gy
Q

j=li=1
303
+HNIZ /3 D (D o P)hV + (D (0>P)w(1))h<1) ¢ gy
j=ll=1
’;
+ Ay, ZZ/ (O)axlDY (1)) (1) e~ P gy
J=li=lg
3
— Ay, ZZ/ H(O)ax,Dsh(l)) PaCiy
j=li=1g
3
[¢)) O s (1) —
_HMZZ/(wai 0" ) Dfw(Ve 00
j=li=1g
=Z/ (F D + F Dy )e V. (2.53)
jZIQ

We notice that

3 3
2. 2 / (D' o) @y, DR (D) e~ D dx

si+s2=s, 0<s;<s—1 j=li=1 ¢
3
=22 f (D) (D3 hV)2e D
j=li=lg ’
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3 3
+ 2 / (Do) @y, D)D) MDax.  (2.54)

s1+s2=s, 0<so<s—2 j=1i=1 Q

Next, with the same arguments as for obtaining (2.49), we find

~
Il
—
~.
Il
—_
Il
—_
=)

3 3 !
STy Y > / / (DFED)? + (DIE)?)e ™V dxdr
j=li=13 g
t
/ / ((Df-h;l))z+(wa§.l))2)e_¢(x1)dxdt. (2.55)
0 Q

Hence, by (2.4)-(2.8) and (2.52), applying Gronwall’s inequality to (2.55), we deduce that

Zi / (D3RP + (Djw)?)e# e ax
Q

3 3 s

Socunr 33 S [ (b oful )

j=li=1k=0 g

o
+ / f ((DfE§°))2 + (fof,o’)z)e—ﬂxﬂdxdr],
0 Q
which combining with e ~?*1) being a bounded smooth function in (0, +00) gives (2.38). The
proof is now complete. O
2.4. The existence of the first approximation step

Based on the above a priori estimates of solutions, we are ready to prove the existence prop-
erty for the first approximation step. The proof relies on semigroup theory arguments, see [2,21].
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Proposition 2.1. Let the parameter ) > 1. Assume that the initial approximation function
(v(o), H(O)> satisfies conditions (2.4)-(2.8). Then the linearized system (2.10) with the bound-

ary condition (2.11) admits a global solution

T
(V@20 w0 (1, 30)) € CUO, +00); HY () x HY ().
Moreover, this solution satisfies

1 1 —(0)
B 12 4+ w12 S IR + 1w 1 + 1T EQ s + 1T E S s, V>0,
(2.56)
and the boundary condition

D (1, 20)kean =0, D}wi (¢, 2%)]xean = 0. (2.57)

Proof. Let P be the Leray projector onto the space of divergence free functions. We apply the
Leray projector to equations (2.10), hence

h" —vA2PAh+ N, (b, w) = PE, .58)
w — 22P AW + Ny (WD, wD) = PE, '
where
Nih®, wh)
=Py, [x(v@) , v)h(n i (hm ,V)v(m _ A<H(0) ,V)Wm _ (Wm ,V>H<o)]7
Nz(h(l), w(l))
=Py, [,\(V(m ) v)w<1> + (ha) . V)Hw) _ ,\(H<0> . v)h<1> _ <w(1) ) v)v“))],

For convenience, we rewrite equations (2.58) as an abstract evolution equation as follows

9 h® h® PE,
— =7 +1 _ ], (2.59)
3 \ wD wD PE,
where
h® —VAZPA 0 hH N (hD, wh)
w(D 0 —ur?P |\ w Ny (b, wih)

We follow the idea of [2,34] to show that the linear operator Z generates a strongly continuous
semigroup ¢Z7 in the Sobolev space H*(2) x H®(S2). For this purpose, by the same arguments
as those used to get (2.38), we deduce that
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SE h(»

D f (o 5wi?) 03 (2

i=1 j=1g

~

o )dx <0. (2.60)
w

Hence the linear operator Z is a linear dissipative operator in H*(2) x H*(2). Moreover, if
we set
h»
w®
then by (2.60), we know that the linear operator Z is injective. Furthermore, we can verify
that this linear operator is surjective by using the standard theory of elliptic-type equations of
the general order. Thus, by the Lumer-Phillips theorem [21], the linear operator Z generates a
strongly continuous semigroup So(t) := ¢Z7 in the Sobolev space H*(2) x H®(2). Therefore,

the linear system (2.58) has a global solution in H¥(2) x H*(2). Furthermore, it follows from
Lemma 2.1-2.2 that (2.56) holds, and the boundary condition (2.57) can be derived from the

. . . = o .
expression of solution by noticing the external force (E©, Ef )) satisfying the boundary condi-
tion. O

3. The mth approximation step

Let ¢ € (0, 1) be a fixed constant. We define
Be = {u®t,2x) : IVF s + IwPl s Se < 1) 3.1)

with the integers 2 <k <m — 1 and s > 1.

Assume that the m-th approximation solution of (2.2) is denoted by (h(’”)(t, Ax), w(’”)(t,

T
Ax)) withm =2,3,.... Let
W (1, ax) := v (1, Ax) — v D (1, Ax),
w (i, ax) = H™ (1, Aax) — H” Dz, ax).

It follows that

m
vt 0x) =vO (. x) + Y h D, ax),
i=1

m
H™ (¢, xx) =HO (¢, x) + Zw“)(z, Ax).
i=1

T
We linearize the nonlinear system (2.2) around (V(’"_l)(t, Ax), H =D, Ax)) to get the
following initial value problem
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V"L HTT ™, Wy = Ty, ED,

jz[Vm_l, Hm—l](h(m)’ w(m)) _ HNWE(m_l),

(3.2)
V.-h"™ =0, v.w"™ =0,
h™ (0, ax) =h{" (hx), W™ (0, Ax) = W™ (hx),
with the boundary conditions
h (1, hx)[reae =0, W™ (t, hx)|ccan =0. (3.3)
The error terms are given by
ED = £ v" 7, ax), B (1, a0)] = Ry (W (2, Ax), w™ (2, Ax)),
(3.4)

E" D = Lovm 1 ax), BN, a)] = Ro (W™ (2, ax), w™ (1, Ax)),

and

Rih™ (1, ax), W (1, 2x)) :=L1 (v~ + h™ H"D 4wy — £y (v =D 1)
- L [V(mfl), H(mfl)](h(m), W(m))

_ )L( — (W™ . V)R 4 (W . vyw™ 4 Vp(m))’

Rah™ (1, ax), W™ (1, 3x)) :=Lo (v~ + h™ H" =D 4wy — £ (vim=D H"D)
L[y D HD )y
= (= 0™ V)W 4 W V)R,
(3.5)

where the approximation pressure takes the form

P (1 x) = —A"\div (v<'") vy _ (g V)H<m)),

which are also the nonlinear term in approximation problem (2.2) at (V(m_l)(t, Ax), H™ =D,

T
AX)

The following result establishes how to construct the m-th approximation solution.

Proposition 3.1. Let the parameter ). > 1 and s > 1. Assume that the initial approximation func-

T
tion (v(o),H(0)> satisfies conditions (2.4)-(2.8), and (v(’”_l)(t, ax), H™= D, Ax)) € B, and

m—1

> (01 + w13 ) S e
i=1

Then the linearized problem (3.2) with the boundary condition (3.3) admits a global solution

144



W. Yan and V.D. Rddulescu Journal of Differential Equations 277 (2021) 114-152
(B 1,20, w 1, 23) ) € C((O, +00); H* () x H' (@),
which satisfies

1 s+ w15 < g™ 175 + ||w"'”||Hs + 1Ty, D3

m

o (3.6)
+ ||HN,,,E ||Hs, Vi >0,
and
PRt D)rese =0, AW (. X)can=0, 0=I<s,
where the error term satisfies
—(m)
LE iz 4+ NE™ s 2N, (1B s + 1w 13 ). (3.7)
Proof. By the assumption Z;”:_ll (||h(i) ||%{s + w® II%{S> < &2 for any s > 1, we find
K s m—1 s .
> a)’;vg.'"‘“ =y a,’gl,v;‘”(t, O+ Y Y khD @, ax)
k=0 k=0 i=1 k=0
Zak v (1. x) + 0,
and
Za"H(’” b Za" H(O)(t x)+ ZZ&" w(t, ax)
k=0 i=1 k=0
- Z Ok HY (1. x) + O(e?).
k=0
0 T
Thus, noticing that (v(o) (t, x), HO (¢, x)) satisfies (2.4)-(2.8), then it holds
S
-1
3 I, VD ) e S e, (3.8)
and
S
> Ty, a8 HY D @, x) 1 S 62 (3.9)
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The (m — 1)-th approximation solution is

m—1
v ex) =vO 1 x) + ) h O, ax),
i=1
m—1
HO D, ex) =HO (1, x) + Y w(t, Ax).

i=1

Moreover, it holds

V.vm=Di x) =0,
vm=10, x) =0,

(3.10)
V=D s < €2,
B)ICiv(M—l)(t,x)|x€39 = 0’ 0 < 1 <s,
and
V- -H™ D x) =0,
H(m—l)(o’x) :0,
(3.11)

IH" D) s S 62,

BJIC;H(m_l)(t’xerBQ =0, 0<lc<s.

T
Next, we find the m-th approximation solution (V('") (t, Ax), H(’”)(t, Ax)) , which is equiva-

T
lent to find (h(m) (¢, 2x), wim(z, Ax)) such that

v (¢, 2x) = v D (1, ax) + h (¢, Ax),
(3.12)

H™ (1, ax) = H" D (1, Ax) + W™ (1, Ax).
Substituting (3.12) into (2.2), we obtain

L1V HMY = £, v D HO=Dy 4 2,10 D HO= D)™, w™) + R, (h™, w™),
LoV H™Y = £,v™= D HO=DY 4 2,1 D HO=D) 0™, w™) 4 Ry (b, w™).
Set
Li[v™=D HO=DY|(h™ W) = £, (v"=D HO—Dy = _ o=,
Lo[(v™ =D HO=DY (h0 wmy = _ g, (yn=D gon=y = "D

which we supplement it with the boundary conditions (3.3).
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Since we assume (v~ D (¢, Ax), H(’”*l)(t, Ax) ! € B., then there is the same structure be-
tween the linear system (2.10) and the linear system of mth approximation solutions. Thus, by
means of the same proof process as in Proposition 2.1, we can show that the above problem
admits a solution <h<’">(t,,\x),w(m>(t,xx)>T € H'(Q) x H(Q). Here we should use (2.1).
Furthermore, similar to (2.56), we can use (3.8)-(3.11) to derive

_ —(m—1)
I s+ 1w s < WG s + w6 s+ IE s + 1™ I, Ve >0,
—m—I\T
where one can see the (m — 1)-th error term (E m=1) F o l)) such that

E=D . £ (D HDy SR (h ).

E(m—l) — EZ(V(m_l), H(m—l)) — Rz(h(m), W('")).

Furthermore, by (3.5) and the Calder6n-Zygmund theory, it holds

- (m)

L a4+ 1B s = A, (0O - VB ) e+ 2T, (W - 790 )

+ 20, (B - VO ) e+ 2

m

(w<’”) : Vh(”’)) "
+ AT, VPO || s

SN2 (I + 1w 1)
The proof is now complete. O

4. Convergence of the approximation scheme

T
Our target is to prove that (V(O") (t, xx), H* (¢, Ax)) is a global solution of the nonlinear

m . m .
equations (1.1). This is equivalent to show that the series > h® (¢, Ax) and > w® (¢, Ax) are
i=1 i=1
convergent. _ t l
For a fixed integer s > 1, let 1 <s =k <ko <k and

Therefore

ko>ki>...>ky>kpy1>.... “.1)
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Proposition 4.1. Let the parameter . > 1 and s > 1. Assume that the initial approximation func-
tion (v(o), H (O)) satisfies the conditions (2.4)-(2.8). Then the MHD equations (1.1) with the small
initial data (1.2) and the boundary condition (1.4) admit global Sobolev solutions

oo
v, x) =v P, x) + YR (1 hx) +vo(x) € HY (),

m=1

H ¢, x)=HY(,x) + Z w™ (¢, Ax) + Ho(x) € H*(Q).

m=1

Moreover, we have
O as + 1H || s Se.

Proof. The proof is based on an induction argument. For convenience, we first deal with the case

T
of zero initial data, that is, vo(x) = Hp(x) = (0, 0, 0) . Next, we discuss the case vo(x) #£ 0 and

Ho(x) # 0. Note that N,, = Ny’ with No > 1. Forall m = 1,2, ..., we claim that there exists a
small positive constant ¢ such that

2m
N ey + W <82,

—(m) m
LE™ | s + IE" N gty < 8% (4.2)

T
(v 1) < 5.

For the case of m = 1, we recall the assumptions (2.4)-(2.8) on the initial approximation
T -
function (V(O) (tr, x), HO ¢, x)) .By (2.56),let 0 < g9 < Nof(8+k7k)82 < % <« 1, hence
—=(0
IRty + WO g0 S TE o + 1E 100 <.
Moreover, by (3.7) and the above estimate, we deduce that
—=(
HED gt +1E gto S IRIMY WD) gt + 1R20D, W)

ANV, + w12, )

<82,

and
IV ko + THD N o S IV ko + HO N o + DY g + WD e S,
which means that (v(l), H( )> € B:;.
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Assume that the case of m — 1 holds, that is,

m—2
DY i+ WD i < €27,

_ —(m—1 m—1
HE™ D) i+ NE™ P N g <27,

T
(v w0 B,

(4.3)

We now prove that the case of m holds. Using (2.1), (3.6) and the second inequality of (4.3), we

derive

_ —(m-1)
N ey + I s ST EP D ey 1T E |

_ —(m—1)
SN (NE™ D g+ TE" ™ i )

m—1 m—2
< Nomg?"™ < g2

9

which combined with (2.1), (3.7) and (4.1) yields

- (m)
”E(m)”Hkm + ”E ”Hkm

SN (I 1, + W1, )

_ —(m—1 2
S A'Ny%1+al11+] (”E(m 1) ||Hkm+1 + ”E(m )”Hkarl)

_ _ —(m=2) 2
< (}LNO)(2+am+1)m+2(2+am+2)(m 1)) (”E(m 2) ||Hkm+2 +||E ||Hkm+2)

<

PORERR!

i —(0) "
S NS (E gt + 1 i )]
We choose a sufficient small positive constant gg such that
iy —(0)
0 < ANSHE k<||E(0)||H; +IE ||H;) < 2Nge < &,
Thus, by (4.5) we have
—=(m) m
HE W g + 1E" N gt < 67,
and
0< lim (||E<m>|| on 4 NE™ W ) < [N*‘*"*’;(IIE(O)H troo + TE 1 e )]
= m—>—00 Hfm Hkm | ~5 0 H+o0 H<+o00
So the error term goes to 0 as m — 0o, that is,
- (m) Fm ) _
Tim (LE“ gt +1E™ | gin ) =0.
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On the other hand, note that N,,, = Ng’, by (4.3)-(4.4). Therefore

-1 -1
IV gt I g S IVt D g I i+ 19 gy

m—1
Se+ N2 <e.

T
This means that (v, H™ ) e B,. Hence we conclude that (4.2) holds.
Therefore, the MHD equations (1.1) with the zero initial data admit a global solution

o
v (£, 0)=vO @ x) + Y " ax) =vO (1, x) + Oe),
m=1

o
H® (¢, x) =HO (¢, x) + Z w ¢, 2x) = HO 2, x) + O(e),

m=1

from which, one can see that the solution depends on the initial approximation function
O, x), HO ¢, x)).
Next, we discuss the case of small non-zero initial data. We introduce the auxiliary functions

v(t,x)=v(t,x) —vo(x), x€,

H(r,x) =H(t,x) —Hp(x), x€g,

where the initial data (vo, Hy)? € H*t2 x H*t!. So the non-autonomous term containing
(vo, Hop)T belongs to H® x H®. Then the initial data reduces into

(0, x) = (o, 0, o)T, H(©O, x) = (0, 0, o)T,

T
and equations (1.1) are transformed into equations of (V, H) . Thus, we can follow above it-

T
eration scheme to construct global Sobolev solution (V, H) . Furthermore, the global Sobolev
solution of equations (1.1) with a small non-zero initial data takes the form

T

(va, X) +vo(x), H(z, x) + Ho(x))

Finally, we use (1.3) and apply the Calderén-Zygmund theory. Thus, for the Riesz operator
R, there exists |[Rwllgso < ||w|so With 1 < sy < oo such that

I Pllas S e.
This completes the proof. O

150



W. Yan and V.D. Rddulescu Journal of Differential Equations 277 (2021) 114-152

CRediT authorship contribution statement

Both authors contributed to the analysis developed in this paper. The first draft of the
manuscript was written by W. Yan and all authors commented on several versions of the
manuscript. Both authors read and approved the final manuscript.

Acknowledgments

Both authors express their sincere thanks to the anonymous referees for comments and sug-
gestions on this paper. The first author is supported by the National Natural Science Foundation
of China (No. 11771359).

References

[1] H. Abidi, P. Zhang, On the global solution of 3-D MHD system with initial data near equilibrium, Commun. Pure
Appl. Math. 70 (2017) 1509-1561.
[2] V. Barbu, Nonlinear Semigroups and Differential Equations in Banach Spaces, Editura Academiei/Noordhoff Inter-
national Publishing, Bucharest/Leiden, 1976.
[3] S. Benbernou, S. Gala, M.A. Ragusa, On the regularity criteria for the 3D magnetohydrodynamic equations via two
components in terms of BMO space, Math. Methods Appl. Sci. 37 (15) (2014) 2320-2325.
[4] Y. Cai, Z. Lei, Global well-posedness of the incompressible magnetohydrodynamics, Arch. Ration. Mech. Anal.
228 (2018) 969-993.
[5] F. Califano, C. Chiuderi, Resistivity-independent dissipation of magneto-hydrodynamic waves in an inhomogeneous
plasma, Phys. Rev. E 60B (1999) 4701-4707.
[6] J.Y. Chemin, D.S. McCormick, J.C. Robinson, J.L. Rodrigo, Local existence for the non-resistive MHD equations
in Besov spaces, Adv. Math. 286 (2016) 1-31.
[7] P.A. Davidson, An Introduction to Magnetohydrodynamics, Cambridge Texts in Applied Mathematics, Cambridge
University Press, Cambridge, 2001.
[8] W. Deng, P. Zhang, Large time behavior of solutions to 3-D MHD system with initial data near equilibrium, Arch.
Ration. Mech. Anal. 230 (2018) 1017-1102.
[9] C.L. Fefferman, Existence and smoothness of the Navier-Stokes equations, in: Millenn. Prize Probl., 2006,
pp. 57-67.
[10] C. Fefferman, D. McCormick, J. Robinson, J. Rodrigo, Higher order commutator estimates and local existence for
the non-resistive MHD equations and related models, J. Funct. Anal. 267 (2014) 1035-1056.
[11] C. Fefferman, D. McCormick, J. Robinson, J. Rodrigo, Local existence for the non-resistive MHD equations in
nearly optimal Sobolev spaces, Arch. Ration. Mech. Anal. 223 (2017) 677-691.
[12] L. Hormander, Implicit Function Theorems, Stanford Lecture Notes, University, Stanford, 1977.
[13] D. Iftimie, G. Raugel, Some results on the Navier-Stokes equations in thin 3D domains, J. Differ. Equ. 169 (2001)
281-331.
[14] D. Iftimie, G. Raugel, G.R. Sell, Navier-Stokes equations in thin 3D domains with Navier boundary conditions,
Indiana Univ. Math. J. 56 (2007) 1083-1156.
[15] J.L. Li, W.K. Tan, Z.Y. Yin, Local existence and uniqueness for the non-resistive MHD equations in homogeneous
Besov spaces, Adv. Math. 317 (2017) 786-798.
[16] F. Lin, L. Xu, P. Zhang, Global small solutions to 2-D MHD system with small data, J. Differ. Equ. 259 (2015)
5440-5485.
[17] F. Lin, P. Zhang, Global small solutions to MHD-type system: the three-dimensional case, Commun. Pure Appl.
Math. 67 (2014) 531-580.
[18] J. Moser, A rapidly converging iteration method and nonlinear partial differential equations I-II, Ann. Sc. Norm.
Super. Pisa 20 (2) (1966) 265-313, and Ann. Sc. Norm. Super. Pisa 20 (3) (1966) 499-535.
[19] Z.E. Musielak, S. Routh, R. Hammer, Cutoff-free propagation of torsoonal Alfvén waves along thin magnetic flux
tube, Astrophys. J. 659 (2007) 650-654.
[20] J. Nash, The imbedding for Riemannian manifolds, Ann. Math. 63 (1956) 20-63.
[21] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer-Verlag, New
York, 1983.

151


http://refhub.elsevier.com/S0022-0396(20)30695-1/bib546A9A80EB981C7F0AABCAEB34D9514Es1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib546A9A80EB981C7F0AABCAEB34D9514Es1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib4B9297C5AA115F1D7B4A533B5E6B047Fs1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib4B9297C5AA115F1D7B4A533B5E6B047Fs1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib2AD5640EBDEC72FC79531D1778C6C2DCs1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib2AD5640EBDEC72FC79531D1778C6C2DCs1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib5BC574A47246F122016869B32A6AA6F0s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib5BC574A47246F122016869B32A6AA6F0s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibAA53CA0B650DFD85C4F59FA156F7A2CCs1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibAA53CA0B650DFD85C4F59FA156F7A2CCs1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib10EAD0D8AC61896F72D6FE88C55951A0s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib10EAD0D8AC61896F72D6FE88C55951A0s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibF623E75AF30E62BBD73D6DF5B50BB7B5s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibF623E75AF30E62BBD73D6DF5B50BB7B5s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibFA3C7F2B5DAEA5F9E813128F962E6EC4s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibFA3C7F2B5DAEA5F9E813128F962E6EC4s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib800618943025315F869E4E1F09471012s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib800618943025315F869E4E1F09471012s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibE1DFFC8709F31A4987C8A88334107E89s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibE1DFFC8709F31A4987C8A88334107E89s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibFE5C3684DCE76CDD9F7F42430868AA74s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibFE5C3684DCE76CDD9F7F42430868AA74s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibCA2BF3F6B7E18A508253E9521510A4B5s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib4F74D343F26BBD58A8CBBAD2CAB6A704s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib4F74D343F26BBD58A8CBBAD2CAB6A704s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib367A1976BB29592E0A5570F9E0BDC15Bs1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib367A1976BB29592E0A5570F9E0BDC15Bs1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibC916A55F872D3820FA0F246A7679C357s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibC916A55F872D3820FA0F246A7679C357s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib4D91D0475DD2322BB95EA8FA9A6C0563s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib4D91D0475DD2322BB95EA8FA9A6C0563s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib435AEBF33C2947893BC8AE2A2B0F8B3Bs1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib435AEBF33C2947893BC8AE2A2B0F8B3Bs1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib080804B915884E91A0FDCAEF05EEF549s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib080804B915884E91A0FDCAEF05EEF549s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib9D564F83EDF24B1317F88AB691294D7Fs1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib9D564F83EDF24B1317F88AB691294D7Fs1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibB94117A4F34D059415384D951AB529C9s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib44C29EDB103A2872F519AD0C9A0FDAAAs1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib44C29EDB103A2872F519AD0C9A0FDAAAs1

W. Yan and V.D. Rddulescu Journal of Differential Equations 277 (2021) 114-152

[22] G. Raugel, G.R. Sell, Navier-Stokes equations on thin 3D domains. I. Global attractors and global regularity of
solutions, J. Am. Math. Soc. 6 (1993) 503-568.

[23] G. Raugel, Dynamics of partial differential equations on thin domains, in: CIME Course, Montecatini Terme, in:
Lecture Notes in Mathematics, vol. 1609, Springer, 1995, pp. 208-315.

[24] M. Sermange, R. Temam, Some mathematical questions related to the MHD equations, Commun. Pure Appl. Math.
36 (1983) 635-664.

[25] J.T. Schwartz, Nonlinear Functional Analysis, Gordon and Breach, New York, 1969.

[26] R. Temam, Navier-Stokes Equations and Nonlinear Functional Analysis, second edition, CBMS-NSF Regional
Conference Series in Applied Mathematics, vol. 66, Society for Industrial and Applied Mathematics (SIAM),
Philadelphia, PA, 1995.

[27] L. Xu, On the ideal magnetohydrodynamics in three-dimensional thin domains: well-posedness and asymptotics,
Arch. Ration. Mech. Anal. 236 (2020) 1-70.

[28] W.P. Yan, The motion of closed hypersurfaces in the central force field, J. Differ. Equ. 261 (2016) 1973-2005.

[29] W.P. Yan, Dynamical behavior near explicit self-similar blow up solutions for the Born-Infeld equation, Nonlinearity
32 (2019) 4682-4712.

[30] W.P. Yan, Nonlinear stability of explicit self-similar solutions for the timelike extremal hypersurfaces in RI13,
Calc. Var. Partial Differ. Equ. 59 (4) (2020) 124.

[31] W.P. Yan, V.D. Rédulescu, Sobolev regular solutions for the incompressible Navier-Stokes equations in higher
dimensions: asymptotics and representation formulae, Rend. Circ. Mat. Palermo, II Ser. (2020), https://doi.org/10.
1007/s12215-020-00540-3.

[32] W.P. Yan, Asymptotic stability of explicit infinite energy blowup solutions for three-dimensional incompressible
magnetohydrodynamics equations, arXiv:1907.00768.

[33] W.P. Yan, B.L. Zhang, Long time existence of solution for the bosonic membrane in the light cone gauge, J. Geom.
Anal. (2019), https://doi.org/10.1007/s12220-019-00269-1.

[34] V.I. Yudovich, The Linearization Method in Hydrodynamical Stability Theory, Translations of Mathematical Mono-
graphs, vol. 74, American Mathematical Society, Providence, RI, 1989.

[35] X. Zhao, W.P. Yan, Existence of standing waves for quasi-linear Schrodinger equations on T", Adv. Nonlinear
Anal. 9 (2020) 978-993.

152


http://refhub.elsevier.com/S0022-0396(20)30695-1/bib8CEE5050EEB7C783E8BFAA73003CED3As1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib8CEE5050EEB7C783E8BFAA73003CED3As1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibE1E1D3D40573127E9EE0480CAF1283D6s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibE1E1D3D40573127E9EE0480CAF1283D6s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibEC8E57D71F07E31203035548B79D03C8s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibEC8E57D71F07E31203035548B79D03C8s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib0674FBA73A2E6914EA9B1FC55130BB81s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib6B35ADCDB3E32BFBC7BB78226C777178s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib6B35ADCDB3E32BFBC7BB78226C777178s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib6B35ADCDB3E32BFBC7BB78226C777178s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib02129BB861061D1A052C592E2DC6B383s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib02129BB861061D1A052C592E2DC6B383s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibFF9AF30819FB3C2E35A54034824A183Fs1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib04FE22537B8654F3AA2A6854B3E126C0s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib04FE22537B8654F3AA2A6854B3E126C0s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib843EAB12F112F82303CF8C8872A2DE33s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib843EAB12F112F82303CF8C8872A2DE33s1
https://doi.org/10.1007/s12215-020-00540-3
https://doi.org/10.1007/s12215-020-00540-3
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibC0E67B4873E97A8D0B5D8F243E4D6632s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibC0E67B4873E97A8D0B5D8F243E4D6632s1
https://doi.org/10.1007/s12220-019-00269-1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib0AF2884FD29AC4BED46FC56851D95768s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bib0AF2884FD29AC4BED46FC56851D95768s1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibDA9D9A8877DECFB3DCE19CF7856E721Cs1
http://refhub.elsevier.com/S0022-0396(20)30695-1/bibDA9D9A8877DECFB3DCE19CF7856E721Cs1

	Global small finite energy solutions for the incompressible magnetohydrodynamics equations in R+×R2
	1 Introduction and main results
	1.1 Introduction
	1.2 Main results
	1.3 Sketch of the proof

	2 The first approximation step
	2.1 The initial approximation function
	2.2 The time-decay of first approximation step
	2.3 A priori estimate
	2.4 The existence of the first approximation step

	3 The mth approximation step
	4 Convergence of the approximation scheme
	CRediT authorship contribution statement
	Acknowledgments
	References


