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Abstract

In this paper, we focus on the existence of positive solutions to the following planar Schrédinger-Newton
system with general subcritical growth

—Au+u+ou=fu inR2
Agp=u? in R2,

where f is a smooth reaction. We introduce a new variational approach, which enables us to study the
above problem in the Sobolev space H 1(R2). The analysis developed in this paper also allows to investigate
the relationship between a Schrodinger-Newton system of Riesz-type and a Schrodinger-Newton system of
logarithmic-type. Furthermore, this new approach can provide a new look at the planar Schrodinger-Newton
system and may it have some potential applications in various related problems.
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1. Introduction and results
1.1. Overview

The Schrodinger-Newton system was intensively studied by Penrose [41] and it can be used
to describe the quantum mechanics of a polaron at rest. Penrose also derived these equations as
a model of self-gravitating matter, in which quantum state reduction is understood as a gravi-
tational phenomenon. The underlying idea is that a linear superposition of two quantum states
would give rise to two space-time geometries, which poses serious conceptual problems from
the viewpoint of general relativity; see Penrose [40]. Penrose thus suggested that the collapse
of the wave function might be related to gravitational effects, and proposed the (stationary)
Schrodinger-Newton system as a possible candidate for such gravitationally-induced collapse.
The Schrodinger-Newton system was also used by Choquard to describe an electron trapped in
its own hole in a certain approximating to Hartree-Fock theory of one component plasma; see
Lieb [29].

Consider the following nonlinear Schrodinger-Newton system

L0y _ B 25 inRd
ih—=—AYy — ¢y + Y|Py inR? xR, |

ar  2m (1.1)
—A¢ =AY |? inR? x R,

where A = 1ifd > 3, A = —1if d = 2, i is the imaginary unit, % is the Planck constant. For d =3,
m > 0 stands for the mass of the particle, i : R3 x [0, T] — C is a wave function and such a
system often appears in quantum mechanics models and semiconductor theory (see [31,32]) and
also arises, for example, as a model of the interaction of a charged particle with the electrostatic
field (see [5,8]).

The Schrodinger-Newton system is a usual Schrodinger equation coupled with a Newtonian
potential, satisfying the Poisson equation and representing the interaction of the particle with its
own gravitational field. In the literature, the Schrodinger-Newton system is also referred to as the
Schrodinger-Poisson system. One of most interesting questions about problem (1.1) concerns the
existence of stationary solutions ¥ (x, 1) = u(x)e_% (for any (x,1) € R4 x R), where u : RY —
R is a real function to be found. Thus, # must solve

hZ
——Au+VXu+¢u=fu) inR?,

m (1.2)
—A¢p = ru? in R?.

The second equation in system (1.2) is called the Poisson equation, which can be solved by

¢ (x) = ATg(x) * u*(x) = A / Ta(x — y)u*(y)dy,
Rd
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where I'y is the Newtonian kernel in dimension d, and is expressed by

1
5= In 5, d=2,
Lax)=3 27 "
{ Td—o; [x|©7¢, d=>3.
Here, wy is the volume of the unit d-ball.
Under such a formal inversion of the second equation in system (1.2), we obtain the following
non-local equation

—Au+V(x)u+)L(Fd>l<|u|2)u=f(u) in RY. (1.3)

Formally, problem (1.3) has a variational structure with the associated energy functional

1
Iy(w) = 3 / <|Vu|2 + V(x)uz) dx + % / / Iy <|x — y|2) uz(x)uz(y)dxdy — f F(u)dx,

R4 R4 R4 R4

where F(u) = [y f(s)ds.

In the case d = 3, I, is well defined and of class C! in H'(R9), provided that V € L®(RY).
In the literature, by applying variational and topological methods, the existence, nonexistence,
multiplicity and concentrating results of (1.3) have been investigated when f and V satisfy
various assumptions, see e.g. [4,7,8,17,26,28,33,34,42,45] and the references therein. However,
compared with the higher dimensional case d > 3, in dimension two, the fundamental solution
IM(x) = % In |x| is sign-changing and presents singularities at zero and infinity. So, the two-
dimensional case seems much more delicate. In particular, unlike the higher dimensional cases,
in the planar case d = 2, the corresponding energy functional is not well-defined on H'(R?).
Precisely, the energy functional /5 involves a convolution term

/ / In(lx — yDu? (e (y)dxdy,
R2R2

which is not well defined for all u € H'(R?). Therefore, the approaches dealing with higher
dimensional cases seem difficult to be adapted to the case d = 2. So, the rigorous study of the
planar Schrodinger-Newton system had remained open for a long time. This is why much less is
known in the case d = 2. Recall that Choquard, Stubbe and Vuffray [22] proved the existence of
a unique positive radially symmetric solution to (1.3) with d =2 and f(x, u) = 0 by applying
a shooting method. In [43], Stubbe introduced a variational framework for (1.3) with d =2 and
V(x) =1 by setting a weighted Sobolev space

X = ueH](Rz):/1n(1+|x|)|u(x)|2dx <400y,
RZ

endowed with the norm

67



Z. Liu, V.D. Radulescu, C. Tang et al. Journal of Differential Equations 328 (2022) 65-104

e = [ (190l + ) ax + [ 1nc1+ peluco P,
R2 R?

which yields that the associated energy functional is well-defined and continuously differentiable
on the space X. One of the main ingredients in [43] is to set a suitable working space for the
planar Schrodinger-Newton system. Formally, one has the following decomposition

2 2 1 2 2
f/ln(|x —yDu“(x)u (y)dxdy+//ln <1+ e |>u (x)u”(y)dxdy
R2R? R2R2 Y

= f / In (1 + |x — y]) u?(x)u?(y)dxdy.

R2R?

By the Hardy-Littlewood-Sobolev inequality [30], for any u € H'(R?), the quantity

/ / Inlx — y)u® () () dxdy

R2R?

is finite if

/ln(l + JxDu®(x)dx
]RZ

is finite. When f(u) =0 and d = 2 in (1.3), Stubbe used strict rearrangement inequalities to
prove that (1.3) has a unique ground state solution which is a positive and spherically symmetric
decreasing function. In studying the planar Schrédinger-Newton system in the underlying space
X, one of main obstacles is that the norm || - || x lacks translation invariance. This makes problems
tough in verifying the compactness via the concentration-compactness principle. This difficulty
can be overcome via the symmetric bilinear form

//ln(lJrlx — yDu(x)v(y)dxdy.
R2R2

When f(u) = |u|?"2uandd =2 in problem (1.3), a sequence of higher energy solutions are
obtained by Cingolani and Weth [23] for p > 4 in a periodic setting, where the corresponding en-
ergy functional is invariant under 72-translations. For p € (2,4), we refer to Du and Weth [24].
Under the above variational framework in [43], Chen and Tang in [20] considered the planar
Schrodinger-Newton system in the axially symmetric setting. By using Jeanjean’s monotonicity
trick [27] and a Nehari-Pohozaev manifold, they proved that there exists at least a ground state
solution to (1.3), see also [19]. When f(u) satisfies some suitable super-quadratic growth as-
sumptions, Chen, Shi and Tang [18] proved that (1.3) has a nontrivial solution of mountain-pass
type and a ground state solution of Nehari-Pohozaev type. Very recently, Cao, Dai and Zhang
[14] considered the following Schrodinger-Newton equations in the two dimensional case

—Au+a(x)u+ 2l (In(| - 1) * ul?) [ul?~2u = blu|9"*u  inR?,
T
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where infg>a >0,y > 0,0 >0, p > 2 and g > 2. They introduced the following working space

X:={uecH' (Rz):/1n(1+|x|)|u|”(x)dx<oo , (1.4)
R2

and obtained the existence of ground state solutions and mountain pass solutions to the above
equations for p > 2 and ¢ > 2p — 2 via variational methods. For some other related works to the
two dimensional case, see [2,3,6,10,12,21,44] and so on.

In all the results mentioned above for the planar Schrodinger-Newton system, we emphasize
that the weighted function space X plays a fundamental role in ensuring that the energy func-
tional is well defined and continuously differentiable. A natural question for us is

Whether does there exist another variational framework to deal with problem (1.3) with d =27

Particularly, of much interest is that ones can investigate the non-local equation (1.3) by applying
the variational approaches in the standard Sobolev space H ! (R?). The main purpose of this paper
is to give this question an affirmative answer. Our study can be seen as a new approach different
from the works mentioned above for the two dimensional case.

1.2. Main results

In this paper, we aim to establish a novel variational approach to study the existence of positive
solutions to the following Schrodinger-Newton equation with general nonlinear growth

—Au~+u+An( - ) *uP)u= f@) inR>. (1.5)
Throughout this paper, in order to find positive solutions of equation (1.5), we assume that

fe CI(R,R1), f(s)=0fors <0and f(s) > 0fors > 0. Assume that f satisfies the following
hypotheses.

(f1) Forevery 6 > Q, there exists Cyp > 0 such that | f(s)| < Cg min{l, s}ees2 for any s > 0.
(f2) The function % is nondecreasing for s > 0.

Remark 1.1. It follows from conditions (f2) that 0 < 4F (s) < f(s)s for s > 0, where F(s) =
Jo f(x)dt. Moreover, (f») implies that f(s) = o(s) as s — 0.

Remark 1.2. As a prototype of (f1)-(f2), f(s) = Is|P=2s, p > 4.
The first main result in this paper establishes the following property.

Theorem 1.3. Assume (f1)-(f>) hold, equation (1.5) has at least a positive solution u € H'(R?)
satisfying

f/ln Ix — ylu? ()u(y)dxdy| < +00. (1.6)
2R2
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In the following, we also consider the case containing p € [3,4) as well as p € (2, 3). Pre-
cisely,

Theorem 1.4. Assume that the following hypotheses hold

(f3) f(s)=o(s)ass— 0.
(D) 1f&)I < CU+s|P™h) for p € (3, +00).
(fs) There exists u € (3,4) such that 0 < wF(s) < f(s)s fors > 0.

Then equation (1.5) has at least a positive solution u € Hr1 (R?) satisfying (1.6), where Hr1 (R2)
denotes the subspace of radially symmetric functions in H'(R?).

Theorem 1.5. Equation (1.5) with f(u) = Qu2 has at least a positive solution u € H,1 (RZ) sat-
isfying (1.6).

Theorem 1.6. Assume ( f3) and the following hypothesis hold

(fo) 1f () <CU+1s|P~h) for p € (2,3).
(f7) There exists p > 2 such that 0 < uF(s) < f(s)s for s > 0.

Then equation (1.5) has at least a positive solution u € H,1 (R2) satisfying (1.6).
1.3. Main difficulty and strategy

In this present paper, our main aim is to investigate problem (1.5) in the standard Sobolev
space H'(R?) by variational methods. The main difficulty is due to the sign-changing prop-
erty of the Newtonian kernel I'y(x) = % In |x|, which leads to failure in setting the variational
framework in H'!(R?). In order to overcome this difficulty, motivated by the fact that

. L x] T =1
Iim Gyg(x):= lim —— = —In|x]|
a—0t a—0t o

for x € R2 \ {0}, we modified equation (1.5) as follows

—Au—4u—(Go(|- ) xu)u= f@) inR? (1.7
where o € (0, 1) is a parameter. The corresponding energy functional to (1.7) becomes to be
well defined in H!(R?) for fixed « € (0, 1), which enables us to use critical point theory (such
as the well-known mountain pass theorem) to study the existence of positive solutions for (1.7)
in H'(R?). By passing to the limit, a convergence argument within H'(R?) allows us to get

positive solutions of the original equation (1.5).

Remark 1.7. Similar modification was also used in [47], where Z.-Q. Wang and C. Zhang reveal
an interesting relation between power-law nonlinear scalar field equations

—Au+ru=ulP2u inRY (1.8)
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and logarithmic-law scalar field equations

—Au=uln(lu]) inRM. (1.9)

They show that as p | 2, the unique positive solution of (1.8), after a unique re-scaling, converges
to the unique (up to translations) positive solution U (x) = eN/2e=*¥*/4 of (1.9).

In the limit process above as @ — 0T, one of main difficulties in the current paper is the lack
of compactness and the appearance of singularity at « = 0. Here we point out that in [47], term
fIR{ v u?Inju|dx can be estimated by the associated logarithmic Sobolev inequality (see [30]).
Besides, uniqueness of positive solutions of (1.8) and (1.9) also plays an crucial role in getting
compactness as p | 2. However, as @ — 07, it is completely different from [47] that, on the one
hand, compared with the logarithmic Schrédinger equation (1.9), it seems much difficult to use
the associated logarithmic Sobolev inequality to give an upper bound estimate for

/ / In(lx — y)u® () (y)dxdy.

R2R?

Hence, energy estimates of the associated functional become more complicated. On the other
hand, (1.5) and (1.7) are nothing but the original problem and the perturbation problem respec-
tively investigated in the present paper, and uniqueness of their solutions (even for existence) is
unknown. So it seems impossible that one can get the compactness with the help of the logarith-
mic Sobolev inequality or the information of uniqueness to the perturbation and limit problems
similarly as in [47].

In order to overcome their obstacles, in the proof of Theorem 1.3, we firstly use the
concentration-compactness principle to prove the modified equation (1.7) has a positive moun-
tain pass solution u,. Moreover, the mountain pass value ¢y is uniformly bounded from below
and above as a — 0". We then use the moving plane method to show that u,, is radially sym-
metric and strictly decreasing with respect to the origin. With these conclusions at hand, we
employ Moser’s iteration argument to verify uy is uniformly bounded in the L°°-norm and ex-
ponentially decay uniformly with respect to the parameter «, which, together with the Lebesgue
dominated convergence theorem, enables us to get the Frechet derivative of the corresponding
energy functional is weakly sequence continuous and then get compactness.

As for the proofs of Theorem 1.4-1.6, apart from the lack of compactness and the singularity
on the parameter «, another difficulty arises in verifying the boundedness of the Palais-Smale
sequences, even though the well-known Ambrosetti-Rabinowitz condition ( f7) is involved. Sim-
ilarly to Schrodinger-Newton systems in the three dimensional case, due to the convolution term
Go(] - ) % u?, it is not easy to show Palais-Smale sequences are bounded if u < 4 in (f7). In
the literature, Jeanjean’s monotonicity trick [27] is a powerful tool, which was frequently used
to obtain bounded Palais-Smale sequences. However, it seems not valid in this case. Because of
the singularity at o« = 0, it seems no hopeful to give a uniform upper bound of the mountain pass
value as o — 0. To bypass this obstacle, we adopt a perturbation argument introduced in [34]
(see also [36]) by inserting a nonlocal perturbation term
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1

i

A / wdx | u

2

in the left side of the modified equation (1.7) and a higher order perturbation term AMul"2u in
the right side of (1.7). These two additional perturbation terms can guarantee the boundedness of
Palais-Smale sequences. Then as A, @ — 0T, a limit argument yields one solution of the original
problem (1.5). We note that, in these cases, we need to restrict the energy functional in the radial
function space Hr1 (R?), which is useful in proving uniformly exponential decay of solutions on
the parameter «.

This paper is organized as follows. Firstly, some preliminaries are given in Section 2, and Sec-
tion 3 is devoted to the existence of mountain pass type solutions to the modified equation. Then
in Section 4, we use a variant of the moving plane method to prove the symmetry of positive so-
lutions to the modified equation. In Section 5—-8, we complete the proofs of Theorem 1.3, 1.4-1.6.

2. Preliminary results
Let us fix some notations. The letter C will be repeatedly used to denote various positive
constants, whose exact values are irrelevant. For every 1 <s < 400, we denote by | - ||; the
usual norm of the Lebesgue space L*(R?). The function space
H'(R?) :={u e L>*(R?) : |Vu| € L*(R?)}

is the usual Sobolev space endowed with the norm

(S

llull := /(|W|2+u2)dx
2

The formal variational functional associated with (1.5) is

I(M)—l (|Vu|2+u2)dx+l In(jx — yDu?(y)u(x)dxdy — | Fu)d 2.1)
=5 7 y y)u“(x)dxdy u)dx. .
R2 R4 R2

In what follows, we recall the Hardy-Littlewood-Sobolev inequality, see [30], which will be
frequently used throughout this paper.

Lemma 2.1. (Hardy-Littlewood-Sobolev inequality [30]) Let s,r > 1 and a € (0,d) with 1/s +
a/d+1/r=2, felL’ (Rd) andh e L (Rd). There exists a sharp constant C o, independent
of f, h, such that

1
/ [ma «f m}h(x)dx < Coaarl £l hl.

R4

e 2
Ifr_s—Zd_a,then

72



Z. Liu, V.D. Radulescu, C. Tang et al. Journal of Differential Equations 328 (2022) 65-104

d dyy—-1+%
Codar =Ca —na/zr(i_%){r(f)} !
s,a,o,r — 0 )

r'd-3%) | T'@)
and ifd =2,a € (0, 1], then Cp.o <2./7.

Lemma 2.2. (Moser-Trudinger inequality [1,13]) For any B € (0, 4r), there exists C = Cg >0
such that for every u € H'(R?) satisfying fRZ |Vu|?dx < 1, one has

/min{l,uz}eﬂl’”zdx §Cﬁ/|u|2dx.
R2 R2

Lemma 2.3. The following conclusions hold.

(1) Assume u € HI(R2), then for fixed A € (0, 1], we have

u(y)

2 lx —y*

dy — 0, as|x|— 4o0.

(2) There exists {u,} C Hr1 (R2) such that u, — uq in H,1 (R2), then as |x| = o0, one has

2
/ O 4y 0

lx — ¥l
lx—yl=I

uniformly for n.
Proof. (1) Consider |x| > 1. We note that

W2(y) Jull3 1 I
dy — 2 =/ (— - —>u2<y)dy.
/|x—y|A R ST

RZ

Define f(x,y) := 1 ﬁ,x, y e R%and x # y, x # 0. Observe that f(x,y) — 0 as |x| —

G
oo for every y € R2. Moreover,

—I<f@ 1 () =2" forx,y R with x| > 1.

Since u € H! (Rz), it follows from Lebesgue’s theorem that
/ £, ul(y)dy — 0 as |x| > oo.
ly—x|>3
Moreover, by u € H 1(R2) we have
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1 1
0<% / R0y = =l =0, as x| = oo,

1
x=yl=<3

and

1
0= [ 0y = il ) = 0wl
2

lx—yl<}
for some constant C, > 0. Based on the above estimates, we infer that
/f(x, y)uz(y)dy — 0 as|x|— oo.
]RZ

(2) Note that u, — ug in L°(R?), then using the Holder inequality we have

1
05 [ 0Ny = g,y = 0. as x> oo,
2

lx—yl<1
The proof is complete. O

3. The modified problem

Since the fact that I is not well defined on H'(R?), we introduce a perturbation technique
to overcome this difficulty by modifying Schrodinger-Newton systems. We state the following
modified problem

—Au+u—(Go(l- ) *xu?)u= fu), 3.1)
where « € (0, 1) is a parameter and G4 (x) = w, x eR? \ {0}. Its associated functional is
L2l 22dx —
I,(u) = > lul 1 (G (x) *u”)u~dx F(u)dx.
R2 R2
According to the definition of G, using the Hardy-Littlewood-Sobolev inequality, it is not hard

to show that for any given «, the perturbation functional I, is well-defined on H'(R?) and
belongs to C'(H!(R?), R),

I(;(u)v = /(VMVU + uv)dx — /(Ga(x) * uz)uvdx — / f(u)vdx
R2 R2 R2

for u, v e H'(R2). We call u is a weak solution of (3.1) if u € H'(R?) is a critical point of I.
Now we provide a Pohozaev type identity for equation (3.1). The strategy of the proof is
similar as in [9].
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Lemma 3.1. Suppose that u € H'(R?) is a weak solution to equation (3.1). Then we have the
following identity

2 1 s 44—«
Py(u):= [ u"dx + —|lull; — ———0w) —2 | F(u)dx =0,
o da
R2 R2

where Q(u) := [p2 |2 dedy.

lx—yl*

In order to study (3.1) as & — 0T, we need some preliminaries. The following lemma is to
describe the behavior of G,.

Lemma 3.2. [47, Lemma 2.1] For any B € (0, 00), there exists Cg > 0 such that

sTY—1

SCﬂs_ﬂ, s>0
o

holds for all o € (0, B).

Lemma 3.3. Suppose ( f1) -(f2) hold, then

(i) there exist p, 6o > O (independent of «) such that Ia|sp (u) > 8o for every u € S, ={u €
H'(R?) : [lul = p};

(ii) there is e € Cgo(Rz) with |le|| > p such that I, (e) < 0, where e does not depend on «.

Proof. (i) For every 8 € (0, 4), it follows from ( f1)-( f2) that, for any ¢ > 0, there exists C; g >
0 such that

1£(s)] < emin{1, [s}¢”* + Copls|?~"  for some p > 2. (3.2)

We assume u € H'(R?) and |u|?> < 1. Obviously, f]Rz |Vul> < 1. So by Moser-Trudinger’s
inequality, one has

/F(u)dx < C8,9/|u|pdx+8/min{1, || 2)ef4 dx

R? R2 R?

(3.3)
5CS,Q/|M|de+sc9f|u|2dx.
R2 R2

From (3.3), Lemma 3.2 and Hardy-Littlewood-Sobolev’s inequality we deduce that
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mwzéwW—%/fﬁlﬂjl%RWHM®M—/me
o
R2R2

RZ
1—2eCy 1 x —y|7%—1
> —— " ul* - —/ / (MU (x)dydx — Ceg [ |u|Pdx
2 4 o
lx—yl=1 R2 (3.4)
28C9 2(y)uz(x)
> —— 2 ul? ——/ / —> ————2dxdy — CeoC|lul”
[x—yl=<1
28C9
1726 e ||u||4 — CepCllull?.

So, by fixed ¢ € (0, ﬁ) and letting |lu|| = p > 0 small enough, it is easy to check that there
exists 8o > 0 such that I, (u) > §o for every u € S,,.
(i1) Take ¢q € C(C)>o (R2) such that eg(x) =1 for x € B% 0), ep(x)

=0 for x € R?\ B, (0) and
[Vep(x)| < C. Note that

§TY —

1
>In-, forse(0,1].
o s

It then follows from the definition of I, that

52 s [x—y|7*—1
Iy(seg) = 3||€o||2— Z//+€3(y)€3(X)dydx—fF(seo)M

R2R2 R2

2 4 —a
s b S lx—y™* =1, 2
< S lleoll® = / / (e ()dydx

1 1
Ix|<zlvl=z

2 4 3.5)
< e ||2—S—/ fln L 22 (0dydr
2 e — y] OPOTIEY

which implies that there exists 7y > 0 large enough such that I, (fgpeg) <0. O

Based on the mountain pass theorem without the Palais-Smale condition (see [46]), there
exists a (PS),, sequence {u,} C H'(R?), that is,

Iy(up) —> cq and 1, (uy) — 0. (3.6)

Here ¢, is the mountain pass level characterized by

cq = inf max Iy (y (1)) 3.7
yel'tel0,1]
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with

Fi={y eC'(10, 1, H'®*)): y(0) =0 and y(1)=e},
where e has been given in Lemma 3.3.

Remark 3.4. Observe from Lemma 3.3 that there exist two constants a, b > 0 independent of «
such that a < ¢, < b.

We state the following splitting lemma to the Palais-Smale sequences of 1.

Lemma 3.5. Assume that {u,} is a bounded (PS)., sequence of I for fixed a € (0, 1), then there
exist B € R, a number k € N U {0}, and a finite sequence

(uo, wl, e wk) C Hl(Rz), w! #0, forj=1,..k
of critical points for the following functional

J =Ly 2 2y - L L) ud F(u)d
B.a(u) = 5””” + 5 ltn|dx — E W *u” Ju“dx — (u)dx (3.8)
R? R2 R?

and k sequences of points {y,{} cR% 1< Jj <k, such that if k > 1,

@) Iyi| = +00, lyi — yil = +00 if i # j.n — +00,
. LI ; 2 k _
11 Up —ug — W = Yu)ll >V, Coq — 757 = IB,a (U0 B,a (W
(i) || Y wi =yl =0 co+ & =Tpao) + Y Jpa(w’)

j=1 j=1
(i) B = [luoly + >_ llw/|l5.

Jj=1

Otherwise, if k =0, then u, — ug in H'(R?).

Proof. Since {u,} is a bounded sequence in H'!(R?), up to subsequence, there exist ug € H'(R?)
and B € R such that u, — ug weakly in H'(R?) and [g, [u,|*dx — B as n — co. By (f1)-(f2)
and Moser-Trudinger’s inequality, we deduce that for n — 400,

/f(un)codx—> /f(uo)wdx, ¢ € C°(R?). (3.9)
R2 R?

Then it follows from I/, (u,) — 0 in H~! that Jl’;,a (1) = 0. Observe that

B2
Iy (uy) = JB,ot(un) — — +o(1),
4o
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and so Jp o (Un) = co + % and Jé o(Un) = 0in H~! as n — co. Moreover, v,ll —~0in H'(R?)
if we define v,i ‘= u, — uo. By the Brezis-Lieb lemma [1 1], it follows that

e 1* = o1 + lluo | + o(1),

/(-| 1|—a *ui)uﬁdxzf(-| 1|; *u%)uédx—k/ (ﬁ L DY) o). B0
X X P
R2 R? A

Moreover, similarly to Lemma 5.2 in [35], we have for any ¢ € C(‘)>o (]Rz)
/ F(uy)dx = / F(ulydx + / F(uo)dx + o(1),
R? R2 R2

/f(un)undx=/f(v,1)v,1dX+/f(uo)uodero(l)v 3.11)
R2 R?2 RrR2

/ fup)pdx = / fuh)pdx + / fo)pdx +o(1).

R2 R2 R2

Using (3.11) and (3.10), we immediately obtain

JB.a(y) = Jg.alttn) — Jp.o (o) + o(1),
T vy = T o )ity — Jp o (o)uo + 0(1) = o(1) (3.12)
Th oo = T4 o ()@ — Jj o (o) + o(1) = o(1).

Consider sequence {v!}. One of the following conclusions holds.

(v1) v} — 0in H'(R?) as n — oo, or
(v2) there exist ¥/, m > 0 and {y!} C R? such that for g € (2, +00),

n—oo

liminf / lv}9dx > m > 0. (3.13)

Bs(yh)

Indeed, if (v2) is false, then for any > 0, we have

lim sup /Iv,ﬂqu:(). (3.14)

Recalling the well-known Lions’ lemma, (3.14) implies that v,ll — 0in L(R?) for g € (2, +00).

And so, using the Hardy-Littlewood-Sobolev inequality, we have [ (2 * (v])?)(v])%dx =

x|«
o(1). Thanks to Moser-Trudinger’s inequality and ( f1) and ( f>2), we have fR2 f(v,ll)v,idx =o(l).
From the above estimates and J l’g,a(v,l)v,l =o0(1) in (3.12), we deduce that
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vl =0 in H'(R?),
and (v1) holds for {v,ll}, Lemma 3.5 holds with k£ = 0. Let us now suppose that (v2) holds, that

is, (3.13) is true. Then there exists w! € H!(R?) such that v,%(- + y,ll) — w!in H'(R?). Using
conclusion (v2), we have

/ v, (x + y,)|7dx = m
B,/ (0)
for n large. From the Rellich theorem it follows that
! (0)17dx = m,
B,/ (0)

and thus, w! # 0. Recalling that v,i — 0in H'(R?), we find that { y,ll} must be unbounded. That
is, |y}| = +o0. Let us now show that Jg’a(wl) = 0. Indeed, it suffices to show that Jg’a(v,i(- +

y,l))(p — 0 for fixed ¢ € C(?O(Rz). Since v,lz =u, —ug— 0in H'(R?) as n — oo, it follows that
Jé,a (v} — 0in H~!, and then Jl’gya(v,ll)fp(- —y}) — 0. Thus, it follows that as n — oo,

T oW+ )0

B
= / Vo (¢ + y) Ve + v, (x4 3,)pdx + — f v, (x + yp)edx (3.15)
R2 R2

_! L*(le M vrex+yhedx — | Fhx+yH))ede — 0
. e Vn n V)@ n Yn )@ :
R2 R2

So, Jj o (w!) =0. Set
v2(x) = vl ) —w'(x =y, (3.16)

then using the fact that v,zl(' + y,%) — 0, we have v,2, — 0in H'(R?). Using again the Brezis-Lieb
lemma we obtain

lanl1? = 1w 12 + luoll* + 102 1% + o(1),

1 1 1
/( m *uﬁ)uﬁdx =f(—a *u(z))u%dx +f(_“ * (wl)Z)(wl)de
x| x| x|
R2 R2 R2 (3.17)

+/( L 22 dx + D).

x|
R2

Similarly to (3.11), one has for any ¢ € C§° (R?)
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/F(un)de/F(wl)dx+/F(uo)dx+/F(v},)dx+o(1),
R2 R2 R2 R2

/f(un)undx:/f(wl)wldx+/f(uo)uodx+/f(v,%)vﬁdx+o(1) (3.18)
R2 R2 R2 R2

f Flunpdx = f Fwhpdx + / Fo)pdx + / Fuo)odx +o(1).
R2 R2 R2 R2

By virtue of the above estimates, we deduce that

(1) Jpo(WD) = Jpaltn) — Jpa(to) — Jp.o(w") +o(1),
Q) T onvr=Jh o un)un — Jp o (oo — Jp o (wHw! +o(1) = o(1) (3.19)
B Tp D@ =Tg o un)p — T ool — Jg o (wHe +o(1) = o(1).

Let us now study {vﬁ}. Since {v,zl} is bounded in H'(R?), one of (v1) and (v2) holds for {v%}.

The same arguments used before imply that Lemma 3.5 holds with k = 1 if v2 — 0 in H!'(R?).
Otherwise, (v2) holds for {v,%}. We repeat the arguments above. Iterating this procedure, there

exists y; € R2 such that |y} | — +o0, |y — yi| — +ooifi # j asn — +oo and v = vi -
w1 (x — yi 1) (like (3.16)), vi (- + y) = w’ # 0 with j > 2 such that

vi =0 inH'RY, Jp,w)=0.

Moreover, by the properties of the weak convergence, we get

J J
@ Nunll® = lluoll* + Y w7+ lluy —uo = Y w' (- = yp)I* +o(1),
i=1 i=1
B? i

() cat 5= Jnalo) + ; Tp.a (W) + Jp.a(vl) +o(1), (3.20)

J J
(© B=lluoll3+ > _ w5+ llun —uo— Y w'(-— y)I3 +o(1).

i=1 i=l1

Due to J é’ a(wi yw' = 0, (3.2), Hardy-Littlewood-Sobolev’s inequality, Moser-Trudinger’s in-
equality and Lemma 3.2, one finds that for any ¢ > 0, there exists C; > 0 such that

iia x—yI™ =1 o i 2 -

lw'||* < — W @PW (Fdxdy + [ fwHw'ds
[x—yl=<1 R2

lw! (x) 2w’ (y)[? PP i

< ——————dxdy + Cellw' |5 + ellw' |13

lx — ¥l
R2R?2

< Cllw'|I* +eCllw'[I> + Ce|w'I”,  pe @2+ o0).
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Taking ¢ = % in the above estimate, we conclude that there exists C > 0 such that ||w[|> > C.

Recall that {u,} is bounded in H'(R?), from (3.20)(a) we deduce that the iteration must stop at

some finite index k. And so vﬁ‘“ — 0in H'(R?) as n — o0o. The proof is complete. O

Lemma 3.6. Assume that conditions ( f1)-( f>) hold. Let {u,} C H'(R?) be a (PS)., sequence of
I, for fixed a € (0, 1), then there exists ug € H'(R?) \ {0} such that I}, (up) =0.

Proof. By assumption ( f), one has

. . 1 I
Ca anggo Io(uyn) — Zla(un)un = Z”un” _/ Zf(un)un — F(uy,) | dx,

RZ

which implies that {u,} is bounded in H'(R?). So there is ug € H'(R?) such that u, — ug
weakly in H I(R?). There also exists B > 0 such that

lunll3 — B, asn— oo, (3.21)

from which we deduce that Jé’a () — 0in H~! and Jé’a (o) =0. In view of Lemma 3.5, for
each nontrivial critical point u € {uo, w/ (j=1,...,k)} of Jp 4, the following relation holds

2 1 4 1 1 2,2
Il + Jlullz = 2 f (g xu?hdx = [ fudx <0, 3.22)
R2 R2

which means I, (u)u < 0. By assumptions (f1)-(f2), we conclude that g(¢) := I/, (u;)u; > 0 for
small # > 0. Here, u; = tu(x). Thus, there exists 7y € (0, 1] such that I, (i) = rrfgvi] I (uy).
tel0,

Using again ( f») one has for t > 1

|x|« 3u

1 1 1 1 1 f(tu)
g (1) =;4(t_2||vu||§ + t—2||u||§ + ;||u||‘2‘ - /( « u?)uldx _/ . u4dx> <0,
R2 R2

(3.23)
which implies that there exists #; > 1 such that I, (u;,) < 0 and Iy (1)) = 11[151)(] Iy (uy). It is easy
tel0,1n

to see that y (f) := us;, € I', which has been defined in (3.7). As aresult, ¢y < I, (1z,) and a direct
calculation yields
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1
JBo(u) =Jpg o) — JBa(u)u

1
21”“”5 + Euun% + / 7/ = Fdx
2

2
fnunﬁ—nunz / f(tow)tou — F(tou)dx (3:24)
RZ

1 B .,
=Ia(uto) 4 a(uto)ut() O[ ||M||2

= ™ lluell5
Co + u 2,
‘o

where we have used the fact that % f(s)s — F(s) is nondecreasing at s > 0. Then from Lemma 3.5
we conclude that

B2 k .
Cq + E = JB,a(MO) + Z JB,ot(wJ)
j=1
> ke + — / luo|*dx + — Z/ w|*dx (3.25)
J= IRZ

Bz
>k —_—,
=z Kea + 4o

where w/ #0for j =1, ..., k. Observe that k > 1 is impossible.

o If k =0, we are done. Then it follows that Jp o (1t0) = Iy (o) + f—: and u, — ug strongly
in H'(R?).
o If k =1 and ug # 0, then we have

JB.a(u0) = - [ /|u0|2dX+||VM0”2:|

and then the first inequality in (3.25) strictly holds. This yields a contradiction.

e If k =1 and ug = 0, then by conclusion (iii) of Lemma 3.5, we get B = || w! ||% and 7, (wh) =
0in H'(R?). The proof is complete. [

Remark 3.7. We emphasize that it is not difficult to get a positive mountain pass type solution
for equation (3.1). Indeed, we can modify properly equation (3.1) to be the following equation

1 | R
—Au ket e = 17 @t = f ), (3.26)
whose energy functional is
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2 2
Ij(u):1/(|W|2+u2)dx+i/|u|4dx—L/ W)™ (x)dxdy—/F(u)dx.
2 4o 4o lx — y|*
2 RZ R4 ]RZ

It is easy to check that I is of C! class and

1 +2(y)d
I;(u)vzf(Vqu+uv)dx+—||u||%/uvd @Oy g /f(u)vdx
a o lx — y|*
R2 R2 R4

where ut = max{u, 0}, u~ = min{u, 0} and v € H!(R?), then all the above calculations can be
repeated word by word. So I} has a nontrivial mountain pass type critical point u € H 1(R?) for
fixed € (0, 1). Using u~ as a test function to equation (3.26), we have immediately # > 0 and
then the maximum principle yields u > 0.

4. Symmetry of positive solutions
In this section, we are concerned with the symmetry of positive mountain pass solutions of

the modified equation. More precisely, we will use a variant of the moving plane method (see
[15,16,25,37]) to prove a symmetry result for the following modified equation.

—Au+u=(Ga(|-)*xudu+ f), x € R%. 4.1
Observe that f : R — R is locally Lipschitz continuous with f(0) = 0 due to the fact that f €

CU(R, R). Assume uq is a positive solution of (4.1) such that I, (uy) = ¢y for fixed « € (0, 1).
Using the well-known Nash-Moser’s iteration arguments, one can prove uy, € L>°(R?) and

U (x) < Cge Pl x e R?, 4.2)
where Cy, ¢y > 0 depend on the parameter .
Lemma 4.1. There exist positive numbers w, ag € (0, 1) such that

luall3 = for ae(0,a), 4.3)
where w is independent of «.
Proof. Assume by contradiction that there exists {e,} with o, — 07 such that ||ug, ||% — 0.
By assumption (f2) and ¢4, € (a,b) in Remark 3.4, we have immediately |jug, || < C for some

C independent of «. As a consequence, recalling (3.3) together with the Sobolev interpolation
inequality yields

/F(uan)dx 5cg,9/ |uan|pdx+s/min{1, |uan|2}e(9|“°‘"|2dx

R2 R2 R2
Sce,ef Iua,llpdx+sC9/|uan|2dx 4.4
R2 R2
= 0(1)’ (p > 2)7
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where 0 is choosen small enough. We can also similarly obtain

/ fug, g, dx =o(1). 4.5)
2

Moreover, using the Hardy-Littlewood-Sobolev inequality and the Sobolev interpolation inequal-
ity, we have

Q(ua,,)—// (y) dxdy
Ix—yl"‘

R2R2
2
/ f ul()an()’)dxd +/ / ”|() |a(y) dxdy
X — r=
lx—y|<1 [x—y|>1 ' (40
/ / ”0‘"|(x)u°‘"(y)dxdy+/ / ug (Vug, (y)dxdy
Y —
lx—y|<1 he—yl=1

< Clluta, 1§ 3 + lltta, I3 = 0(1).

Recalling the Pohozaev type identity in Lemma 3.1, by (4.4) and (4.6), we have

/(Ga” (x) xug Jug dx = o(1), 4.7

R2
which, together with (4.5) and Io’{n (uq, )ua, =0, implies that ||ug, || — 0 as oy — 0F. Hence, it
follows from the definition of Iy, , (4.4) and (4.7) that ¢,, — 0 as o, — 0. This is a contradic-
tion. O

Our aim in this section is to prove the following result.

Theorem 4.2. Assume uy € H'(R2) is a positive classical solution of (4.1), then there exists
a1 € (0, 1] such that for o € (0, 1), uy is radially symmetric up to translation and strictly

decreasing in the distance from the symmetry center.

Now we use a variant of the moving plane method (see [15,16,25,37]) to prove this theorem.
For simplicity, we write u, as u. For § € R, we set

={xeR*:x;>p), dHg={xecR>:x;=p)
Moreover, for any x € R?, denote by x# the reflection of x with respect to 0Hg. Set
u’g(x) = u(xﬂ), w’g(x) = w(xﬂ) for x € Rz, BER,

where w(x) = é(# x u?). Set ug = uf —u and wg = wP — w, then the following equation
holds
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1
_Auﬁ—i‘btﬂ:lUﬁu'B-{-(w—a”u”%-l-hlg)uﬁ, x € Hg, (4.8)

where

ug(x) ’

hy = LD F @) () 20,
fux)), ug(x)=0.

Recalling that f € CH(R, R), there exists C = C(u) > 0 such that lAgllLoo(hyy < C for any
B € R. From the definition of w, we deduce that

1 1
wﬁ=/< —W_yﬂ|a><uﬂ(y>+u<y)>u,s<y>dy

alx — y|*
Hp

li—y’|
[x—yl
B € R. In what follows, we define the negative part of v by v~ := min{v, 0}. Notice that w™ is

a non-positive function with the convention. The following lemma contains a key estimate we
need in the sequel.

for Hg. Since > 1 for any x,y € Hg, we have wg > 0 in Hg if ug > 0 in Hg for every

Lemma 4.3. There exists a constant ko > 0 such that

||wg||Lz(Hﬁ) = /caco,,ﬂHu};lle(Hﬁ)

for every B € R, where
N ) l—«
ca,,g;:(/(yl—ﬂ)mum(y)dy) , Mpg:={x e Hg:ug(x)<0}.
Mg

Proof. Observe that for x, y € Hg,

1 1 =yl —x—y®

x—yl@  x—yPlr  |x—yl®|x —yPl®

(== —y)”

- x — |2
_ly =y 2%0n - By
T =y -y

When ug < 0, we have 0 < ub (¥) < u(y). By the integral representation of wg, we conclude that
for x € Hg

o« _ A\«
—wj (x) < — / %(u%)w(mu;mdy
Mg
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%u(y)ug(y)dy

Mpg

S _2(1-‘1—1

It follows from Hardy-Littlewood-Sobolev’s inequality and (4.2) that

2 32«
32a 2
107 12204 = K ( f ((yl - ﬂ)“u(y)u,g(w) dy) lwp 221y

Mg
o 1 1o %
Sfca(f(m —ﬂ)mum(y)dy) (/Iuglzdy> lwg Il 22 (m)
Mg

Hyg
=< caplallwg 1 2(mp) lug | L2(1y)-
The conclusion follows immediately and the proof is complete. O

Lemma 4.4. There exist az, B1 > 0 such that ug > 0 in Hg for g € [p1, +00) and a € (0, ory).

Proof. By Lemma 2.3 and 4.1, we may choose 8, > 0 large enough and «; > 0 small enough
such that

1
w——||u||%+h,3 <0, forf=>pr, 0<a<aj.
o

Here, we used the fact that hg € L (R?). Multiplying the modified equation (4.8) by Ug and
then integrating, from Lemma 4.3 we have

1
-2 —n2 o B, — L 2 _
g 172 ) = Nlg IIHl(Hﬂ)—/(wﬁu ug + (w Ol||u|I2+hﬁ)u,3u,3)dx
Hg

< [ wpuuzs < Vg iz I Vol Dz
Hg

< caprallu’ | oo ) 1t 1724,
Observe that ¢y g — 0 as B — oo for fixed a. Then there exists B; > B> such that

Ca’ﬂKa”Mﬁ”Loc(RZ) < 1 for 8 > B, and so u; =0 on Hg for B > By and a € (0, o). The
proof is complete. O

We have the following auxiliary property, whose proof is based on standard arguments, see
[14].

Lemma 4.5. Either ug =0=wg orug >0, wg >0 on Hg and ;’7“1 <0, :?Twl < 0 on dHg.

Lemma 4.6. Let f € R. If ug > 0 in Hpg, then there exists € > 0 such that u; > 0 in H, for
re(B—e p).
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4.1. Proof of Theorem 4.2 completed
Recalling Lemma 4.4, we set
Bl :=inf{f €R:up >0in Hg},

and B! < oo. It follows from (4.2) that B! > —oo. According to Lemmas 4.5 and 4.6, we get
ugl = 0 and w gl = 0. We use the same arguments to the second coordinate direction x,, we
can find 2 € R such that ugr =0 and wg2 = 0. Consider g = (B, B%), then it (x) ;== u(x — p)
and w(x) := w(x — B) is a solution of equation (4.8). By the invariance of translation, we can
assume that i (x) = ii(—x) and W(x) := w(—x) for x € R2. So it is not hard to check that each
symmetry hyperplane of it (x) and w(x) contains the origin. Thus, repeating the above arguments
in an arbitrary direction to replace the xj-coordinate direction, we get that #(x) and w(x) are
symmetric at any hyperplane containing the origin, and so radially symmetric. Moreover, u(x)
and w(x) are also strictly decreasing in the distance from the symmetry center. The proof is
complete.

5. Proof of Theorem 1.3
By Lemma 3.6, there is a mountain pass type critical point uy > 0 of I, with I, (uy) = . In
view of Remark 3.4, by ( f2) we have that sequence {1y }oe(0,a0] 1S uniformly bounded in H I(R?)

for «. Up to a subsequence, we assume

ug —ug in HY(R?),
Uy —> Ug a.e. 1In ]Rz, 6.1

ug — uo in LP(R?), p>2

as o — 0. It follows from Theorem 4.2 that u,, is radially symmetric and strictly decreasing in
r = |x|. Thus we can obtain the following lemma.

Lemma 5.1. For fixed a € (0, 1), there exists C > 0 independent of a such that |luy|lco < C.

Proof. Since u, is positive, by equation (3.1) and Lemma 3.2 we obtain

g+ ttg < / %ui(y)dyua(xwf(ua)
[x—yl=<1
2( ) 5.2)
<c / ) o0 + ).
R lx =yl

In the spirit of [38], for any R > 0, r € (0, g], set n € C®(R?), 0 < n <1 with n(x) =0 if
[x] <R—rand n(x)=1if |[x| > Rand |Vp| < % For K > 0, let

ug(x), ug(x) <K,

uxalr) = { K, ug)>K,
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and

2 2(y— y—1
VKo =1N"Ug', ua and WK,q = NUallg -

Here y > 2 will be determined later. Multiplying vk o in two sides of (5.2) and then integrating
over the whole space, we obtain

/IVu |2n2u2(” 1)dx+/ uZn M2<y Ddx

RZ

<c / / . (y) w2 o Vaxdy + / Fauan®uyy Vdx (5.3)

R2 [x—y|<1

-2y — l)fuau?f;SnzVuaVuK,adx —2/nu§<(); l)uaVuaVndx.
R2 R2

Using Lemma 2.3(2), taking R > 0 (independent of «) large enough, we know that
2(y) y G2 2y-1)
cf [ i e g [l Ve 54)
R2 [x—y|<1 R

It follows from ( f1)-( f>) that, for any ¢ > 0, there exists C, > 0 such that

| f (ta)] < eltg + CoCoug (¢!e” — 1), (5.5)

where 6 is chosen small enough. Thus, using Young’s inequality and combining (5.3) with (5.4),
we get

flvm nuyh, “dx+/ 20Dy
]R2
(5.6)
SCfu Ianzu (V 1)dx-q-cf(e(ﬂu\ 1)u2 i(?;_l)dx-
RZ

Observe that

-1 -1 -2
Vwg o = Vnuau);(’a + nvuaul;(,a + (- 1)7’/”01'4)]/(’0( Vug o,
then by (5.3)-(5.6), we have
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/|VwK,a|2dx§/(|Vn|uau};<’_al+y77|Vua|u31’<’_al)2dx
R2 R2

2(y—1 2(y—1
scﬁ(/ﬁ@vm%;g>¢v+fnmu%%éz’M> 5.7)
R2 R2

— 2 —
< Cyz(/‘ui|Vn|2u?{(L Dix +/(80|“°‘| - l)uinzu%’y& 1)dx).
R2 R2
Letus fix r > 2 and 6 > 0 small, then by Lemma 2.2, there exists C > 0 (independent of ) such
that
el 1 . <, (5.8)

which, together with Holder’s inequality, implies that

- 2
/|Vw,<,,,|2dx < Cy2</u§|vn|2u§(‘?a Dy + (/w%qadx) /’>. (5.9)
R2 R2

RZ

For some fixed s > ¢, by Gagliardo-Nirenberg’s inequality and combining with Holder’s inequal-
ity, we have

lwk alls

=C(IVwkall2 + lwk.all)

1

2/1 bl
< Cy( / uéu%’y‘;”dx + |: / u;u(lé/’al)tdx} >
R=|x|=R-r |x|>R—r

=2

. 2/t =2 | 2/t\ %
SC}/<|: / u&u%; )ldxi| [ / 1dxi| +|: / ufxu%; )tdxi| )

Rz|x|=zR—r Rz|x|zR—r [x|=R—r

) 1t
<Cy / ufxug’; ”dx) .
|x|>R—r

(5.10)
Based on the above inequality, we check that

1/s /s /s
([uraa) <( [ v =( [ via)

|x[=R [x|=R—r [x|=R—r

1/t
5Cy< / ugtdx) .

[x|=R—r

(5.11)

Letting K — +o00 and applying Fatou’s Lemma, we get
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L L
. Vs 1 1 t yt
ulldx | <Cryv ulldx ) . (5.12)
[x|>R |x|>R—r

Take k =5/t > 1, y =«", so that

it ﬁ 1 n " ”‘Ln
u, dx <Cigk u, dx . (5.13)

Finally, we obtain

1 n L 1
n “(n+1 Z Ll Z L, r
( / u' de) < Ci=0*" yi=0* < / ufxdx) , (5.14)

[x|=R [x|=R—r

from which recalling that u, is bounded in H'(R?) uniformly for o, we deduce

luallLeoqxi=r) < Cilluallz(x=r/2) < Ca2, (5.15)

which Ci, C > 0 are independent of «. Moreover, by taking n € C{° (R2, [0, 1]) satisfying
n(x)=1if |x| < R and n(x) =0 if |x| > 2R and |Vp| < %, we can use a similar argument
to deduce that there is C > 0 independent of « such that

Indeed, in this case, (5.6) can be rewritten as
2(y—1 2(y—1

/|Vua|2'72141<(?; )dx—l—/uﬁnzulgx ) dx
R2 R?

2

ug (y)dy 2(y—1 2y -1
SC//hui(x)nzuK(L ddx +C ui|Vr)|2uK(zx )dx (5.17)

R2R2 R2

+ C/(eelu‘2 - l)ugnzu%z;“dx.
RZ

Moreover, by Hardy-Littlewood-Sobolev’s inequality, we can easy to get that there exists C > 0
(independent of «) such that

2 72
/ < ua(Y)dy> zdx <cC. (5.18)
|x =yl

|x|<2R R2

It follows from (5.8), (5.17) and (5.18) that (5.9) holds also true for this case. Arguing as above,
we obtain (5.16). Together with (5.15) and (5.16), we have |luy|lcoc < C uniformly for . The
proof is complete. O
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Lemma 5.2. There exist ¢, C > 0 such that

Uug(x) < Cexp(—clx|) forx e R?
for o € (0,1). Here, C, c are independent of o and oy has been given in Theorem 4.2.

Proof. We have known that u,, is radially symmetric and strictly decreasing in r = |x| for any

fixed « € (0, @1). Now recalling Radial Lemma A.IV in [9], there exists C > 0 independent of «
such that

lug ()| < Clx| Mgl < ClxI™!, x#0

which implies that

lim |ug(x)|=0 uniformly for @ € (0, ap).
|x]—00

By the uniform boundedness of u in L% (R?) (see Lemma 5.1), and a comparison principle (see
[39]), there exist C, ¢ > 0 (independent of «) such that

ug(x) < Cexp(—c|x|) forxe R2.

The proof is complete. O

The proof of Theorem 1.3. Now we are ready to use the Lebesgue dominated convergence the-
orem to prove that I, is weakly sequence continuous in H I(R?). For any ¢ € cse (R?), we have

[x —y|7% =1
Ié(ua)<p=/VuaV<pdx+/ua<pdx—//yTui(y)dyua(X)w(X)dx
R2 R2 R2 R2

(5.19)
_/f(ua)‘pdx-
]RZ
If |[x — y| <1, then it follows from Lemma 3.2 that

N T

u2 (¥t (x)p(x)

(5.20)
<

U2 (3)ue ()P()| = ga(x, ¥).

lx =yl
Using the Hardy-Littlewood-Sobolev inequality, (5.1) and the fact that ¢ has a compact support,
we deduce that sequence {gq(x, ¥)}ae©,1) C L'(R% x R?) has a strongly convergent subse-

quence in L' (R? x R?). Thus, by (5.20) and the Lebesgue dominated convergence theorem,
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Ix —yl7* =1

2 (y)dyue () (x)dx — — In(|x — y)u (y)dyuo(x)p(x)dx.
lx—y|<1 lx—yl=1
(5.21)
When |x — y| > 1, there exists T = 7(|x — y]|) € (0, 1) such that
— vy —1
02 Gtr—yy= X=Xl ey, (5.22)
o

where T depends upon |x — y|. Since ¢ has a compact support, it follows from Lemma 5.2 that,

oyt —1
P o ke

Ix — yI7™ In|x — yluZ (y)ug ()¢ (x) (5.23)

< [(Ix] + [yDul (Mua(x)p(x)|,  for any x € spt(p).

Using Lemma 5.2, combining (5.22) with (5.23), similarly to (5.21), by the Lebesgue dominated
convergence theorem, one has

[x —y|7% -1 2
———ug (M dyua ()@ (x)dx
—yl=1
ol (5.24)
— - / / In|x — ylug(»)dyuo(x)¢(x)dx.
lx—y|=1
Moreover, by Fatou’s lemma, we have
2 2
‘ / /log lx — y|u0(y)dyu0(x)dx
R2R?
. 2 2
= lloll'll)lgf </ / Gy (x — y)ug (y)dyugy (x)dx (5.25)
lx—yl=l
[ [ Gaw- y)uf,(y)dyui(x)dx)
lx—y|=1
Similarly to (5.20), we can use Hardy-Littlewood-Sobolev’s inequality to get
/ / Goy(x — y)ué(y)dyui (x)dx < 400 (5.26)

lx—yl=1
uniformly for «. So by Remark 3.4, we further deduce that
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Go(x — y)ul (y)dyuZ (x)dx

[x—yl=1
1 2
<t + [ [ G- oot [ Fooui - e 027
lx—yl=<1 R2
< +00.
Together (5.25), (5.26) with (5.27), we have
‘ / /ln [x — y|u%(y)dyu%(x)dx < +o00. (5.28)

R2R2

Based on (5.21), (5.24) and (5.28), by taking the limit in (5.19), we have I’ (ug) = 0 with I (ug) <
+00, that is, ug € H'(R?) solves equation (1.5).

We now claim ug # 0. Assume on the contrary that uq, — 01in H'(R?), and so uq — 0in L*(R?)
for s € (2, +00). So by (3.9), Lemma 3.2 and Hardy-Littlewood-Sobolev’s inequality, we have

I (et = gl — / / G (x — Y2 () (x)dedly — / F(x tetgdx
R2R? R2

> uall? = / / G (x — Y2 () (¥)dxdy + 0g(1)

[x—y|=<1

2 [ 2
> fluall e |Ma(y)ua(x)dxdy +0q(1)
R2R? Y

> Nlugll® — C||ua||‘§ + 0g (1),

which means ug — 0 in H'(R?). Then by Remark 3.4, we have
a < Iy(ugy)

1 2 1 2 2
= S luall” = Z//Ga(x—y)ua(y)ua(X)dxdy—/F(x,ua)dx

R2R2? R2
1
= f / Go(x — y)u2 (y)u? (x)dxdy 4 0g (1)
R2R2
:001(1)’

which yields a contradiction. Furthermore, similarly to (5.21), (5.24), by Lemma 5.2 and the
Lebesgue dominated convergence theorem, we have

=y~ 1
/ / g (g ()dydx > — / / In|x — ylud(y)ug(x)dxdy, (5.29)
R2R2 R2ZR?
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which implies that uy — ug in HY(R?) as @ — 0. Thus, ug is a positive solution of (1.5). O
6. Proof of Theorem 1.4

In this section, we are ready to restrict the energy functional to the radial space Hr1 (R?) in
studying the existence of nontrivial solutions to equation (1.5) with nonlinearity f satisfying
(f3)-(fs). It follows from ( f3) and (f4) that for any ¢ > 0, there exists C; > 0 such that

|f(] <elt|+Celt|”™, teR, pe(3,+o0). (6.1)

Here, we also study the modified equation (3.1) by using perturbation fashion, since the fact
that I is not well defined on H!(R?). Since we do not impose the well-known 4-Ambrosetti-
Rabinowitz condition, the boundedness of the Palais-Smale sequence becomes complicated. In
order to overcome this difficulty, we add another perturbation technique developed in [34,36] to
equation (3.1). We now give more details to describe such a technique. Set

A€ (0, 1], r € (max{p, 4}, +00)

and Go (x) = B=1 o € (0, 1), x € R2\ {0}. Consider the following modified problem

o

I

—Au—+u— (Go(x) xu>)u+ r /u2dx u=fu)+rul"2u,uec H'R?»,  (6.2)

2

whose associated functional is given by

1 1 2h 3 A
Io () = 5||u||2 -7 /(Gam se u?)uldx + ?uun; - f Fudx = —ull.
R2 R?2

According to the definition of G, using the Hardy-Littlewood-Sobolev inequality, it is not hard
for fixed @ > 0 to show that the perturbation functional /, ; is well-defined on H I(R?) and
Iy € C'(H!(R?),R) and

1
15 (v = I, (w)v + A|ul; fuvdx — A/ | 2uvdx
R2 R2

for u,v e Hr1 (R2). For any critical point u € Hr1 (R?) of Iy 5., the following Pohozaev identity
holds

1 4—a 5 s
Pos () = [lull3 + ;IIMIIZ1 - TQ(M) + Aull; — 2/(F(M) + ;Iulr)dx =0. (6.3)
R?

The conditions (f3)-(f5) imply that the perturbed functional I, satisfies the mountain pass
geometry. More precisely,
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Lemma 6.1. Suppose ( f3)-(f5) hold, then
(i) there exist p, 8o > 0 such that Iy ;|s, () > 8o for every u € S, = {u € H'(R?) : |lul| = p};
(i) there is e € H'(R?) with |le|| > p such that I, ; (e) < 0.

Proof. The proof of conclusion (i) is similar to that of Lemma 3.3, so we omit it. It remains to
prove conclusion (ii). Arguing as that of Lemma 3.3, we take ¢ € H,1 RHN Cgo (R?) such that
eo(x)=1forx e B% (0), eg(x) =0 for x € R2\ B}T (0) and |Vep(x)| < C. Then we have

2 4 _ —o 5/2 5
s s [x — y| 1 2s 501
Ia,x(seo)S?Heon—Z / / Teé(y)e%(x)dydw leoll; = 5 | Fseo)dx
R2R2 R?2
3||eo|| -= / / e0<y)eo(x)dydx+ = lleoll; (6.4)
IX\S Iyl<i
2 4 2 5/2 5
s S In2 2 2s 3
< S leoll® = —; (/eo(x>dx) + =~ lleol;
RZ

which implies that there exists so > 0 large enough such that 7, ) (soep) <0. O

Recall the well-known mountain pass theorem (see [46]), then there exists a (PS).,, ; sequence
{un} C H!(R?), that is,

Iy () = con and I )L(un) — 0, (6.5)

where ¢, is the mountain pass level characterized by
Cq.x = inf max [ t 6.6
wn = Inf max o (y (1) (6.6)
with

M:={yeCi((0,1], H'(R?)): y(0)=0 and yp(l)=e},

where e has been given in Lemma 6.1. It is easy to see from Lemma 6.1 that there exist a, b > 0
independent of «, A such that a < ¢y ) < b. We state the following lemma to ensure that func-
tional I, ; has at least a critical point u € H,1 (R?) at the mountain pass level Cah-

Lemma 6.2. For fixed A € (0, 1], let {u,} C Hr1 (R2) be a (PS)c,, sequence of Iy . Then there
existsu € H, Y(R2) such that I’ A(u) 0and Iy 5 (u) = cq -

Proof. We first show that the sequence {u,} is bounded in Hr1 (R?). Obviously, there exist
Cq, C2 > 0 such that
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1
Ci+ Colluyll = Ia,k(un) - ZI&,A(Mn)un
1 2 3A % 1 r—4 ,
= Z”un” + %”unng + (Zf(un)un — F(uy))dx + T?» lun| dx.
R2 R2

By (6.1) it follows that

1 3 5 r—4
C1+ Caollunll = g”’/in”2 + %Ilunllf -C3 / |un | dx + TA/ un|"dx. (6.7)
R2 R?

Observe that for any large By > 0, there exists By > 0 such that

5
2 2
Ellunllz2 > Billunll; — B2,

which implies by (6.7) that

1 2 2 _ p 4 r
Crt 2By + Caliall 2 glenl? + [ (ABilual = Calual? + == ual Jdx. (5,

RZ

We remark that )\Blt2 CstP + L M’ > 0 for t > 0, since Bj can be chosen arbitrary large.
Thus, it follows from (6.8) that ||u,Z || < C for some C independently of x. It remains to prove the
strong convergence of sequence {u,}. Up to a subsequence, we assume that there is u € H,1 (R?)
such that

u, —~u weaklyin Hr1 (]Rz),

up, - u inLP(R?), 3 < p <400, (6.9)

IIM,,II% — B forsome B > 0.

Observe that

BZ ABY*

JB,a,A(“n)_)Ca,A+ E"‘ 10

and Jp . (uy) = 0in H7! with J, | (ug) =0, where

JB o, (1) 1——||u|| + (—

/F(u)dx— /|u| dx.

RZ

2dx — —/ e *uz)uzdx

(6.10)

In view of (f3) and ( f4), one has
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/F(un) g / F(uo), /f(un)un g f S wo)uo. 6.11)
R? R2 R2 R2

Moreover, Hardy-Littlewood-Sobolev’s inequality together with (6.9) implies that

O(un) — O(uo). 6.12)

From (6.9), (6.11) and (6.12), we deduce that u,, — u in H,1 (R2). Thus, u is a positive critical
point of I, 5 and I 5 (u) =cyp. O

Based on Lemma 6.2, for fixed A € (0, 1], there exists u) € Hr1 (R?) \ {0} such that I&’A(uk) =
0. Choosing a sequence {A,,} C (0, 1] satisfying A,, — 07, then we find a sequence of nontrivial
critical points sequence {u;,,} (still denoted by {u,}) of Iy, with Iy 3, (u,) = ca.2, -

Lemma 6.3. For fixed a € (0, 1), there exists v € H!(R?) \ {0} such that I,(v) = 0.

Proof. We now claim sequence {u,} is bounded in Hr] (R?). Indeed, by I&, . (up)u, =0, we
have

5
/(|wn|2 U2+ — [y 14— ~ Q) — f[f(unm + kol 1A + A llutn |3 =0
R2 * * R?2
(6.13)
Recalling hypothesis ( f5), it follows from (6.13) that for any a > 0,

a a a
a/ F(up) <— /(|wn|2 +u)dx + —llun I3 — — Q(un)
MRZ op op

RZ
" (6.14)
n

3 ah
+ —llunll; - —"/|un|’dx.
w w
R2
Combining (6.14) with (6.3), we have for any b € R
a ) a b 2
(@+b) | Flup)dx < — | |Vup|"dx + (— + 5) |ty |~dx
R2 ’uRz o R2
a b a 44—«
(ol = (= + S b ) Q) ©.15)
ua 2o o 8a
a b 3 a b ,
+ (; + E)An ||un||2 - (; + ;))\nnun”w

Take a =1 — b in (6.15), then it follows from the definition of I, ;, that
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Capy =12, (Un)

1 1-b 1 b 1-b
= (3= fromPar+ (3-3-F) [ e
R2

R2

T (T ek U PINE N [ e A PPN
4a o 20 tnll2 5 % 2 nllttnliz (6.16)

-1 1-b 4—«
+< +—+ b)Q(un)

4o op 8a

-1 1-b b -
+\—+—+ 52 | Anllual;.
r 7 2r

By choosing b = %, it is easy to check that all the coefficients are nonnegative, that is,
1 1-»b i
e —— —— >0,since u € (3,4);
m
1 b 1-b

o E_E——>O,sinceue(3,4);

b
e ———— — —>0since u€(3,4);
w2
-1 1-b 4
4o au 8

b>0;

b
o — +——+ —>0since ue(3,4).
r 2r

Let lim;,— 400 Ca,3, = Ca € [a, b], then we have I, ;, (u,) = co + 0(1). From (6.16) we have
lunll < C for some C independent of n. Moreover, for any ¢ € C§° (R?), we have

1
Io/:,)W (un)p = I(;(un)(/’ + )\n”“n”zz /Wt‘ﬂdx + An / |un|r_2“n§0dx =0.
R2 R2

Thus, {u,} is a bounded Palais-Smale sequence of [, with level c¢y. Observe that Jp o (1,) —
Ca+ % and J I/B,a(u”) — 0in Hr’l, where Jp , has been defined in (3.8). Thus, arguing similarly
as in the proof of Lemma 6.2, there exists v € Hrl (R?) such that IL(v)=0and Iy(v) =cq. O

6.1. Proof of Theorem 1.4 completed
In view of Lemma 6.3, we have that for fixed « € (0, 1), there exists u, € Hr1 (R?%) \ {0} such
that I/ (us) = 0. As can be seen in the proof of Lemma 6.3, we can also prove that {uq}ee(,1)

is bounded in Hrl (R?) uniformly for @ € (0, 1). Now recalling Radial Lemma A.II in [9], there
exists C1, C2 > 0 independent of « such that

St =l
lug ()| < Clx| 2 flugll < Crlx| 2 for [x| = Ca,
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which implies that

| llim lug (x)] =0 uniformly for « € (0, 1).
X|—>00

Moreover, the uniform boundedness of u in L°°(IR?) can be obtained by a slight modification
of the proof of Lemma 5.1. Based on above, by a comparison principle (see [39]), there exist
C, ¢ > 0 (independent of «) such that

ug(x) < Cexp(—clx|) forxe R2.

Furthermore, as arguing in the proof of Theorem 1.3, we prove that (1.5) has at least a positive
radial solution ug € Hr1 R?. O

7. Proof of Theorem 1.5

In this section, we turn to prove Theorem 1.5, where gives the existence of positive solutions
for a class of concrete nonlinearities that F (1) = %|u|3, o > 0. In the following, we will use the
same procedure as that of Theorem 1.4 to study this case. But a key difference from the previous
case is the proof of the boundedness of solution sequence with respect to the perturbation pa-
rameters o, A. More precisely, observe that Lemmas 6.1 and 6.2 still hold in this case. Therefore,
the mountain pass theorem (see [46]) implies that for fixed A € (0, 1], there exists uqy, ) € H,1 (Rz)
such that / o/l 5 (Ug) =0 with Iy 5 (ug,3.) = cq,n, Where cq ). is a mountain pass level characterized
by

= inf I t 7.1
Ca,) y“én‘é%&’}] ar(y (@) (7.1)

with
F::{yeCl([O,l],Hrl(Rz)):y(O):O and I,M(y(l))<0}.

Let us stress that, there exist a, b > 0 independently of «, A such that a < ¢, 5 < b. Now we es-
tablish the following lemma to get the boundedness of solution u ) uniformly for ¢, A. Choosing
a sequence {A,} C (0, 1] satisfying A, — 0T, denote {ugy.;,} by {un}.

Lemma 7.1. Sequence {u,} is a bounded sequence in Hr] (R?) uniformly for n.

Proof. Multiplying Iy, 5, (us), I(;’}Ln (up)u, =0and Py, (u,) =0by 1, —1/2 and 1/4 respec-
tively and adding them up, we get

1 1 31 3
T ) =5 / B+ 2 Q) + 5

R2

(7.2)
1 r =3,
+ = | funuy —3F (up)dx + ———— [ |u,|"dx,
2 2r
R2 R2
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which implies that {u, } is bounded in L?(R?) uniformly for c, A,,. We now prove that there exists
C > 0 independent of «, n such that

Vuull2 = C. (7.3)

Argumg by contradiction, suppose that, up to subsequence, || Vu,||> = oo as n — 00. Set k,, :=

||Vu,1||2 , then k,, — 0. Let us define z,, € H, L(R?) by z,(x) := kzun(k x), and then we have
IVzalls =1, llzall] = kg’ uall} (74)

foralln € N and s € [1, +00). In particular, ||z, ||% = k,%||un||% — 0 as n — oo. On the one hand,
multiplying Iy 5, (4,) by kﬁ, we deduce from (7.2) and (7.4) that there exists K > 0 such that

k2 1 22(0)z22(y)
4 2
Kk, zzn/zndx—i- lékg/ =" dxdy

lx — y[*
]RZ
n k3/2 -3 6 2r (75
+ 20 llz n||2 ( ) nk /'Zn| dx.
Hence,
2 2
2, ()7, (¥) _
lznll = 0(KD), /ﬁ —o(k3TT), Azl =0k 3T, 0<7 < 1. (7.6)

R4

On the other hand, multiplying the corresponding Pohozaev identity P ;,(u,) =0 by kﬁ, by
(7.4) we have

4—a 1 [ z;(0z7(y)

2
k ||Zn||2+ ||Zn||2 1o k“ [ dxdy
R*
- )
35 2N, kDT
-2k, / F () + Ak 23 + ==zl = 0.
RZ
Observe that
4 .4 ] @ 3,._0 3
0<k, | Flup)dx =k, glunl dx = §||1n||3- (7.8)
R2 R2

Moreover, we use the Gagliardo-Nirenberg inequality and (7.4) to get
Iznll3 < Cllzal31Vznll2 < Clizall3
for n € N. Together (7.6) with (7.7) and (7.8), we infer that
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kg/F(un)dx:o(n, ‘/ P o200 dedy| = o). (7.9)
ak? o
]RZ

By I, ;. (un)u, = 0, we also have

_ 4 2 2 x—y[™* =1, 3
0=k, | IVunllz + llunlly — fun(x)un(y)dxdy
R4

. (7.10)
- / S un)updx + }Ln”lfin”zi - )\n”un”:>-
2
It follows from (7.4)-(7.10) that
20 112 Anlx —y[™* 150, 4
0=1+kllznll; +o(1) — (T - E)zn(x)zn(y)dxdy — Mk, | f (un)undx
R4 " R2
=1+o0(1)—xr k4/f(un)undx
(7.11)

Similar to (7.8), we infer that

Ak f fp)updx = o(1),

which contradicts with (7.11). We thus conclude that (7.3) holds. The proof is complete. O

The proof of Theorem 1.5. Based on Lemma 7.1, arguing similarly as in the proof of Lemma 6.2,
we obtain that for any fixed o € (0, 1), there exists u, € H,1 (R?) such that I’(uy) = 0 and
I (uy) = cy With ¢y € [a, b]. In view of Lemma 7.1, it is easy to check by an easy modification
that {14 }ac(0,1) is bounded in H,1 (R2). The remaining proof is the same as that of Theorem 1.3,
we omitit. [

8. Proof of Theorem 1.6

In this section, we are ready to prove the existence of positive solutions to (1.5) under that
f satisfies (f3) and (f)-(f7). Here we still use the same perturbation fashion as that of Theo-
rem 1.4 and Theorem 1.5 to prove the boundedness of (PS) sequences. That is to say, we study
the perturbation equation (6.2) in this section under that f satisfies ( f3), (fg) and ( f7). However,
some new tricks will be used to deal with the boundedness of solution sequences with respect to
the perturbation parameters «, A. It is easy to check that Lemma 6.1 and 6.2 is still valid in this
case. Therefore, for fixed A € (0, 1], there exists a mountain pass solution uy ) € H,] (R?) such
that I/ A(ua 1) = 0 with Iy (e,1) = cq,n. Moreover, there exist a, b > 0 independent of o, A
such that a<cq) <b.
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Lemma 8.1. Assume ( f3), ( fs) and ( f7) hold, then for fixed o € (0, 1), there exists v € Hrl (R?)\
{0} such that 1,(v) = 0.

Proof. Choosing a sequence {A,} C (0, 1] satisfying A, — 0T, then we find a sequence of non-
trivial critical points sequence {u;, } (still denoted by {u,}) of Iy, with Iy ;, (4,) = cq 5, Now
we claim sequence {u,} is bounded in H, L(R?). According to the definition of I’ iy (up)u, =0,
we have

5
Q(un)=a(||wn||%+||un||§>+||un||§+xna||un||§—aff(un)undx— na/|un| dr. 8.1)
RZ

It then follows from (7.2) that

1 5
o (1) = (5 + 5 )f 2dx+—||un||2+< + 5 lnls
= (8.2)
+/[%f(un>un— F(up))dx + (————= il )/| nldx,
R2
which, together with ( fg), yields that
1||u ||2+i||u 15 < C(1+ llunllb) €(2,3) (8.3)
4 ni 16 ni2 = niitp/s p ) . .

We first prove that there exists C > 0 independent of «, n such that |ju, ||§ < C. Suppose by
contradiction that | u, ||ﬁ — 00 as n — 00. By (8.3) we get that there exists C > 0 independent
of «, n such that
lunllh > Cllunl3,
which implies
%
lunllz < Cllunllp - (8.4)

Observe that

Loy (n) =7 (IVtnllz + llunllz) + =55 lunll;

1 (r =4, . (8.5)
"l‘/_f(un)un _F(un)dx'i‘i/ u,|" dx,
4 4r
2 2

which, together with ( f3) and ( f¢), implies that there exists C > 0 independent of «, n such that
ClIVuull3 < llunllp. (8.6)
By the Gagliardo-Nirenberg inequality and (8.4)-(8.6) we have
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(p=1)
p 2 p—2 L
lunlly < Cllun |5l Vunlly == Cllugll, *

which is a contradiction. Thus, u,, is bounded in L? (R?) uniformly for n. And by (8.4) and (8.6),
we know that {u,} is bounded in H! (R?) uniformly for n. The remaining proof is the same as
that of Lemma 6.2, we omit it. O

8.1. Proof of Theorem 1.6 completed

Since there exist a, b > 0 independent of o, A such that a < c4,) < b, as can be seen in the
proof of Lemma 8.1, by an easy modification, we can also prove that {u¢}«e(0,1) is bounded in
Hr1 (R?) uniformly for @ € (0, 1). As arguing in the proof of Theorem 1.4, we prove that (1.5)
has at least a positive radial solution ug € H,1 R?». O
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