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Abstract

In this paper, we deal with the coupled Hartree system with axisymmetric potentials,

—Au+ P(x'|,x"yu = oy (Ix|™ % u?)u + B(Ix| ™ % v2)u in RO,
—Av+Q(|x/|,x”)v:a2(|x|_4*vz)v+/3(|x|_4>ku2)v in RO,
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where (x’, x”) € R x R*, 8 > max{a;, a3} > min{a, e} > 0, P(|x’], x”/) and Q(|x'|, x”") are bounded
nonnegative functions in RT x R*. The system is critical in the sense of the Hardy-Littlewood-Sobolev
inequality. When the functions r2 P(r, x”) and r2Q(r, x”") have a common topologically nontrivial critical
point, using a finite dimensional reduction argument and developing new local PohoZaev identities, we
construct infinitely many solutions of synchronized type, whose energy can be made arbitrary large. The
main difficulty is caused by the non-local terms, since little is known about the nondegeneracy of the
positive solutions of the limit system and the error estimates of the nonlocal parts in applying the reduction
arguments and establishing the local PohoZaev identities.

© 2023 Elsevier Inc. All rights reserved.
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1. Introduction and main results

The phenomenon of Bose-Einstein condensation (BEC) was observed in 1995. The two-
component coupled Hartree system plays an important role in the study of the two-component
Bose-Einstein condensation. We are interested in constructing infinitely many solutions for the
two-component coupled Hartree system

001 = —Ap1 + Wi(x)e1 — a1 (K ) * |o1*)e1 — B(K (x) * ¢21%) 1,
(t,x) e RT x RY,

302 = —Agy + Wa(x)g2 — aa (K (x) * |92 |?) @2 — B(K (x) * |¢11%) 02,
(t,x) e RT x RY,

(1.1

where ¢; : RT x RN — C, W; are the external potentials, K is a nonnegative response func-
tion, o; measures the strength of the self-interactions in each component and g is the coupling
constant. It is obvious that ¢; = e~ 17y (x) and ¢, = e "2’ v(x) solve (1.1) if and only if u(x)
and v(x) solve the system

—Au+ Vi)u=ay (K@) *ul?)u — (K ) *v[*)u, inRV,

—Av+ Va(x)v = an (K (x) * [v]*)v — B(K (x) * [u]*)v, inRV, (12)

where Vi (x) = Wi (x) — E;, i = 1,2.
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If the response function K (x) = §(x), then the nonlinear response is local, system (1.1) is
transformed into the coupled nonlinear Schrodinger system

1.3
—Av+ Vo(x)v =03 + Buv  inRV. (1.3)

! —Au+Viu =au’ + ﬂuv2 inRY,
The system has been intensively studied in the past twenty years. Many authors have investigated
existence, multiplicity and properties of the solutions of (1.3), for example [1,4,5,8,17,18,20,24—
26] and references.

We now review some results that are closely related to infinitely many solutions. Clapp and
Pistoia considered the functional constrained on a subset of the Nehari manifold consisting of
functions invariant with respect to a subgroup of O (N + 1) in [6], they obtained infinitely many
positive solutions which are not conformally equivalent. In [30], the author studied the existence
and multiplicity of semi-positive solution for the systems. New variational techniques are de-
veloped to study the existence of this type solutions. The semi-positive solutions are given by
making use of a symmetry o (1, v) = (1, —v). Pistoia, Soave and Tavares [29] constructed posi-
tive solutions for systems by the Lyapunov-Schmidt reduction argument, revealing concentration
and blow-up features as well as a tower shape of the solutions.

We will use a reduction argument together with the novel local PohoZaev identities to con-
struct bubbling solutions concentrating at some saddle points of some functions. The local
PohoZaev identities will be used to find algebraic equations which determine the location of
the bubbles. Here we need to recall some ideas applied in [3,9,19,22,33] for non-singularly per-
turbed elliptic problems. Wei and Yan [33] studied the prescribed scalar curvature problem on
SN

{ —Agnu + WM = Igu%—f% onS¥V,

u>0,

(1.4)

where K > 0 is rotationally symmetric. If K has a local maximum point between the poles, equa-

tion (1.5) has infinitely many solutions which are non-radial and positive. The authors reduced

the prescribed scalar curvature problem into

2

—Au:K(x)u%,u>0in]RN, (1.5)
ue DV2RN) | '

by using the stero-graphic projection. They introduced new ways to use the number of the bub-
bles of the solutions as parameter in the construction of bubbles solutions whose energy can be
made arbitrarily large. In [9], Deng, Lin and Yan obtained a local uniqueness result for bub-
bling solutions of the prescribed scalar curvature problem. Moreover, they proved that if K(y)
is periodic in y; with period 1 and the local maximum is O, then a bubbling solution of blow-up
set {(jL,0,...,0): j=0,1,2,....} must be periodic in y; under the condition that the positive
integer L is sufficiently large.

Guo, Peng, Yan [19] considered poly-harmonic equations with critical exponents. They
proved the existence and local uniqueness of solutions with infinitely many bubbles under some
conditions on the coefficient K (y), and the conditions imposed are optimal. In [22], the authors
considered the critical semi-linear elliptic equation

417



W. Ye, F. Gao, V.D. Rdadulescu et al. Journal of Differential Equations 375 (2023) 415-474

N+42

—Au=K@)uv?, u>0inRY,

where n > 3, K > 0 is periodic in (x1, ..., x¢) with 1 <k < %5=. In the paper, they showed the
existence of multi-bump solutions where the centers of bumps can be placed in some lattices in
R¥, including infinite lattices. They also got that no such solution exists for k > %

Chen, Wei and Yan [3] applied the reduction argument to consider the Schrodinger equation

with critical exponent
N2
—Au+V(x))u =un-2 inRY.

If V is radially symmetric, 72V (r) has a local maximum point or a local minimum point ry > 0
with V(rg) > 0, they proved the existence of infinitely many positive solutions. Do the same
thing for the following equations [28]

AU V(Y Y w=uNE ue H'RY),

where (y',y") € R? x RN=2, V(|y|,y") > 0 is bounded. By using the PohoZaev identities,
Wang and Yan overcomed the difficulty appearing in using the standard reduction method to find
algebraic equations which determine the location of the bubbles.

For the system of equations, the authors discussed the following system in [27],

—Au+ P(lxDu = pu + Buv?  inR3, 1.6)

—Av+ O(xh)v=vv3 + Buv inR3, '
where P(r) and Q(r) are positive radial potential, & > 0, v > 0. They examined the effect of
nonlinear coupling on the solution structure. The authors used a finite dimensional reduction ar-
gument and found the location of bubbles by using a maximization procedure. They constructed
an unbounded sequence of non-radial positive vector solutions of segregated type and an un-
bounded sequence of non-radial positive vector solutions of synchronized type. In [16], Guo,
Liu, and Peng considered the following critical elliptic systems

—Aulzl(l(y)ué7 in RV, (1.7)
—Aup =Kr(y)uf inRV, '

where N > 5, p,q € (0, oo) with +1 + q+1 N+2 , K1(y) > 0 and K>(y) > 0 are radial po-

tentials. The authors constructed an unbounded sequence of non-radial positive vector solutions,
whose energy can be made arbitrarily large. Furthermore, by use of various Pohozaev identities
the authors proved a type of non-degeneracy result. Other results for the existence of infinitely
many solutions to elliptic problems can be found in [2,32,34,35] and the references therein.

If we consider (1.2) with a Riesz potential response function, i.e., K (x) = |x|™* in the purely
attractive case «;, f > 0 where u € (0, N), then (1.2) becomes the following system

—Au+Vi(x)u=o (|x|_” * uz)u + ﬁ(|x|_" * vz)u inRVN,

1.8
—Av+ Va(x)v =a2(|x|_“ * vz)v + ,3(|x|_“ * uz)v inRV, (1.8)
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Compared with (1.3), there are relatively few researches on (1.8). Yang, Wei and Ding [37], for
the first time, consider a singular perturbation problem related to (1.8), and prove the existence of
ground state solutions for large coupling constant 8. In [31], Wang and Shi studied (1.8) with pos-
itive constant potentials. Under optimal parameters, they gave the existence and non-existence
of normal ground state solutions. Moreover, various qualitative properties of ground state so-
lutions were proved. Wang and Yang [36] proved the existence and nonexistence of LZ(R")
normalized solutions of coupled Hartree equations. Under certain type trapping potentials, they
gave a precise description on the concentration behavior of minimizer solutions of the system.
In [14], they proved the existence bound and ground states solutions for (1.8). And the authors
also found some new conditions to guarantee the existence of positive ground state solutions for
general nonlinear coupled Hartree type system. However, little is know about the multiplicity of
the solutions of (1.8).

In [13], Gao, Moroz, Yang and Zhao studied a class of critical Hartree equations with axisym-
metric potentials,

—Au+ V(x| " = (|x|_4 * |u|2>u in R,

where (x’, x”) € R2 x R*, V(|x’|, x”) is a bounded nonnegative function in R* x R*. By apply-
ing a finite dimensional reduction argument and developing novel local Pohozaev identities, they
proved that if the function 72V (r, x”’) has a topologically nontrivial critical point then the prob-
lem admits infinitely many solutions with arbitrary large energies. Inspired by Reference [13],
we are interested in the existence of infinitely many solutions for the critical Hartree system,

—Au+ P(x'|, x"u = oy (x|~ % u?)u + B(Jx|7* x v*)u  in RS, (1.9)

—Av+ Q(IX'[,x" v =0 (x| x v?)v + B(Ix|"* xu?)v  in RO, ‘
where (x', x”) € R? x R*, the potentials P, Q > 0 are axisymmetric and bounded, belong to C'
and P, Q # 0. Firstly, we need to recall the well-known Hardy-Littlewood-Sobolev inequality
(see [23, Theorem 4.3]).

Proposition 1.1. Let ¢, r > 1 and 0 < u < N be such that % + % + % =2. Then there is a sharp
constant C(N, i, t) such that, for f € L'RN) and h € L™ (RY),

FOR®G)

/ ————=dxdy| < C(N, i, )| flps w11l r m¥y-
lx — y|*

N RN

Ift=r =2N/(2N — ), then

_1+&
_ . &F(%_%) F(%) '
CON ) =CWN I =72 500 Ty

In this case there is equality is achieved if and only if f = Ch and
h(x) = A(y® + |x —a?)~CN70P
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for some Ac C,0+#y eR anda e RV,

According to Proposition 1.1, we call 22 = 211\,\]__2“ the upper Hardy-Littlewood-Sobolev criti-
cal exponent and so 2 plays the role of critical exponent in equation (1.9).

In the following we will assume that the function 2P (r,x”) and r2Q(r, x”") have a stable
topologically nontrivial critical point, which was introduced in [28]:

(P) The functions r>P(r,x") and r>Q(r,x") have a common critical point (rg, x) such that
ro >0, P(ro, x;) > 0and Q(ro, x{j) > 0.

Q
deg(V(r*(P(r,x") + Q(r, ")), (ro, x¢)) # 0.
We will prove the following main results of this paper.

Theorem 1.2. Let (r, x') € Rt x R*, if r2P(r, x") and r> Q(r, x') have a stable topology nontriv-
ial critical point as described by assuming that (P) and (Q), then problem (1.9) has infinitely
many solutions and the energy of the solutions diverges to +oc.

Here we would like to point out the difficulties in the study of nonlocal Hartree system. One
is the nonlocal convolution parts make the proof of the local PohoZaev identities and the estimate
of error terms much more difficult. Another difficulty is that little is known for the uniqueness
and nondegeneracy of the ground states of the following system

—Au = a1(|x|_4 * uz)u + ;8(|)c|_4 * v2)u inRY,
402 ) RN (1.10)
—Av = a2(|x|_ * U )v + ,8(|x|_ * U )v in RY,
where 8 > max{a, a2} > min{ay, @2} > 0. For the single equation with critical exponent, Lei

[21], Du and Yang [11], Guo et al. [15] classified independently the positive solutions of the
critical Hartree equation

—Au= (|x|—“*|u|2§i)|u|22—2u in RY, (1.11)

and proved that every positive solution of (1.11) must has the form

2 )NT?Z (1.12)

U, 5 (x) SQZ&VMQ@];I)C(N )2(1\/27N+2) [N(N 2)]u(7
= —u —u — 3
Z,)\ X vl‘(’ 1+)\.2|X—Z|2

In reference [12], the authors employ moving sphere arguments in integral form to classify pos-
itive solutions and to prove the uniqueness of ground states solutions. They got the following
conclusion.

Lemma 1.3. (Corollary 3.5, [12]) Let B > max{«y, az}. If (u,v) € H is a nontrivial classical
positive solution of (1.10), then we have

w,v) = VkoU, 1, v/ IoUz 1),
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B=ar — B
a0 T Fraim
sical positive solution (u, v) € H of (1.10) is a ground state solution.

for some A >0 and z € RN, where ko = . Moreover, each nontrivial clas-

In this paper, for clarity, we let

U, VE) = (koUz i v/I0U: ),

B-or . _ _B-u
a1y’ 0 T By
We know that the following equation

where ko =

N2 N
—Au=uv-2, xeR", (1.13)

has a family of solutions of the following form

N=2

N=2 A =
U (x) :=[N(N—2)]T(m) . (1.14)

And it has an (N + 1)-dimensional manifold of solutions given by

- A N2
Z:{Z)L,E:[N(N—z)]lv“z(m) : ,g ERN,)\,ER+}.

If the linearized equation
4

—Av=ZN2yp (1.15)

in DL2(RN) only admits solutions of the form
n=aD,Z+b-VZ,

where a € R,b € RY and Z € Z, we say that it is nondegenerate. For the critical case (1.11),
the nondegeneracy property is mostly open. If u is close to N, the limit equation of (1.11) is
the critical Lane-Emden equation whose nondegeneracy property is well known. According to
this result, the authors proved the nondegenerate property by approximation approach in [11].
Recently, Yang and Zhao got the nondegeneracy result in N = 6, u = 4 case. However, as far
as we know, there are no relevant results for the Hartree system. In this paper, we will prove a

nondegeneracy result for the critical Hartree system in dimension 6.
In order to prove Theorem 1.2, we define

Hy = {u e D2 (RO), u(xy, —x2,x") =u(x1, x2, "),
: " 2jm 2jm -,
u(rcosf,rsinf, x") = u(r cos(@ + —),rsin(0 + —), x )}
m m

and let

(_ 2(j— D _ . 2(j—Dm _,,)
zj = (7 cos , 7 sin X7,
m m
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where X" is a vector in R?. By the weak symmetry of P(x) and Q(x), we have P(z;) = P(F,x")
and Q(z;) = O(r, X", j=1,---,m. We will use (U* % )L) as an approximate solution. Let

8 > 0 be a small constant, such that 2P (r, x”) > 0 and r2Q(r x") > 0if |(r, x") = (ro, xp)| <
108. Let &(x) = &(|x’|, x”) be a smooth function satisfying & = 1 if |(r, x"") — (ro, x[)| < 4, é 0
if |(r, x”) — (ro, x{j)| = 28, and 0 < £ < 1. Denote

Zeyn(0) =EUF (0, Zrg s () =) Zeyn(6), Zh, () = Z 200,

Yo () =EVE (0, Yrp, () =3 Yo a(), Yin, (=D VE (),
j=1

j=1
0Z;. » 0Z;. » Z
Zj,lz 8)\’1 s j’2:8—7], k= = 8_// fork 3 ]:1, ,m,
and
aYz; Yz 0 Zj,A
P2 Yia= ”, =—2" fork=3,--,N, j=1,---,m
U T T T R T TRy /

In this paper, we always assume that m > 0 is a large integer, A € [Lom?, L1m?] for some con-
stants L > Lo > 0 and

|(7’ f”) - (r()’x(/)/)l =< ¥ < 87
where ¥ > 0 is a small constant. We will prove the following result.

Theorem 1.4. Under the assumptions of Theorem 1.2, there exists a positive integer mgy > 0,
such that for any integer m > mo, (1.9) has a solution (u,,, vy,) of the form

m?

m
_ *k
Um = Zrm X, Am + ¢Fmax£:p)¥m - ZEUZ_js)\m + (p?maf;/«;l»)hm’
Jj=1

Un = Y_ XA + O7 T A = Zé jokm +(p_m,x A

m>

2 2
where ¢ 3 ;. € Hs, @7 575, € Hy and Ay € [Lom ,Lim ] Moreover, as m — 00,

s ) = (10, X)), A 97, 5 oo = 0 and 3.2 Mgz, 5 5 e — 0.
Remark 1.5. What we’re talking about here is that r2P(r, x") and r2Q(r, x”") have a common
critical point, that is, we are constructing synchronized solutions. If 72 P (r, x”") and r2Q(r, x”')
have no common critical point, i.e., 7% P (r, x") has a critical point (1, x5), while r20(r, x”) has
critical point (r2, xJ), then we can construct segregated peak solutions. In fact, the couple terms
in (1.9) will play less role in this case.
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The paper is organized as follows: In Section 2, we will prove a nondegeneracy result for the
critical Hartree system (1.10), then introduce some preliminary results. In Section 3, we carry
out the reduction procedure for the critical Hartree system (1.9). At last section, we will prove
our main results by establishing local PohoZaev identities.

2. Preliminary results

To prove the main results in Theorem 1.2, the arguments depend a lot on the nondegeneracy
property of the positive solutions of the following system

—Au = (|x|_4 * uz)u + /3(|x|_4 * vz)u in RO,
—Av =012(|x|74 * vz)v —i—ﬁ(|x|’4 * uz)v in RO.

The next part, we will prove the nondegeneracy of solution (UZ e V;:A) for the critical Hartree
system in dimension 6. Our proof is mainly inspired by reference [26]. It is a simple matter to
get the linearized equation of system (1.10) around the solution (U Z* 2 VZ -

Lig.g)i= =8¢ — (ko + Blo) (IxI™* %1z )¢ = 2aniko (Ix ™ % (Uz19) ) Us
~28VRoVIo (1517 # (Uep) ) Uz =0 in RV,

L2(.9)i= —Ag = (@alo+ ko) (1517 #1Uz P ) = 202l0 (|~ 5 (Uz) ) Ue
~28VRovIo(1X ™ % (Us$))Uzp =0 in RV,

where ko = ﬂf e L= ﬁzﬂ P . We see at once that a1kg + Blo = anly + Bko = 1, then

A = (1 5 U512 + 2 ko (1617 5 (U=10) ) U s
+2BVEVI (167 % (U ) ) Uzy i RV,

— 8¢ = (eI~ 5 Uz ) + 200alo 1]~ 5 (U229 ) Uz
+28VRov/Io (%17 # (Uza®)) Uz in RV,

@2.1)

Lemma 2.1. For N = 6, the positive solution (U o Vo V},) is non-degenerate for the system
(1.10) in DV2(R®) x DL2(R®) in the sense that the kernel of the linearised operator (L1, Lz)
at (UZ " *}L) is given by span{(EdDj, CD./) |j=2,3,..., 8.} a 7 dimensional space, where

_ 1=l

= B/kovi

> 0 and

O =Ugp, Ciy1 =0,U 0, i=1,2,...,6, Pg=2U; +x-VU,,.
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Proof. When N = 6, for convenience, we rewrite system (2.1) as follows

— 8¢ + (eI~ 10z 2) = 2( el 5 Uz ) +2(1x1 7 5 (Uz (@ + b)) Uz

in RO,
—Ag+ (11 51Uz P ) = 2117 5 U)o + 2( I~ 5 (Uzaeg + b)) ) Us.s
in R,
, 2.2)
— — _ _a=1 _ a1 — :
where a = a1ko, b = B/kov/lo, c = anlp. Set T = 45~ = oy AN easy computation
shows that
— A= Yo) + (I 51U ) @ = To)
=2[ (I #1022 @ = Yo) + (e 5 (Uen(@ = To)) ) U] 2.3)
Now we are going to recall the following eigenvalue problem
— vt (B 10 R )o = [ (1317 5 o) YU+ (16174 5 10220,
v e DL2(RY). (2.4)

According to reference [10], the first eigenvalue of problem (2.4) can be defined as

nt Joe IV + fgo (11 024 7)
n1 = n

veDL2(RO)\ (0} f]RG (|x|—4 * (Uz,lv)) U, yvdx + f]RG (|X|_4 * |Uz,k|2>v2dx

Moreover, for any k € N7 the eigenvalue can be characterized as follows

» Jo IVVPRdx + [ <|x|_4>|< |UZ,A|2)v2dx
Mk+1 = 1n

PN [ (161 % (Uza0) ) Uzpvdx + [ (1¥174 % 1Uz12)v2dx
where

]P’k+1;={veDl’z(RG):/Vv~Vejdx=0, forall j:l,...,k.},
RO

and e; is the corresponding eigenfunction to A j. By Proposition 2.2 of [10], we know that 1 = 1
is simple and the corresponding eigenfunction is ¢ U, with ¢ € R, and there exists k € N such
that px42 = g3 = - - - = k+8 = 2 with the corresponding 7-dimensional eigenfunction space
spanned by

{wm X -VU, ., 06U ... BXGUM}.
Furthermore, pg+9 > gy = 2.

424



W. Ye, F. Gao, V.D. Rdadulescu et al. Journal of Differential Equations 375 (2023) 415-474

By the above statement, we see that ¢ — Yo = E§=2A j® ;. So the second equation of system
(2.2) can be rewritten as

— Ag+ (1517 U)o
=2l 5 Uz ) + 2151 % Uz (@ = T) + (0T +0)9)) ) Uz

= 2(|x|*4 . |Um|2)<p + 2(|x|*4 % (U s (bS5, A0 + (b + c)gz))))U

Here bY + ¢ = %W and 0 < bY + ¢ < 1 because of B > max{oy, ap}. Set

¢ = 2‘?0 2Mj®;, we have M; =0 for j # 2,3,. 8 by orthogonality. From the second
equatlon of system (2.2) we can directly get M; = 13— hT -Aj for j =2,3,...,8. Therefore

8 lec‘_ﬁ_l(leo
¢_E (T —=Aj +A)D;. We denote C = Y + = —ﬂmm>0,thusthe

kernel at (UZA’ z,)») is given by span{(CdDj, CI>j) | j=2, 3,...,8.} a7 dimensional space. O

lb'Tc

The rest of the section we will give the results of some estimates involving the convolution
term.

Lemma 2.2. (Lemma B.1, [33]) For each fixed k and j, k # j, let

1
(I+1x =z (1 + |x — 2P

8k, j(x) =

where o > 1 and B > 1 are two constants. Then, for any constants 0 < § < min{w, B}, there is a
constant C > 0, such that

1 1
j(x) < ( + )
S0 = P T =7 O —aer? )

Lemma 2.3. (Lemma B.2, [33]) For any constant 0 <8 < N — 2, N > 5, there is a constant
C > 0, such that

1
dy < .
R{ lx — yIN=2 (1 + [y])2+? (1+ |x])®

Lemma 2.4. (Lemma 2.3, [12]) For N =6 and 1 <i <m, there is a constant C > 0, such that

A2 - C
I+ Alx —z DO = (I +Alx —z; D*

x|
where 1 > 0.
Lemma 2.5. (Lemma 2.4, [12]) For N =6 and 1 <i < m, there is a constant C > 0, such that
|5 Uz p (0P = CU 2 ().
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Lemma 2.6. (Lemma 2.5, [12]) For every i # 1, a > 3, there is a constant C > 0, such that

/ 1 1 d C

y= .
] (L+ 1y =2z11H* (1 + |y — Az [H? (Mz1 =z
R

(2.5)

3. Finite-dimensional reduction

In order to construct a reasonably good approximate solution, we perform the finite-
dimensional reduction argument in a weighted space. Let

i 1

-1
lulls = sup ( ) APl
* =7 P (l+k|x—Zj|)2+r

and

m
1 -1
h|lsx = su ( ) AR (x ,
Itk = sup, ]§:1ﬁ(l+k|x_zj|)4+, Ih(0)]

where T = % Set

G, V)l = llull« + Nvllx and (7, @) llsse = Il + 118 M-

Now let’s think about the following system

L@, =, 9) + Xy a Xy (o (13174 #1225 412) 20+ 200 (16174 5 (22 12.0) Ze
(11w 1Y 1) 2+ 28 (1w 0 Yy 0) 22 (Il %Yz ) Y
#2000 (el (Ve 2 Y50 Ve 4 B (16171200 2) Yy 428 (16174 5 (Zey 2 250 ) Yoy ),
(¢.¢) € Hy x H;, (3.1
(o (14172 ) 2+ 200 (16174 (2 220) Ze o+ B4 1Y 1) 2
+28 (1517 (V2 1Y) Zep e aa (174 1Y P) Y+ 20 (1517 (Ve Yy 0) Ve
B (15175122, 1 2) Y+ 28 (151745 (Ze) 2 230 Yoy ) 600)) =0, 1=1.2,...6,

for some real numbers ¢;, where

Ln(d.9)
= (= 8¢+ P00 — e (I %1 Zr 0, )6 — 200 (17 5 (Zepr 1)) Zrrn

- ,3(|x|*4 * |Y7,f”,x|2>¢ - 2,3(|x|74 * (Yr,f”,w))zf,f”,x»

— A+ 00 x")g = ar (1517 5 ¥y 2 P ) = 202 (1617 5 (1) Vo

—B(1xI™ %1220 = 28167 5 (Zegr 1)) i) (3:2)
and ((u1, u2), (vi,v2)) = [pu (W11 + u202).
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Lemma 3.1. Suppose that (¢, @) solves (3.1) for (h, g) = (hy, gm)- If || (hny gm) s+ — 0 as
m — 400, then || ($m, Pm) |lx — 0.

Proof. On the contrary, we suppose that there exist m — 400, 7y — ro, ¥y, = ¥j» Am €

[Lom?, Lym?] and (¢, @) solving (3.1) for (1, g) = (hm, &m)s » = Ams ¥ =T, V' =Y/, with

| (homs 8m) llsx — O and || (dm, ©m) ||« = ¢ > 0. For convenience, we assume that || (¢, ¢m) ||« = 1.
According to (3.1), we get

| ()]

<2Ca, / i (17 5 D) Zezr s 0

+Ca1/| (017 #1Ze i) g )1y
+28 / S (0 Ol Ze 00y

+cp / (7 ) om0l

+CZ|cz|[\Zza1/| oo (19175 (Z,02,0) Zz, 0 (0|

2 (19174 %122,22) 2 )|

m
+| e
j=1

"f
o=

m
2.2
j=1

i (17 00030) 22,0y

RO
m
+ Z / (ot *|Yzj,x|2)zj,l<y)dyﬂ
J=1 Re

+C/ 7lhm(ldy, (3.3)
ly — x|
6

and

o @)

-
<2Can [ g (175 U slomD) Ve 00y
2o |y — x|
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+Ca2/| (b )l )1y

+2Cp / o (1 oD ) Vs 0y

+Cﬂ/| i (7 1 2P lom )1y

+CZ|CI||:‘20QZ/| T |y| *(Yz,,ij,1)>Yz,,)\(y)dy’

J 1R5

+ / et |y| e |Yzj,x|2)Y,~,l(y)dy]

J—

+ Z / x4 |y| * (ZZ] W Zj, l)> Zj, X(Y)dY)
j=1

+ Zﬁ/l (1t s12:,7) jz<y>dy\}
R®

+C/| 4Igm(y)l Y (3.4

Now let’s estimate the right terms of (3.3), and the same can be said for (3.4). Since

A2 A2

Zryi, SCY ——— d Y. cy — -
= Z(1+/\|x—z|)4 an YA S Z(1+A|x—z|)4

then similar to Lemma 3.1 in reference [13], we have

1
(1 —I—Mx _ Zj|)2+r+9 ’

i |4 (19175 (Z5 5316D) Zr 52 0Dy < Cligmll Z

3.5)

1 _ u 1
[ it (0174 G alon ) oo 2y =l 9>
R

; ly = x| — (14 Ay — 2 2Fe e

where 6 =2 — 2t. The estimate for the second and the forth terms in the right side of (3.3) can
be obtained in the same way
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1
(1 +Mx _ Zj|)2+r+0 ’

|4 (917125 5512 19w )1y = Cllgnll. AZZ (3.6)

/ (17 1)l 01y = Cllgll AZE: :
ly —xI* A " < (14 Alx — 22+
6

Since

s s (1917 % (Z6,020) Ze a0y | < O i1 = 1,
s s (191745 (26,02, Ze, 000y = O e i1 1

we can get

m
1
4 %(Z.. 2 dy| < CcA>m , (37
; 1]R/6 - x|4<|y| (Zzj ,1)) Z;; 2 (ydy 21(1+A|X_Zj|)2+r (3.7

whereny =—1,n;=1,1=2,---,6. Similarly,

_ e 1
Z/ly )cl“('y| *|ZZJA|) Zja(dy <C}L2+IZ(1+AIX—Z e 68

J= I]R(,
Of course

1
‘Z/ ly —x|* lyl * (Y d), l)) & A(y)dy‘ < CAs Z (1+Alx —z; >’

J= IRG

- 1
‘Z/| (7 1) ”(Y)dy‘<“2+mz(1+x|x—z pFe

whereny =—1,n=1,1=2,---,6. By Lemma 2.3, we have
1
h dy < Cllhp 4> . 3.9
/| alm Iy < Clla s Z(Hm_z”)w (3.9)
We can claim that
——( (P> @) lls) + O U (his g ll4s))s L=1,2,--,6. (3.10)

A

Next, we will prove the claim. Firstly, multiplying (3.1) by (Z1,,Y1,:) (¢t =1,2,---,6) and
integrating, then
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6 m
SO (e (117120, 12) 2y + 200 (117 5 (22,0210 ) 22
I=1 j=1
—4 2\, —4 , —4 2
B (117 1Y, 02) Zj 4 2B (V050 Zeg (117 1Y) Vi
o+ 20 (™ (V2,050 ) Yoy B2, ) Vi
+28(1x17 5 (Zy Zi0)Yey0)s (Zas Vi)
=(Ln(¢.9). (Z1.1.Y1.0)) = ((hims 8m)+ (Z1.1. Y1.0)) (3.11)

As Lemma 2.2, we deduce that

(A, &m), (Z1,e, Y1,0))]
24

m
<Ckn’ M, / dx
1P s &) |l (1+A|x—z1|) X:: (14 Alx —z; D4

< CA"||(hp, &m) |- (3.12)

By Lemma 2.1 in reference [28], we have

((Pe.x"0m, 0. x"0m ). (Z1s Y1)

m

e e A (B> @) |1
e 6.0l [ Gt > dx < o1 @m on)l-

] (14 2x —z1)* o x — 2z Alte
R -

(3.13)
where ¢ > 0 is small. Because of

x| ™ 5 (Zs 57 5 6m))]

! =W & A2
<Cligmll / }j dy
B U -|>4j2_%(1+x|x_y_zj|)z+t
R = =

Yy —Zj

2
=0<%), Xz, i=1,2,-m,

we know that

Al
)Ll—&-s

[ (5175 @300 2052105 = O )

RO

for some ¢ > 0. In the same way, we also obtain

: X g
(R 12 Z1s) = O (=7
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. X g
(e s 10 1) s Z10) = O (ST ).

and

_ A @ |l
<(|x| 4*(YF,Y/’,A¢m))ZF,Y”,A’Zl,t>:O( )L1+n; *)

Similar argument can be applied to the remaining four terms, the same estimate we can obtained.
Furthermore, by Lemma 3.1 in [13] we have

X
(=8¢m. —Agn). (Z11 ¥10)) = 0(5-)-
Consequently,
(£n@. 02, @10 71.0) = (s ). 210, 71.0)
A 1@ 9
= O 2 s ) )- (3.14)
Furthermore,
m
S (1617 #12,42) 25, Z) = @ + 008" 2,
j=1
m
S {(1617 4 (22 1250) Zey 1 Z1s) = @2+ 0(D)A"0,
j=1
m
S (0 172, 42) Zjts Z1) = @+ 0()8ar™ 3,
j=1
and

M-

<<|J€|_4 * (Yz_;,)»Yj,l))Zz_;,)\, Zl,t> = (¢4 +o(1)a" ",
1

J

for some constant ¢y > 0, ¢ > 0, ¢3 > 0 and ¢4 > 0. So we can have the similar estimates for
the other four items. By substituting these and (3.14) into (3.11), the claim can be obtained.
According to the above analysis, we can conclude

6 1
j=1 UFajx—z, 2Fe+0
1@ @)l < 0(1) + G, g s + ——g—————— (3.15)

J=1 (alx =z

Based on the assumption that || (¢, ¢ )|« = 1 at the beginning and (3.15), we have that there is
R > 0 such that
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1272 (. )Ly = a >0, (3.16)
for some j. Let ($m () = 2 2hm (A (x = 2))), B (¥) = A 20 (A (x — z.,))), then
/ (V> + P, x|y * + |V, > + Q(r. X)), Hdx < C.
RN

We deduce that there are (1, v) € DV2(R®) x D12(R), such that

(@ @) — (u,v), weakly in D'?(RS)
and

(@p> @) — (u,v), strongly in L7 (R®),
as m — 4o0. It is easy to see that (u, v) € D'2(R%) x D'2(RO) satisfies

—Au =y (x| UG A 1P)u + 200 (Jx] 7 % (UG 4 0)) UG
+B(Ix1 ™ [V AP u +2B(1xI7* % (Vi ,0) UG, in RO,

—Av :az[(|x|—4*|v(;jA|2)v+2a2(|x|—4*(v(;fAv))v(;jA
+B(1x1™ # (UG A 1P)v +2B8(1xI ™ (UG \w)) V4 in R,

(3.17)

for some A € [A1, Az]. Because (u, v) is perpendicular to the kernel of (3.17), we can conclude
that (u#, v) = (0, 0) by the non-degeneracy of (U{{l, V(;'jl). From (3.16) we derive the contradic-
tion. 0O

Let

E={@.0) e H, x H, i((«xl(w“ #1Z2;412) 25

=1
—4 -4 2
20 (1517 4 (Zey 1250 ) Zey o+ B (13175 1Y) 2
+ 28 (1™ 5 (Ve 1Y) Zey
—4 2\y. —4 ,
(el 12, 1) Vi 4 200 (1674 (Ve Y0 ) Yoy
+ Bl %1Z0,02) Y

+2ﬁ<|x|*4*(ZZ].,;LZ.,-J))YZ].,A), (¢,<p)>=0, 1= 1,2,...,6.}

endowed with the usual inner product [(¢, ¢), (4, v)] = f]R6 VuVe¢ + VuVedx. Thus Problem
(3.1) translates to finding a (¢, ¢) € E such that
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(@) vl = [ [ = Pox"sgu— 00x"ygu]dn +ar [[ (16174512020, )ou

RO RO

n 2(|x|*4 % (Z;yfu(p)) Zm”,ku]dx + ﬂ/ [(|x|*4 * |YH~,A|2)¢M
R6

21 Yz 200 Zy |

+ 0[2/ |:(|X|_4 %k |Y7,f//,k|2)§ov =+ 2(|X|_4 % (YF,X”,A‘P)>Y7,E”,AU]dX
RO

48 [ (17 12003 P)ow 2317 5 (2180 By
RO

+/(hu+gv)dx, Y(u,v) € E.
RO

The same argument as in the proof of Proposition 4.1 in [7], using Riesz’s representation theorem
and Fredholm’s alternative theorem, we can get the existence of unique solution for any (4, g)
provided that the following equation

L@,y =Xy e Xy (e (16174 5124;.02) Zja + 200 (13174 4 (220 210) Ze
81517 1Yoy P) Zja + 2B (15 (V¥ Zegs (1™ 5 12, 1) Vi
2003 (117 4 (Ve 2 Y50 ) Yoy B (117 512, P) Vi 4 2B (1617 5 (20,020 Yoy )

(¢, 9) € Hs x Hy,

S (e (1617 12, P) Zja 4 200 (1174 5 (22020 Zeyr 4+ B 5 1Y) Z
+28 (1317 5 (Ve ¥i) ) Zey - aa(1517 1Yy a2) Y 2 (17 (V2 050 ) Yoy
B (117 5 122, 1) Y+ 2B(1I7 5 (Zey 0 230 Vo). (6, 0)) =0, 1=1,2,..6,

(3.18)
for certain constants ¢y, has only trivial solution in E. We can also have the following Lemma.

Lemma 3.2. There exist my > 0 and a constant C > 0, independent of m, such that for all
m > mqand all h, g € L (R®), problem (3.1) has a unique solution (¢, ¢) = L, (h, g). Besides,

C
1L (. )l = CH O Dl erl = 501 @)l (3.19)
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Now, we study the system

—A(Zzzr ) +9)+ P, x”)(Z;j//’)t +¢)—ag (\x|74 #[(Zz 50 5 + ¢)|2>(Z?,I”.A +9)
_ﬂ(\x|_4 | (Yz 5 5+ ¢)|2>(Z;j//’k +¢)

6 m
= a Y far[ (517512, 02) Zj0 +2 (1617 5 (2;.170) 224
=1 j=1

J
B[ (1617 12 1 2) Zja 4+ 2(151 7 (Ve 0¥ 0) Ze 0] in RS,
— Ay 5 9+ 003N Yy 5 +0) — (174 1K 0, + O ) Vo +9)
(1517 51Z 5+ D) K+ )
6 m
= ay, {OQ[(IXV4 * IYzj,A|2> Yji+ 2(|x|74 * (Yzj,AYj,l)) Yzj,x}
=1 j=I
B[ (117 12 5 P) Yy 4 2(10 5 (22 2 250) Yz 0 ]] RS,
m
pooeHy 3 ((ar (1175172 22) 20 + 200 (174 5 (22 220) Zey o+ B4 5 1Y2,012) 2
j=1
-4 ) —4 2\v. —4 ,
+26 (15175 (V0¥ D) Zeye (I 1Y 2 P) Y+ 200 (131745 (0 Yy 0) Y
B (1517172, 1 2) i+ 28 (117 (Zy 5 Z30) Yoy ) 6. 0)) =0, 1=1,2...,6.

(3.20)
Rewrite (3.20) as

—Ap+ P(rxNp —ay (|x|_4 % |zm,,qk|2)¢ ~ 2y (|xr4 % (zm,,_x(;)))zm,,’A
—5(\x|*4 % \YFE//,)\|2)¢ . 2ﬁ(\xr4 % (YFVY//,}Lq)))Z;.?/,A

6 m
=M@, @)+l + Y Y o (1617 120 ) 2 4+ 2 (16174 (22 22 ) 22
=1 j=1

B (1517 1Y 2 P) 20+ 28 (1517 (V2 1Y) Z20] in RS,
— 8¢+ 00 ")9 — (I8 1¥; 50, P ) = 20 (1517 5 (¥ 5,00 i 3,

=B(1517 127 5P )0 = 2816 5 (Zg 2,90 Yo
6 m
= N2, 0+l + Y Y [ (I 17z, 4 2) ¥+ 20 (1174w 00X 0) Yz
=1 j=1
—4 2\y. 2 —4 R : R()
FBX 12, 017 )Y + 281X % (202,00 )Yz inR7,
m
0.0t 30 ((en (bl w122 ) 2+ 200 (1170 (22,2 210) 2ot B (1 5102 P) 21

(1 4 (1 ¥0) 2y (17 51 P+ 20 (17 0, Y30 ) e
B (1x17 122, 1 12) Y0+ 28 (117 (22 5 Z30) Yy 0) 60 0) =0, 1= 1,26,

(321
where

N1, @) =201 (675 (Zegr 1)) + o (1617 5 1017) Zr s+ (15174 5 112
+ 28 (117 5 Bz a0 )8 + B (1517 5 1012) Zr s + B (117 5 1) .
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b =en (1517 # | Zr P )Z——”A—WIZ(|X| #1Z2,0) Zz,.
+ Bl 5 Y a?) Zrzs

m
—ﬁz<|x|—4*|YZ_,.,A|2)ZZI.,A—P(|x’|,x”)z Pt ZE o NEF2VEVZE,
j=1

N2, @) =2 (I (200 ) + oo (117 5 101 Y+ o (1617l P o
+28(1 7 % (Zr @) )9 + B(1x17 5 181 Ve s + B (117 5191 )0

and

m
—4 —4 2
b = (1517 5 1Yy P ) Yy — 02 30 (1745 1Y P Y
Jj=1
—4 2
+ﬁ(|x| | Zr )YF,E”,A

m
=B Y (W17 51240 Yoy = QUN LX) Yo + Yo A8 +2VEVYSL
j=1

At first we estimate N; (¢, ¢) and [,,,; respectively, where i =1, 2.

Lemma 3.3. There is a constant C > 0, such that

IN1(@, 9)ll+x < Cll($, 0I5, (3.22)

and

IN2(d, @) llsx < Cll(¢, )12 (3.23)

Proof. For any 1 < j <m, there is a constant C > 0 such that

A2 C

—4
X ES < )
B A o) = A Ar — a2

so we get that

1
(L4 Alx — g4’

(1517 (Zezr a0 0 <C||¢>||2A“Z

Similarly, we also have
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m
1
(117 1612) 15 551 = Cllg I ,
r,X * §(1+A|x_zj|)4+r

m
1
—4 2 <C 3)L4
(117 161) 1] < Clle: ;(1H|X_Zj|)4+f,

1
(14 Alx — g+’

m
(W17 (50,0 ) 191 = Cllglligllr* Y
j=1

m
1
4 2 2.4
174 % Z--n,|<C A ’
(1xI™* % 101) 127 7,1 < Clig 2 jX_;(l+X|x—Zj|)4+t
and

1
(1 +Ajx —z; D4t

m
(117 < 1012191 = Clig2l@l2* Y
j=1

By combining the above six equations together, we conclude

IN1(@, @) llsx < CUIBllx + llpll)> = Cll (@, )12

And

IN2(h, @) l+x < Cll(¢p, 9)I12,

can be estimated in the same way. O

Lemma 3.4. There is a constant € > 0, such that

1
L1 [l < C(X)”e, (3.24)
and
1
T2l < C<x>1+8. (3.25)
Proof. Let
m m
b =an (30 (17 %1264 2) Do Z0) + 230 30 (1074 %124, 52000 ) Zr50)
i=1 J#i j=li#j
m m
(3 (w1 12 aP) S0 2oy ) 4230 30 (1 % 1Y 3 Vo) Zer )
i=1 J#i j=li#j

— P(Ix'|, x") Z5 5 5 4+ (Z2 y//,,\AE + ZVSVZ;},/’A)

r,

=N+ L+ I3+ Js
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The estimate of Jj can be directly obtained from the Lemma 3.4 of [13],

1
(1+ Alx —z; )4+

1 1+e44 -

/1] = C()* Z

i=1

We know that |[x — z;| > |x — z1], Vx € @1, where

, /
x' % b4
Qj: x:(x/,x//)eR2XR4:< , /]>zCOS— ,j=1,---m.
o =

We apply the same argument again, to estimate J, only note that

—4 2 —4 2 —4 2
| s Yoo = xR E V1R = T 16V U-,

22 22
<Clx|™* x| 5 —SlP<cC g
(I 4+ A%)x —zi|%) (I 4+ Ax —zi])
and taking 0 < o <4 we have that
22 22 A4 1

Y, 2 Y, 5| < <C ,
Yoy Ye = e oD A A =2 = C U+ A — 2,05 A —2Dl®

for any x € 2; and i # j. Thus

1
(1 +Ajx —z; 4T

1 1+e+4 “
/2] = C()'™A Z]
]=

As Lemma 2.5 in [28] that

| m 1 1 m 1
J <C _ 1+8)\’4 , J <C _ 1+8)\’4 .
131 =€) j§:] TF i =i =) ;(1H|x_zj|)4+r

So

1
1 s < C(X)He'

Likewise, we also have

1
2 s < C(X)H—s- O

At the end of this section, we are prepared to make the following estimates for the constants
¢; and the solutions ¢ and ¢. Let us recall that A € [Lom?2, Lim?], set
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1
N={@.0):6.0€ CRONH,. 1.9l < 7.

(e (1517 51Z,) Zs 200 (1617 5 (22020 Zey o+ B (15174 5 1Yz 0 2) Z
j=1

2B (117 (Ve ¥i0) Zey @2 (1174 1Y 02 Yt o+ 20 (16174 (Y Y50 ) Yoy
B 122 0 Vi + 281617 % (Zey 0 230 ) Yoy ), (609)) =0, 1=1,2,...6.)
and

A@, @) == Lin(N1($, ¢), N2(¢, 9)) + Lin (U1, lm2),

where L,, is defined in Lemma 3.2. In that case, (3.21) can be written as

(@, ) = A, ¢). (3.26)

Lemma 3.5. There is an integer mg > 0, such that for each m > mg, A € [Lom?%, Lim?], 7 €
[ro—0,r0+6], x" € By (xg), where 6 > 0 is a fixed small constant, (3.20) has a unique solution
(¢, (,0) = ((b;’f”’)‘, Qﬂf’f”,)“) (S] HS X HS, satisfying

1 1
I|(¢,¢)|I*§C(X)1+€, ICIISC(X)”"’”, (3.27)
where € > 0 is a small constant.

Proof. According to the above, in order to proof (3.27), we need to show A is a contraction map
from N to N. First of all, A maps A to A because

Al < CUN1(@, @)l + [IN2(D, @) s + Nlm1 e + N2 ll)

1 1
<C(l(¢, I + (X)“g) <.
Secondly,

Ni(¢1, ¢1) = Ni(d2, 92)
—ar[2(1x17 % (Zrr 160 @1 = 62 + (11745 61+ 62001 = 62)) Zr 5

+ (I 16112) @1 — 82) +2(1x17 5 (Zezr 1 (@1 — 92)) ) 2

+ (I 5 @1+ 8291 — 62)) 2]

+B[2(107 5 K00 @1 = 92) + (11745 (01 + 02 (01 = 02)) Zr 20
+ (™ 5101 7) @1 = 62) +2(1x1 7 5 G (01 — 92)) ) 2
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+ (IJCI_4 * (o1 + 92) (01 — §02)>¢2],
where (¢1, ¢1) and (¢, ¢2) in A. Similar to the estimates in Lemma 3.3, we have

IN1(@1, 1) — Ni(92, 92) [l

<Clg1l«ll¢1 — p2lls + CUid1ll« + lip2ll) 61 — 2l + Cligr 13161 — 21l
+ Clig2ll<lldr — g2l + Cig1 1l + g2l Id1 — P2l P2l
+ Cllgillsligr — ¢2ll« + Clletlls + lle2ll) lor — @alls + Cllgrllz o1 — dall
+ Clig2ll<llor — g2l + Cl@nlls + g2l ller — @2l P2l
IN2(1, @1) — Na(2, 92) Il

<Cllgill«lor — @21« + Cigill« + llg2ll) 11 — @21l + Cllgr 12 lpr — @2lls
+ Cllg2ll«llor — @2l + Cllerlls + o2l ller — @20l g2«
+ Cligtlller — @2l + CUptlx + llg2ll)d1 — dall« + CllilIZ o1 — @21l
+ Cllg2ll«lig1 — 2l + CIP1ll« + NP2l 1d1 — P2 ll«ll@2ll

According to the above, we deduce that

I A1, ¢1)) — A(D2, 2)) I«
= ||Lyn(N1(¢1, ¢1), N2($1, 1)) — Lin (N1(d2, 92), Na (2, ¢2)) Il
< C|IN1(¢1, 1) — N1(d2, 02) |« + ClIN2(@1, 91) — N2(d2, 92) || 5%

1 1 1
< §||¢1 — ¢l + 5”‘/’1 —@ls= §||(¢1,€01) — (@2, ) |l+

So A is a contraction mapping from A into itself. By the Contraction Mapping Theorem, we
have that there exists a unique (¢, ¢) € N such that (3.26) holds. Moreover, we can get

1
(¢, @)llx < C(Xﬂ“,

by Lemmas 3.2, 3.3 and 3.4. From (3.19) we can get

1
lai| < C<X>1+"'+f. O
4. Local PohozZaev identities methods

In this section, we are going to look for suitable (7, X", 1), so that the function (Z; 3 ; +
G55 50 Yrxr 5+ @r5 ) is asolution of (1.9). Inspired by references [28], we will use PohoZaev
identities to find the location of the bubbles. First of all we need to establish the correspond-
ing local Pohozaev identities for the critical Hartree system. Using these identities, one of our
main tasks is to estimate the error term away from the point of concentration. The appearance
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of nonlocal interaction parts makes the process much more complicated, we need to calculate
carefully.

Lemma 4.1. Suppose that (v, %", L) satisfies

/ (— Aty + P(X], X" it — (|x|_4 » |um|2)um) - ,3(|x|_4 » |vm|2)um)(x, Vity)dx

D,

+/(—Avm+Q(|x/|,x”)vm — oo (117 5 0 v

Dy

- ﬂ<|x|_4 % |um|2>vm)(x, Vu)dx =0,

“.1
oo —4 2 4 2 Ay
(— Aum + P(x7], xDum —oll(|X| * |t | )um —ﬂ<|x| % |Um| >Mm> i~ dx
Dp 1
+ / ( — Avy + QX[ X"y vm — a2(|x|*4 % |vm|2)vm 42)
Dﬂ
—4 2 OUm .
_/3(|x| *Ium|>vm) dx=0,i=3,---,6,
axi
and
0Z= <
/ (— Aty + P (X', x" Yt — a1(|x|‘4 * |um|2)um - ﬁ(|x|_4 * |vm|2)um) BN
RO
* / ( —Avm + Q(|xll’x”)vm - a2(|x|74 * |Um|2)vm
RO
8Y**//
—ﬁ(|x|74*|um|2)vm> 5; 2 dx =0, 3

where Uy = Z?,f”,k +%,f//,k’ Uy = YF,Y",A +(p7,f”,)\ and D,O — {(l’, x//) . |(V, x//) _ (FO» x(/)/)l < ,0}
with p € (28,58). Then ci = 0,i =1, -- -, 6.

Proof. We know that Z; v ; =0 and Y5 3, =0 in R6\Dp, if (4.1), (4.2) and (4.3) hold, we
can deduce

6 m
S Z/ {[or (117 %122, 1) 23+ 200 (1617 51220201 ) 220
=1 j=lgg

B (1 1Yy ) Zga 4 2B (167 (V¥ ) Zp | £
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otz (117 512, 22) Yt + 20 (15174 5 1Yz, 1 Y1) Yoy
B 122 0 Y+ 2B (167 5 (240210 ) Yoy e fd =0, @)

. 0Z-

i=3,---,6, 25102 and

BYF.}”,A
ERN .

by (3.20) for f = (x, Vim), g = (x, V), Ge 53

: dx; > ox;
It is easy to prove that,

0Zy 0.
[ (w17 512,4P) 2,0 5
14

6

) 1 (yi — AXi)? 1

<Cx g 7} 03 2y39xdy,
) I+ |x =2z D)% [x = y[* (L + 1y — Az;1%)° (L + 1y — Az]?)
RS R

where (xX3,X4,---,X¢) =X and i =3, - - -, 6. Furthermore, we can estimate that

0Z
/<|x|_4*|ZZI,A|2>Zz,i 8Z"Adx =002,
X,

i
6

andifl # j

—4 2 o - azzzk _ 2—¢
™ 120 P) 2 | D2 x| =002,

6 =12 M

for some ¢ > 0. And by definitions of Y7, , and Y;;, we immediately derive

m
Z/{[al(l)d%*|sz,x|2)Zj,l+2°‘1<|x|74*|ZZMZ-/J|)ZZ A
jZIRG
» ) 4 Z5 5
(1 ¥y aP) 234 28 (101 02, 7500) 22—
1

o (1™ 1Y ) Y 4 2000 (1174 51, 0Vl ) e

aYF,E”,A
B 1Zey o) Yy 2816175 (2 023 ) Yoy ] =2 Jax
14

=m(ai +o(1)A% i =3, -6, (4.5)
for some constants aj # 0. Similar considerations apply to
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m
S [ lan (17 120, 02) 23+ 20 (1174 5120211 22,

./ZlR()
B (117 1Y, 0 2) Zga o+ (1617 (Ve 230 Zey |6, Vo Z )
-4 2\y. —4 :
o [era (117 1Y P) Vi 4 20 (11 1Yo Xl Ve

B (117 122, 22Vt + 2B (1617 5 (2, 0 210 ) Yoy | Vi )
=m(az +0(1)2%, (4.6)

and

m

S [ len (17 w120, 02) 23 20 (1174 12021 22,
j:lR()

0Zs 3 1
oA

B (117 1Yy ) Zja + 2B (Ve Y5 ) 22

o [t (117 5 12, 0 2) Yt 4 20 (16174 172, 1Y) Ve

aYF’y’/’)“ }dx
oA

m
= 3@ +o(D)), “.7)

B (117 122, 1) YVt + B % (20210 ) V0

for some constants a; # 0 and az > 0.
Claim 1:

6 m
Zczz/{[a1(|x|—4*|Zz_,,x|2)zj,z+2a1(|x|—4*|Zz_,,xzj,z|)zz,,k

=1 ]=]R6

(117 172y 1) Zg 428 (1617 (V1Y) Zey i
—4 2\ y. —4 _
o [ora (117 0 1, 0 2) Y 4 20 (174 1Y, Y ) Yo

B 17 122, 02 Vi + 28167 (Ze, 1210 ) Ve

6
=o0(m)*) Y lal + o(mlei ), (4.8)
=2
holds for f1 = (x, VZz 3 ;). 823?}}?,//'A’ g1="{(x,VI¥zz,), Westa j=3,....6.

r ax;
According to Lemma 4.1 in [13], there are

3y 1
—4 2 TX A g
[ (w74512,0P) 20 25 2 = 0,
RO6
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and

1

Y 1
—4 7, XA

/(|x| # (220 Zj) 2oyt de = 0(57).
R6

Likewise,

_ 8(,0—7//)\ 1
[ (w7 5115,08) 2,0 20 = 0,

X; A€
RG
gz 5 1
—4 X"\ _
/(|x| # (Ve 1 Y50)) Zey potdx =00,
Rﬁ

and the other terms have the same estimate. Therefore

et [ (o (1174 126, 07) 23 4 200 (10174 #1201 201) 2oy

RO
- - 097 5 1
(e 1Y ) 2+ 2B (1™ (Ve Y50 ey | =
1
n -4 2\y. —4 ,
L2 (117 1Y) Y+ 2 (1™ 1Y, 2501 Ve
dpr " 2

B (117 122, 1) Y+ 28 (1 7 5 (2,020 Yoy Jdx =otmlc1)).

i

The proof for

6 m
e D [ {[en(ie7* 5120 0P) 24 200 (16174 51202101) 2

=2 ]:1R5

a¢7,f”,l
3)6,‘

B (117 1Y, 02) Zj + 28167 (7, 0Y50) 2.5

[ (117 1Yy 1) Y 200 (11 1Y 5 Y1) Ve

O0Qr 57 5. }dx

(1 1Zey ) V28 (16175 (2 023 ) Yoy ] =2
]

6
=o(mi*) ) _leil,

=2
and

6 m
D
=1 j=1

o (1745122, Zg 4 200 (10174 #120,02,01) 22,
RO
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a%,f”,k
8x,~

(117 1Yy ) Zja 4 2B (e (Ve Y3 ) 22

o [ (1174 5 12, 52 g 4 200 (1174 172, 1Y) Yz

dpr 5 }dx

(1 1Zey ) V28 (1617 5 (Zey 0210 ) Yoy ] =2
l

6
=o(mr?) ) lel + o(mlci)),

=2

where i =3, - - -, 6, are similar. A slight change in the proof, we can get

m
Sa X [ fen (bt 1220 P) Zia 20 (1174 512,250 22y
=1 j:1]R6
B 1Yy ) Zja + 2B (1617 (Ve 250 Zey | 6, Vb )

o [tz (b7 1Y ) Vi 4 20 (1617 Yo Yl Ve

+ B(17 1Z2, 02 YVt + 2B (167 % (2, 1 210 ) Yoy | 3, Vg )

6
=o(mA?) Y _ler] + o(mlci ).

[=2

Consequently, the claim can be proved by (4.4).
Claim 2:

1 :
Ci =0(ﬁ)61, i=2,---6.
We next prove Claim 2. As

<)C, VZ;’Y//’)) = ()C/, VXIZF’EH’}"> —+ ()C//’ qu Zf,f”,)»)f

and
()C, VY?,}”J) = ()C/, VX/Y?,E”,)L) -+ <)C//, VX”YF,Y”,A>7
we have
6 m
ZCI Z/ {[al (|x|_4 * |ZZJ~,)L|2>Z]"[ + 204 <|x|_4 * |ZZJ.,;~ZJ-,1|)ZZ],’)\
=1 j=lpg

B (117 1Yy 02) Za + 28167 (Ve 050 Zey ] (6, Y Z 000
—4 2\ y. —4 _
o [ (117 5 12, 0 2) Y 4 20 (1174 182, 1Y) Yo
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—4 2 —4
o B(117 1Z2 02Vt + 281617 % (Ze, 1210 ) Yoy | (0, Vi)

m
=022/{[0ﬂ(|x|_4* |Zz.,~,)h|2)zj‘2+2051(|x|_4*|sz,AZj,2|>sz,A
jles
B 1Yo 0 2) Zi2 2B (1 (V2 0Y52)) Zep [ (6, Vi Zir )

[ (1175 172, 22) Y2 4 200 (1617 5 1, 2501 ) e

B 5170, P) Vi 2B (117 % (2,0 2520 ) Yoy | (6, Vi Yo )
6
+omr?) Y el + o(mlcy ), (4.9)
1=3

and

6 m
Zcz Z/ {[a1(|x|_4 * IZZj,)\|2>Zj,1 +20(1<|x|—4 * |Zz,-,AZj,l|>Zz,-,)»

=1 ]=1R6

8Z7,¥”,)L
ax,-

B 17 1Y, 02) Zj 4+ 2B (6™ (V2,0 Y5)) 2y

[ (117 5 1Yo )Y 4 20 (1174 51, 0 Y01 ) e

Y o
B 122 02 YV + 281617 (2, 1210 ) Yoy | =52 L

3x,-
m
=c; Z/ {[a1(|X|_4 * |sz,A|2>Z,/,i +2a1(|x|_4 * |ZZJ’AZ~/’i|)ZZf’)"
j=1R6
B _ 82— XA
(Il 0 17,0 2 28 (17 0y 0Y50) 22, |55
L

[ (117 5 12, 5 2) Vi 4 20 (1174 51, 0501 ) e

Y= —n
B 1Zey ) Vs 28 (1517 5 (20 Zj) Yoy |2
]

6
+0(m)»2) Z lc1| +o(m|c1]), i=3,---,6. (4.10)
I#1,i

Combining (4.8), (4.9) and (4.10), yields

m
CZZ/ l[al(mr4 * |ZZM|2>ZJV2 + 2a1<|x|*4 * |ZZj,AZj,2|>Zz/-,A
—
RO
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B 1Yy 0 2) Zj2 2B (1™ (V07520 ) 2y | 6 Vi Zin )
o [oa (1174 172, ) V2 + 20 (157 5 1Y, 2l ) Ve

B (117 122,02 Vi + 28 (117 5 (20,0252 ) Yoy |06, V¥ ) bl

6
= o(mkz) Z lcr] +o(m|c]),

[=3
and

m

ci Z/ (o (1317 5125, 12) Zj 4+ 200 (1617 %1722 Ze

jZIRG
VZ5 5 5
3)6,'

Bl 1Yo, 1) Z + 28 (1517 5 (Vo) 1Y) Zeyn

+ [a2(|x|_4 * |Yz_,~,x|2> Yji+ 2a2(|x|_4 * |Yz_,~,ij,i|)Yzj,x

- _ ) A
Bl 5122, 2 PY Y 2B (1l (22,0230 ) Ve ] 25 L

0x;
6
=o(mA?) Y lal+o(mlci]), i =3,---,6.
1#1,i
Hence that, combine these with (4.5) and (4.6), show that

1 .
c,-:o(ﬁ)cl, i=2,---,6. 4.11)

These are precisely the claim.
According to the claims above, we have

m
0= e [{[ar(ix14125.u8) 22
=1 j=lgs

2 —4 ‘ —4 2\,
21 (67 1220 Zal ) Zey 4 B (1517 5172, 112) 5
755" 5

oA

o (1™ 1Y )Y 4 2000 (1174 01, 0Vl ) e

+ 2B (™ (Ve 1Y5) 2y

- - Y
o Bl 5122y ) Vi + 2B (1 5 (22,230 ) Vo] =5

oA
m
e [ {[an (17 #120,02) 23

jzl]Rﬁ
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2001 (17 5 122, 1 Z11 ) Zeg+ B 1Y, 02) 2o

] 327,7’,/\ dx
oA

e (1™ 5 1Yy ) Y+ 20 (1617 1Y ¥ Ve

+ 2B (e (YY) Zey

B0 122, 5 Vi +28(161 0 22 0250V ] T
+o(35)el
=m(a3 +0(1))61+0( 5)C1s
where a3 > 0, then ¢; = 0. By Claim 2, we have ¢; =0,i =2,---,6. O

Lemma 4.2. We have

00 (Zegrp Yrr ) 0 (ZE 0, Yie )
8—// - 8—// +0(_
l‘

where

1 2 2 1 2 2
J(u, v) :E/(|Vu| + |Vu|9)dx + E/(P(x)u + Q(x)v9)dx

RO RO
a (o) P lu()I?
_7/ lx —yl* dxdy
RO RO
ﬁ//lu(x)l MLl %/ @OPOP
TS P

RO RO

Proof. The proof will be divided into three steps.
Step 1: We claim that

//|z”(x)| Z;m(y) ””(y)

dxdy
Ix —y|*
R6 R®
|Zs 1 ()P Zg g, () 2 *<y>d e
// e —yI* T (Az)
RO RS
Vi PZE, () 2 (9)
// 7, X" A r,x A4 dxdy
lx — ¥l

RO R®

447



W. Ye, F. Gao, V.D. Rdadulescu et al. Journal of Differential Equations 375 (2023) 415-474

Yz 5, (02 Z——u(y) ”( ) 1
—// dedy = 0(3).

) Ix — y|*
ROR

aYF*Y”)\

dxdy
Ix—yl4
RO RO
Yy, (02 Yr 05, (3) ’*( ) o
_// =P drdy = (Az)
RO RO
and
|Z’*”A(x)| Y;}//A(Y) 5; A()’)
7 dxdy
lx — ¥l
R6 RO
| Zr 57 5 (012 Y5, ”,\(y) 'X '\(y)d —0 1
_ xdy = 0(—).
/ / ol y=002)
RO RO
where j =3, ---,6. We only need to prove one of them, and the other three can done in the same

way. Here we establish the last one, it is clear that

V*

UF LRV () z 2y, R
| zj,k(x)| Zj,)»()’)?;/()’) 1Z2;,5.(0)] ZJ,A(}’)W()’)
dxdy — dxdy

Ix —y[* Ix —y[*
RO RS RO RS

//kolole, AP = 20U, x(y) 3_// 2 (y)

dxdy
lx =yl

RO R®

2 2 2 Uz »
kolo(1 — E=()NUz; A (DI IEWITUz; 2. () =z~ ()
+// L dxdy,

lx —y|*
RO RO
where j = 1,2, - -, m. We know that

oo 13

3
_ g2 1)1 0 2 7
/[(1 £0+ 21 |y|] dySC/\Q/ T ar=och).
J (1+22y) AR A

And by the Hardy-Littlewood-Sobolev inequality, we can estimate
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|Uz/k(x)| (1-¢2 (y))Uz,x(y) 3—// “)
// dxdy

) lx —y|*
ROR

)
Wi

3

3
a4 2 (1 —E2(y+ 2,20yl |
=¢ /[(1+A2|x|2)4] - /[ (1+ 232
6

6

—0( )-

A4

Similarly

2 2 2 Uz 2
(1 =& NIEM DUz, () PUz, 2 (1) 5 () |
RS RS

Therefore

*

/ / UZ 0PV A(y) ()

dxdy
g lx — y[*
|ZZJ )»(x)l YZ] )»(y) 87// (y)d d 0 1
// lx — y|* dy =067,
RO RO

where j = 1,2, - -, m. We continue in this fashion obtaining

Uy 300Uz, 1 () Uz 5.0 537 ()
// dxdy

) lx —y|*
ROR

/ / 2230 22,0 (Y 2 () 7 ()

1
dxdy =0(—),
Ty xdy (/\4)

RO RO

where j,i,l,k=1,2,---, m. Consequently,

|22 0 OPYEL DE *fﬂ(y)
// s o dxdy

) Ix — y|*
)y
|Z. x”)\(x)l ¥ () 5—7/ —5R (y) mt 1
// |x_y|4 dxdy = 0(53) = 0(5).
RORS
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Step 2: Because P > 0 is bounded, we see at once that

U*
/P(x)U>k A —=r 8—// (Y)dy /P(X)Zz] A(}’)
RS RS

3_,/ (y)dy

2 Uz
<c / (1= 20NV, 2 0) 5 (),
t

where j = 1,2, - - -, m. By direct calculation, we have

(1 —&2(y)r2 A — X)) :
i A+22y —z; D> A+ A2y —z;1»)3

2 BUZJ',)»
/ (1= £, 1) 22 )y =€
Xt
6

(I=E2(+z))2r A4yl y
- (L+22yH2 (1 +22]y»)3
R

e / 22 Myl
= A+ 22yD2 A+ 22y23
RO\ Bs_5(0)
- 0(/\4) 4.12)

Likewise, for other cases, we can obtain

U* aZz,-,)» 1
/P(x) 0O —= a_,/ ~(y)dy - /P(X)Zzi,x(y)?p(y)dy:O(F),
t

RO RO
where j,i =1,2,---, m. Thus, we have
9zZ*_, 97~
P (zf_,, rX g, 20X A)d -0 4.13

[ (-x) 7.x" h 87;/ XA 87;/ X = ( ) ( )

R
Analogously,

8Y— — m2
A XA
/Q(x) SN a’_x// - Ym,,,k#)dx= 0(=3). (4.14)

t
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Step 3: We observe that

0Z*_, 07~ —n
AZF_,  —DT gy /AZ— e
/ X"\ 8x;/ a //

RG
= | Az* i Y AZ* Z*_, AE+2VEVZE i — LA g
- 7,7/,)» PR ,/ é(s 7;//;\"‘ 7.7 ";:‘l' s F.x! )L) a_// X
R()
Obviously,
0Z*_,
S
/(1—%—2)Az;f7,A — o dx
RS !
m e (1= E2 @)U L RUE () 25 ()
= // 7 dxdy
J=1 peRs =l
//ﬁ(l—é (X))IUZ* Nek V* ,\(y) 7// (Y)d 4 o 2)
+ X y]
) lx —yl* A3

can be obtained by step 1. Combining this with
Z;kx A 2
/Ezrx )»Aé: —” _0()\'3)
RO

and

EIVERy —z)] 9Z55, m
v VZ__,/ rx )\. <C / J XAy — O(— ’
/E E A // Z (1+)»2|y—z,-|2)3 3)7;/ y ()\3)

we conclude

AZ* _, 07~ —n 1
AZF_,  — D gy /AZ Ik iy =0 —).
R/Gv r.x" A 8};/ J rx k Bf;/ ( ) ()\‘2)

Similarly,
aY*_, ) A 1
AYZL de—/mz LA gy =0 0(=).
R/6 A 'Yt J 7. x" A 8};’ ( ) ()\.2)
This finishes the poof. O
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Lemma 4.3. We have

00 (Ze s, Yoxr,) (Bl OP(X) | B dQF.X)
ax/ m<,\2 A 0(x1+e))

where By > 0 and B> > 0 are constants.
Proof. It is easily seen that

BJ(Z,,,, JY*_, )

[
8—//
aer A * ayf*,f",)\
[ P(X)Z— ' 8_// —==dx + Q(X)YF XA 3}// d'x:l
RO t
9Z*_, m 9Z*_,
A 0
o] / (el %122 20, )Z;‘,y,k Lot =Y / (bl 1uz, 512 ) Uz —rx |
t ; t
RO J=IRe
8Z; x A " BZ; X"\
+ﬂ|:/(|x| *|Y—*—// | ) ——//)\f//dx_ /(|x| | | ) Af//d-x:l
e 0x; =16 ox;
aY*_, n aYr_,
Ay )
vl [ (1107 )t s = 3 [ (w05 )V s ]
R t j:l]RG t
—4 | 0¥ - 0¥ 5 a
+ﬁ[/(|x| #1250, ) Vi, — o — /<|x| (U2 P )V x| |
R6 t ]:lRG l
=P —P2. (4.15)

In order to estimate the first part P; in (4.15), integrating by parts, we have

U*
/P(}c)U’k () ——=— 8_” (x)dx

]RG
OP(x+z;)
—C/|U0,A(X)|2T,]dx
t
]R()
AP(z;) d(P(x +z;)— P(z)))
=C/|Uo,;x()6)|2 — clxwLC/on,;x(X)l2 = = dx
ox; 9%
6 6

CoPF,x") 2 1
ZﬁTQ,/H]O,I(xN dx+0()»_2)’

where j =2,...,m. As
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/P U Z d Zc/ 2 M-zl
(U520 Y —= // “ (0dx T+ —a P2 A+ 22—z 3

R6

m

C 1 1
<— — = 0(— S
A Z Az1 —zj)? G2

j=2
we deduce that

pie [Pz, S, Wizrag
I—Rb (-x) ——//)L 8_// + Q(.x) Uv)‘T;/ X

= (Clm ZAUE) + Com 99 X )>/|U0 L) Pdx + O(——

_ = ). (4.16)
22 o) 22 %)

)LH-
RS

And then we estimate the second part P; in (4.15), we have

m 0z,
/[(m #1250, P) ZE s = D0 (w17 U2 P YU, }#ﬁdﬁf

j=1

0z*_,
4 XA
=23 /(|x| S |UZ U2 ) 2 Sty

J=Li#iRe
m
//)\
+ 3 [ (1wl u)ZU;H a’_’i/ dx |
i=1
m 9Z*_,
— XA
=2m/(|x| 4>x<|U;1,kZU;;,U)Z%,,,A dx
RS i=2 !
o [ () 0]
RO6
=2mQ; +mQs. 4.17)

Step 1: Let’s think about Q,, because of Lemmas 2.5 and 2.6, we have

U
[l 0]
X
R6 !
_ Uz,
- /kg[(m 4*|UZI,A|2)UZ,.,A] a;; dx
RO !
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22 22 Ao —x)

<|C
- /(lJr?nzlx—mlz)z(1+k2|x—1i|2)2(1+)\2Ix—11|2)3
RO6

A 1
<C dx
- / I+ 1x —Az1D® (1 + |x — Az )3
R6

c 1 1
< + )dx
)\4|Zl—Zi|5/<(l+|x_)\Zl|)8 (1+|x — rz;)8

R6
B C
Az -zl
wherei =2,...,m. Thus
m aU* m C CmS
4 x  (2) 7% 21,4
XU )U] kel < _
2 [ wrsaosa Tor) = g —p = 5
=25 =
Similarly, we obtain
m 8U*A 1
> [ [t wioz o 2)vs ] e = 0
i=2p6 !

Step 2: For j # 1, i, by Lemma 2.2, we have

*
/[(|xr4 #1U2 112Uz ] e T
ox,

RO6
i 2 Mpx =z

= 0(

1
Al+e

<C dx
- / (4221 = 2122 (L 220x = 5i2)2 (L+ A20x — 22))
R6

1 1 1

SCA/ 1 7 sdx
(I+]x = AziD* (L +[x = Az; D* (L + |x — Az;])
RS

c 1 c 1
< + :
Mz —zil* Mz —zj1? Az —zil* Mz — z5)?

So
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m m oU -
)OI A [(IRANR UER ==
i=2 j=2.#ipe *i
1
<
g/;# )»4|21 —zi]* MZI ;/;;ﬁ A4IZ1 zil* Azi — zj?
Ccm®
= AS _O(Al+e)
Combining this and (4.18), (4.19), gives
—4 A
(w10 )Z = Saarhdx = 0G ) (420)
RO6
Step 3: It is clear that
82* =1
Q] :/(|x|_4*|U Z ) /,)L a";, )de
t

IRs

+ [ #1003 Ul
RO

i=2

+m—1) >
J=1#2p6

An direct calculation shows that

/(|x|_4* U nUsy 2l U

6

<c // mm)Uz,x(x)('

6 R6

<| [ (10,0

6

455

m
Z/ko lx|™ *|U21AZU2,A|) Zj,A

mn 8U
/k§(|x|—4 Uz 3 U Ui =
=2

421

AU, 5

AT/,dX
ox,

— Vi)
|’6 |Uz,.5.(»)*dxdy

A — X))

P A+ A2y — )
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M —x7

—4 2 3 t

*|U,, )U, dy|,
+ /<|)’| [Uz; 2l Z”’\(1+A2|y—z1|2)3 Y

6
wherei =2,---,mand j=1,---,m.If j =1, we have
_ aU,
A CImEAUAPCARY) AR

-/
ox;
6

)LZ )\2 )L3

SC/ 4 2 272 sdx
I+ Ax —ziD* A4+ 2% x —z119)* A+ Ax — z;])
6

_ aU; a
+ /(Iyl 4*|U11J»|2)UZ:'J» ii/ dy
0x;
6

1 A C
§C/ dx +
(I +1x —2z1 D8 (1 + [x — az;])? Mz —zilP
R6

C
P —
Mz —zilP

If j =i, in the same way we have that

aU; . » ¢
i Zj,
% |Us, AU, )UA —dx| = :
/6<IXI Uz 2 Uz nl) Uz ox/ = Mz —zilP

We now turn to the case j # 1,1
_ aU;; »
/(|x| 4*|UZI,AUZI,A|)UZ_,.,Aidx

=/
0x;

6

C 1 1 1
< + ) dx
X4|11—Zi|4/((1+|x—kZ1|)4 (4 Ix =2z D*/ (A + [x — rz;D?

RG

C 1 1 1
= 4 4 /( 7+ 7)dx
Az1 = zil* Az — zj] ; (IT+1x—=2Azih)" A+ |x —Azj])
R

C 1 1 1
+ ( + )dx
Mz —zil* Mzi — 2] / A+Ix—2rziD" (A4 |x —az;))?
RG
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_c Lo, c 1
Mz =zl Az =z Az —zil* Az — 2]

So,

m . m aUZj,)\
Z/(m *|UZ],AZUZ,.,A|)UZ_,.,Ade
J=1ge i=2 !

m

1
ZA4|Z1—Z|5 Z Z )»4|21—Zt|4k|z1

i=2 j=2,%i — 2l

m m 1
*2 25
4
=2 je.t Zl—Zz| Azi —zj]
m

cm? C m
s +§)‘4|21—Zi|4x

e Cmm4_0 1
“at T w Tl

). 4.22)

We continue in this fashion to have

/(|x|*4*|UZI,AZUZ ) MZ = = —0<A1+£) (4.23)

RG

and

" aU,; A 1

i —

m-1 3 /<|x| *|UMZU“|) ok g3 = O, (4.24)
j:l 7& i=2

From the above estimates, we have

n 0z _, Ay
4 Z % 7,X _
/(lxl k |UZI’)‘ Uzi’)\|>277f//,)“ af;/ O()L1+€).

RS i=2

Combining this and (4.20), we get

9Z*_, m 0zZ*_,
XA — X7
/<|x| >l<|fo,, | ) 7’}//’)\#61)6— E /<|x| 4*|Uzj,)L|2>Uz,~,A#dx
t t

RS J=IRe

=mO(37)

)\1+e

hence that
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0 (Zezrp Yews) _ | (BLOPEX)  BdQGF")
8—// = m(ﬁ ax;/ ﬁ 3_;/ ()LH_S ))

can be got by Lemma 4.2, where By > 0 and B; > 0 are constants. 0O

Lemma 4.4. We have

_ ~ IZr <,
J (= Bt PO 1ty = a5t Pt = BT o Pt ) 5
R '
oW —4 2 4 2 aY;j//’)L
[ (= 2vm + QUL 3o — ann(lel ™ 5 v Py = Bl 5l Py ) =272 dx
R '
B dP(F, X)) By dQF x") 1
= (AZ Cax A o O(A1+5)>'
Proof. It is easy to check that
e —4 2 —4 2 aZ?»f”J
(= At + POty = 0 (]t Pty = Bx1 ™ % o Pt ) =572
t

RO
Y55

" dx
ox;

[ (= Bum + QU1 = an(bel™ Py = BT 5 P
RO
aZr x’ Y, Yz s
a—// ’ a—//
Xy Xy

_<J( X0 rx”)\)(

BZZI,A 3Yz1’x)>
ox;  ox]

aZ——// aZ__//
_Oll/(|)6|_4*|Mm|2>umL’)‘dx+Oll/(|x| 4*|fol, |>Z, ”AL’Adx

m(Ln(@.9).

A 07
RS Ro
0Zy o
o [ (16412, P )0 S
RS t
3Zr w1
+Oll/2(|x| *(Z’f” A¢)) rx”,)»#dx
t

02~
—,6'/ x| 4*|vm|2> VZrx +ﬂ/ ™ Yo |) Zn v, 2

_,, -7
0x 0x;

+ﬂ/ EIER RN )cb 3’_’5/*dx
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B 0Z= =
+/3/2(|X| * x (YF,E”,MO))Z?,f”,kiarj/ *dx
Xt
6

B Y5 5 N Y535
—az/(|x| 4>|<|vm|2>vm ar)_:,, dx+a2/(|x| 4*|Y7’y//7k|2)Y77f~’)& ar_x” dx
t

RO RO
_ 8)’——//)L
+0t2/(|x| 4*|Y**”,\|) ar;u dx
t
Rﬁ

_ 3Y——//A
+a2/2(|x| 4*( ”A‘P)) T ar;/, dx
t
//)"
—ﬂ/ 1 o 2

) A
+/3/ 7 127 ) i s

+f3/ e 125502

0Y=—n
5 / 21617 5 (2 1)) Vs
t

(’)Z—,—H’)L Y- Eary
:(J/(ZF x” A r,f”,)»)’ ( Brfz/ s arfx;, )) +m11 — 12.
By Lemma 3.1, we deduce
(o, w)ll*
=022 = o( x1+€)

Next we claim that

0Z; 0Z5 5
[ (s unl e i [ (167 412005 P) 2y S
t

R6 RO
37 dZ5 <
= [ (e 1ze s P)o S = [ 217 2 50) 2,
]RG ! RG d
O(Al+s)
As
. 2
x|7" % (Zy 5 <C _
x|~ % (Zz 27,0 < Cliglls Z(l—i—klx—zjl)“
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we have

_ 0Z
J (7 T s0) Zo s

6

m 2 m 2
A A Uy, »
<C Z; i
161111 Z7 7,51+ /;(lﬂlx_wjzl<1+A|x—z,»|>2+f§ ox,
= -

<Clgl /§m M Wang o L)
- * p (1+Alx —z;)ote> ax) /\1+€
i

Likewise,

(117 1Z5502 ). 8Z“)=0( L.

*’ I+e
ox, A

By direct calculation, we get

_ 7= A _ 8Z—’—//y)L
/(lxl 4*|um|2)um ar_f, dx—/<|x| 4>x<|Z 2l ) rx”,xar??dx
RS R6
0Z; 0Z; 51
= (e P = [ 2117 2 0) 2 S
X Xt
R® RS
Z —
— A — XA
< [ (e 10l b [ (17 10 2
t
RO RS
— A
2 [ (12011
RO
<c [ (wrx10 )|¢|§Z| S+ [ (167 510R) 2 méD o
RO RS
+c [ *|Zrm¢>|)|¢|52| .
RO
C||¢Ili/( o N 22 )) N
<—* U; 2d
Y el ;(1+,\|x—z,~|)2+f jz_;(l+)»|x—z |)2+fZ e
RS = =
Cllol2Z " 22 2
OBzl [ (o, (5 )
x L (U0 —
RO Jj=1 J
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m

X (1+A|x—z |)2+r ZUZj’kdx
=1

ClplNZz 5 5. _ = 22 2
+ *)er A*/<|X| 4*(Z(I+X|X—Zj|)2+r>)

RO Jj=1

m
X Z (1 +A|x —z; |)2+r ZUZj’kdx‘

=1

.

.

Since (3.27), we get the claim using the same method as the Lemma 4.3. The rest of /5 run as
before.
Note that we have actually proved that

azr X x Y, 7, X"\

(V' (Zizr s+ 0. Yrz s+ 0. (

8_;/ ’ 8_;’
BZ_’—”’)L 3Y—7—//,)\ m
= (/" (Zr 5 32 Yrzr s ( 3}2’ . {arfx;/ N+ 0G)
B P, X") By dQ(F,X") 1
:m(kz 8—// 2 3%;/ + 0()»1+8 ))
by Lemma4.3. O
A slight change in the proof, we can also obtain
Lemma 4.5. We have
8Z 8 =
] Z— S 5 r, X A. XA >
O O N e T
= 7. x" i 3
m(——P( )— 3Q( )+Zk5 |4+0(A3+8))
1 p—— B, _ _, Bym* 1
=m( =33 POT) = 500 + =5+ 0(50). 4.25)
and
0Z=~ry 0Y==r
O O N e )
ar or
BidP(F.x") By dQ(F.x")  Bym*
:’”<(,\2 aF 2 e T T O(A,H )) (4.26)

where B; >0, i =1, 2,3, 4 are constants.
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Lemma 4.6. It holds
/ |Vo|2dx + / P(r,x")¢*dx + / |V 2dx + / O, x")p?*dx = 0(/\2 —). (427)
RO6
Proof. Since (3.20), we have
/|V¢|2dx+/P(r x”)¢2dx+/|Vg0|2dx+/Q(r x"p?dx
R6

:/ (8Zezrs = PO Zezr s o (1674 51 Zepr s + 8) Zrpr o+ 6)

]RG

+ 8117 Y s+ 91 ) (Zeer s +9) )

# [ (8% = x4 Vi + 0P B+ 9)
RO

+B(I™ 1 Z5 55+ BF) K+ 9) ) pdx

[ [ (82Zrs 4o (17 1250 ) Zyr s+ (17 5 80 2 )

Rﬁ

+ / (Yo (107 1Y P) Yoz B 5 125 2 P ) Yo )il

R6

- / P(rx") Zs o0, pddx + / 0, )Y 5 5 0d |

RO

e [ (67 412005+ 08 ) o+ = (W17 51250, 2y )

48 [ (175 W+ 0P ) s 400 = (1™ 80 200 )

+a2/((|xr4 # 1Yz 0+ 01) e+ 0) = (W17 1Y 0P ) Ve )l

+/3/ X %125 05+ 91) B+ 0) = (181745125 50512 Vi 5 ) o

=11 — L+ I5.
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According to the estimates of J3 and J4 in Lemma 3.4, we have

191l / At < A2 Cm
AZ= < 5 odd
/ rx ,A¢ x )»H'S Z (l+)»|x—zj|)4+f Z (1+)~|x—zj|)2+f — )\2+23

6

Cm
AY 5 )\Qﬂdx < m

6

In addition,

[ (517451200 P) 2210

6

)\.4 )“4 m 2
- xl+f (1+x|x—z,|)4+f (1+A|x—zj|)8 T+ Ax =z pze Y
Cm
= )\‘24—28’

—4 Cm
(1™ %1% 04 7) Zp 25 0dx | < 55

|R6

Cm
—4
/<|X| * | Yz 5 5 |) Y; z ppdx Sm,
R6

and

Cm
(517 %1Ze 204 Yeer sd| = 555

6

can be obtained from the estimate of J; in the Lemma 3.4. Hence that

|11|§m-

Since (3.37) in [28], we thus get
Cm Cm
/P(r,x”)Z- addx| < —— pprsr and /Q(r X"z s pdx| < pprerl

6
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So,

Cm

121 = 57

By direct calculations

151 <C Il + 112+ o121l + llellt + lel?)

m 2 m 2
A 2 A 2 Cm
4
. dx < ———,
/(|X| *(jzl(]+)»|x—Zj|)2+T> )(j;(l"'ﬂx—ZjDZ_H) X = 22+2e

RO6

and the proof is complete. O

Proof of Theorem 1.4. We will divide the proof into four steps.
Step 1: Integration by parts, it is easy to verify that (4.1) is equivalent to

—2/<|wm|2+ VunPdx
D/J

- % /[(6P(x> + (5, VPN, + (60(x) + (x, VO 1dx

2 2
+3a1/ |t (V) |t (%) [t OV O +3ﬂ/ Ivm(y)l |ttm (X)) om Ot OOV )

lx —y* -y
D, RS D, R6
2
_2a1//x( Ium(y>| Iurré(x)l dxdy
D, RS
2
_zﬁ//x( B )|vm<y>| luTﬁ(X)l dxdy
D, R6
2 2
+3a2/ Ivm(|y)3|_lvrr(x)| dxdy +3ﬂ/ Ium(y)l |vr|n4(x)| dxdy
D, R® D, R6
2
—2a2//x( Ivm(y)l Ivn|16(x)| dxdy
D, RS Y
2
_Zﬁ//x( | m(y)l |Um6( x)| dxdy
D, RO !
_ ) o ()] 2 |ga(y)| )
_0</ (1o +¢ )ds—i—/(/mdy)lqbl ds—i—/ /| v)IgPds)
aD, aD, RS aD, TS
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+0(/ (1ol +¢?)ds + / (/lf(_y)y';dy)wﬁdﬁ/ /||¢(y)| lpPds).

D, dD, RS aD,

(4.28)

As

NE

((or (117 512, 22) Zgor 200 (1617 (2, 1250 ) Zey 4 B (16174 5172, 112) 2o

1

2B (117 (Ve 2 Y50) Zey (1174 1Y, ) Yt o+ 20 (161745 (Y Y50 ) Yoy

~.
I

B 122 0 Y+ 2B(1X17 % (Zey 0 250 ) Yoy ) (9)) =
where [ =1, 2, ..., 6, and (3.20) we deduce that

/|Vum|2dx+/P(x)u,%,dx+/|va|2dx+/Q(x)v3,,dx
D

D,

= [ (bl lnP Yt P+ [ (1617l ) P

D, D,

L (o T Rl B (e T [

b, D,

6 m
+3ay / {[or (17 124, 02) Zja 200 (16174 % (2,0 Z10) Zey. - 429)
=1 i

J=lge
B 1Yoy ) Z + 2B (1™ 5 (VY30 ) 2y | Zr s
[ (117 12y 22 Y 210 (Y50 ) Xz
B (1l 12y P) 28 (16175 (22, 2230 ) Ve ] Vi

+O</(|V¢|2+¢2)ds+ /(|Vg0|2+<p2)ds).

aD, aD,
Substituting (4.29) into (4.28), yields

/ (P(x) + %(x, VPO dx + / (00 + %<x, VO))udx

D, D,

6 m
—=23 e} [ [ (b 12200 P) Zia + 20 (1174 5 (202100 22y

=1 -/ZlRO
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B (17 1Y, 0 2) Zjs + 2B (1675 (V2 2Y30) Zey 0| Zen
[ (117 1Yy 1) Y 20 (161 O Y50 ) Ve

(1517 122, 22) Yo 2B (1517 5 (ZeynZi) ) Yoy | Yo e

+0(/ (1V0P +¢2)ds + /( |'j(_y)y';dy)|¢|2ds+ / (/l'f(_y)y';dy)|¢|2ds)

aD, aD, RO 3D, RO
+0(/ <|V¢|2+¢ ds+/ /|I</>(y)| \ol2ds +/ /||¢(y)| P |2d)
aD, 3D, RO aD, RS
2 2
/ / @ — y0) |¢(X)I |¢|(6y)| dxdy +/ / (= i I<p(y)|_|<il(gc)l dxdy)
Dy RO\D, DpRO\D,
2 2 2
/ / I |<p<x>| PO, +/ / (5 iy 2L dxdy)
vl lx — vl
D,o]R(’\Dp D/’R(’\Dp
+ O(AHE) (4.30)

wherei =3,---, 6.
Step 2: On the other hand, we have

m .
> [ e [(e1m w122, 2) 24 2 (101 5 20210) 2]

J=lRe

_ - VZs 5 5,
B[ (1 1Y ) Z 2 (1017 (Y ¥j)) 2oy | | o2 dr = 0nad), 1=2.--6,

i/{az [(be17 ¥ 2 P) Y 2™ (Y 2 Y50) Ve
i=lgpe

+ B[ (1517122, 2 2) Yy 2 (1017 5 (20250
e[ (7 w120 4P) 2 42 (117 5 2 22 2, ]

r6

(le‘4 * |Yzj$)\|2)z_/,1 + 2(|x|‘4 * (Y 1Y), 1)) ]} azg;” dx = O(m)

Y- -
]} ra"f”’}”dx =0m2), 1=2,---6,
—

nMs

and

m

Z/{az[(|x| # 1Y) Y+ 21617 (050 Yoy

jZIR()

B[ (1317 122, 1) Yo 2™ (2,020 ) Ve,
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by direct calculations. Combining these and Lemma 4.4, (4.11), (4.25), (4.26) and (3.20), we
have

1

=007

) i=2,--,6, 431)

and

1

=06

). (4.32)

Using a similar approach to Lemma 4.1, we have

m
Z/ fe [ (11 %122, 2 P) 20 42 (101 22,520 22,1
=1

J=1Rr6
+ ,3[(|x|_4 x |Yzj,k|2)z,~,, n 2(|x|_4 * YZJ.,AYj,,)zZ/.,A]}zyyfﬁ)kdx — O(mh),
1=2,3,4,5,6,
m
—4 2 —4
> [ (17 41200P) 2 #2017 5 20,0210 ) 22,
j:]R6

+ ﬁ[(|x|*4 % |Yzj,,\|2)Zj,1 +2(|x|*4 » Yzj,ijJ)ZZj’;L]}Zaf,/’)\dx

m

m
> [ el (bt w17, P v 21 5 vy ¥) v

.iles
B[ (15174 517, P) Y+ 2(1517 % 20250 ) Yoy ] [ adx = OGm),
1=2,3,4,5,6,

and

m
S [ o (b7 )V 21 )

J=1R6

_ _ m
+ ,3[(|x| 4 4 |sz,k|2)Yj,1 —|—2<|x| 4 4 zzj,kzj,l)yzj,k]}YW,,,Adx =0(%).

Combining these and (4.31), (4.32), we can rewrite (4.30) as
1 1
/(P(x) + E(x, VP (x))uzdx + /(Q(x) + §<x, VO(x))vpdx
D, D,
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_ 2, 42 P I° >
0()\2+s)+0(/ (|v¢| +¢)ds+/(/|x_y|4dy>|¢| ds
D, 9D, RO
/ /|I<p(y)| |¢|2d )
D, RS
2, 2 eI 2
+o( [ (1veP+e?)ds+ | ( mdy)|go| ds
aD, aD, RS d
2
[
3D, RS
2 2
/ / = i) |¢(x)| I¢|(6y)| dxdy +/ / = 1) lw(y)l |¢|(;C)| dxdy)
DpR(’\Dp Dpr\Dp
2 2
/ / @ — ) Iw(x)l |<p|(6y)| dxdy +/ / i — ) |¢(y)| |<p|(-6>C)| dxdy)
Dy RO\D, DpRO\D,
+ 0(A2+a) (4.33)
for some small € > 0.
Step 3: We integrate by parts again to find that (4.2) is equivalent to
2 AP, X") 5 90X, x")
/(um 3)6,‘ +vm 3)6,‘ )dx
DP
_ 2, 42 lp()I? 2
_0(/ (V9P +¢2)ds + / </|x_y|4dy)|¢>| ds
aD, 9D, RS
/ /||¢(y)| |¢|2d>
3D, RS
+0(/<|V¢J|2+<p ds—l—/ /||(p(y)| \o|2ds
D, 9D, RS
2
(s
D, RS
2 2
/ / @ — i) |¢( )[? I¢|(6y)| dxdy +/ / i — i) |<p( )I? |¢|(6y)| dxdy)
DpRﬁ\Dp DPR6\D,D
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2
/ / (l_ Yi wdxdy

D, ]RG\Dp

2
/ / ( Xi — Vi dedy)

Dy RG\Dp

+0(=—),i=3,---,6. (4.34)

)L2+a

Therefore, we rewrite (4.33) as

r 8P(rx) 3Q(r,x")\ 5, m
/ (P + 0w +5(— ) dx = o)
DP
2, 2 ¢ ()] )
+0(/ (1vel +¢>ds+/</|x_y|4dy>|¢| ds
aD, aD, D,
2
+ [ ([ 2 S)oras)
3D, D,
2
+0(/ (|Vgo|2~|—g02)ds+ / (/ o)l dy)|¢|2ds
lx — y|*
D, aD, D,
/ /||¢(y)| 0 |2d)
dDP P
2
/ / ( Xi — l dedy
Dp]Rﬁ\Dp
2
/ / ( Xi — l dedy)
DpRG\Dp
2
/ / ( Xi — 1 dedy
Dp]RG\Dp
2
/ / ( Xi — 1 dedy)
DyRO\D,
+0(A2+8) =36, (4.35)

that is,
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1 0(r2(P(r,x") 4+ Q(r,x") 2 m
/Zr or md= _0(ﬁ)
Dy

+0(/ <|V¢>I2+¢2>ds+ / (/%dy)kﬁlzds

aD, D,
/ /||€0(}’)| |¢|2d )
aD, D,
+0(/ (|V<p|2+<p2)ds+/</ e dy>|g0|2ds
lx — y|*
oD, aD, D,

|¢(y)l 2
o ([ g)ers)
2
/ / i = i) I¢(X)| |</>|((:V)| dxdy

D, RO\D,

2
/ / Gy |<p(x>| |¢|<6y)| xay)

D, RG\D/)

2
/ / @ — ) pr(X)I |</>|(6y)| dxdy

Dy RO\D,
2
/ / i = yi) |¢(x)| |<p|(6y)| dxdy)
DpRﬁ\D,,

+0(==),i=3,---,6.

A2+8 ), i

By Lemma 3.5 in [28], we have

m
/ |V¢|2dx=0(m) and / |V<p|2dx—0(

Duys\D3s Dys\D3s

)L2+8

Moreover, according to Lemma 4.6 we can get

| (wer+or)as+ [ (f %dy)wds

Dys\D3s Dys\D3s D,
2
n / ( Iw(y)l4dy)|¢|2ds
lx — yl
Dys\D3s D,
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+ / <|V<p|2+go ds+ / /lltp(y)l ||2ds

Duys\D3s Dys\D3s D,
eI ||2 "
|x yI4

Dys\D3s Dp

2 2
n / /(xi—yi)|¢(x)| Id;l(ﬁy)l dxdy

Ix —
Dys\D3s RO\D,
lpIPlp I
/ / (xi — i) ——dxdy
Ix =yl
Dys\D3s RO\ D,

2 2
n / /(xi_yi)lso(X)l |<f)|(6y)| dxdy

|x —
Dys\D35 RO\D,,
¢ ()P lo(y)[*
+ / / (xi —yi)(p—(pgdxdy
|x — ¥l
D4s\ D35 RO\D,,
0(k2+5)

where i =3, ---,6. So we can find a p € (36, 45), such that

/(IV¢I +¢ / /|I¢>(y;||4 |¢|2d +/ /|I¢(y)| |¢|2d

aD, 3D, D, aD, D,
2 2 |§0(y)|2 2 |¢(Y)|2 2
+ / (1ol +¢2)ds + / (/mdy)m ds + / (/mdy)m ds
aD, aD, D, aD, D,
2 2
/ / i — i) |¢(X)| |¢|(6y)l dxdy +/ / i — i) |<p(x)| |¢|(6y)| dxdy
Dy RO\D, DpRO\D,
2 2
/ / i — ) |<p( )| I<p|(6y)| dxdy +/ / i — ) Id)( )2 |<p|(6y)| dxdy
DpRﬁ\Dp DﬂRﬁ\Dﬂ
O()\2+s)
wherei =3,---, 6.

Step 4: For any C'! function g(r, x”), it holds
"2 1 — = 2 1
g(r,x )umdxzm(ﬁg(r,x ) UO,ldx"’O(ﬁ))’
D, 6
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this was proved in Lemma 3.4 in [28]. Therefore, from (4.34) and (4.36) we deduce that

(L 2EEF)+ OEF) UdeO( LY=o,

A2 0x;
and
1 1 3@ PF.X")+7QF, ")) 1 m
(5 o / Uf 1dx +0(53)) =0(35)-
6
Hence
I(PF.X") + 0. X)) _ o(1)i =36, 437)
Bxi

and

IFPF,X") + 7O, )
ar

=o(D). (4.38)

Combining these we have already proved that (4.1), (4.2) and (4.3) are equivalent to (4.37), (4.38)
and

4 B 3
A5

By — — — —
D (et 06 T) + P = 0.

Let A = tm?, by A € [Lom?, Lym?] we have t € [L, L;], hence that

—%( 7. X"+ 0, Y”)) + % =o(1),t €[Lo, L1]. (4.39)
Set
F(t,7,x")
= (Vm"(?z(P(?, x")+ 07, X)), —%(P(F, )+ Q7. ) + %)
then we can deduce

deg(F(t,7,X"), [Lo, L1] x By((ro, X))
= —deg(V; ¢ (F(P(F,X") + Q. X)), Bo((ro, x{))) #0,

and finally that (4.37), (4.38) and (4.39) have a solution t, € [Lo, L1], (Fm,f;;l) €
By ((r0,x3)). O
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