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Abstract

In this article, we study the existence and multiplicity of solutions
of the following (p,q)-Laplace equation with singular nonlinearity:
—Apu— BAu = e ®+u7", u>0,inQ

u=0 ondS,
where (2 is a bounded domain in R” with smooth boundary, | < g <p <r <
p*, where p* = n"fpp, 0<d<1,n>pand A, S > 0 are parameters. We prove
existence, multiplicity and regularity of weak solutions of (P,) for suitable
range of A. We also prove the global existence result for problem (P)).

Keywords: (p, g)-Laplace equation, double-phase energy, Sobolev critical expo-
nent, singular problem

Mathematics Subject Classification numbers: 35B65, 35J35, 35J75, 35J92.

1. Introduction
In this paper, we are concerned with the study of a nonlinear problem whose features are the
following:

(a) the presence of several differential operators with different growth, which generates a
double phase associated energy;
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(b) the reaction combines the multiple effects generated by a singular term and a nonlinearity
with critical growth;

(c) we establish a global existence property, which describes an exhaustive bifurcation pic-
ture. Roughly speaking, this result shows that the problem has a solution if and only
if the positive parameter associated to the singular nonlinearity is sufficiently small.
Summarizing, this paper is concerned with the refined qualitative and bifurcation anal-
ysis of solutions for a class of singular problems driven by differential operators with
unbalanced growth.

We recall in what follows some of the outstanding contributions of the Italian school to
the study of unbalanced integral functionals and double phase problems. We first refer to the
pioneering contributions of Marcellini [35-37] who studied lower semicontinuity and regu-
larity properties of minimizers of certain quasiconvex integrals. Problems of this type arise in
nonlinear elasticity and are connected with the deformation of an elastic body, cf Ball [4, 5].
We also refer to Fusco and Sbordone [20] for the study of regularity of minima of anisotropic
integrals.

In order to recall the roots of double phase problems, let us assume that €2 is a bounded
domain in R" (n > 2) with smooth boundary. If u : Q — R” is the displacement and if Du is
the n x n matrix of the deformation gradient, then the total energy can be represented by an
integral of the type

() = / S (x, Du(x))dx, (1.1)
Q

where the energy function f = f(x,£): Q x R™" — R is quasiconvex with respect to £. One
of the simplest examples considered by Ball is given by functions f of the type

J(€) = g(&) + h(det &),

where det¢ is the determinant of the n x n matrix £, and g, h are nonnegative convex functions,
which satisfy the growth conditions

g©) = c|€P;  lim h(r) = 400,
t—-+o00

where c) is a positive constant and 1 < p < n. The condition p < n is necessary to study the
existence of equilibrium solutions with cavities, that is, minima of the integral (1.1) that are
discontinuous at one point where a cavity forms; in fact, every u with finite energy belongs
to the Sobolev space Whr(Q, R"), and thus it is a continuous function if p > n. In accordance
with these problems arising in nonlinear elasticity, Marcellini [35, 36] considered continuous
functions f = f(x, u) with unbalanced growth that satisfy

e ulP < | fau)| < (L4 |ul?) forall (x,u) € Q xR,

where ¢y, ¢, are positive constants and 1 < p < ¢. Regularity and existence of solutions of
elliptic equations with p, g-growth conditions were studied in [36].

The study of non-autonomous functionals characterized by the fact that the energy density
changes its ellipticity and growth properties according to the point has been continued in a
series of remarkable papers by Mingione et al [6—8, 12, 13]. These contributions are in rela-
tionship with the works of Zhikov [46], in order to describe the behavior of phenomena arising
in nonlinear elasticity. In fact, Zhikov intended to provide models for strongly anisotropic mate-
rials in the contact of homogenisation. In particular, Zhikov considered the following model
of functional in relationship to the Lavrentiev phenomenon:

Ppgut) ::/(|Vu|p +a)|Vu|Hdx, 0<ax) <L 1<p<gq.
Q
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In this functional, the modulating coefficient a(x) dictates the geometry of the composite made
by two differential materials, with hardening exponents p and ¢, respectively.

The functional P, falls in the realm of the so-called functionals with nonstandard growth
conditions of (p, g)-type, according to Marcellini’s terminology. This is a functional of the type
in (1.1), where the energy density satisfies

P <feO<E’+1, 1<p<q.

Another significant model example of a functional with (p, ¢)-growth studied by Mingione et
al is given by

U / [Vul? log(1 + |Vu))dx, p=>1,
Q

which is a logarithmic perturbation of the p-Dirichlet energy.

General models with (p, g)-growth in the context of geometrically constrained problems
have been recently studied by De Filippis [16]. This seems to be the first work dealing with
(p, g)-conditions with manifold constraint. Refined regularity results are proved in [16], by
using an approximation technique relying on estimates obtained through a careful use of
difference quotients.

The purpose of this paper is to study the existence and multiplicity of solutions of the
following (p, g)-Laplacian problem

—Apu — fAu = e ®+u", u>0in Q
(P»)
u=0 on 09,

where 2 is a bounded domain in R” with smooth boundary, 1 < ¢ < p < r < p*, with
pr=;",0<0<1,n>pand \,3>0 are real parameters. Here, A, is the p-Laplace
operator, defined as A,u = V - (|Vul[P~>Vu).

The differential operator A, ,:= — A, — BA, is known as (p, g)-Laplacian, which arises
from a wide range of important applications such as biophysics [18], plasma physics [41],
reaction—diffusion [10]. For more details on applications readers are referred to survey article
[34].

The study of elliptic equations with singular nonlinearities has drawn the attention of many
researchers since the pioneering work of Crandall er al [15], where authors studied purely
singular problem associated to —A with Dirichlet boundary condition. More generally, the
equation of type

—Au=Xa@u’+b@u"", u>0inQ; u=0ondN, (1.2)

has been studied in a large number of papers, for instance Coclite and Palmieri [11] obtained
global existence result for (1.2). Using Nehari manifold method Yijing et al [43] proved exis-
tence of two solutions of (1.2) when 0 < § < 1 and r < 2*. The critical case was dealt by Haitao
[28] and Hirano et al [30]. In [28], fora =1 = b and 0 < § < 1, Haitao proved global exis-
tence of solutions using Perron’s method and saddle point theorem while authors in [30] used
Nehari manifold technique to prove the existence of two solutions. Adimurthi and Giacomoni
[1] considered problem (1.2) for the case n = 2, 0 < § < 3 with Trudinger—Moser type criti-
cal nonlinearities. Ghergu and Radulescu [23, 24] considered singular elliptic equations with
gradient term, while Dupaigne et al [17] studied singular Lane—Emden—Fowler equations with
convection and singular potential. For a thorough analysis of semilinear elliptic equations with
singular nonlinearities we refer to the monograph by Ghergu and Radulescu [25].
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For general p, Giacomoni et al [26] studied the following singular problem
—Apu = A+ w7 u>0inQ;u=0on 0,

where 0 < § < 1and 1 <p <r < p". In this work authors proved the existence of multiple
solutions in C'*(€2) using variational method developed in [19, 21]. Here, a multiplicity result

was obtained for all p > 1 in the subcritical case and for p € (ni—"z, 2} U (%, 3) in the critical

case. For more work on singular quasilinear elliptic equations we refer to [27, 38].
The (p, g)-Laplace equation with concave—convex type nonlinearities has been studied by
many researchers. For instance, Yin and Yang [45] considered the problem

—Apu— Agu = |ul” "u+ V) u) 2u+ Af(x,u)  in Q, u=0ondQ,

where 1 < r < g < p < nandf(x, u) is a subcritical perturbation, to prove multiplicity of solu-
tions using Lusternik—Schnirelman theory, while Gasinski and Papageorgiou [22] obtained the
existence of two positive solutions of the problem with concave nonlinearity and Carathéodory
perturbation having subcritical growth (which need not satisfy Ambrosetti—Rabinowitz con-
dition) for the case 2 < ¢ < p < co. Subsequently, Marano ef al [33] studied this problem
with Carathéodory function having critical growth. Using critical point theory with trun-
cation arguments and comparison principle authors also proved bifurcation type result. For
(p, g)-Laplacian problem with concave—convex nonlinearities in R" we refer to [31].

Regarding the regularity results for weak solutions of (p, g)-Laplacian problem we cite the
work of He and Li [29] who proved that weak solutions of

—Apu — Aqu= f(x) inR"

belong to LS. (R")N Cll(;?(]R") for some o € (0,1) if f(x) € Lys.(R"). Here, the authors
extended their results to equations with general nonlinearity f{x, ) having critical growth with
respect to p. Furthermore, Baroni ef al [8] proved C:%(Q) regularity result for minimizers of
general double phase equation. For more details on regularity results, interested readers may

refer to [14, 32].

2. Main results

Inspired by the above mentioned works, we study in this paper (p, g)-Laplacian problem involv-
ing singular nonlinearity. Following the approach of [28], which uses Perron’s method to obtain
a weak solution of singular problem between a sub and super solution, we prove global (for all
A, B) existence result for (P, ). Using Stampacchia’s truncation argument and Moser iteration
technique for (p, g)-Laplacian problem we prove that the weak solutions of (P)) are in L>(£2)
and applying some properties established in ([29], theorem 1) we show the following regularity
theorem.

Theorem 2.1. Each weak solution u of problem (P)) belongs to L*°(£2) N cls

10 (82), for some
s € (0, 1). Moreover, there exists €y > 0 such that u > €)¢ in €.

To prove our existence results, we use the Nehari manifold technique to obtain minimizers
of the energy functional associated to (P)) over some subsets of the Nehari manifold. First we
prove that these minimizers are in fact weak solutions of (P)). Furthermore, by analyzing the
energy levels and identifying the first critical level we prove multiplicity results for the critical
case for all ¢ < p < p* by choosing 3 small. We also establish these results for all 5 > 0 and
p € @2n/(n+2),3).
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We denote the norm on L"™(2) by || - ||, for 1 < m < oo. Let WS”’ (€2) be the Sobolev space

equipped with the norm || - || given by ||u|| = ||Vu||, forall u € Wé’p(ﬂ) and S be the Sobolev
constant defined as

[ul|?

S = .
ueWS T\ {0} ||M||§*

We denote by Ai(g, 5) > 0 the first eigenvalue of — A, with homogeneous Dirichlet boundary
condition:

—BAu = A ' u>0inQ and u = 0 in O9.

We say that u € Wé’p (£2) is a weak solution of problem (P)) if u > 0 a.e. in €2 and

/ (|Vul"2VuVp — BIVul' 2VuVe — ¢ —u'¢)dx =0 forall ¢ € Wy ().
Q
2.1

The Euler functional associated to the problem (P,), I, : WS”’ (2) — R is defined as

1 1 A 1 .
L) = f/|Vu|”—|—ﬂf/|Vu|q— 7/|u\l_5dx— f/\u|’dx.
rJa q.Ja 1-6/q rJo

Set Wé”’(Q)Jr ={uc Wé”’(Q) tu > Oa.e.in}. We show the following existence and multi-
plicity results:

Theorem 2.2. Let r < p*. Then there exists A, > 0 such that for all 8 > 0 and X € (0, \,),
(Py) has at least two solutions.

Theorem 2.3. Let r = p*, then there exists A > 0 such that for all A € (0,A) and 5 > 0
problem (P)) admits at least one solution.

In the critical case, we have the following multiplicity results for ‘small 3’ and with no
further restriction on g:

Theorem 2.4. Letr = p*, then there exist positive constants 3., Ao and 3y such that problem
(Py) has at least two solutions in each of the following cases:
(a) forall X € (0,A) and B € (0, 5.), when nz% <p<3
(b) forall X € (0, Ag) and 5 € (0, By), when p € (1, %]U [3,n).

We also show the following multiplicity result for ‘all 3 > 0’ but with some restriction on p
and ¢:

Theorem 2.5. Letp e (%, 3) and r = p*, then there exists at least two solutions of (P))

forall A € (0, A) and 3 > 0 in each of the following cases:
(@) max{p— 1,1} < g < "=,
(b) n(p—ll) <q< n(P—l)-‘rP'
Finally, we have the following global existence result for (P)).

Theorem 2.6. There exists A* > 0 such that problem (P)) has a solution for all \ € (0, A*]
and no solution if A\ > A*.
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The analysis developed in this paper shows that the singular nonlinearity u°

(with 0 < § < 1) in problem (P,) can be replaced by a general nonlinearity g € C 10, 00)
which is positive, decreasing, satisfying lim, ,o+ g(f) = 400 and such that

1
/ g(Hdt < 4o0. 2.2)
0

We observe that (2.2) implies the following Keller—Osserman type condition around the origin:

1 t -1/2
/ (/ g(s)ds) dr < 4o00. 2.3)
0 0

As proved by Bénilan er al [9], condition (2.3) is equivalent to the property of compact support,
that is, for every h € L'(R") with compact support, there exists a unique u € W"!(R") with
compact support such that Au € L'(R") and

—Au+gu)=nh in R".

The paper is organized as follows: in section 2, we prove existence result for purely singular
problem associated with (P)) and prove theorem 2.1. In section 3, we study the fibering maps
and Nehari manifold associated with (P, ). We prove some technical results here. In section 4,
we prove theorem 2.2. In section 5, we prove theorems 2.3, 2.4 and 2.5. In section 6, we give
proof of theorem 2.6.

3. A regularity result

In this section we study regularity of weak solutions of problem (P)) and obtain a weak solution
of purely singular problem associated to (P)).

Lemma 3.1. [39] Let ¢ be a function such that
(a) Y =0,

(b) v is non-increasing,
(¢) if h > k > ko, then (h) < ﬁ(w(k))ﬁ for some v > 1.

Then, (kg + d) = 0, where d’ .= CZ%(w(ko))“’_l.
Lemma 3.2. FEach weak solution u of (P)) belongs to L™ (X).

Proof. Let u be a weak solution of (P)). We follow approach of ([26], lemma A.6) to prove

/Q (V@ = DV = D + BV = DTV = D) Vo < C/Q(l +@— 17w,
(3.1)

for every w € WS”’ (). Let ¢ : R —[0,1] be a C' cut-off function such that o (#) = 0 for
1<0,¢ (1) >0for0< 1< 1and () =1 for r > 1. For any € > 0, define ¢ (1) == (=)

for t € R. Hence ¢ (u) € Wé”’(Q) with V(1)) = (¢ (u))Vu. Let w € C2(2) be such that
w > 0, then using . (#)w as test function in (2.1), we obtain

/ (|Vu|p72VuV (@(ww) + B|Vul?>Vuv (cpe(u)w)) dx = / ()\u"s + u”l) we()wdx.
Q Q
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Hence,

/ (IVul? + B|Vul?) g (wywdx + / (IVul?? + BIVul!"?) (Vu - Vw)pc(u)dx
Q Q

- /Q ()\u“s + u’_l) pe(w)wdx,
using the fact ©.(u) > 0, above equation yields
/Q (|Vu|”_2 + B|Vu|”_2) (Vu - Vw)p (u)dx < /Q (/\u_‘S + u’_l) o()wdx.
Letting € — 0T, we see that there exists a constant C > 0 which may depend on ), such that

/ (IVulP=? + B|Vul??) (Vu - Vw) dx < / ()\u_5—|—u’_l)wdx
Q{u>1} QN{u>1}

< C/(l + @ — DY Hwdy,
Q

this gives us
/Q (IV@ = D42V = 1y + BV = DTV — 1)) Vo < C/Q(l + (u— l)lj:_l)w,

forevery w € C*(2) with w > 0. Proof of (3.1) can be completed proceeding similar as in the
proof of ([26], lemma A.5). By the proof of ([29], theorem 2), we get (u — )4 € LZ/7(Q)

loc
and since £ is a bounded domain, we conclude that (u — 1), € L¥"°/P($)). Repeating the argu-
ments used in proof of ([29], theorem 2) and using interpolation identity for L™ spaces one
can show that (u — 1) € L™(Q) for all 1 < m < oco. Now we will prove that u € L>(£2). Set
it = (u—1); > 0. Consider the truncation function 7 (s) := (s — k)X[k0), for £ > 0, which
was introduced in [39]. Let € :={x € Q: u(x) > k}, then taking 7}(i1) as a test function in
(3.1), we obtain

/ (IVa|P~*Va + B|Va|?>Vi) V@) < C / (14 @ ~HT(@). (3.2)
Q Q

Let o > 0 be fixed (to be specified later). Using the fact |T;(#)| < & and u € L*(f2) together
with Holder inequality and Sobolev embeddings, we deduce that

ful
clasw hnmaxs e[ aslaryor<c( [ ) o
Q@ Qe (o7
<Gyl F,
and

L*

N\ P
@ Qe o

Similarly we can show that
/ |Va|7>Va VT (i) dx > 0,
Q
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and forO <k < h
/ L@ > (h— 0 |,
Q

due to the fact 2, C ). Using all these informations in (3.2), we obtain

i *

(-5)%
9 < G k),, (k) :

where (j) = |Q| for j > 0. We choose « > 0 such that (1 — %*) % > 1. Then from
lemma 3.1, for kg =0, p =p*, v = (1 — %*) &j > 1 and C = C4, we get Y(d) = 0, where

ar = C, Z%KW", that is |Qq| = [{x € Q: & > d}| = 0. Hence, u € L*(2) and because u
is non-negative we get u € L>(£2). O

Let us fix A > A1(g, B), then from ([40], theorem 2), we know that the problem
—Apu — BAu = X\u|q’2u in Q, u =0 on 01,

has a positive solution qAﬁ € C(Q) for some o € (0, 1). Now we consider purely singular
problem associated to (Py),

SN {—Apu—BAu=X "’ u>0in Q u=0 on I

Lemma 3.3. Problem (S)) has a unique solution u ) in Wé’p(Q) for all A > 0. Moreover,
uy > e,\(ba e. in S, for some €, > 0.

Proof. The energy functional corresponding to (S)) is given by
- 1 A 5 p
L(u) = —/ [Vul? + é/ Vul? — 2 [ ulZ0dx,  u e WyP(Q).
rla qJa 1-4Jq

It is easy to verify that I, is coercive and weakly lower semicontinuous on Wé’p (2). There-

fore, I, has a global minimizer u ) € Wé’p (€2). Moreover, due to the fact 7,(0) = 0 > I}(eq@)
for sufficiently small € > 0, we have u , # 0 in 2 and hence without loss of generality we may
assume u ) > 0. Next we will show that u , > eq@ a.e. in () for some constant ¢ > 0. First we
observe that Gateaux derivative A’ (eq@) of A exists at eq@ and satisfies weakly

L/ (e9) = —A,(ed) — BAL(€d) — Med) ™ = M) — Ned)™°
= ()" (Megy 1+ = 1)
< —%(eéﬂ <0 (3.3)

whenever € > 0 is small enough, say, 0 < € < €). Suppose the function v = (u ) — € Adg)_ =
(e A(;AS —u))4 does not vanish identically on some positive measure subset of (2. Set
&(t)=1\(u + tv) for t > 0. We note that ¢ is convex and &(r) > £(0) for all 7 > 0. Fur-
thermore, due to the fact u \ + v > max{u , temﬁ} > te Aqﬁ for t > 0, the Gateaux derivative
I/ (u ) + tv) 0fIA exists at u ) + tv and

@ = (L (ux+ t),v)
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for all > 0. Due to convexity of & and the fact £(¢) > £(0) for all £ > 0 we see that £ is
nonnegative and nondecreasing. Therefore, with the help of (3.3), we have

0<E() = / (IV@x + )P V(wr +0)Vo + BV + )| V(s + v)Vo) dx
Q

— )\/ (uy+v)vdx
Q

A

<2 / (£xd) v <0,
2 {v>0}

which is a contradiction. Thus v = 0in €, thatis, u , > € AQAS a.e.in . Since 1, is strictly convex
on Wé”’(Q)+, we conclude that such a u y is unique. O

Lemma 3.4. Let u ) be the solution of problem (S)) and u be any weak supersolution (or
solution) of (P)), then the following comparison principle holds

uy<iu aeinf.

Proof. Since u is a weak supersolution of (P)), we have
/ (IVa|P~*Va + B|Va|?*Vi) Ve dx > / i + @ Hpdy, (3.4)
Q Q

for all ¢ € Wé’p (£2) with ¢ > 0. Let n be a smooth function such that n(r) = 1, for r > 1,
n() =0, fort < 0and 7/(t) = 0 fort > 0. For e > 0, set n.(t) = 1 (%), then using n.(u , — )
as a test function in (3.4) and in the weak formulation of (S)), we deduce that

/ (IVa|P >V — |Vur|P>Vu ) Vne(u , — w)dx
Q
L8 / (IVa]"2Va — [Vur[ Vi) Vieluy — ) dx
Q

> / (N + @ = M) ne(uy — ) dx > A/ (@ — uy®) ne(u — @) dx.
Q Q
3.5)

Using the fact Vn(u ) — i) = nl(u) — 0)V(u — u) and 7/(r) > 0, we get
/ (IVal"2 Vi — [Vur|["*Vu ) Vil — i)
Q
_ / (VP2 — [ValP>Va) Vs — iyl — 0)
Q

|V — )| nuy —u), ifp>2,

Q
<=6 / [V — )
(2(|‘7L£A‘ + |‘7ﬁ|)

—p N(uy—u), ifl <p<?2

<0.

3344



Nonlinearity 33 (2020) 3336 D Kumar et al

Here we used the inequality: there exists a constant C,, > 0 such that for a,b € R",
|a — b|?, itp>2
lal?la] = (6] > Cp ¢ |a— b

W, lf1<p<2

Similar result holds for the other term on LHS of (3.5), thereby we infer

/\/ (@ —uy") newr—u) <0
Q

Letting e — 0, we obtain

/ @ —u,’)dx <0,
{u\>u}

which implies that [{u y > @}| = 0, therefore u , < @ a.e. in Q. O

loc

such that u € C1 ().

loc

Proof. Let f(x) :=f(x, u(x)) = u~° + u’~'. Then it is easy to see that f € L (£2), therefore
the result follows from ([29], theorem 1). U

Proof of theorem 2.1. Proof of the regularity results follow from lemmas 3.2 and 3.5.
Using lemmas 3.3 and 3.4 we complete proof of the last part of the theorem. (]

4. The Nehari manifold

It is easy to verify that the energy functional ) is not bounded below on WS”’ (£2). For each

RS Wé’p ()\{0} define fibering map J, : Ry — R associated to the energy functional 7, as
Ju(2) = I(tu) that is,

1 t 10 s r .
Ju@)=— [ |Vul" +6— [ |Vul! = A—— [ |u| °dx— — [ |u|"dx
PJa qJ)a 1-46/a rJa
J() = tp’l/ |VulP 4+ th’l/ |Vul|? — )\f‘s/ Ju)' 0 dx — t”l/ u|" dx
Q Q Q Q

“4.1)

JI(t)y=(p— )"~ 2/|Vu|”+6(q Dt~ 2/|Vu|’f+>\6t ol
(4.2)
/\u|1 Sdx — (r— '™ 2/|u\ dx.

We define the Nehari manifold N, associated to problem (P,) as

Ny = {ue WyP(Q):u+#0,J,(1)=0}.
Lemma 4.1. The functional I is coercive and bounded below on N.
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Proof. Let u € N,. Then, using Holder inequality and Sobolev embedding theorems, we
deduce that

1 1
I(u) = <1—1>/|Vu|p+5<l—l>/vuq— <———>/|M16dx
P r)Ja q9 1) Ja 1-46 r)Ja
1 1 1 1
> (22 p_(_- = 1—6.
> (p r) ]| (1 —5 r) Cllull

Since 1 — § < p, it follows that I is coercive and bounded below in this case. O

We split N, into points of maxima, points of minima and inflection points, that is
Ny ={u€eN,:Jj(1)=0}, and N}={ueN,:J/(1)=0}.
Define

0, = inf{l\(u)|u € N\} and 65 = inf{l\(u)|u € N}
Lemma 4.2. There exists \. > 0 such that for all A € (0, \), NY = (.

Proof. Suppose u € NY, then (4.1) and (4.2), implies that

(p— 1+ O|Vulll+ Blg — 1+ O|Vullt = (r— 1+ 6)|ul dx, @3)
(r— PVl + B — @[ Vulg = (- — 1+ HA /Q W' dr. (44)

Define E, : Ny — R as

By = " PIVElE+ 86 = @l vulg /\/ 1 dx.
Q

(r—1+9)

Then with the help of (4.4) we infer that E)(«) = O forall u € Ng. Moreover,

r—-p 1-6
> — p_
B0 > (725 )l =2 s

— -5 =
> (5725 )l = x5~ F

- r—p 145 NE S T £
s It e b

With the help of (4.3) and Sobolev embeddings, we have

1
luf| > (p—1+6)S» "
“\e—t1+t )

as a result

p—1+4

— _ L r—p s B
Ev > 0 [ () (DS ) s e
r=1+6) \r-1+0lQ" 7
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Set

1-9 r p:£j§
r—14+0Q" 7 ) \r=1+9Q 7

then E\(u) > O forall A € (0, \,) and u € N?, which contradicts the fact that (1) = 0 for all
u € NY. This proves the lemma. O

For fixed u € X, define M, : R™ — R as
M0 = a5 Tl - 1 [ e
Then,
M (1) = (p— 14+ O 2| Vullb+ B (g — 14 62| Vul|d — (r — 1+ 5)z"+5—2/9|u\’dx.

We notice that for #> 0, tu € Ny if and only if 7 is a solution of M, (1) = )\fg\u|1‘5dx
and if tu € N, then J/' (1) = ~°M'(¢). We claim that there exists unique fn,x > 0 such that
M,/ (tmax) = 0. Indeed,

M.(t) = 112G, (1),

where G,(1) = (p— 1+ )P 4||Vullh + B(g—140)|Vull§ — (r =1 + )9 [, |u|" dx,
then to prove the claim it is enough to show the existence of unique f#y.x > 0 satis-
fying G, (tmax) = 0. Define H, (1) = (r — 14 0) % [, |u]"dx — (p — 1 + )" 9| Vu[%, then
H,(tmax) — B(g— 1+ 5)\|Vu||’,j = —G,(r). Tt is easy to see H,(f) < 0 for ¢ small enough,
H,(t) = oo as t — oco. Hence, there exists unique 7, > 0 such that H,(t.) = 0. Therefore,
there exists unique fy.x > f. > 0 such that H,(ty) = (g — 1 + 5)||Vu\|g. Moreover, M, is
increasing in (0, .« ) and decreasing in (7,x, 00). As a consequence

(p— 1+ 0t lull” < (p— 1+ O)th [ Vullh + Blg — 1+ ikl Vull?
=0r—1+ 5)z{mx/ u|"dx < (r — 1+ ), ST Q)7 ||ull",
Q

set

1

—— (p—1+8)Sr ”"<t

0= — X max»
lull \ ¢ — 1+ &) 7

then,

My(tma) = M(To) = T F|[ul|? — ;4087 Q)7 |Jul)”

NS EY;
s r=p (p—1+0sF ) 7
= (525) ") s
r—1+ r—1+0)Q" 7

Therefore, if A < \,, we have M, () > A f Q|u\1*‘5dx, which ensures the existence of t <
Imax < I such that M, () = M, (7) = )\fQ|u\l_‘S dx. That is, tu and 7u € N,. Also, M/(t) >0
and M/,(7) < 0 which implies fu € N\ and 7u € N; .
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Lemma 4.3. The following hold:

(a) sup{|jul| :u € Nj} < o0

(b) inf{||v|| :v € Ny} > 0and sup{|jv]| : v € Ny ,I\(v) < M} < oo forall M > 0.
Moreover, 0 > —oc and 0, > —oc.

Proof.
(a) Letu € N,". We have

0 < Ji(1) = (p = N[ Vull§ + Blg — | Vullg + A — 1+ 5)/0\u|1—6dx,

then by means of Holder inequality and Sobolev embeddings, we obtain

(r—1406)C

P71 < A ;
r—p

which implies sup{||u/| : u € N} < oc.
(b) Letv € N, . We have

0>7,(D)={@—1+0)|Vullb+B(g—1+0)|Vull§ = —1+ 5)/ |u|"dx,
Q

which on using Sobolev embedding gives us

p—1+6

LT < r—p.
co—ito

Furthermore, if 1\ (1) < M, we have

— [ _Z Yull? - _ Vulld — - _ 104, <
I(u) ( r) | “||p B ( r> | qu A (1 5 r> / lu|' °dx < M,

which implies that

Loy, 11 )
(5= 7 ) e <asn (25— 1) clu™

Since 1 — § < 1 < p, we get the required result. U
Lemma4.4. Forall A € (0,),), 0 <O0.

Proof. Letu € Ny, then using (4.1) and (4.2), we have

1 1 1 1 1 1
(2 __ > P - N r
nw = (5 = 15 ) 1948 (5 - 5 ) 19l = (5 = 125 ) [t

1 1 1 1
I P T a
\\(p 1_5)HVuLf+a(q 1_5>Hvuu

1 1 p—1+56 p, 44— 1490 p
-(4-155) | IVulg + L1 g

r r—1+496 1+0 4
(p—1+90) I 1 (@q—1+9) 1 1
=——|—+-)|Vul]? — =+ - ) [Vu|l<O.
o () IVl B (o ) Il
This completes proof of the lemma. |
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Lemma4.5. Supposeu € N/\+ andv € N, are minimizers of I on N/\+ and N, , respectively.
Then for each w € Wé”’(Q)+, the following hold:

(a) there exists €9 > 0 such that I(u + ew) = I\(u) for all 0 < € < €,

(b) t. — 1 as e — OF, where for each € > 0, t. is the unique positive real number satisfying
t(u+ew) € N,.

Proof. Letw € Wy ().
(a) Set
O(e) = (p— D[|V(u+ ew)||) + Blg — D|[V(u+ ew)|[?

+ )\5/ lu+ ew|'Odx — (r — 1)||u + ew||”
Q

for € > 0. Then using continuity of © and the fact that ©(0) = J//(1) > 0, there exists
€ > 0 such that O(e) > 0 for all 0 < € < €. Since for each ¢ > 0, there exists s, > 0
such that s.(u + ew) € Ny, for each € € [0, €] we have
L(u+ ew) = L(sc(u + ew)) > 07 = L(u).
(b) We define a C* function ¢ : (0, 00) x R* — R by
&ta,b,e,d)=at’' +bB 1 — Ner 0 — di !
for (t,a, b, c,d) € (0,00) x R*. We have

a — r 1"
o (11wl v, [ o) =22 <0, ang
t Q

13 (tg, IV + ew)||?, V(v + ew)]||4, / v+ ew|' ™, ||v + 6w||',> =J, () =0
Q

for each € > 0. Moreover,

e (LIVelg 7ol [ 1o ol ) = g2ct) <o
Q
Therefore, by implicit function theorem there exist open neighbourhood U C (0, c0) and

V C R* containing 1 and (|[ V0|2, | Vo4, [o,lv]'~%, [|v]|}), respectively such that forall y € V,
&(t,¥) = Ohas aunique solution r = h(y) € U, where h: V — U is a continuous function. Since

£ (te, IV(v+ ew)||b, [|V(v+ ew)H",/ v+ ew|1_5, lv+ ew|:> =0,
Q

we have
<||V(11—|—6w)||”,|V(U+ew)||”,/|v+ew|l_5,|11—|—6w||’,'> €V and
Q
h <||V(v + ew)||2, || V(v + 6w)||”,/ v+ ew|'°, ||v + ew|:) =t,.
Q
Thus by continuity of &, we get . — 1 as € — 07 O
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Lemma4.6. Supposeu € N/\+ andv € N, are minimizers of I on N/\+ and N, , respectively.
Then for each w € Wé”’(Q)+, we have u%w, v %w € L'(Q) and

/ (|Vu|p72Vqu + B|Vul" > VuVw — Auw — u’flw) dx >0,
Q
/ (IVo|P2VoVw + B|Vo|72VoVw — A ~’w — o™ 'w) dx > 0.
Q
Proof. Letw € Wé’p ()4, then by lemma 4.5(a), for each € € (0, ¢y), we have

0

<AW+ﬂw—MW:i/(wm+wW—HMM+ﬁL/UWwwwV—WW)
PeJo q¢Ja

€

A _ _
_m/g (Ju+ ew|' O ul! 5)dx

1
- —/(|u + ew|” — |u|"dx.
re Jo
It can be easily verified that, as ¢ — 0T

1
—/ (V@ + ew)|” — |Vul’) dx — / |Vu|P~>VuVwdx
peJa Q
1
—/ (V@ + ew)|? — [Vu|?) dx — / |Vul|"*VuVwdx, and
qcJq Q

1 . . .
—/(|u+ew|’ - \u|’)dx—>/\u|’_2uwdx,
re Jo Q

t \quew\l*(sf\u\l*ﬁ
(1-

e € L'(Q). For each x € ,

which imply tha

1 lu 4 ew|' 0 (x) — |u'O(x)
€ 1-96

increases monotonically as € | 0 and

) f = Oa
o Bt el 0 — ) L
fllI(I)l 1= o) = < (u(x) " "w(x) if 0 < wx), u(x) >0
00 ifw(x) > 0,u(x) =0.

So, by using the monotone convergence theorem, we get u °w € L'(€2) and
/ (IVulP*VuVw + B|Vu|! *VuVw — Au~ 0w — u'w) dx > 0.
Q

Next, we will show these properties for v. For each € > 0, there exists 7. > 0 such that
t(v + ew) € N, . By lemma 4.5(b), for sufficiently small € > 0, we have

L(t(v + ew)) = (v) = L\(tv).

3350



Nonlinearity 33 (2020) 3336 D Kumar et al

Therefore '*(”Jr‘“iw > 0, which implies that

Al =0
€

) A p
/(|v + w0 — |u|'0)dx < t—e/ (V@ + ew)|” — [Vo]?) dx
Q peJa
4
+ 5—/ (IV( + ew)|? — |[Vv|?) dx
q¢Ja

tr
- —6/(|v + ew|” — |v|")dx.
re Jo

Since t. — 1 as € | 0, using similar arguments as in the previous case, we obtain v~°w € L'(Q)
and

/ (IVo|P2VoVw + B|Vo|7 2 VoVw — A~ w — o™ 'w) dx > 0.
Q

O

Theorem 4.7. Suppose u € Nj and v € N, are minimizers of I on N;' and N, , respec-
tively. Then u and v are weak solutions of problem (P)).

Proof. Let ¢ € W,"(2). For e > 0, define ) € W, () by
Y=w+ep)” = 0.

Set Q. = {x € Q:u(x) + ep(x) > 0}, then using lemma 4.6 and the fact u € N, we deduce
that

0< / (IVulP2VuVy + BIVulT2VuVp — Mu~"y — u" ') dx
Q
- / (IVulP2VuN (u + €¢) + B|Vul T 2VuV (u + ed) — Mu~"(u + €¢) — u""(u + ep)) dx
Q4
= </ — / ) (|Vu|”72VuV(u + €¢) + B|Vu|!2VuV (u + €¢)
Q {u+ep<0}

— M+ ed) — u T (u + e¢)) dx

_ / (1Vul? + BVl — 2= — u7) dx
Q
+e / (IVulP2VuVe + BIVult*VuVe — \u~’¢ — u'~' ¢) dx
Q
— / (IVulP2VuV (u + €¢) + B|Vul"2VuV(u + ed) — OV — u' " )u + e¢)) dx
{u+ew<0}
< e/ (IVulP2VuVé + B|Vul|? *VuVe — A0 — u'g)dx
Q
— e/ (|Vu|”72VuV¢ + 5|Vu|"72VuV¢>) dx. 4.5)
{u+ep<0}
Since the measure of {u + e¢ < 0} tends to 0 as € — 0, it follows that

/ (IVulP>VuVe + B|Vu|">VuVe)dx — 0 as e — 0.
{u+ep<0}
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Dividing by € and letting ¢ — 0 in (4.5), we obtain
/Q (IVulP2VuVeé + B|Vul! >VuVe — "¢ — u''¢) dx > 0.
Since ¢ was arbitrary, this holds for —¢ also. Hence, for all ¢ € WS”’ (£2), we have
/Q (IVulP2VuVe + BVul!>VuVe — Au’¢ — u' "' ¢) dx =0,

that is u is a weak solution of (P,) and analogous arguments hold for v also. (]

5. Multiplicity results

5.1. Subcritical case (r < p*)

In this subsection we prove existence and multiplicity results for weak solutions of (P, ) in the
subcritical case.

Proposition 5.1. Forall A € (0, \.) and 3 > 0, there exist u € N;r and v € N, such that
IL(u) = 93{ and I\(v) =0, .

Proof. Let {us} C Ny be such that I,(ux) — 0y as k — co. By lemma 4.3(a), {u} is
bounded in WS”’ (€2), therefore without loss of generality we may assume there exists u €

Wé”’(Q) such that u;, — u weakly in W(;”’ (Q) and u(x) — u(x) a.e. in Q. We claim that u # 0.
Suppose u = 0, then by lemma 4.4, we have

0 = I\(u) < lim oo L(w) = 07 <0,

which is a contradiction. Now we will show that u; — u strongly in Wé’p (€2). On the contrary
assume ||V (ux — u)||, = a1 > 0and ||V (ux — u)|; — a». By Brezis—Lieb lemma and Sobolev
embeddings, we have

0= lim J,, (1) = J,(1) + af + d. 5.1

Since A € (0, \,), by fibering map analysis there exist 0 < s < 5 such that J/(s) = 0 = J/(5)
and su € N;r. By (5.1), we get J',(1) < 0 which givesus 1 < s or5 < 1. When 1 < s, we
have

+ a | 4 +

ap aq
which is a contradiction. Thus, we have 5§ > 1. We set () = J,(¢) + t” 7‘ + ﬂf for t > 0.
With the help of (5.1), we get /(1) = 0 and f'(5) = a}5" ' + ad57~! > 0. So, fis increasing
in [5, 1], thus we obtain

0 > f(1) > fG) > Ju(3) > Ju(s) = 05,

which is also a contradiction. Hence we have a; = 0 that is, u; — u strongly in Wé’p (). Since
A € (0,\,), we get J/(1) > 0, this implies that u € Ny and I,(u) = 6.

Now we will show that there exists v € N, such that I (v) = 6, . Let {vy} C N, be such
that Iy(vx) — 6, as k — co. By lemma 4.3(b), we may assume there exists v € Wé”’ such that
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v — v (upto subsequence) weakly in WS”’ () and vi(x) — v(x) a.e. in . We will show that
v # 0.If v = 0, then vy converges to 0 strongly in Wé () which contradicts lemma 4.3(b). We
will show that v, — v strongly in Wé’p(Q). Suppose not, then we may assume ||V (vx — v)||, =
by > 0and || V(vx — v)||; — b>. By Brezis—Lieb lemma and Sobolev embeddings, we have

v b
0y > I(v) + ;‘ + ?2, J(D)+ b +b5=0 and JJ(1)+ b+ b5 <O0.

(5.2)

Since A € (0, A\,),J,'(1) < 0and J//(1) < 0, there exists 7 € (0, 1) such that7v € N, . Set g(¢) =

P q
Ju(t) + “L7 + "4 for 1 > 0. From (5.2), we get ¢/(1) = 0and g'(D) = b} ~" + b§#~! > 0.So,
g is increasing on [7, 1] and thus we obtain

0, = g(1) > g > I\(tv) > 0y,

which is a contradiction. Hence, b1 = 0 and v, — v strongly in W(;”’ (). Since A € (0, \,), we
have J)/(1) < 0. Thus v € N, and I(v) = 6. O

Proof of theorem 2.2. Proof follows from proposition 5.1 and theorem 4.7. O

5.2. Critical case

P *
«

Let \, :== sup {)\ > 0:sup{|jul|P:ueNF} < (” )p*pSPf_P},thenbylemma4.3(a)wecan

P

see that A, > 0. Set A = min{\,, \.} > 0.

Proposition 5.2. Forall A € (0, A)and 8 > 0, there exists u) € Nj such that 91‘ = I\(uy).

Proof. Let {u} C Ny be such that I)(ux) — 0 as k — cc. By lemma 4.3(a), we get {uy}
is bounded in W(;”’ (£2), therefore we may assume there exists uy € W(;”’ () such that u, — u,)
weakly in Wé’p (2) and ug(x) — wuy(x) a.e. in Q. Set wy = uy — uy. By Brezis—Lieb lemma, we
have

1 1 1 *
91_4-0/((1):[)\(1,{)\)—6-*/‘V’wk|p—|—ﬁ*/|vwk‘q— —*/|wk\” dx
PJa 9/ P Ja

and

/(|VuA|p+\Vwk|p)+ﬂ/ (|VuA\q+\Vwk|q):)\/ |uA\1*5dx+/ (Jusl” + lwl?) dx.
Q Q Q Q
(5.3)

We assume
Vuwyl? — 1, Vug|? — ¢ and wel? — d”".
1 2
Q Q Q

We claim that u, # 0. If u, = 0, then we have two cases:
Case (a): I} = 0.
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By lemma 4.4 and (5.3), we have
O>9A+ =010)=0

which is a contradiction.
Case (b): [ # 0.
In this case (5.3) implies

| R— 1 1

07 > — (0 +18) — —a” :<—)(l”+l)
A (1 2) P p Vs

then using the relation Sd@” < [, we deduce that

1 1
0>67>-1f> Spp>0
n

which is also a contradiction, hence uy # 0. Since A € (0, A), there exist 0 < s < 5 such that

Jl’,A (s)=0=1J, () and su, € N;“. We consider the following cases:

i s<l,
(i) 5> land—— dpp: < 0, and
>iii) 5§ > land dpp: > 0.

P .p ko x
Case (1): set f(2) = J,,, (D) + % + ﬂéﬁ — % for + > 0. Using fibering map analysis
together with the fact s < 1 and (5.3), we have

FO=0 and f'®=J, @+ 0+ 5 -7 =7 (1{’ + Bl — dp") >0,
which implies that fis increasing on [5, 1]. Thus,

+ 5 A o -d” P q
0f = f)> f®) =T @+ 42 7L S o (z + g —ar)
p q r

> Juy(8) > Juy(s) = 0

which is a contradiction.

P
Case (ii): in this case we have % — ‘ﬁ < l’l’ , and the fact A € (0, A), we

deduce that

P
sk p*_
sup{ [[u]|”: u € N} < (%) SHT < 17 < sup{||ul|”: u € N} },

which is also a contradiction.
Case (iii): in this case we have

N roonoar n
9)\ = JuA(l) + ; + ﬂg -2z ]M/\(l) = Ju)\(g) = 6)\ s

.

I’

which implies that 1 + B h_
ux — uy strongly in Wo p(Q). Thus, uy € N;' and I (1)) = HA . O

=0 and s = 1. Using (5.3) we get [; =0 = [, hence
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Proof of theorem 2.3. Proof of the theorem follows from proposition 5.2 and theorem
4.7. |

Next we will show that there exists vy € N, such that [ (vy) = 0, . Without loss of gener-
ality we assume 0 € Q. Let ( € C2°(2) suchthat 0 < ¢ < 1in 2, ((x) = 1inB,(0)and( =0
in B5,(0), for some p > 0 such that B,,(0) € €2. Let

n—p

€ rip—1)
n—p °
P P P
€1 + ‘x‘p—l

where € > 0 and C,, is a normalizing constant. Set u.(x) = U.(x)((x) for all x € 2. Owing to
regularity results we see that there exist m, M > 0 such that m < u,(x) < M forall x € B,,(0).

Ux) =G,

Lemma 5.3. Let ,12% < p < 3, then there exists 3. > 0 such that for all A € (0,\), 5 €
(0, B.) and sufficiently small € > 0,

I »
Sup{l)\(u/\ +tu):t> 0} < I\(uy) + ;Sl’.

Proof. By continuity of /) and the fact p* > p > ¢, there exists Ry > 0 (sufficiently large)
such that

y(uy + tu.) < I\(uy), forallt> Ry. (5.4)

Next, we will show that

|
sup  I(uy + tue) < Iy(uy) + —S».
0<1<Ry n

We have the following estimates which were proved in [21]

/ IV + )P < / Vil + 77 / Vil + pr / Via|P Vs Vi, + O,
Q Q Q Q
(5.5)

with a > % and

/(uA + tu ) dx > /ui* + t”*/ ui’* + p*t/ uihluE +p*tp**1/ uwfhl + 0(e™?),
Q Q Q Q Q
(5.6)

with a, > 2 Fix p— 1 < p < "2=D then there exists L > 0 such that
? P P n—p

1-9 1-9
A<(“l+b)5 - 5-’2)2—@/’, foralla>mandb>0. (5.7)
- - a

Let 8 = €3, with a3 > %”. Noting the fact that u) is a weak solution of (P)) and taking into
account (5.5), (5.6) and (5.7), we deduce that
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D(uy + tue) — In(uy)

= L(uy + tu.) — Iy(uy) — t/ <|V14,\|1’72V14AVME + /)’|Vu,\|q*2VuAVuF — )\u;(suE — u§*71u5> dx
Q

P t]7* 3 * *
< —/ [Vu” + 0(6“')—|—0(6“3)—|—Ltp/ ul — —*/uf — 7l/u,\uf T4 0(e™).
PJao Q Pt Ja Q

We have the following estimates

/\Vu€|p:/ \VU1|p+O _'17 /up —/ Up —|—0(6P1)and/u”—0(e WD),
Q " Q

(5.8)

with p > ”—;E. Thus noting the fact that u, € LiY.(€2), for 0 < ¢ < Ry, we obtain

pl)

tp tp* * * n—,
D(uy + tu.) — Iy(uy) < — |VU1‘p+0(Ga4)— —*/ ‘U]‘p — 71C€Tp
P JRrn P Jre

with ay > ”—;E and C > 0. Now following the approach of [21], there exists €; > 0 such that

sup  Di(uy + tue) < Iy(uy) + SP
0<1<Ry

for all A € (0,A), e € (0,¢)) and S € (0, 3,), where [3, .—el . This together with (5.4)
completes the proof. O

Lemma5.4. Let -2 < p < 3, thenforeach ) € (0,\) and B € (0, 3,), the following holds

n+2
B 1
0y < I(uy) + ;S".
Proof. The proof follows exactly on the same lines of ([30], lemma 8). (]
Lemma 5.5. There exists a constant Dy > 0 such that for all u € N,
I\() = —Do\F 177,

Proof. Letu € Ny, then since J',(1) = 0, we have

1 1 1
1) = (———) |Vu II”+B<———) . ( ——)/uw 7 d
)4 p* p* - p*
11 1 —s
G ) e

Using Holder inequality, Sobolev embeddings and Young inequality, we deduce that
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A/ ' 0z < AS~F | 0

1-0

( 14 (1 1)( 1 1>_l> ! H Hl—(s
= e _ — — _— = — u
1-0\p p 1—-0 p*
14
p /1 1 1 A 1t s
A(1—5<P p*) (1— p*) © !

-1
<(Lo DY (DY) s aniets (5.10)
= * 1-6 p ’ '
p P p
146 V== oy 140)
where A = (%) (”p__;: ) ST || @-T+2r" . Therefore, result follows from (5.9)
and (5.10) with Dy = (m _ 1%) A O

Lemmab5.6. Letpe (1, + ~“S1U [ 3, n). Then there exist Ao, Bo > 0, and uy € Wé’p(Q)\{O}
such that for all \ € (0, Ag) and 3 € (0, By)

sup I\(tup) < SP — Do Ap—1+9 1+°
=0

In particular 0, < %S% - DOAP*f+5 < %S% + I(uy).

Proof. Let~, > 0be such thatforall A € (0, ), %S b Do\ PEED > 0 holds. Using Holder
inequality, we deduce that

v p r q
I(tue) < —||Vullh + B—||Vu|?
p q
P 11
< f||VuE||§ + Cﬂ—HVueHg < C@ + 7).
p q
Therefore, there exists #y > 0 such that

1
sup I\(tue) < Sl’ — Do Ap—1+ r 3.
0<1<to

Let h(f) = %HVMFHQ’ + ﬁ%HVueHZ - tpp—*fQ|u€|”*. We note that 2(0) = 0, A(f) > 0 for ¢ small

enough, i(¢) < 0 for t large enough, and there exists z. > 0 such that sup h(r) = h(t.), therefore
>0

0= 1) = Y| Vu|lh + B[ Vuc|§ — tf*fl/ﬂ\ue\”*

which gives us

* o 1
- ol
‘ el

(7 Vue|h + Bl Vucl|) < CA +79).
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Since p* > p, there exists #; > 0 such that 7. < t; for all ¢ > 0. Thus, we get

1-48

t
sup I\(tu.) < sup h(f) — —L—\ |U|'~°
1>t >0 1—=4¢ B,,(0)

i ) tp* . tq tlfé B
< Sup (;IWelﬁ,— FIIWIIQ) +ﬁ;‘\IWeHZ - 1"_ 5A i (O)IUell ’.
(2 j
(5.11)

Set g(1) = %||u€||1’ - ’;—: Hu5||;’: A simple computation shows that g attains its maximum at

1
~ V4 ri=p
F= | el and
[|ue] P
n

- 1 u||? ’
sup g(1) = g(t) = - | ”p* ,
0 A e

which on using (5.8) reduces to

1 n n—p
sup g(f) <SP + Cyer .
>0 n

Let B = €, with ag > ;%’1’. Forn — ’p‘%’l’(l —0) > 0, we have

1-6 —(1-snr 1
/ |U|'0dx = 0% =t
B,,(0) B,,/.(0) (1 n M%) 7
nep [l -1 -
> (105 i dr > Cerrn),
1 . "l;,"(l—é)
(1 + rP*l)

Furthermore, for n — ;’%f(l — 0) < 0, following the approach of ([42], lemma 1.46), we have

e A N S 2(1 5 <0,
| juascd p-l
Bu(0) er|1In €, ifn — 1(1—5):0.

Now collecting all the informations done so far in (5.11), we deduce that

ep(npipl)(l_a), if§ > 72’1 B p,
L ng,
1 » n=p =P (] . n—np—
sup In(tu) < ~S7 + Cyert — AP0, g < LTIPT P
=1 n ’ n—p
n n _— n p—
er|In e, ifg =P
n—p
(5.12)
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We consider the following cases:
(kme(lyifgﬁgg;ﬁ<<5 <1

In this case since p(’;:_pl)(l -0 < ;‘%f, there exists € > 0 and 4 > 0 such that for all € € (0, €)

and A\ € (0,%), we have

1 n 4
sup I(tue) < —S» — DoA7 173,
=1 n

forall 8 € (0, B), where B =ér T,
c%eeyﬁo<5<@gfﬁ
—1

n=

Lete = (Al’*fﬂ”’) < p. Then, (5.12) reduces to

s

| Naaciad G tE0) BETY S ekl et
n P —
sup I)(tue) < =SSP + C3 Ar 175 — Cy A B 1 nop
>t “ o >\p—11j—{§ ‘ In An—(r(lp(—llj-) Y |’ if§ = w
n—p
(5.13)

Subcase (2a): if § < 2"%’?.
In this case we have n < ;‘%f (1 — §), which implies that

p p—1 n—p p
1+ — - 1— S —
+p—1+5n—p<n p ®><p—l+5

Therefore there exists v, > 0 such that for all A € (0,~,), we have

_r_ L_Ll(n,u(l,g)) P
C3 AP — Cy\ - \p—TFan=p P < —Dg\PIFT

Subcase (2b): if § = 2'1%1;—1"

. p(1=08) .
Since |In A™=TF9 | — oo as A — 0, there exists 3 > 0 such that
P 1-9 p1=0) P
C3 AP T — Cy\ - AP0 | In \#p-T+8 ‘ < —DgA\P T,

. _p
for all A € (0,73). Let Ay = min {,up_*llj,vo, A*,72,73,ﬁ} >0 and 8; = A} Then from
(5.13), for all A € (0, Ag) and 8 € (0, 3), we have

1 L
sup Iy(tu) < —87 — DO)\p—lerJ’
121 n
for sufficiently small € > 0. Thus, for all A € (0, Ag) and 3 € (0, 3o), we get

1 »
sup I\(tu.) < —S» — DO)\HPH,
>0 n

where By = min{f, B} > 0, which proves the first part of the lemma. For the last part we

observe that u, € Wé’p ()\{0} and since 0 < A\ < A,, there exists 7 > 0 such that 7u. € N, .
Hence,

l n D
0y < In(u) < sup I\(tu,) < —S7 — DT,
>0 n
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this together with lemma 5.5 completes the proof for uy = u,. ([

Proposition 5.7. There exists vy € Ny such that 1 \(vy) = 0 in each of the following
cases:

(@) forall X € (0, A) and 3 € (0, B.), when ;2% < p <3,

(b) forall A € (0, Ag) and 5 € (0, By), when p € (1, nz%] U[ 3,n).

Proof. Let{v} C N} besuchthat/,(v) — 6} ask — co. By lemma4.3(b), we may assume
there exists v € Wé”’ such that vy — v, weakly in Wé”’(Q) and v,(x) — v)(x) a.e. in  (upto
subsequence). Set z;x = v — v, then by Brezis—Lieb lemma, we have

1 1 1 "
0y + on(1) = Ly(vy) + —/ |VZk\"+ﬁ—/ V| — —*/ |z |” dx
PJa qJ0 P Ja

and

/ (IVrl? + [ Vzl?) + ﬁ/ (IVul? + [Vz]7) = )\/ ‘U)\|l_6dX—|-/ (‘U)\|p* + |Zk|p*) dx.
Q Q @ ¢
(5.14)

We assume

/|Vzk\1’—>l”, /\vzk|q—>lg and /|zk|P* —d.
Q Q Q

We claim that vy # 0. On the contrary suppose v, = 0, then by lemma 4.3(b), [; # 0. Using
the relation Sd? < l’l’ and (5.14), we deduce that

1 | B 1 1 1 »
6y = L)+ -1} + élg - —d’ > ( — *) I+ Bl = ~S».
4 q p p P n
Now we consider the following cases:

Case (i): if ’12% < p < 3, then by lemma 5.4, we have

1 1 » 1
0 + =Sr = L(w\) + —S» >0, > -S»,
n n n

this implies 9;“ > (0, which contradicts lemma 4.4.
Case (i): if p € (1, n%) U [ 3, n), then by lemma 5.6, we have

Lt _poitm > 07 > st
n n

which is also a contradiction. Hence in all cases we get vy # 0. From the assumption
0 <A < A, thereexist 0 < ¢ < 7suchthatJ (t) =0=J (), andtvy € N, and7v) € N, .
We define n, f :(0,00) — R as

4 q * gp*
! 5, o
*

n(t) = ;t” + B qz and  f(1) =J,, () + @) fort>0.

We consider the following cases:
(a) 1< 1,
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(b) 7> 1andd > 0, and
(c)t>1andd = 0.

Case (a): using (5.14), we get f/(1)=0, and f'(G) ="' + pE 1 —# ~'d" >
=1 (I} + BI3 — d”") > 0. Therefore we see that fis increasing on [7, 1]. Thus

0 = £ > @ > 1,0+ = (5 + B = d”) > 0, @ > 1,0 > 65,

which is a contradiction.

Case (b): it is easy to see that there exists ,, > 0 such that n(z,,) > %S », 7 (tn) = 0,71 >0
forall 0 < t < 1, and 7/(¢) < O for all ¢ > 1,,. By the assumption 0 < A\ < \,, we have f(1) =
max.;of(t) = f(ty,). So, if t,, < 1

| 1 »
0y = f() = ftw) = Jo, (tw) +10(tw) = I(tvy) + ;Sf’ = L(uy) + ;SP,

(5.15)

which is a contradiction to lemmas 5.4 and 5.6. Thus we have #,, > 1. Since f'(¢) < 0 for all
t€[1,t,], we have J{,A(t) < —n'(t) < Oforall ¢ € [1,1,]. This gives either z,, <t or7 = 1.If
tm < t, then (5.15) holds which yields a contradiction. Hence, 7 = 1, that is vy € N, and we
have

~ roonar 1 » 1 » 1 »
Oy = f(D) =L+ —+B8=——2=L\)+ =S = L(tvy) + =57 = Li(uy) + =57,

which is also a contradiction.
Consequently only (c) holds. If /; # 0, then we have J,f/,A(l) < 0andJ! (1) < 0 which contra-

A
dicts the fact that 7 > 1. Thus [; = 0 that is, vy — v, strongly in Wé”’(Q). Therefore, vy € Ny
and I (vy) = 9; U

Proof of theorem 2.4. Proof of the theorem follows from propositions 5.2, 5.7 and
theorem 4.7. (]

Now we will prove the existence of second solution for all 5 > 0 in the case r = p*.

Lemma5.8. Letpe (% 3), then for all B > 0 and X € (0, A) following holds

1
sup I(uy +tue) < =S7 + 1)\(uy)
>0 n

in each of the following cases:

(@) max{p—1,1} < g < "=,
(b) n(np:ll) <qg< n(P_anh-

Proof. Using the following one dimensional inequality

1+114+qgtcosa+ Ct, ifl <g<2,forallv € (1,q),

(1 + £ +2tcos a)? < .
14+ 4gtcosa+ Ct, if2 < g<3, forallv € [g—1,2],
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Wwe can prove

/|V(uA+tue)|q</ (IVur|? + 17| Vue|* + gt| Vur|**Vur Vi, + C|Vuy | |Vu|")
Q Q

(5.16)
forallv € (1,9)if l <g<2andv € [q — 1,2]if 2 < g < 3. Moreover, we have
/ 1 il << ”(”7_11)
[Vul| < C ., 1 n— (5.17)
o e H ifn(pil) <i<p.
n—

From (5.4) it follows that we need to prove

1
sup  Di(uy + tu) < =S7 + Ly(uy).
0<1<Ry n

Using (5.5)—(5.7) and (5.16), we deduce that
I(uy + tue) — In(uy) = Iy(uy + tue) — Iy(uy)

— t/ (|VMA|”72VMAVME + B|Vuy |12 Vu\Vu, — )\u/(‘su6 — u’f*lue) dx
Q

P 14
< —/|Vue|”+ﬂ—/|Vue|"—|—C/|VuA|""’|Vu5|"+Ltp/ .
PJa q.Ja Q Q

" A .
- —*/ ul — 1" ’l/uwf’l + 0(e™), (5.18)
rJo Q

where gy > (n — p)/p. Now we consider following cases:

Case (1):if max{p — 1,1} < g < "=,

: n(p—1)
Sincemax{p— 1,1} < ¢ < e, we choose v > 1 such that

—1
(1L,g)n (p— Pl ifl<q<2,
.
Ve n(p=1)
[q—l,2]ﬂ<p—1, — )if2<q<3.

Then, using the fact |[Vu,| € L2.(Q) and (5.17), we obtain
/|Vu6\q < C o and /|Vu,\\q’”\Vue\” < Ce?,
Q Q

where [y, > %”. Thus, for 0 < ¢ < Ry, taking into account (5.8) and (5.18), we deduce that

"

.

P . . n—
Dy(uy + tu.) — Iy(uy) < —/ |VU1\P — /|U1|P -t *ICeTp + 0(6[3),
PJa Q

where I3 > (”—;E) Following the approach as in lemma 5.3 we get the required result in this
case.
L n(p—1) n(p—D+p
Case (2) if 1 <g< -
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We note that there exists

—1
(Lq)ﬂ(n(p ) % if1<q<2,
n—1
ve n(p— 1)
[q—l,z]ﬂ< 1 ,oo) if2 < g<3.

In this case using (5.17) and (5.8) in (5.18), we deduce that

n

P _n n—1y
D(uy + tu.) — Iy(uy) < —/|VU1‘p+C16n I’q-i-Cze P
pPJa

tp* * * n—p
- _*/|U1|p — 1" 7ICET + O,
P Ja

where /4 > (n — p)/p. Using the fact that v < g < %’,wehaven — Iﬂ)z/ >n— Iﬂ)q > ”I;)”,
and hence

"

.

P +« " n—
Dy(uy + tu.) — Iy(uy) < */ |VU1‘p — /|U1|p -t 71C67p + 0(6[6),
PJa Q

where [ > (n — p)/p. Now approaching as case (1) we can complete the proof. ([

Proof of theorem 2.5. With the help of lemma 5.8 approaching the proof in same way as in
lemma 5.4 we can show that 0, < I(u,) + %S% forall A € (0, A) and 8 > 0. Then following
the proof of proposition 5.7 we get vy € N, suchthatl(vy) = 6 forall A € (0, A)and 3 > 0.
Now with the help of theorem 4.7 we see that v) is a solution of (Py). (Il

6. Global existence result

In this section we prove the global existence and non existence result (for all A and ) for
problem (P)). Let us define

A* = sup{\ > 0: (P,)hasasolution}.
Lemma 6.1. We have 0 < A* < co.

Proof. With the help of theorems 2.2 and 2.3, we infer that A* > A, > A > 0. Next, we will
show A* < oo. On the contrary suppose there exists a non-decreasing sequence { A} such that
Ak — 00 as k — oo and (P),) has a solution u;. There exists A > 0 such that

A
5 +77' > M\, B) — ™!, forallr >0, e>0and X > \.

Choose A\, > A, then u,, is a super solution of

0. —Apu — BAu = (\i(q, B) — Oul™", u>0inQ
‘ u=0 onde,

that is, for all ¢ € Wy () with ¢ > 0, we have

/ Vit 2Vt + B| Vit Vi)V dx > / (@, B) — oull ™) 6 dx.
Q Q
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We choose ¢ > 0 small enough such that QQAS < u,, (this can be done because of theorem 2.1)
and p¢ is a subsolution of (Q.). That is, for all ¢ € WS”’(Q) with ¢ > 0, we have

/Q (I 2V(ed) + BIV(2d)*V(ed)) Vo dx < ((/\1(61, B -o /Q <g$)q1> ¢ dx.

By monotone iteration procedure we obtain a solution w for (Q,) for € > 0 such that 0 < gq@ <
w < u,,, which contradicts ([40], theorem 1). This completes the proof of lemma. O

Lemma6.2. Letu,u € Wé’p(Q) be such that u is a weak subsolution and u is a weak super-

solution of (P)) satisfying u < U a.e. in ). Then there exists a weak solution u € WS”’(Q) of
(Py) such thatu < u <ua.e.infd.

Proof. The proof given here is an adaptation of [28]. Set M :={u € WS”’ ):u <u<
na.e.inQ}, then M is closed and convex. It is easy to verify that I) is weakly lower semi-
continuous on M. Therefore, there exists a relative minimizer u of I, on M. We will show
that u is a weak solution of (P,). For ¢ € Wé’p(Q) ande > 0,letv. =u+e€p — ¢+ ¢ € M,
where

F=w+ep—uw4y >0 and P=w+edp—u)- >0.

For 0 <t < 1 we see that u + #(v. — u) € M. Therefore using the fact that u is a relative
minimizer of 7, on M, we have

0 < lim I(u + t(ve — w)) — I\(u)
—0 t

- / (|VM|P72VM + B\Vu\q’ZVu) V(ve — u) — /()\u"s +u" N (ve — u)dx,
Q Q
which on using definition of v, simplifies to
. 1
/ (IVulP>YuVe + B|Vul>VuVe — A’ — ul'¢)dx > - (E°—Eo),
Q €

6.1)

where

ES = /Q (IVulP2VuV e + B|Vul! *VuVe' — Au 9" —u'~'¢°) dx and
E. = /Q (IVulP2VuV e + BIVul! *VuVe. — Au ¢, —u''¢.) dx.
Now we will estimate %Ee. For this, set Q° = {x € Q: (u + €p)(x) > u(x) > u(x)}. Then
/Q‘VM‘P_ZVMV(f)F = /Q |VulP=2VuV (u + ep — 0)
= /Q t (IVulP=>Vu — |Val’>va) V(u —u) + /Q t |Va|P2Va V(u — )

+ € / \VulP2VuV e
o
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/ V(u—w)l, ifp >2,
o
2 Cp / |V(u—w)|?

o (|Vul + |va)* "

+ [ |ValP*va Viu — u)
ifl <p<2, a

+e / \Vu|P~2VuVe
o
> [ |VaPiVavVu —m) + e / |VulP2VuV .
o o
Similar result holds for [ o|Vu|7"2VuV¢© also. Thus we obtain
E > / (IVa|P—>vu + g|vVal?>Vi) V(u — i)
QE
+ e/ (IVulP>Vu+ B|Vu|?>Vu) V¢ — / A’ 4 u g
Q¢ o
> / (IValP2va + |Val**Va) Vo — [ Qu ™ +u ")
Q o
+e / (IVulP">Vu + B|Vul"*Vu — |Va| >V — B|Val’>Vi) Vg,
QF
which on using the fact that % is a weak super solution of (P)), implies
E‘>e / (IVulP~>Vu + B|Vu|">Vu — |Vu|P~>Vu — B|Vul!>Vi) V¢
QE
+ [ o+ = —u e
QE
Thus,
1

—E° > / (IVulP>Vu+ B|Vul?>Vu — |Vu|’ >V
€ QF

~ BVl V) Vo -\ [ [~ o
=o(l), as e—0,
since |Q2°| = 0 as € — 0. An analogous argument shows that
éEF <o(l), ase—0.
Thus, from (6.1) letting ¢ — 0, we obtain

/ (IVulP2VuVeé + B|Vul! >VuVe — u "¢ — u"'¢) dx > 0.
Q

Since ¢ € Wé”’(Q) was arbitrary, so taking —¢ in place of ¢, we get
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/ (IVulP2VuV ¢ + B|Vul? *VuVe — du ¢ —u"'¢)dx =0, forall ¢ € Wy ().
Q

a
Lemma 6.3. For A € (0, A*], (P)) has a weak solution u) in Wé’p(Q).

Proof. Fix A € (0,A*). Let u, be the solution of the purely singular problem (S))
(obtained in lemma 3.3). By definition of A*, there exists A € (\, A*) such that (P5) has
a solution u5. Then, by the weak formulations of (P5) and (S)), it is easy to see that
uy is a supersolution and u , is a subsolution of (P,). Applying lemma 3.4 for u = ujy
and u ), we get u) < uy ae. in 2. Then employing lemma 6.2 for u =u, and 7 = u3
when A € (0, A*), we get a solution uy of (P)) such that u, < u) < uz. Moreover, by
the fact that u) is a minimizer of I, on M, we deduce that I)(u)) < I)(u)) < I;(gx) < 0.
For A = A*,let \; € (0, A¥) be an increasing sequence such that \; — A* and , be the solution
of (P),) obtained above. Moreover,

1 1 A 1 )
I, () = —/\Vuk|”+5—/|Vuk\"— i /\uk|1_6dx— —/|uk|’dx< 0,
rlo 9/ 1-0Jq rJa

and
HVukHz—FﬁHVukHZ—)\k/|uk\l_6dx—/\uk|"dx:0,
Q Q

implies that {u} is bounded in Wé’p (€2). Thus, there exists u+ € Wé’p (€2) such that u; — up-
weakly in WS”’ (©2) and ug(x) — up=(x) a.e. in 2 (upto subsequence). By lemma 3.4, we have
up > uy, > 0in Q. Letting k — oo in the weak formulation of (P, ) and using Lebesgue
dominated convergence theorem, we get that u,« is a weak solution of (Ppx). ([

Proof of theorem 2.6. Proof of the theorem follows from lemmas 6.1 and 6.3. O

6.1. Final remarks and perspectives

(a) Asithas been kindly suggested by one of the referees of this paper, we intend to continue
and extend the analysis developed in this paper to singular double-phase problems with
nonstandard growth of the type

—div(|Vul|P % 4 a(x)|Vul"? log(e + |Vu|)Vu) = u ° +u""  inQ
u>0 inQ

u=0 ondS.

(b) The same referee has also recommended to study further more general double-phase
problems of the type

—div(|VulP™% + a()|Vu|!>Vu) = A\g(x,u) + f(x,u) inQ
u>0 inQ
u=0 onof,
where 0 < a(-) € C**(€Q) and

q (6%
=~ <14+ —.
p +N
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The energy functional associated to this model contains the unbalanced variational
integral

u— /(|Vu|p + a(x)|Vu|")dx. (6.2)
Q
The meaning of this functional is also to give a sharper version of the following energy
u— / |Vu|"dx,
Q

thereby describing sharper phase transitions. In nonlinear elasticity and material science,
composite materials with locally different hardening exponents p and g can be described
using the energy defined in (6.2). Problems of this type are also motivated by applications
to elasticity, homogenization, modelling of strongly anisotropic materials, Lavrentiev
phenomenon, etc.

Accordingly, a new double phase model can be given by potentials of the form

€17+ a)fg]? if[¢

| <1
Oyx, |€]) =
A le {§|Pl+a<x>|sm ifl¢] > 1

<
2

>

with a(x) > 0.

(c) A new research direction corresponds to anisotropic double-phase operators with singular
reaction. In this framework, we aim to develop the qualitative analysis performed in this
paper to singular nonlinear boundary value problems with variable exponents of the type

—div A(x, Vi) = 0 + !
u>0 inQ (6.3)
u=0 onof,

where

(Vu|"O "V, if |Vu| > 1

Abe VI {qu(*”vu, if |Vu| < 1.

This anisotropic model with unbalanced growth was introduced by Zhang and Radulescu
[44].

We conclude by pointing out that an important feature of nonlinear problems with variable
exponents is that they can allow a ‘subcritical—critical-supercritical’ multiple regime, in the
sense that 2 = ©; U ), U 3 and the problem is subcritical in €y, critical in €2, and super-
critical in Q3. We refer to Alves and Radulescu [2] for more details. A very interesting open
problem corresponds to the analysis of the anisotropic singular case described by problem (6.3)
in the multiple regime described above.

A related very interesting research direction corresponds to double-phase transonic flow
problems with variable growth driven by elliptic-hyperbolic Baouendi—Grushin operators with
variable coefficients; see Bahrouni et al [3].
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